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Reference:

1. Schaum's Outline of Numerical Analysis by Francis Scheid  ,page 432.

The equation 

  d2 y/dx2 = - x 2                   (1)

with boundary values   y(0)=0 , y(1) =0    , is solved by using the “garden hose method”, where the initial   (dy/dx)0 have to be guessed. We also apply  the  finite difference method to integrate the equation. The solution is that which, when integrated ,matches the second boundary  condition y(x=1) =0.
Th  exact solution of ( 1)  can be easily  obatined integrating twice and matching the boundary conditions giving 
yexact(x) =   (1/12)  x (1-x3 )                                 (2)

The finite difference form of (1 ) is 

yn = 2 yn-1 – yn-2  + (∆x)2 ( - x2 )n-1              .           (3)

An estimate of the magnitude (dy/dx)x=0 is obtained using the approximation 

(from eq. 3)

taking    ∆x = ½      , x0 =0   ,     x1= 1/2     , x2 =1.  , leads to    

y(x=1)  =  2 y(x=1/2)  - y(x=0)   +(1/2)2 (-(1/2)2 )  , or

     (dy/dx)0 ≈ y(x=1/2) / ∆x = 1/16 = .0625
FORTRAN CODE

c one dimensional boundary value problem   y''=- x**2 y(0)=y(1)=0.

      yexact(x) = (1./12.) *x*(1.-x**3)

c values of dy/dx are varied to match second boundary y(x=1) =0.

      dydx1=.0835

      dydx2=.10

      nx=600

      dx=1./float(nx)

      nstep=1

      delta=(dydx2-dydx1)/float(nstep)

      kp=10

      kount=kp

      do 10 i=1,nstep

      y0=0.

      y1=y0 + dx*dydx1

      print 110 , 0.,y0 ,yexact(0.)

      do 20 j=2,nx

      x=dx*float(j)

      y2=2.*y1-y0-(dx**2)*(x-dx)**2

      if(j.eq.kount)then

      print 110 ,x, y2, yexact(x)

      kount=kount+ kp

      endif

      y0=y1

      y1=y2

20    continue

c      print 100, dydx1 , y2

      dydx1=dydx1+delta

10    continue

100   format(1x,'dydx,y(x=1)=',2(4x,e10.3))

110   format(1x,'x,y, yexact=',3(4x,e10.3))

      stop

      end

The output shows y(x=1) as a function of initial (dy/dx).

dydx,y(x=1)=     0.750E-01    -0.833E-02

 dydx,y(x=1)=     0.760E-01    -0.733E-02

 dydx,y(x=1)=     0.770E-01    -0.633E-02

 dydx,y(x=1)=     0.780E-01    -0.533E-02

 dydx,y(x=1)=     0.790E-01    -0.433E-02

 dydx,y(x=1)=     0.800E-01    -0.333E-02

 dydx,y(x=1)=     0.810E-01    -0.233E-02

 dydx,y(x=1)=     0.820E-01    -0.133E-02

 dydx,y(x=1)=     0.830E-01    -0.331E-03

 dydx,y(x=1)=     0.840E-01     0.669E-03

 dydx,y(x=1)=     0.850E-01     0.167E-02

 dydx,y(x=1)=     0.860E-01     0.267E-02

 dydx,y(x=1)=     0.870E-01     0.367E-02

 dydx,y(x=1)=     0.880E-01     0.467E-02

 dydx,y(x=1)=     0.890E-01     0.567E-02

 dydx,y(x=1)=     0.900E-01     0.667E-02

 dydx,y(x=1)=     0.910E-01     0.767E-02

 dydx,y(x=1)=     0.920E-01     0.867E-02

 dydx,y(x=1)=     0.930E-01     0.967E-02

 dydx,y(x=1)=     0.940E-01     0.107E-01

 dydx,y(x=1)=     0.950E-01     0.117E-01

The correct value of dy/dx is between  .830E-1  and    .840E-1.

