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The FORTRAN code given below solves numerically by iterations  the Volterra equation of the second kind.It is the numerical analog of Picard’s method. 

Volterra integral equations of the first and second kind are given by

   ∫0x  K(x,y) φ (y) dy = f(x)                                          (1)

and 

φ (x) =  λ   ∫0x    K(x,y) φ (y) dy +  f(x)                          (2).

φ (x) is the unknown function. f(x) is a given real function defined for  

  0≤ x≤1.

The kernel  K(x,y) is a given real function defined for convenience ,here,  in the range  0≤ x≤1 ,  0≤ y≤1.

It  satisfies the condition  K(x,y) =0  if y>x.
The integrals in (1) and (2) are from  y=0 to x .  λ  is an arbitray complex number. 
Equation (1) can be ‘transformed’  into one of the second kind by differentiating with respect to x . One obtains

K(x,x) φ (x) +     ∫0x  Kx (x,y) φ (y) dy = d f(x)/dx =  f ‘(x)  
where    ∂ K/ ∂x      = Kx (x,y) .
It has turned into an equation of the second kind

 φ (x) +     ∫0x ( Kx (x,y)/ K(x,x) ) φ (y) dy =  f ‘(x)/ K(x,x)    (3)

EXAMPLE

To test the code we chose a very simple example.
 Let f(x)=(1-x)*exp(x)  , λ=1.One easily verifies that the solution is

φ (x) = exp(x) .

The iterations are started by setting     φ0 (x)  = f(x). An infinte sequence of functions are generated by the recurrence relation 
φn (x) =  λ   ∫0x    K(x,y) φn-1  (y) dy +  f(x)                        (4)
We find below, that at the 8-th iteration, a five digit agreement has already been achieved.
c   Volterra equation  with ‘diagonal’  kernel(x,y)=0. if y>x see F. G. Tricomi

c Integral Equations Dover Publ. page 5

c volt. eq. of first kind can be transformed to eq. of the

c second kind (see pages 16,16)

      real kernel , lambda

      dimension phi1(0:100), phi2(0:100)

      kernel(x,y)= exp(x-y)

      f(x)=(1.+x)*exp(x)

      lambda=1.

      nx=15

      ny=15

      dx=1./float(nx)

      dy=1./float(ny)

c  intial value assumed Phi(i) = f(x)

      do 10 i=0,nx

      x=dx*float(i)

      phi1(i)=f(x)

10    continue

      niter=10

      do 50 iter=1,niter

c  carry out niterations

      do 20 ix=0,nx

      x=dx*float(ix)

      sum=0.

      if(ix.ge.1)then

      do 30 iy=1,ix

      y=dy*float(iy)

      sum=sum+lambda*(Kernel(x,y)*phi1(iy)+ Kernel(x,y-dy)*phi1(iy-1))

30    continue

      endif

      sum=sum*dy/2.

      phi2(ix)= -sum+f(x)

20    continue

      do 40 i=0,nx

      phi1(i)=phi2(i)

40    continue

      call plot(phi2,dx,dy,nx,ny)

      print*,'   '

50    continue

c      call plot(phi2,dx,dy,nx,ny)

      stop

      end

      subroutine plot(phi,dx,dy,nx,ny)

      dimension phi(0:100)

      do 10 i=0,nx

      x=dx*float(i)

      print 100 , x, phi(i) ,exp(x)

10    continue

100   format(2x,'x,phi,exp=', 3(4x,e12.5))

