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by Attila Szabo, Neil S. Ostlund , Chapter 3.
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3. ab initio Methods 
Hartree-Fock-Roothan Equations http://core.ecu.edu/phys/flurchickk/AtomicMolecularSystems/methodsDocumentation/qmnotes/node3.html
4. The Hartree-Fock Method for Atoms by Charlotte Froese Fischer 
5.The Roothaan Equations: http://www.geocities.com/serienumerica/RoothaanEquations.doc
We find the orbital and total energies for the excited state of helium  , 1s2s with antiparallel spins , ie   1S .

A nonorthogonal procedure is followed.
Two fock operators are constructed 

F1s  C 1s   = S C1s ε                                         (1)

F2s  C 2s   = S C2s ε                                         (2)

The  F  in eq (1) is given by 

F1s = < φi  / (-1/2) ∆ - Z / r   + Φ 2s (r)  / φj >     ( 4  )

with
Φ 2s (r)  = ∫  ψ2s 2 (r’)  dτ’ / abs(r-r’)      .     (5)
Meanwhile  
F2s = < φi  / (-1/2) ∆ - Z / r   + Φ 1s (r)  / φj >   (6)

with 

Φ 1s (r)  = ∫  ψ1s 2 (r’)  dτ’ / abs(r-r’)     .        (7)

A two element basis set is used.

The approximate ψ1s is ,
ψ1s(1) = c11 φ1 +  c21 φ2                                (8)

where the coefficients c11 , c21 are  selected from the first column of   C 1s   in eq(1).      

The approximate ψ2s is ,
ψ2s(1) = c12 φ1 +  c22 φ2                                (9)

where the coefficients c12 , c22  are  selected from the second column of   C 2s   in eq(2). 
An orthogonal  ψortho 2s , can be constructed from

ψortho 2s  = ψ2s  -  < ψ2s /  ψ1s > ψ1s    .                    (10)

 ψortho 2s   can  be substituted in (5) fro the calculation of 

Φ 2s at the different iterations.We do not carry out this procedure here.
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    FORTRAN CODE

c Roothan Equations Helium 1s2s- Ref Szabo and Ostlund Chapter 3.

c psi1s=c11*sqrt(alfa1**3/pi)* exp(-alfa1*r) +c21*sqrt(alfa2**3/pi)*

c   exp(-alfa2*r)

c psi2s=c12*sqrt(alfa1**3/pi)* exp(-alfa1*r) +c22*sqrt(alfa2**3/pi)*

c   exp(-alfa2*r)

c Roothaan Equations--example of  Helium -  1s2s    1^S state Non

c orthogonal HF

      dimension h(2,2), s(2,2) , coef1s(2,2),coef2s(2,2), vee1s(2,2),

     $vee2s(2,2), ve1s(0:5000),  ve2s(0:5000), f2s(2,2),f1s(2,2)

     $ ,veave(0:5000)

      equivalence (h,f1s)

      pi=2.*asin(1.)

      Z=2.

      anel=2.

      frac=(anel-1.)/anel

      alfa1=.7

      alfafin=2.

      nalfa=22

      niter=15

      dalfa=(alfafin-alfa1)/float(nalfa)

      do 10 ialfa=1,nalfa

      alfa2=alfa1/2.

      s(1,1)=1.

      s(1,2)= 8.*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      s(2,1)=s(1,2)

      s(2,2)=1.

      xlim=9.

      nstep=5000

      dx=xlim/float(nstep)

      do 70 iter=1,niter

      if(iter.eq.1)then

      an1s=1.

      an2s=1.

      endif

c ve constructs Phi1s=vecoul   and phi2s=ve2s

      call ve(frac,iter,alfa1, alfa2,an1s,an2s,pi,xlim,nstep,

     $ coef1s,coef2s,ve1s,ve2s,veave)

c  ns =1 refers to the 1s orbital  // ns=2 refers to the 2s orbital

c *** first 1s orbital repulsion

       call veeij(iter,1,xlim,nstep,alfa1,alfa1,alfa1,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s,ve2s,veave,veij)

      vee1s(1,1)=veij

      call veeij (iter,1,xlim,nstep,alfa1,alfa1,alfa2,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s, ve2s,veave,veij)

      vee1s(1,2)=veij

      vee1s(2,1)=vee1s(1,2)

