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Let  H=  -(1/2) ∆      -Z / r  ,  where ∆ is Laplace operator and Z  the atomic number ( presently Z=1).

We expand the wavefunction in a two basis set ,
Ψ      =     c 1 φ1     +  c 2 φ2            (1)
where  φ1  = (a1 / π) 1/2 exp(-a1 r) = N 1 exp(-a1 r) , 

            φ2  = (a2 / π) 1/2 exp(-a2 r)= N 2 exp(-a2 r)
a1 and a2  are the variational parameters. They are varied to minimize the energy ε .
Schrodinger’s equation 

  H Ψ  = ε Ψ     leads to two linear equations in the unknowns  ε   ,  c 1 , c 2  .
(h11 – ε S11 ) c1  + (h 12-  ε S12 ) c2   = 0.      (2)
(h21 – ε S21 ) c1  + (h 22-  ε S22 ) c2   = 0.      (3)
S ij  are the overlap matrix elements.
In this example  
S 11 =  < φ1 │ φ1  > =1
 S 2,2 =   1        
 S 12 =  < φ1 │ φ2  >  =8π N 1  N 2 /( a1 + a2)3
S 21 =  S 12
The H matrix elements are

h11 =  < φ1 │H  │ φ1  > = (a1)2 / 2 – Z a1
h22 =  < φ2 │H  │ φ2  > = (a2)2 / 2 – Z a2
h12 = h21 = < φ1 │H  │ φ2  >
The general matrix eigenvalue equation is 

H C  = ε S C

Solving  (2) & (3) gives the characteristic equation

(1 – (S 12)2 ) ε 2  + {-( h11 +h22  ) +2 h12 S 12} ε 
+  h11 h22  - (h12)2 = 0.
The lowest root  - (largest in absolute value)- is an approximation to 
 ε 1s  , the second is an approxiamtion to ε 2s .

Actually  ε 1s  turns out to be the exact eigenvalue if we choosing  a1 = Z =1. In that case  φ1 is the exact  1s eigenfunction.
For the coefficients , given a value ε , one can select c1=1. and then 
c2 =   - (h11 – ε ) c1/( h12 -  ε S 12 ).

Thus the first eigenfunction corresponds to Ψ1s and the second to Ψ2s .

RUN

coef=    0.1000E+01   -0.4556E-02

    0.1000E+01   -0.1195E+01

 s12,h11,h22,h12=  0.838052392 -0.5 -0.375 -0.41845274

 t12,acuad,bcuad,ccuad=  0.210086584  0.297668189  0.173629358  0.0123973042

 a1,raiz1,raiz2=  1.    -0.500002623  -0.0832956955
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FORTRAN CODE
c Linear variational method

      dimension  h(3,3),s(3,3) ,coef(3,3),t(3,3) ,vn(3,3)

      pi=2.*asin(1.)

      z=1.

      a1=z

      a2=a1/2.

      an1=sqrt(a1**3/pi)

      an2=sqrt(a2**3/pi)

      s(1,2)=8.*pi*an1*an2/(a1+a2)**3

      s(2,1)=s(1,2)

      s(1,1)=1.

      s(2,2)=1.

      h(1,1)= a1**2/2.-z*a1

      h(2,2)=a2**2/2. -z*a2

      vn(1,2)=-4.*pi*z*an1*an2/(a1+a2)**2

      xlimit=6.

      call akin(pi,an1,an2,a1,a2,xlimit,tk)

      t(1,2)=tk

      t(2,1)=tk

      h(1,2)=t(1,2)+ vn(1,2)

      acuad=1.- s(1,2)**2

      bcuad=-(h(1,1)+h(2,2))+2.*h(1,2)*s(1,2)

      ccuad=h(1,1)*h(2,2)-h(1,2)**2

      tsq=bcuad**2-4.*acuad*ccuad

      raiz1= (-bcuad - sqrt(bcuad**2-4.*acuad*ccuad))/(2.*acuad)

      raiz2= (-bcuad + sqrt(bcuad**2-4.*acuad*ccuad))/(2.*acuad)

      coef(1,1)=1.

      coef(1,2)=1.

      coef(2,1)= -(h(1,1)-raiz1)*coef(1,1)/(h(1,2)-raiz1*s(1,2))

      coef(2,2)= -(h(1,1)-raiz2)*coef(1,2)/(h(1,2)-raiz2*s(1,2))

      print 175 ,((coef(i,j),i=1,2),j=1,2)

      print*,'s12,h11,h22,h12=',s(1,2),h(1,1),h(2,2),h(1,2)

      print*,'   '

      print*,'t12,acuad,bcuad,ccuad=',t(1,2),acuad,bcuad,ccuad

      print*,'  '

      print*,'a1,raiz1,raiz2=',a1,raiz1,raiz2

      print*,'  '

      call plotpsi(coef,pi,an1,an2,a1,a2,xlimit)

175   format(1x,'coef=',2(3x,e11.4))

      stop

      end

      subroutine akin (pi,an1,an2,a1,a2,xlimit,tk)

      phi1(x)= an1*exp(-a1*x)

      phi2(x)= an2*exp(-a2*x)

      d2phi2(x)=(phi2(x+epsi)-2.*phi2(x)+ phi2(x-epsi))/epsi**2

      d1phi2(x)=(phi2(x)-phi2(x-epsi))/epsi

      epsi=1.e-3

      nstep=1000

      dx=xlimit/float(nstep)

      t2=0.

      t1=0.