      return

      end

 iter no.= 6

  x,phi,exp(x)=     0.00000E+00     0.10000E+01     0.10000E+01

  x,phi,exp(x)=     0.66667E-01     0.10689E+01     0.10689E+01

  x,phi,exp(x)=     0.13333E+00     0.11426E+01     0.11426E+01

  x,phi,exp(x)=     0.20000E+00     0.12214E+01     0.12214E+01

  x,phi,exp(x)=     0.26667E+00     0.13056E+01     0.13056E+01

  x,phi,exp(x)=     0.33333E+00     0.13956E+01     0.13956E+01

  x,phi,exp(x)=     0.40000E+00     0.14918E+01     0.14918E+01

  x,phi,exp(x)=     0.46667E+00     0.15947E+01     0.15947E+01

  x,phi,exp(x)=     0.53333E+00     0.17046E+01     0.17046E+01

  x,phi,exp(x)=     0.60000E+00     0.18221E+01     0.18221E+01

  x,phi,exp(x)=     0.66667E+00     0.19477E+01     0.19477E+01

  x,phi,exp(x)=     0.73333E+00     0.20820E+01     0.20820E+01

  x,phi,exp(x)=     0.80000E+00     0.22254E+01     0.22255E+01

  x,phi,exp(x)=     0.86667E+00     0.23788E+01     0.23790E+01

  x,phi,exp(x)=     0.93333E+00     0.25426E+01     0.25430E+01

  x,phi,exp(x)=     0.10000E+01     0.27177E+01     0.27183E+01

 iter no.= 7

  x,phi,exp(x)=     0.00000E+00     0.10000E+01     0.10000E+01

  x,phi,exp(x)=     0.66667E-01     0.10689E+01     0.10689E+01

  x,phi,exp(x)=     0.13333E+00     0.11426E+01     0.11426E+01

  x,phi,exp(x)=     0.20000E+00     0.12214E+01     0.12214E+01

  x,phi,exp(x)=     0.26667E+00     0.13056E+01     0.13056E+01

  x,phi,exp(x)=     0.33333E+00     0.13956E+01     0.13956E+01

  x,phi,exp(x)=     0.40000E+00     0.14918E+01     0.14918E+01

  x,phi,exp(x)=     0.46667E+00     0.15947E+01     0.15947E+01

  x,phi,exp(x)=     0.53333E+00     0.17046E+01     0.17046E+01

  x,phi,exp(x)=     0.60000E+00     0.18221E+01     0.18221E+01

  x,phi,exp(x)=     0.66667E+00     0.19477E+01     0.19477E+01

  x,phi,exp(x)=     0.73333E+00     0.20820E+01     0.20820E+01

  x,phi,exp(x)=     0.80000E+00     0.22255E+01     0.22255E+01

  x,phi,exp(x)=     0.86667E+00     0.23789E+01     0.23790E+01

  x,phi,exp(x)=     0.93333E+00     0.25429E+01     0.25430E+01

  x,phi,exp(x)=     0.10000E+01     0.27182E+01     0.27183E+01

 iter no.= 8

  x,phi,exp(x)=     0.00000E+00     0.10000E+01     0.10000E+01

  x,phi,exp(x)=     0.66667E-01     0.10689E+01     0.10689E+01

  x,phi,exp(x)=     0.13333E+00     0.11426E+01     0.11426E+01

  x,phi,exp(x)=     0.20000E+00     0.12214E+01     0.12214E+01

  x,phi,exp(x)=     0.26667E+00     0.13056E+01     0.13056E+01

  x,phi,exp(x)=     0.33333E+00     0.13956E+01     0.13956E+01

  x,phi,exp(x)=     0.40000E+00     0.14918E+01     0.14918E+01

  x,phi,exp(x)=     0.46667E+00     0.15947E+01     0.15947E+01

  x,phi,exp(x)=     0.53333E+00     0.17046E+01     0.17046E+01

  x,phi,exp(x)=     0.60000E+00     0.18221E+01     0.18221E+01

  x,phi,exp(x)=     0.66667E+00     0.19477E+01     0.19477E+01

  x,phi,exp(x)=     0.73333E+00     0.20820E+01     0.20820E+01

  x,phi,exp(x)=     0.80000E+00     0.22255E+01     0.22255E+01

  x,phi,exp(x)=     0.86667E+00     0.23790E+01     0.23790E+01

  x,phi,exp(x)=     0.93333E+00     0.25430E+01     0.25430E+01

  x,phi,exp(x)=     0.10000E+01     0.27183E+01     0.27183E+01 
