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The Ritz method is employed for solving the DE 

d2 y /dx 2  = - x2     ,                                    (1)

0 ≤   x ≤ 1      ,with boundary conditions  y(0)=y(1) =0.

The idea is to minimize the integral 
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.      (2)

The Euler Lagrange equation, corresponding to the variation of J(y), is precisely  equation (1).

To this purpose a basis set   , {  φ i }, is   introduced  where

φ i (x) = x ni (1-x)                                                                 (3)
ni= 1,2,3,4…. for i =1,2,3,4…
Each φ i (x) satisfies the boundary conditions.

Let    

y(x)  = ∑ i φ i (x)                                                                  (4)                                                         

The integral (2)  ( from 0 to 1) becomes a functional of the coefficients      

J( ci )  =  ∫  { (1/2) ( ∑ i dφ i(x)/dx ) 2  - (x2  ∑ i φ i (x) ) } dx       (5)

           ≡   I 1       +    I 2  
Taking the derivative of J with respecto to  ci and equating to zero ,yields a set of linear equations for the coefficients. 

∂ J / ∂ ci = ∂ I 1/  ∂ ci     +    ∂ I 2/  ∂ ci     =0                                . (6)

The first term is

∂ I 1/  ∂ ci    = ∫  ci ( φ’ i)2 dx  +  ∑ j ≠ i cj  ∫  φ’ j φ’ i dx      ,              (7)

where   φ’ i = d φ i/dx .

Label     the elements of matrix A  , by defining    

a ii    = ∫   ( φ’ i)2 dx     ,   a ij    =    ∫  φ’ j φ’ i dx                            . (8)

The second term in (6) is 

∂ I 2/  ∂ ci     =  ∫   -x2 φ i dx   = - bi                                         , ( 9)  

The elements of  (9) form a column vector b , having

  bi =  ∫  +x2 φ i dx                                                                 . (10)  

From (8) & (9), the algebraic problem  is
 A  c  = b                                                                                . (11)
The Fortran code given here calculates all elements in matrix A and vector b numerically using a trapezoidal rule of nsteps.
Equation ( 11) is solved by iterations.

The exact solution is 

y exact(x) = (1./12.) *x* (1.-x**3)                             .          (12)  

We used a four basis set with exponents.
      nexp(1)=1

      nexp(2)=2

      nexp(3)=3

      nexp(4)=4
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x,yritz,yexact=    0.000E+00    0.000E+00    0.000E+00

 x,yritz,yexact=    0.400E-01    0.326E-02    0.333E-02

 x,yritz,yexact=    0.800E-01    0.658E-02    0.666E-02

 x,yritz,yexact=    0.120E+00    0.994E-02    0.998E-02

 x,yritz,yexact=    0.160E+00    0.133E-01    0.133E-01

 x,yritz,yexact=    0.200E+00    0.166E-01    0.165E-01

 x,yritz,yexact=    0.240E+00    0.198E-01    0.197E-01

 x,yritz,yexact=    0.280E+00    0.230E-01    0.228E-01

 x,yritz,yexact=    0.320E+00    0.260E-01    0.258E-01

 x,yritz,yexact=    0.360E+00    0.288E-01    0.286E-01

 x,yritz,yexact=    0.400E+00    0.314E-01    0.312E-01

 x,yritz,yexact=    0.440E+00    0.337E-01    0.335E-01

 x,yritz,yexact=    0.480E+00    0.356E-01    0.356E-01

 x,yritz,yexact=    0.520E+00    0.373E-01    0.372E-01

 x,yritz,yexact=    0.560E+00    0.384E-01    0.385E-01

 x,yritz,yexact=    0.600E+00    0.391E-01    0.392E-01

 x,yritz,yexact=    0.640E+00    0.392E-01    0.394E-01

 x,yritz,yexact=    0.680E+00    0.387E-01    0.388E-01

 x,yritz,yexact=    0.720E+00    0.375E-01    0.376E-01

 x,yritz,yexact=    0.760E+00    0.354E-01    0.355E-01

 x,yritz,yexact=    0.800E+00    0.324E-01    0.325E-01

 x,yritz,yexact=    0.840E+00    0.285E-01    0.285E-01

 x,yritz,yexact=    0.880E+00    0.234E-01    0.234E-01

 x,yritz,yexact=    0.920E+00    0.170E-01    0.170E-01

 x,yritz,yexact=    0.960E+00    0.927E-02    0.922E-02

 x,yritz,yexact=    0.100E+01    0.000E+00    0.000E+00

FORTRAN CODE

c Ritz method using a basis set Num analysis Schaum p. 434

c  the basis set is  fn(x)=x**n*(1.-x)

      dimension a(10,10),b(10) , c(10) ,nexp(10)

      data nstep , nset /100, 4/

      nexp(1)=1

      nexp(2)=2

      nexp(3)=3

      nexp(4)=4

      dx=1./float(nstep)

      do 10 i=1,nset

      ni=nexp(i)

      call trap(ni,dx,nstep,sum)

      b(i)=sum

      print*,'i, b(i)=',i, b(i)