      call veeij(iter,1,xlim,nstep,alfa1,alfa2,alfa2,pi,

     $coef1s,coef2s,an1s,an2s,ve1s,ve2s,veave,veij)

      vee1s(2,2)=veij

c  2s terms vee2s   *********

      call veeij(iter,2,xlim,nstep,alfa1,alfa1,alfa1,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s,ve2s,veave,veij)

      vee2s(1,1)=veij

      call veeij (iter,2,xlim,nstep,alfa1,alfa1,alfa2,pi,coef1s,coef2s,

     $ an1s,an2s,ve1s, ve2s,veave,veij)

      vee2s(1,2)=veij

      vee2s(2,1)=vee2s(1,2)

      call veeij(iter,2,xlim,nstep,alfa1,alfa2,alfa2,pi,

     $coef1s,coef2s,an1s,an2s,ve1s,ve2s,veave,veij)

      vee2s(2,2)=veij

c******   end of 2s

c      print*,'ve11,ve12,ve22=',vee(1,1),vee(1,2),vee(2,2)

c  Fock operator -one the 1S electron...one for the 2S electron

      f1s(1,1)= alfa1**2/2. - Z*alfa1 + vee1s(1,1)

      t12a=-4.*alfa2**2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      t12b= 4.*alfa2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      t12=t12a+t12b

      v12=-4.*Z*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      f1s(1,2)= t12 + v12 +vee1s(1,2)

      f1s(2,1)=f1s(1,2)

      f1s(2,2)= alfa2**2/2. - Z*alfa2 + vee1s(2,2)

c  Fock operator for 2s electron

      f2s(1,1)= alfa1**2/2. - Z*alfa1 + vee2s(1,1)

      t12a=-4.*alfa2**2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      t12b= 4.*alfa2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      t12=t12a+t12b

      v12=-4.*Z*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      f2s(1,2)= t12 + v12 +vee2s(1,2)

      f2s(2,1)=f2s(1,2)

      f2s(2,2)= alfa2**2/2. - Z*alfa2 + vee2s(2,2)

c end of 2s****

c calculation of e1,e2

c      calculation of coef1s

      A=1.-S(1,2)**2

      B=2.*f1s(1,2)*S(1,2)-(f1s(1,1)+f1s(2,2))

      C=f1s(1,1)*f1s(2,2)-f1s(1,2)**2

      e2=(-b+sqrt(b**2-4.*a*c) )/(2.*a)

      e1= (-b-sqrt(b**2-4.*a*c) )/(2.*a)

      e1s=e1

c      e2s=e2

      call coefi(iter,niter,f1s,s,E1,1,coef1s)

      call coefi(iter,niter,f1s,s,E2,2,coef1s)

c calculation of coef2s

      A=1.-S(1,2)**2

      B=2.*f2s(1,2)*S(1,2)-(f2s(1,1)+f2s(2,2))

      C=f2s(1,1)*f2s(2,2)-f2s(1,2)**2

      e2=(-b+sqrt(b**2-4.*a*c) )/(2.*a)

      e2s=e2

      e1= (-b-sqrt(b**2-4.*a*c) )/(2.*a)

      call coefi(iter,niter,f2s,s,E1,1,coef2s)

      call coefi(iter,niter,f2s,s,E2,2,coef2s)

c ***********

      if(iter.eq.niter)call plotwv(xlim,nstep,alfa1,alfa2,pi,coef1s,

     $ coef2s, an1s,an2s)

      if(iter.gt.1)call vrep(nstep,dx,pi,coef1s,coef2s,an1s,an2s,

     $ alfa1,alfa2,ve1s,ve2s,aj1s2s)

      etotal=e1s + e2s -aj1s2s

      if(iter.eq.niter)then

c      print*,'aj1s2s=',aj1s2s

      print 100,alfa1,e1s,e2s,etotal

      endif

c      print*,'   '

70    continue

      alfa1=alfa1 + dalfa

10    continue

100   format(1x,'a1,e1,e2,et=',4(3x,e12.5))

      stop

      end

      Subroutine coefi(iter,niter,h,s,E,neigen,coef)

      dimension h(2,2), s(2,2),coef(2,2)

      coef(1,neigen)=1.

      anum=h(1,1)-e

      if(abs(anum).le.1.e-5)then

      coef(2,neigen)=0.

      goto 50

      endif

      coef(2,neigen)=-(h(1,1)-e)*coef(1,neigen)/(h(1,2)-e*s(1,2) )

