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The interatomic potential of a diatomic molecule is sometimes represented by a 12-6 potential (also called Lennard – Jones potential) of the type     

  V(x) = A/x**12   - B/x**6         (1)                                                      
The coefficients A and B are related to the potential minimum , V0 and to the equilibrium 

point x 0 ,    
  A =  -   ( x 0 )12 V0   ,   B = -2  ( x 0 )6 V0     .                                   (2)
 The H2 molecule is characterized by     V0 = -109.4 kcal/mol 
=   -.174 au    ,   (1kcal/mol) =1.59E-3 au 
x 0 = .74 Angstrom= 1.40 au   .

We solve numerically the equation , (FORTRAN CODE is given below)
    {  - (1/(2 m reduced ))  d2 / dx 2     + V(x) }  Ψ      =      ε Ψ               (3)
where   m reduced  =   (m 2 ) /(2m)   is the reduced mass of the molecule. In atomic units 

m reduced  = 918 .

Equating     ε   = V(x)  gives two classical turning point  x 1  (on the left)  and  x 2  on the right.
The boundary conditions are  Ψ (x 1) = 0 ,    (d Ψ (x 1)   /dx ) =1  ,   Ψ (1.5* x 2) =0.
The potential rises steeply on the left resulting in an impenetrable barrier.On the right the increase is less abrupt.
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The values of the first three vibrational levels are,

-0.124  , -6.77E-2   , -3.00E-2  in au.

The partial table below shows other  higher energy levels:

  e(au),e(kcal/mol), psinf=    -0.1085E-01    -0.6824E+01    -0.4666E+00

  e(au),e(kcal/mol), psinf=    -0.1033E-01    -0.6499E+01     0.8526E+00

  e(au),e(kcal/mol), psinf=    -0.2067E-02    -0.1300E+01     0.2851E+00

  e(au),e(kcal/mol), psinf=    -0.1550E-02    -0.9748E+00    -0.6736E+00

at approximately   -1.05E-2,   -1.7E-3     au.
To compare with the formula (see ref. 1)

E = ( n+ ½) ( h /(2π)) ω   - ( n+ ½)2 α  ( h /(2π)) ω                  (4)
one must substract   V0  

 ε(0) = -.124 – ( -.174)   =   0.05  = 31.4  kcal/mol        (5)
ε(1) = -6.77E-2 – (-.174)= .106= 66.8 kcal / mol
The figure from Ref 1. shows the vibrational energy levels using a Morse potential. In this case ε(0) ≈ 6.2 kcal/mol   and

ε(1) ≈ 18 kcal/mol . These values are way off those of equation (5).
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Figure 30. Potential energy curve and vibrational

levels the hydrogen molecule. The

vertical scale gives the differences in energy
between adjacent vibrational levels
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Fortran code
c vibrational energy levels for the hydrogen molecule

      dimension psi(0:10000) ,psinf(300),energy(300)

      V(x) = A/x**12-B/x**6

      g(x,i)=-2.*918.*(e- v(x))*psi(i)

      vcero=-.174

      rcero=1.40

      escale=1./(1.59E-3)

      a=-rcero**12*vcero

      b=-2.*rcero**6*vcero

      ei=.99*vcero

      ei=-7.75E-2

      ef= 0.

      nstep=5000

      niter=150

      de=(ef-ei)/float(niter)

      e=ei

      call  plotVx(a,b,-.124,-6.77e-2,-3.e-2,.1,4.,70)

           print*,'  '

      do 20 it=1,niter

      energy(it)=e

      call raices (a,b,e,x1,x2)

      xf=1.5*x2

c      print*,'xi,xf,V(xi),v(xf)=',x1,x2,v(x1),v(x2)

      dx=(xf-x1)/float(nstep)

      psi(0) =0.

      psi(1)=psi(0)+dx

c      psi(1)=psi(0)

      do 10 i=2,nstep

      x=x1 + dx*float(i)

      psi(i)=dx**2*g(x-dx,i-1)+ 2.*psi(i-1)-psi(i-2)

c      print*,'x,g,psi=',x , g(x-dx,i-1) , psi(i)

10    continue

      psinf(it)=psi(nstep)

      e=e+de

20    continue

      do 100 i=1,niter

      print 120,energy(i),energy(i)*escale,psinf(i)

100   continue

120   format(3x,'e(au),e(kcal/mol), psinf=',3(4x,e11.4))

c      if(niter.eq.1)call plotwave(psi,x1,x2,dx,nstep,60)

      stop

      end

      subroutine  raices (a,b,e,xi,xf)

      uplus = (b +sqrt(b**2+4.*a*e))/(2.*a)

      uminus=  (b - sqrt(b**2+4.*a*e))/(2.*a)

      xf=(1./uminus)**(1./6.)

      xi=(1./uplus)**(1./6.)

c      print*,'xf,xi=',xf,xi

      return

      end

      subroutine plotvx(a,b,e1,e2,e3,x1,x2,nx)

      V(x) = A/x**12-B/x**6

      dx= (x2-x1)/float(nx)

      do 10 i=0,nx

      x=x1+dx*float(i)

      print 100, x,e1,e2,e3, v(x)

10    continue

100   format('x,e1,e2,e3,V(x)=',5(2x,e10.3))

      return

      end

      subroutine plotwave(psi,x1,x2,dx,nstep,ns)

      dimension  psi(0:10000)

      print*,'x1,x2=',x1   , x2

      print*,'    '

      do 10 i=0,nstep,ns

      x=x1+dx*float(i)

      print 100, x , psi(i)

10    continue

100   format(2x,'x,psi=',2(3x,e11.4))

      return

      end














































































































































