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Consider the equation 

d2y/dx2 =  ( 1/8) (32 +2x3 – y (dy/dx ) ,              (1)

     1≤ x ≤3  , Y(1) =17. , y(3) = 43/3 

which has the solution   y(x) = x2 – 16/x.

We use the shooting method where an initial guess for (dy/dx)x=1 is made.

The equation is solved by the finite difference method  where

xn  =   2 xn-1 – xn-2  + (∆ x) 2 ( 1/8) (32 +2xn-1 3 – yn-1 ((y – y)/ (∆x) )       (2)
To estimate the magnitude of the initial (dy/dx) , introduce three grid points

x0=1  , x1=2 , x2 =3,   with 
y( x0) = 17 ,     y( x1)≈ yaverage = (1/2) ( 17 + 43/3)= 15.7     and

  y(x2) = 43/3.

Let   

     (dy/dx)average == ( 43/3 – 17) /2 = -1.33                                          (3)

Suppose  

                  (dy/dx)x = 2 ≈ -1.33                              .                               (4)

Then 

 (dy/dx)x=1 ≈ (dy/dx)x = 2 – (∆x) ( d2y/dx2 )approximation                       
(dy/dx)x=1 ≈ (dy/dx)average  – (∆x) ( d2y/dx2 )approximation                .                 (5)

We have  (∆x)=1    and the approximation 

( d2y/dx2 )approximation  = ( 1/8) (32 +2(x1 )3 – yaverage (dy/dx )average         

                                 = (1/8) ( 32 + 16 – (15.7)(-1.33) )

                                 =  8.62                                                 .              (6)

Inserting (4) and (6) in (5)  gives 

dy/dx)x=1 ≈   -9.95  

A code can be run to find “solutions”  by selecting (dy/dx )  in the range             -15. < dy/dx < -5. The plot gives after some refinement

that   the absolute difference  /y(x=3) - 43/3 / ≈ 1E-3  , when

 (dy/dx)=-13.965.
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The numerical solution is plotted along with the exact solution
yexact(x) =x^2 + 16/x .
MATLAB CODE 

% burden and faires Numerical Analysis page 530

      xi=1.; xf=3.; niter=1; nstep=200; dx=(xf-xi)/nstep;

      dydx1=-13.965; dydx2=-13.9;  deltady=(dydx2-dydx1)/niter;dydx=dydx1;

 %     yexact(x)=x**2 + 16./x

      ycero=17. ; yfinal=43./3.;

        for it=[1:1:niter]

     % y0=ycero ;  y1=y0+dydx*dx;

    y(1)=ycero; y(2)=y(1)+dydx*dx;

      for j=[2:1:nstep]

      x=xi + dx*(j-1);

         a=(1./8.)*(32.+2.*x^3-y(j)*(y(j)-y(j-1))/dx );

    %  y2=2.*y1-y0 + dx^2*a;

    y(j+1)=2*y(j)-y(j-1) +dx^2*a;

    %  y0=y1  ;   y1=y2;  

    end

      dif(it)=abs(yfinal-y(j+1)) ;slope(it)= dydx;

       dydx=dydx+deltady;

  end

 % i=[1:1:niter];

 % plot(slope,dif),xlabel('dy/dx '), ylabel(' absv(y-yfinal)');

  for k =[1:1:nstep+1];

   x(k)=xi+dx*(k-1);

   yexact(k)=x(k)^2 + 16./x(k);

end

   i=[1:1:nstep+1];

  plot(x,y,x,yexact) , xlabel(' x'), ylabel(' y , yexact' )