The average .835E-1 which we use for a final integration.    
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The numerical and exact solution match to at least three digits.

x,y, yexact=     0.000E+00     0.000E+00     0.000E+00

 x,y, yexact=     0.167E-01     0.139E-02     0.139E-02

 x,y, yexact=     0.333E-01     0.278E-02     0.278E-02

 x,y, yexact=     0.500E-01     0.417E-02     0.417E-02

 x,y, yexact=     0.667E-01     0.557E-02     0.555E-02

 x,y, yexact=     0.833E-01     0.695E-02     0.694E-02

 x,y, yexact=     0.100E+00     0.834E-02     0.833E-02

 x,y, yexact=     0.117E+00     0.973E-02     0.971E-02

 x,y, yexact=     0.133E+00     0.111E-01     0.111E-01

 x,y, yexact=     0.150E+00     0.125E-01     0.125E-01

 x,y, yexact=     0.167E+00     0.139E-01     0.138E-01

 x,y, yexact=     0.183E+00     0.152E-01     0.152E-01

 x,y, yexact=     0.200E+00     0.166E-01     0.165E-01

 x,y, yexact=     0.217E+00     0.179E-01     0.179E-01

 x,y, yexact=     0.233E+00     0.192E-01     0.192E-01

 x,y, yexact=     0.250E+00     0.205E-01     0.205E-01

 x,y, yexact=     0.267E+00     0.218E-01     0.218E-01

 x,y, yexact=     0.283E+00     0.231E-01     0.231E-01

 x,y, yexact=     0.300E+00     0.244E-01     0.243E-01

 x,y, yexact=     0.317E+00     0.256E-01     0.256E-01

 x,y, yexact=     0.333E+00     0.268E-01     0.267E-01

 x,y, yexact=     0.350E+00     0.280E-01     0.279E-01

 x,y, yexact=     0.367E+00     0.291E-01     0.290E-01

 x,y, yexact=     0.383E+00     0.302E-01     0.301E-01

 x,y, yexact=     0.400E+00     0.313E-01     0.312E-01

 x,y, yexact=     0.417E+00     0.323E-01     0.322E-01

 x,y, yexact=     0.433E+00     0.332E-01     0.332E-01

 x,y, yexact=     0.450E+00     0.342E-01     0.341E-01

 x,y, yexact=     0.467E+00     0.350E-01     0.349E-01

 x,y, yexact=     0.483E+00     0.358E-01     0.357E-01

 x,y, yexact=     0.500E+00     0.365E-01     0.365E-01

 x,y, yexact=     0.517E+00     0.372E-01     0.371E-01

 x,y, yexact=     0.533E+00     0.378E-01     0.377E-01

 x,y, yexact=     0.550E+00     0.383E-01     0.382E-01

 x,y, yexact=     0.567E+00     0.387E-01     0.386E-01

 x,y, yexact=     0.583E+00     0.391E-01     0.390E-01

 x,y, yexact=     0.600E+00     0.393E-01     0.392E-01

 x,y, yexact=     0.617E+00     0.394E-01     0.393E-01

 x,y, yexact=     0.633E+00     0.395E-01     0.394E-01

 x,y, yexact=     0.650E+00     0.394E-01     0.393E-01

 x,y, yexact=     0.667E+00     0.392E-01     0.391E-01

 x,y, yexact=     0.683E+00     0.389E-01     0.388E-01

 x,y, yexact=     0.700E+00     0.384E-01     0.383E-01

 x,y, yexact=     0.717E+00     0.379E-01     0.377E-01

 x,y, yexact=     0.733E+00     0.371E-01     0.370E-01

 x,y, yexact=     0.750E+00     0.363E-01     0.361E-01

 x,y, yexact=     0.767E+00     0.352E-01     0.351E-01

 x,y, yexact=     0.783E+00     0.340E-01     0.339E-01

 x,y, yexact=     0.800E+00     0.327E-01     0.325E-01

 x,y, yexact=     0.817E+00     0.311E-01     0.310E-01

 x,y, yexact=     0.833E+00     0.294E-01     0.293E-01

 x,y, yexact=     0.850E+00     0.275E-01     0.273E-01

 x,y, yexact=     0.867E+00     0.254E-01     0.252E-01

 x,y, yexact=     0.883E+00     0.230E-01     0.229E-01

 x,y, yexact=     0.900E+00     0.205E-01     0.203E-01

 x,y, yexact=     0.917E+00     0.177E-01     0.175E-01

 x,y, yexact=     0.933E+00     0.147E-01     0.145E-01

 x,y, yexact=     0.950E+00     0.115E-01     0.113E-01

 x,y, yexact=     0.967E+00     0.795E-02     0.779E-02

 x,y, yexact=     0.983E+00     0.420E-02     0.403E-02

 x,y, yexact=     0.100E+01     0.171E-03     0.000E+00

