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1. Schaum's Outline of Numerical Analysis by Francis Scheid 2nd ed. , page 434.
The Ritz method is employed for solving the DE 

d2 y /dx 2  = - x2     ,                                    (1)

0 ≤   x ≤ 1      ,with boundary conditions  y(0)=y(1) =0.

The idea is to mimize the integral 
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.      (2)
The Euler Lagrange equation, corresponding to the variation of J(y), is precisely  equation (1).

To this purpose a set of linear elements 
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is introduced.

The problem is transformed into a set of linear equations,
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(4)
where the unknowns are the yk.

Equation (4) specific to the problem.It is obtained via (2) by taking derivatives with respect to the  yk , i.e   finding ∂ J/∂ yk and then integrating. 
We solve (4) by iterations 

As an intial value we let all values of y  ( except the end points wich are fixed to be zero) ,be  yk  ≈  (1/2) * (∆x)2 (x=1/2)2 , where ∆x = (1/2).
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FORTRAN CODE

c one dimensional finite element Schaums Numerical Analysis  page

c   y'' = -x**2 ,

      dimension y(0:500)  ,x(0:500)

      data nstep, niter/ 20, 30/

      f(k) =(1./12.)* (x(k-1)**4  + x(k+1)**4 ) +(1./2.)*x(k)**4

     $ -(1./3.)*(x(k-1)*x(k)**3 + x(k+1)*x(k)**3 )

      ysol(u)= (1./12.)*u*(1.-u**3)

      y(0)=0.

      k=nstep-1

      y(nstep)=0.

      xf=1.

      dx=xf/float(nstep)

      yinitial = (1./2.)*(1./2.)**2*(1./2.)**2

      print*,'yinitial=',yinitial

      do 10 i=0,nstep

      xi=dx*float(i)

      x(i)= xi

      if(i.gt.0.and.i.lt.nstep)then

      y(i)=yinitial

      endif

10    continue

      do 30 it=1,niter

      do 20 i=1,k

      y(i)=.5*( y(i-1)+y(i+1) +F(i) )

c      print*,'i,yi,f(i)=',i,y(i),f(i)

20    continue

30    continue

      do 40 i=0,nstep

      xi=dx*float(i)

      print 100, xi, y(i) ,ysol(xi)

40    continue

100   format(1x,'x, y, ysol=', 3(3x,e10.3))

      stop

      end

yinitial=  0.03125

 x, y, ysol=    0.000E+00    0.000E+00    0.000E+00

 x, y, ysol=    0.500E-01    0.424E-02    0.417E-02

 x, y, ysol=    0.100E+00    0.845E-02    0.833E-02

 x, y, ysol=    0.150E+00    0.126E-01    0.125E-01

 x, y, ysol=    0.200E+00    0.167E-01    0.165E-01

 x, y, ysol=    0.250E+00    0.207E-01    0.205E-01

 x, y, ysol=    0.300E+00    0.245E-01    0.243E-01

 x, y, ysol=    0.350E+00    0.280E-01    0.279E-01

 x, y, ysol=    0.400E+00    0.313E-01    0.312E-01

 x, y, ysol=    0.450E+00    0.341E-01    0.341E-01

 x, y, ysol=    0.500E+00    0.365E-01    0.365E-01

 x, y, ysol=    0.550E+00    0.382E-01    0.382E-01

 x, y, ysol=    0.600E+00    0.391E-01    0.392E-01

 x, y, ysol=    0.650E+00    0.392E-01    0.393E-01

 x, y, ysol=    0.700E+00    0.383E-01    0.383E-01

 x, y, ysol=    0.750E+00    0.361E-01    0.361E-01

 x, y, ysol=    0.800E+00    0.325E-01    0.325E-01

 x, y, ysol=    0.850E+00    0.273E-01    0.273E-01

 x, y, ysol=    0.900E+00    0.203E-01    0.203E-01

 x, y, ysol=    0.950E+00    0.113E-01    0.113E-01

 x, y, ysol=    0.100E+01    0.000E+00    0.000E+00

