EIGENVALUES OF AN INTEGRAL EQUATION 
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Reference: F.G.Tricomi ,Integral Equations, Dover Publications 1985,page 117.
An eigenvalue problem involving an integral equation with a  symmetric kernel is presented next. Let the unknown φ (x)   satisfy 

φ (x)   - λ  ∫ K(x,y)  φ (y)  dy  = 0 .  (1) 

The ranges of (x,y) are  ,      0 ≤ x ≤ 1     ,      0 ≤ y ≤ 1  .

The Kernel is given by

K(x,y)  = (1-x)*y            (   0 ≤   y ≤ x ≤ 1   ) 

K(x,y) = x * (1-y)           (   0 ≤   x  ≤  y ≤ 1  ) 
This integral equation is equivalent to the differential equation 
d2 φ(x) /dx 2 = - λ φ(x)         (2)

with eigenvalues   λ = ( n π )2   and ortho normalized eigen functions     

φ (x)  = ( 2 )1/2 sin (  n π x).         (3)

Let  L = 1/ λ   and  dy = ∆ = 1./4.    

Equation (1) becomes a linear system with the unknown  

φ1  , φ2  , φ3   functions (φ0 =  φ4 =0 due to boundary conditions)   end eigenvalues  L.

The three equations are      4-a, 4-b, 4-c
(L – K(1,1) ∆ ) φ1   - K(1,2) ∆ φ2    -  K(1,3) ∆  φ3   = 0

(L – K(1,1) ∆ ) φ1   - K(1,2) ∆ φ2    -  K(1,3) ∆  φ3   = 0

(L – K(1,1) ∆ ) φ1   - K(1,2) ∆ φ2    -  K(1,3) ∆  φ3   = 0

We have,  (x1 , x2 , x3 ) = (1/4 , 2/4  ,3/4)  , and

K(1,1)= (1.- x1 ) * y1 = (1-1/4)*(1/4) = 3/16.

K(1,2)=k(2,1) = x2 *( 1.- y1 ) = 2/16.

K(1,3)=K(3,1)=1/16

K(2,2)= =4/16

K(2,3)=K(3,2) = 2/16.

K(3,3) = 3/16

The determinant /      / =0  ,  from  4-a,bc is 
(L – 3/64)    -2/64       -1/64

-2/64          (L-4/64)     -2/64

-1/64           -2/64        (L-3/64)

The characteristic equation is     

P(λ) =  λ3  -  (10/64) λ 2    +  (24 /64 2 ) λ  - 16/643
P(λ) is plotted in search for an approximation to the eigenvalues. 
After detecting an approximate eigenvalue the Newton method is employed to refine it further.

The algorithm for the Newton method and the plot is given below.
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10.

 iter,x1= 1  9.24801922

 iter,x1= 2  9.36806393

 iter,x1= 3  9.37256622

 iter,x1= 4  9.37258244

 iter,x1= 5  9.37258244
λ1  =  π 2  = 9.8696
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30.

 iter,x1= 1  31.7808838

 iter,x1= 2  31.9957237

 iter,x1= 3  31.9999733

 iter,x1= 4  32.

 iter,x1= 5  32.

 lambda

50.

 iter,x1= 1  55.7601776

 iter,x1= 2  54.6528625

 iter,x1= 3  54.6272087

 iter,x1= 4  54.6274185

 iter,x1= 5  54.6274147
λ2  = 4 π 2  =  39.4784       ,          λ3  = 9 π 2  =88.8264

c roots of a cubic equation newton's method

      real lambda ,lambda1, lambda2

      d(x)=x**3-(10./64.)*x**2+(24./64.**2)*x-(16./64.**3)

      deriv(x)=(d(x+epsi)-d(x))/epsi

      epsi=1.e-4

      niter=5

      do 20  ir=1,3

      print*,'lambda'

      read *, lambda

      xcero=1./lambda

      do 10 i=1,niter

      x1=xcero-d(xcero)/deriv(xcero)

      lambda=1./x1

      print*,'iter,x1=',i,lambda

      xcero=x1

10    continue

      print*,'  '

20    continue

c      nstep=80

c      lambda1=3.

c      lambda2=15.

c      call plot(lambda1,lambda2,nstep)

      stop

      end

      subroutine plot(lambda1,lambda2,nstep)

      real lambda1, lambda2

      d(x)=x**3-(10./64.)*x**2+(24./64.**2)*x-(16./64.**3)

      delta=(lambda2-lambda1)/float(nstep)

      do 10 i=0,nstep

      u=lambda1+delta*float(i)

      x=1./u

      print 100 , u, d(x)

10    continue

100   format(2x,'lambda,D(lambda)=',2(4x,e11.4))

      return

      end

