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The Duffing differential equation can represent the equation of motion of a mass m ,subject to a potential energy U(x) ,a damping force and a periodic external force,
m d2 x /dt2  = C1 x -  C2  * x**3   - δ (dx/dt) + A cos( ωt + φ ).   (1)

The powers of x are the forces from a potential energy function U(x) 

  U(x) =  -( 1/ 2)*C1 x**2  + (1/4)*C2  * x**4    .                             (2)

The term δ (dx/dt) represents a damping force if δ >0.

The cosine term is a periodic driving force.
In this part we will consider  both δ and  A equal to zero and let m=1kg.
Also  Let C1=1.Joule/meters**2   and   C2=1. Joules/meters**4

The mechanical energy is

E = (1/2) m v2  +  U(x) .

Choose the intial conditions   ,  x 0  and v0 =0.

Then E   = U(x 0 ).

[image: image1.emf]U(x)=-.5*x**2 +.25*x**4
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The roots of U(x ) are x=0 and     x = (+/-) ( 2. C1/C2)1/2
The equilibrium points  , where  F(x) = - dU/dx= 0, are at x= 0 (unstable)

and  x =  (+/-) ( C1/C2) ½ .

If     x0 > 21/2  , E >0  and the particle from one end to the other of the twin wells.

  If  x0 < 21/2    , E <0  and the particle stays on the right hand side. 
At the stable equilibrium points the equivalent force constant is 

  k =    ∂ 2U /  ∂ x 2  =  -C1  +  3 C2 * x**2 =  -C1 +3C1 =  2C1.
Thus  ω =  ( k/m) ½ =   (2 C1) ½ = (2) ½  . The period is = 2π/ ω = (2) ½ π. 
[image: image2.emf]v0=0. , x0=1.2,  x0=2^0.5 , x0=1.6
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E 1(series 1) = -0.2016    , E2 (series 2) =0.     , E 3 (series 3) = +0.3584.

c Duffing's equation: REF. Intr To Non linear Differential and Integral

c    equations , Harold T. Davis, Dover publications , page 180

c      mass* d^2x/dt^2  = -delta*dx/dt  + sgn*omega0**2*x -beta*x^3 +

c     amp*cos (omega*t)   let x~meters , t~ sec   , mass =1.0 kg

      data c1,c2,amp/1.,1.,0. /

c k = d62U/dx^2 = -c1+3.*c2*x^2 = 2. , period = 2pi*sqrt(k/m)=2**.5*pi

c theoretical period if inside well

      ay(x0,x1,t1)=-delta*(x1-x0)/dt+ omega0*x1-beta*x1**3+

     $ amp*cos(omega*t1)

      pi=2.*asin(1.)

      omega0=sqrt(c1)

      beta=c2

      x0=1.2

      v0=0.

      delta=0.

      tscale1=1./omega0

      tscale2=1/x0

      tscale=amin1(tscale1,tscale2)

      tlarge=amax1(tscale1,tscale2)

      dt=tscale/100.

      tfinal=1.05*sqrt(2.)*pi

      nstep=int(tfinal/dt)

      kp=int(float(nstep)/60.)

      kount=kp

      x1=v0*dt+x0

c      call plotux(50,-2.,2.)

      print*,'  '

      print*,'tscale1,tscale2,nstep,dt=',tscale1, tscale2,nstep,dt

      print*, '   '

      print 100, 0., x0 ,v0

      do 10 i=2,nstep

      t=dt*float(i)

      x2=2.*x1-x0+dt**2*ay(x0,x1,t-dt)

      v=(x2-x1)/dt

      if(i.eq.kount)then

      print 100,t,x2,v

      kount=kount + kp

      endif

      x0=x1

      x1=x2

10    continue

100   format(2x,'t,x,v=',3(3x,e11.4))

      stop

      end

      subroutine plotux(n,x1,x2)

      U(x)=-.5*x**2+.25*x**4

      dx=(x2-x1)/float(n)

      do  10 i=0,n

      x=x1+dx*float(i)

      print 100, x, u(x)

10    continue

100   format(2x,'x,u=',2(4x,e11.4))

      return

      end