50    if(iter.eq.niter)then

c      print 100,h(1,1),h(1,2),h(2,2),s(1,2)

c      print*,'e,coef11,coef21=',e, coef(1,neigen),coef(2,neigen)

c      print*,'sum c11*c12+c21*c22=',coef(1,1)*coef(1,2)+

c     $ coef(2,1)*coef(2,2)

      endif

100   format(1x,'h11,h12,h22,s12=',4(2x,e11.4))

      return

      end

      Subroutine plotwv(xlim,nstep,alfa1,alfa2,pi,coef1s,coef2s

     $ ,an1s,an2s)

      dimension coef1s(2,2),coef2s(2,2)

      phi1(x)=sqrt(alfa1**3/pi)*exp(-alfa1*x)

      phi2(x)=sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi1sn(x)=an1s*( coef1s(1,1)*phi1(x)+coef1s(2,1)*phi2(x) )

      psi2sn(x)=an2s*( coef2s(1,2)*phi1(x)+coef2s(2,2)*phi2(x) )

      dx=xlim/float(nstep)

      sum1s=0.

      sum2s=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum1s=sum1s+ ((coef1s(1,1)*phi1(x)+coef1s(2,1)*phi2(x))*x)**2 +

     $ ( (coef1s(1,1)*phi1(x-dx)+coef1s(2,1)*phi2(x-dx) )*(x-dx))**2

      sum2s=sum2s+ ((coef2s(1,2)*phi1(x)+coef2s(2,2)*phi2(x) )*x)**2 +

     $ ( (coef2s(1,2)*phi1(x-dx)+coef2s(2,2)*phi2(x-dx) )*(x-dx))**2

10    continue

      sum1s=4.*pi*sum1s*dx/2.

      sum2s=4.*pi*sum2s*dx/2.

      an1s=1./sqrt(sum1s)

      an2s=1./sqrt(sum2s)

c      print*,'an1s,an2s=',an1s,an2s

      do  20 i=0,nstep,50

      x=dx*float(i)

c      print 100,x, psi1sn(x), psi2sn(x)

20    continue

100   format(1x,'x,psi1s,psi2s=',3(3x,e11.4))

c      print*,'   '

      return

      end

      subroutine veeij(it,norbit,xlim,nstep,alfa,alfaone,alfatwo,pi,

     $coef1s,coef2s, an1s,an2s,ve1s,ve2s,veave,veij)

      dimension coef1s(2,2),coef2s(2,2) ,ve1s(0:5000) ,ve2s(0:5000),

     $veave(0:5000)

       vee(x) = alfa*( exp(-2.*alfa*x)*(-1.-1./(alfa*x) ) +

     $ 1./(alfa*x))

       phi(al,x)= sqrt(al**3/pi)*exp(-al*x)

       f(x)=phi(alfaone,x)*phi(alfatwo,x)*vee(x)*x**2

       phicf(x) =an1s*(coef1s(1,1)*phi(alfaone,x) +coef1s(2,1)*

     $  phi(alfatwo,x) )

         phi2s(x) =an2s*(coef2s(1,2)*phi(alfaone,x) +coef2s(2,2)*

     $  phi(alfatwo,x) )

       rho(x)=((anel-1.)/anel)*(phicf(x)**2 + phi2s(x)**2)

       sum=0.

       dx=xlim/float(nstep)

       if(it.eq.1)then

       do 10 i=1,nstep

       x=dx*float(i)

      sum=sum + (f(x) + f(x-dx+1.e-5) )

10    continue

      sum=sum*4.*pi*dx/2.

      veij=sum

c      print*,'veij=',veij

      endif

      if(it.gt.1)then

      sum=0.

      do 20 i=1,nstep

      x=dx*float(i)

      if(norbit.eq.2)sum=sum+ phi(alfaone,x)*phi(alfatwo,x)

     $ *ve1s(i)*x**2+

     $ phi(alfaone,x-dx)*phi(alfatwo,x-dx)*ve1s(i-1)*(x-dx)**2

      if(norbit.eq.1)sum=sum+ phi(alfaone,x)*phi(alfatwo,x)

