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Reference:

1. Schaum's Outline of Numerical Analysis by Francis Scheid  ,page 432.

The equation 

  d2 y/dx2 = - x 2                   (1)

with boundary values   y(0)=0 , y(1) =0    , is solved by using the “garden hose method”, where the initial   (dy/dx)0 have to be guessed. We also apply  the  finite difference method to integrate the equation. The solution is that which, when integrated ,matches the second boundary  condition y(x=1) =0.
Th  exact solution of ( 1)  can be easily  obatined integrating twice and matching the boundary conditions giving 

yexact(x) =   (1/12)  x (1-x3 )                                 (2)

The finite difference form of (1 ) is 

yn = 2 yn-1 – yn-2  + (∆x)2 ( - x2 )n-1              .           (3)

An estimate of the magnitude (dy/dx)x=0 is obtained using the approximation 

(from eq. 3)

taking    ∆x = ½      , x0 =0   ,     x1= 1/2     , x2 =1.  , leads to    

y(x=1)  =  2 y(x=1/2)  - y(x=0)   +(1/2)2 (-(1/2)2 )  , or

0           = 2 y(x=1/2)  -   0      +  (∆x)2 ( - x2 )1 .         (4)   
From which an approximate value is obtained        

     (dy/dx)0 ≈ y(x=1/2) / ∆x = 1/16 = .0625

The graph shows that y(x=1)   = 0 when the intial dy/dx is around 8.33E-2 . The actual value to three digits is read from the output not printed here.
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PLOT of y numerical and  exact solution. They are undistinguishable in  the plot.

MATLAB CODE

% from Schaum's Numerical Analysis Francis Scheid page 432-433

% one dimensional boundary value problem   y''=- x**2 y(0)=y(1)=0.

%      yexact(x) = (1./12.) *x*(1.-x**3)

% values of dy/dx are varied to match second boundary y(x=1) =0.

      dydx1=.07; dydx2=.09;  nx=600; dx=1./(nx);

      nstep=30; delta=(dydx2-dydx1)/(nstep);

     for   i=[1:1:nstep]

      y(1)=0. ;  y(2)=y(1) + dx*dydx1;  k=1;

    for   x=[2*dx:dx:1]

         k=k+1;  

        y(k+1)=2.*y(k)-y(k-1)-(dx^2)*(x-dx)^2;

    end

 yfinal(i)=y(k+1);dydx(i)=dydx1;

dydx1=dydx1+delta;

end

i=[1:1:nstep];

 plot(i,dydx,i,yfinal),xlabel('i'), ylabel('dydx , yfinal')

% with the  selected dydx= dydx0=8.33E-2 , solve the DE

dydx0=8.33E-2 ;  y(1)=0. ;  y(2)=y(1) + dx*dydx0;  k=1;

for   x=[2*dx:dx:1]

         k=k+1;  

        y(k+1)=2.*y(k)-y(k-1)-(dx^2)*(x-dx)^2;

    end

     k=1;

     for x=[0.:dx:1];

     ytrue(k)=(1/12)*x*(1-x^3);

     k=k+1;

 end

     x=[0.:dx:1];

    plot(x,y,x,ytrue), xlabel('x') , ylabel('y,ytrue')

