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by Attila Szabo, Neil S. Ostlund , Chapter 1.
2. Introduction to Quantum Mechanics with Applications to Chemistry (Paperback) 
by Linus Pauling, E. Bright Wilson
We apply the linear variational method to the hydrogen atom  with two element basis set of the type N exp(- α r).

Energy eigen values   ε1s  and ε2s state are derived  along with the eigen functions  Ψ1s     , Ψ2s .

Let    

Ψ  =   c1 φ 1(r)  + c 2 φ 2(r)                                        (1)

where the two element basis set is

 φ 1(r)  = ( α3 1/ π ) 1/2 exp( - α 1 r)    , 
 φ 2(r)  =   (α 32/ π )1/2 exp (- α2  r) .        (2)   
The hamiltonian is H = - (1/2) ∆ - 1/r  
and the Schrodinger equation is

H Ψ = E Ψ
or by  inserting (1)
 c1 H  φ 1  + c2 H  φ 2 =     E c1 φ 1+ E c2 φ 2   (3).                                                       
Multiplying (3) from the left by  φ 1 and integrating gives the first  row of the  matrix elements

c1  H11 + c2  H12 =  E c1 S11 + E c2 S1
[image: image1.wmf]2           (4)

Likewise multiplying (3) from the left by φ 2 and integrating gives the second row

c1  H21 + c2  H22 =  E c1 S21 + E c2 S22     .      (5)

Upon factorization of the coefficients gives
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This requires that the determinat must be zero
det 
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 =0.                                 (7)
From (7) the energy eigenvalues are determined E1, E2 and from (6) the relative value of the coefficients c1/c2 for each solution E i .

The absolute values of  c1  and c2 is obtained after imposing the normalization condition on the wave function

 ∫ Ψ2 4π r2 dr =1. All integration are for  0 ≤ r ≤ ∞.
Explicit expressions for the matrix elements Hij and Sij are given next.

The overlap elements are

S11 =  
[image: image5.wmf]ò

φ2 1(r) 4π r2 dr =
        = 4π ( α3 1/ π ) ∫ exp( -2 α 1 r) r2 dr

        =  4 α3 1   (2! / (2 α 1 )3 ) =1     ,               (8)
S22 =1                                              ,              (9)

S12 = S21 = ∫φ 1(r) φ 2(r)   4π r2 dr 

 =  8 (α 1 α 2 ) 3/2 /(  α 1 + α 2  )3            .         (10)
Where use is made of 
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exp(-ar) rn dr = n! /(a)n+1                 .     (  11)
The matrix elements of the Hamiltonian are,

H11= ∫φ 1{ -( (1/2)d2/dr2 + (1/r) d/dr  ) -1/r } φ 1 dV

where the volume element dV= 4π r2 dr.

The Hamiltonian matrix elements are,

 H11 = α2 1 /2  - α 1                                  (12)

H22 = α2 2 /2  - α 2                                    (13)  

Where the first term   α2  /2   is the average kinetic energy and the second ( - α ) is the average potential energy.

H12 = H21= -   4 α2 2  (α1 α2 )3/2 / (    α1 + α 2  )3   


                  +  4α 2 ( α 1  α 2)3/2  /(   α 1 + α2    ) 2 
                          -4 (α 1α 2)3/2 / (α 1 + α 2  )2        (14)

where the first two terms are the acerage kinetic energy.  
   H12   converges to H11 if    α 2  = α 1   .
From (7) the characteristic equation is   
( 1- S2 12  ) E2   +( 2H12 S12  - (H11 +H22 )  )E  
+ H11 H 22  - (H12) 2       =0                              (15)   
or      A E2 + B E + C    =0.   
The roots are   
E1 =  {- B – ( B2 -4AC ) } /(2A)                        (16)

E2 =  {- B + ( B2 -4AC ) } /(2A)                        (17)

The unormalized eigenvectors are taking c(1,1)=1.

and also c(1,2) =1   ,

c(1,1)  =1

c(2,1)  =  - (H11 - E1) /( H12 - E1 S 12 )                (18)

and 

c(1,2)=1

c(2,2)  =  - (H11 – E2) /( H12 – E2 S 12 )   .             (19)

A FORTRAN CODE is provided ,see below.
Results:

alfa,e1,e2=    0.1000E+01   -0.5000E+00   -0.8007E-01

h11,h12,h22,s12=  -0.5000E+00  -0.4190E+00  -0.3750E+00   0.8381E+00

e,coef1,coef2= -0.49999997  1.  0.

e,coef1,coef2= -0.0800691992  1. -1.19324279
The results show that  since the basis set contains the exact Psi 1s wavefunction when α 1 = 1, we get the exact eigenvalue an wave function variationally.

