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An example of Frobenius method is provided by solving the differential equation of the simple oscillator. 

The DE is 

d2 y(t) / dt2  +  ω2 y(t)  = 0                 (1).

Let θ = ω t        then    (1) becomes 

  ω2 d2 y(θ) / d θ 2 + ω2 y(θ )  = 0         or

 d2 y(θ) / d θ 2 +  y(θ )  =0.                  (2)

Introduce the series  
  y = ∑n=0   an  θ n+s                                (3)

in (2) and obtain 

∑n=0   (n+s)(n+s-1)an  θ n+s -2   +    ∑n=0   an  θ n+s   = 0  .    (4)

The values of s have to be found.

Factor the power (n+s-2)  by changing the second series in (4)
 an  θ n+s   to   an-2  θ n+s -2   ( n is “dummy”).
So the factors of the   power  θ n+s -2   are equal to zero

{ (n+s)(n+s-1)an  +   an-2  } θ n+s -2 =0                         (5)
    Thus 

(n+s)(n+s-1)an  +   an-2 = 0                                         (6)

Let n=0   and  by assumption  a0-2 =  a -2 =0   , a0 ≠ 0.

So (0+s)(0+s-1)a0 =0     , therefore s=0   or s=1.

The values s=0 gives rise to the cosine(θ ) series solution and s=1 to the sine(θ) solution. 
First solution   s=0

From (6)     an = -   an-2 /[(n-1)n]                               (7)                                               
a2 = -  a0 /[1(2)]       ,    a4 = -  a2 /[3(4)] =  a0 / 4!    ,  a6 = -  a0/6!

y1 (θ )  =  a0  θs=0 (1 -   θ 2 /2!    + θ4 /4!     - θ 6/6! +….)     (8)

             =  a0   cos(θ ) =   a0   cos(ω t )  .                             (9) 
Second solution  s=1
Inserting s=1 in (6) gives the recursion relation
     an = -   an-2 /[n(n+1)]                                                      (10)
It follows that  
a2 =   - a0 /[2(3)]    ,  a4 = - a2 /[4(5) ] =   a0 /5!    ,  a6 = - a0 /7!

and 

y2 (θ )  = a0  θs=1 { 1  -  θ2 /3! +  θ4 /5!   -  θ6 /7! ….}

            =  a0  { θ  -  θ3 /3! +  θ5 /5!   -  θ7 /7! ….} 
            =  a0 sin(θ)   =  a0 sin(ω t )                                    (11)
Even though the same letter coefficient a0 is used in (9) and (11)

these are not in general the same  as can be seen from the next explanation.  

The general solution is

y(t )   = A cos ( ω t )  + B sin(ω t)          (12)

Two initial conditions are given    

y(0)    =   A   ~ length 

d y(0)/dt =  ω B cos( 0) =  ω B                (13)

Thus A is the initial position  and B = (initial velocity) / ω ~ length                                                                                            