      do 10 i=1,nstep

      x=dx*float(i)

      t2=t2+phi1(x)*d2phi2(x)*x**2

      t1=t1+2.*phi1(x)*d1phi2(x)*x

10    continue

      tk= -2.*pi*(t1+t2)*dx

      return

      end

      subroutine plotpsi(coef,pi,an1,an2,a1,a2,xlimit)

      dimension coef(3,3)

      phi1(x)= an1*exp(-a1*x)

      phi2(x)= an2*exp(-a2*x)

      nstep=50

      dx=xlimit/float(nstep)

      do 10 i=0,nstep

      x=dx*float(i)

      psi1s=coef(1,1)*phi1(x)+coef(2,1)*phi2(x)

      psi2s=coef(1,2)*phi1(x)+coef(2,2)*phi2(x)

      print 100,x,psi1s,psi2s

10    continue

100   format(2x,'x,psi1s,psi2s=',3(3X,E11.4))

      RETURN

      END

  x,psi1s,psi2s=    0.0000E+00    0.5633E+00    0.3258E+00

  x,psi1s,psi2s=    0.1200E+00    0.4995E+00    0.2759E+00

  x,psi1s,psi2s=    0.2400E+00    0.4430E+00    0.2324E+00

  x,psi1s,psi2s=    0.3600E+00    0.3929E+00    0.1945E+00

  x,psi1s,psi2s=    0.4800E+00    0.3484E+00    0.1616E+00

  x,psi1s,psi2s=    0.6000E+00    0.3090E+00    0.1330E+00

  x,psi1s,psi2s=    0.7200E+00    0.2740E+00    0.1083E+00

  x,psi1s,psi2s=    0.8400E+00    0.2430E+00    0.8692E-01

  x,psi1s,psi2s=    0.9600E+00    0.2155E+00    0.6850E-01

  x,psi1s,psi2s=    0.1080E+01    0.1911E+00    0.5266E-01

  x,psi1s,psi2s=    0.1200E+01    0.1694E+00    0.3909E-01

  x,psi1s,psi2s=    0.1320E+01    0.1502E+00    0.2749E-01

  x,psi1s,psi2s=    0.1440E+01    0.1332E+00    0.1763E-01

  x,psi1s,psi2s=    0.1560E+01    0.1181E+00    0.9268E-02

  x,psi1s,psi2s=    0.1680E+01    0.1048E+00    0.2227E-02

  x,psi1s,psi2s=    0.1800E+01    0.9289E-01   -0.3670E-02

  x,psi1s,psi2s=    0.1920E+01    0.8237E-01   -0.8571E-02

  x,psi1s,psi2s=    0.2040E+01    0.7303E-01   -0.1261E-01

  x,psi1s,psi2s=    0.2160E+01    0.6476E-01   -0.1590E-01

  x,psi1s,psi2s=    0.2280E+01    0.5742E-01   -0.1854E-01

  x,psi1s,psi2s=    0.2400E+01    0.5091E-01   -0.2063E-01

  x,psi1s,psi2s=    0.2520E+01    0.4514E-01   -0.2223E-01

  x,psi1s,psi2s=    0.2640E+01    0.4002E-01   -0.2343E-01

  x,psi1s,psi2s=    0.2760E+01    0.3548E-01   -0.2427E-01

  x,psi1s,psi2s=    0.2880E+01    0.3146E-01   -0.2482E-01

  x,psi1s,psi2s=    0.3000E+01    0.2789E-01   -0.2511E-01

  x,psi1s,psi2s=    0.3120E+01    0.2472E-01   -0.2519E-01

  x,psi1s,psi2s=    0.3240E+01    0.2192E-01   -0.2508E-01

  x,psi1s,psi2s=    0.3360E+01    0.1943E-01   -0.2484E-01

  x,psi1s,psi2s=    0.3480E+01    0.1722E-01   -0.2446E-01

  x,psi1s,psi2s=    0.3600E+01    0.1527E-01   -0.2399E-01

  x,psi1s,psi2s=    0.3720E+01    0.1353E-01   -0.2344E-01

  x,psi1s,psi2s=    0.3840E+01    0.1199E-01   -0.2283E-01

  x,psi1s,psi2s=    0.3960E+01    0.1063E-01   -0.2216E-01

  x,psi1s,psi2s=    0.4080E+01    0.9421E-02   -0.2146E-01

  x,psi1s,psi2s=    0.4200E+01    0.8349E-02   -0.2073E-01

  x,psi1s,psi2s=    0.4320E+01    0.7399E-02   -0.1999E-01

  x,psi1s,psi2s=    0.4440E+01    0.6556E-02   -0.1924E-01

  x,psi1s,psi2s=    0.4560E+01    0.5810E-02   -0.1848E-01

  x,psi1s,psi2s=    0.4680E+01    0.5148E-02   -0.1773E-01

  x,psi1s,psi2s=    0.4800E+01    0.4561E-02   -0.1698E-01

  x,psi1s,psi2s=    0.4920E+01    0.4040E-02   -0.1625E-01

  x,psi1s,psi2s=    0.5040E+01    0.3579E-02   -0.1553E-01

  x,psi1s,psi2s=    0.5160E+01    0.3171E-02   -0.1483E-01

  x,psi1s,psi2s=    0.5280E+01    0.2808E-02   -0.1414E-01

  x,psi1s,psi2s=    0.5400E+01    0.2487E-02   -0.1347E-01

  x,psi1s,psi2s=    0.5520E+01    0.2203E-02   -0.1283E-01

  x,psi1s,psi2s=    0.5640E+01    0.1950E-02   -0.1221E-01

  x,psi1s,psi2s=    0.5760E+01    0.1727E-02   -0.1161E-01

  x,psi1s,psi2s=    0.5880E+01    0.1529E-02   -0.1103E-01

  x,psi1s,psi2s=    0.6000E+01    0.1353E-02   -0.1047E-01