10    continue

      print*,  '   '

      do 20 i=1,nset

      do 20 j=i,nset

      ni=nexp(i)

      nj=nexp(j)

      call trap2(ni,nj,dx,nstep,sum)

      a(i,j)=sum

      a(j,i)=a(i,j)

c      print*,'i,j,a(i,j,a(j,i)=',i,j, a(i,j), a(j,i)

20    continue

c     solution of C(i) by iterations

      do 30 i=1,nset

      c(i)= b(i)/a(i,i)

30    continue

      niter=40

      do 50 it=1,niter

      do 40 i=1,nset

      sum=0.

      do 40 j=1,nset

      if(j.ne.i)then

      sum=sum-a(i,j)*c(j)

      endif

      c(i)=(sum+b(i))/a(i,i)

40    continue

c      print*,'niter, c(1),c(2)=',niter,c(1),c(2)

50    continue

      print*,'  '

      call plot(nexp,nset,c,dx,nstep)

      stop

      end

      subroutine trap(n,dx,nstep,sum)

      f(x)=x**n*(1.-x)

      g(x)=x**2

      fg(x)=f(x)*g(x)

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+fg(x-dx)+fg(x)

10    continue

      sum=sum*dx/2.

      return

      end

      subroutine trap2(ii,jj,dx,nstep,sum)

      fi(x)=float(ii)*x**(ii-1)*(1.-x) - x**ii

      gj(x)= float(jj)*x**(jj-1)*(1.-x) - x**jj

      fg(x)=fi(x)*gj(x)

      sum=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum=sum+fg(x-dx)+fg(x)

10    continue

      sum=sum*dx/2.

      return

      end

      subroutine plot(nexp,nset,c,dx,nstep)

      dimension c(10) ,nexp(10)

      fi(n,x)= x**nexp(n)*(1.-x)

      yexact(x)=(1./12.)*x*(1.-x**3)

      do 10 i=0,nstep,2

      x=dx*float(i)

      yritz=0.

      do 20 j=1,nset

      yritz=yritz+c(j)*fi(j,x)

20    continue

      print 100 , x, yritz, yexact(x)

10    continue

100   format(1x,'x,yritz,yexact=', 3(3x,e10.3))

      return

      end

  x,yritz,yexact=    0.000E+00    0.000E+00    0.000E+00

 x,yritz,yexact=    0.400E-01    0.326E-02    0.333E-02

 x,yritz,yexact=    0.800E-01    0.658E-02    0.666E-02

 x,yritz,yexact=    0.120E+00    0.994E-02    0.998E-02

 x,yritz,yexact=    0.160E+00    0.133E-01    0.133E-01

 x,yritz,yexact=    0.200E+00    0.166E-01    0.165E-01

 x,yritz,yexact=    0.240E+00    0.198E-01    0.197E-01

 x,yritz,yexact=    0.280E+00    0.230E-01    0.228E-01

 x,yritz,yexact=    0.320E+00    0.260E-01    0.258E-01

 x,yritz,yexact=    0.360E+00    0.288E-01    0.286E-01

 x,yritz,yexact=    0.400E+00    0.314E-01    0.312E-01

 x,yritz,yexact=    0.440E+00    0.337E-01    0.335E-01

 x,yritz,yexact=    0.480E+00    0.356E-01    0.356E-01

 x,yritz,yexact=    0.520E+00    0.373E-01    0.372E-01

 x,yritz,yexact=    0.560E+00    0.384E-01    0.385E-01

 x,yritz,yexact=    0.600E+00    0.391E-01    0.392E-01

 x,yritz,yexact=    0.640E+00    0.392E-01    0.394E-01

 x,yritz,yexact=    0.680E+00    0.387E-01    0.388E-01

 x,yritz,yexact=    0.720E+00    0.375E-01    0.376E-01

 x,yritz,yexact=    0.760E+00    0.354E-01    0.355E-01

 x,yritz,yexact=    0.800E+00    0.324E-01    0.325E-01

 x,yritz,yexact=    0.840E+00    0.285E-01    0.285E-01

 x,yritz,yexact=    0.880E+00    0.234E-01    0.234E-01

 x,yritz,yexact=    0.920E+00    0.170E-01    0.170E-01

 x,yritz,yexact=    0.960E+00    0.927E-02    0.922E-02

 x,yritz,yexact=    0.100E+01    0.000E+00    0.000E+00