The second eigenvalue e2s= -.0800 is way off the true value -.125 and so is the wavefunction.

Figure 5 shows that one can optimize e2s (α 1 =.7)  , but the wave function Psi 2s variational will still be poor because it is orthogonal to a function  Psi1s with eigenvalue 

e1s≈ -.475 .
[image: image7.emf]E1s= -.5 , E2s= -.0800
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Figure1 
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Figure2
Comparison of wave functions

[image: image9.emf]E1s=-.5  , E2s= -.0800

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0 1 2 3 4 5 6

r(au)

Psi 

Psi1s(var &

exact)

psi2s (var)

Psi2s(exact)


Figure3
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Figure 4.
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 Figure 5.
FORTRAN CODE

c the linear variational Problem   Ref Szabo and Ostlund Chapter 1.

c psi=c1*sqrt(alfa1**3/pi)* exp(-alfa1*r) +c2*sqrt(alfa2**3/pi)*

c   exp(-alfa2*r)

      dimension h(2,2), s(2,2) , coef(2,2)

      pi=2.*asin(1.)

      alfa1=.708

      nalfa=1

      alfafin=0.8

      dalfa=(alfafin-alfa1)/float(nalfa)

      do 10 ialfa=1,nalfa

      alfa2=alfa1/2.

      s(1,1)=1.

      s(1,2)= 8.*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      s(2,1)=s(1,2)

      s(2,2)=1.

      h(1,1)= alfa1**2/2. - alfa1

      t12a=-4.*alfa2**2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**3

      t12b= 4.*alfa2*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      t12=t12a+t12b

      v12=-4.*(alfa1*alfa2)**(1.5)/(alfa1+alfa2)**2

      h(1,2)= t12+v12

      h(2,1)=h(1,2)

      h(2,2)= alfa2**2/2. - alfa2

      A=1.-S(1,2)**2

      B=2.*h(1,2)*S(1,2)-(h(1,1)+h(2,2))

      C=h(1,1)*h(2,2)-h(1,2)**2

      E2=(-b+sqrt(b**2-4.*a*c) )/(2.*a)

      e1= (-b-sqrt(b**2-4.*a*c) )/(2.*a)

      print 100,alfa1,e1,e2

      alfa1=alfa1+ dalfa

10    continue

100   format(1x,'alfa,e1,e2=',3(3x,e11.4))

      if(nalfa.eq.1)then

      call coefi(h,s,E1,1,coef)

      print*,'  '

      call coefi(h,s,E2,2,coef)

      print*, ' '

      call plotwv(alfa1,alfa2,pi,coef)

      endif

      stop

      end

      Subroutine coefi(h,s,E,neigen,coef)

      dimension h(2,2), s(2,2),coef(2,2)

      coef(1,neigen)=1.

      anum=h(1,1)-e

      if(abs(anum).le.1.e-5)then

      coef(2,neigen)=0.

      goto 50

      endif

      coef(2,neigen)=-(h(1,1)-e)/(h(1,2)-e*s(1,2) )

50    print*,'e,coef1,coef2=',e, coef(1,neigen),coef(2,neigen)

      return

      end

      Subroutine plotwv(alfa1,alfa2,pi,coef)

      dimension coef(2,2)

      phi1(x)=sqrt(alfa1**3/pi)*exp(-alfa1*x)

      phi2(x)=sqrt(alfa2**3/pi)*exp(-alfa2*x)

      psi1sn(x)=an1s*( coef(1,1)*phi1(x)+coef(2,1)*phi2(x) )

      psi2sn(x)=an2s*(coef(1,2)*phi1(x)+coef(2,2)*phi2(x) )

      xlim=5.

      nstep=2000

      dx=xlim/float(nstep)

      sum1s=0.

      sum2s=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sum1s=sum1s+ ( coef(1,1)*phi1(x)+coef(2,1)*phi2(x) )**2 +

     $ ( coef(1,1)*phi1(x-dx)+coef(2,1)*phi2(x-dx) )**2

        sum2s=sum2s+ (coef(1,2)*phi1(x)+coef(2,2)*phi2(x) )**2 +

     $ ( coef(1,2)*phi1(x-dx)+coef(2,2)*phi2(x-dx) )**2

10    continue

      sum1s=sum1s*dx/2.

      sum2s=sum2s*dx/2.

      an1s=1./sqrt(sum1s)

      an2s=1./sqrt(sum2s)

      do  20 i=0,nstep,20

      x=dx*float(i)

      print 100,x, psi1sn(x), psi2sn(x)

20    continue

100   format(1x,'x,psi1s,psi2s=',3(3x,e11.4))

      return

      end
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