     $ *ve2s(i)*x**2+

     $ phi(alfaone,x-dx)*phi(alfatwo,x-dx)*ve2s(i-1)*(x-dx)**2

c      sum=sum+ phi(alfaone,x)*phi(alfatwo,x)

c     $ *veave(i)*x**2+ phi(alfaone,x-dx)*phi(alfatwo,x-dx)*veave(i-1)

c     $*(x-dx)**2

20    continue

      sum=sum*4.*pi*dx/2.

      veij=sum

      endif

      return

      end

      subroutine ve(frac,iter,alfa1, alfa2,an1s,an2s,pi,xlim,nstep,

     $ coef1s,coef2s,ve1s,ve2s,veave)

c creates vecoul =ve1s and ve2s (if necessary) for the iterations

      dimension ve1s(0:5000),coef1s(2,2),coef2s(2,2),ve2s(0:5000),

     $ veave(0:5000)

      psi1(x)= sqrt(alfa1**3/pi)*exp(-alfa1*x)

      psi2(x)= sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi(x)=an1s*(coef1s(1,1)*psi1(x)+coef1s(2,1)*psi2(x) )

      psi2s(x)=an2s*(coef2s(1,2)*psi1(x)+coef2s(2,2)*psi2(x) )

      rho1s(x)= psi(x)**2

      rhoini(x)=frac*(psi1(x)**2 +  psi2(x)**2 )

      rho2s(x)= psi2s(x)**2

c     calculates ve1s(0)

c      print*,'subroutine ve,alfa1,an1s,coef(1,1),cf12=',alfa1,an1s,

c     $coef(1,1),coef(2,1)

      dx=xlim/float(nstep)

      sum=0.

      sum2s=0.

      do 10 i=1,nstep

      x= dx*float(i)

      if(iter.eq.1)sum=sum +(rhoini(x-dx)*(x-dx) + rhoini(x)*

     $ psi1(x)**2*x )

      if(iter.ge.2)then

      sum=sum + rho1s(x-dx)*(x-dx) + rho1s(x)*x

      sum2s=sum2s+ rho2s(x-dx)*(x-dx) + rho2s(x)*x

      endif

10    continue

      sum=sum*4.*pi*dx/2.

      sum2s=sum2s*4.*pi*dx/2.

      ve1s(0)=sum

      ve1s(1)=ve1s(0)

      if(iter.eq.1)then

      ve2s(0)=ve1s(0)

      ve2s(1)=ve1s(0)

      endif

      if(iter.ge.2)then

      ve2s(0)=sum2s

      ve2s(1)=ve2s(0)

      endif

      do 20 i=2,nstep

      x=dx*float(i)

      ve1s(i)=2.*ve1s(i-1)-ve1s(i-2) - (2/(x-dx))*dx*

     $ (ve1s(i-1)-ve1s(i-2))

     $ - 4.*pi*dx**2*rho1s(x-dx)

      if(iter.eq.1)ve2s(i)=ve1s(i)

      if(iter.ge.2)then

      ve2s(i)=2.*ve2s(i-1)-ve2s(i-2) - (2/(x-dx))*dx*

     $ (ve2s(i-1)-ve2s(i-2))

     $ - 4.*pi*dx**2*rho2s(x-dx)

      endif

20    continue

      return

      end

      subroutine vrep(nstep,dx,pi,coef1s,coef2s,an1s,an2s,

     $ alfa1,alfa2,  ve1s,ve2s,ajcoul)

      dimension coef1s(2,2),coef2s(2,2), ve1s(0:5000),ve2s(0:5000)

      base1(x)=sqrt(alfa1**3/pi)*exp(-alfa1*x)

      base2(x)=sqrt(alfa2**3/pi)*exp(-alfa2*x)

      phi(x)=an1s*(coef1s(1,1)*base1(x)+coef1s(2,1)*base2(x) )

      phi2(x)= an2s*(coef2s(1,2)*base1(x)+coef2s(2,2)*base2(x) )

      f(x,i)=phi(x)**2*ve1s(i)*x**2

      f2(x,i)=phi(x)**2*ve2s(i)*x**2

      sum=0.

c norbit=1 1s1s repuslion //norbit=2 1s2s repulsion

      do 10 i=1,nstep

      x=dx*float(i)

c for J1s1s~use f(x)//for J1s2s use f2(x)//

c      sum=sum +f(x-dx,i-1) +f(x,i)

      sum=sum + f2(x-dx,i-1) +f2(x,i)

10    continue

      sum=sum*4.*pi*dx/2.

      ajcoul=sum

      return

      end

