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The function  f(t) = exp(-t**2)   is approximated by a second order Lagrange interpolation

      lagrang(x) = f0*(x-x1)*(x-x2)/((x0-x1)*(x0-x2))+

     $f1*(x-x0)*(x-x2)/((x1-x0)*(x1-x2))+

     $f2*(x-x0)*(x-x1)/((x2-x0)*(x2-x1)).           (1)
Suppose there are only three points in a signal !!!

We chose f0 = f(-2) = 1.83156e-2    , f1= f(0.) =1.   ,

f2= f(2.) = 1.83156e-2      

Let a discrete Fourier transform be the integral for  -2 ≤ t ≤ 2  

   g(ω) = (1/ ( 2π )1/2 ∫  lagrang(t) exp(-iω t)  dt

             = (1/ ( 2π )1/2 ∫  lagrang(t) cos( ω t)  dt          (2)
Define   ω1  = 2π  /(t 2 – t1) =  2π  /(4.)   
            ω2 = 2  ω1         ,          ω3 = 3 ω1                  ω0 = 0.   (3)
By means of   (2)  one obtains  g(ω0 ) , g(ω1 ) , g(ω2 ) , g(ω3 ).

Finally , a  Lagrange interpolation for   g(ω)  is built 

     lagngw(omega)= g(0)*(omega-omega1)*(omega-omega2)*(omega-omega3)/

     $ ((omega0-omega1)*(omega0-omega2)*(omega0-omega3))+

     $ g(1)*(omega-omega0)*(omega-omega2)*(omega-omega3)/

     $ ((omega1-omega0)*(omega1-omega2)*(omega1-omega3))+

     $g(2)*(omega-omega0)*(omega-omega1)*(omega-omega3)/

     $ ((omega2-omega0)*(omega2-omega1)*(omega2-omega3))+

     $g(3)*(omega-omega0)*(omega-omega1)*(omega-omega2)/

     $ ((omega3-omega0)*(omega3-omega1)*(omega3-omega2))
The exact transform of f(t ) is another gaussian

      g(ω) exact =  (1./(2.)1/2 )*exp(-ω2 /4.)        (4)

The graph below shows both g(ω) exact and the approximation obtained by interpolating four values of ω.
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  g0,g1,g2,g3=   0.1074E+01   0.3174E+00  -0.7936E-01   0.3527E-01

 w,gw,gteo=    0.000E+00    0.107E+01    0.707E+00

 w,gw,gteo=    0.942E-01    0.102E+01    0.706E+00

 w,gw,gteo=    0.188E+00    0.969E+00    0.701E+00

 w,gw,gteo=    0.283E+00    0.918E+00    0.693E+00

 w,gw,gteo=    0.377E+00    0.867E+00    0.682E+00

 w,gw,gteo=    0.471E+00    0.818E+00    0.669E+00

 w,gw,gteo=    0.565E+00    0.770E+00    0.653E+00

 w,gw,gteo=    0.660E+00    0.722E+00    0.634E+00

 w,gw,gteo=    0.754E+00    0.675E+00    0.613E+00

 w,gw,gteo=    0.848E+00    0.630E+00    0.591E+00

 w,gw,gteo=    0.942E+00    0.585E+00    0.566E+00

 w,gw,gteo=    0.104E+01    0.542E+00    0.540E+00

 w,gw,gteo=    0.113E+01    0.499E+00    0.514E+00

 w,gw,gteo=    0.123E+01    0.458E+00    0.486E+00

 w,gw,gteo=    0.132E+01    0.418E+00    0.458E+00

 w,gw,gteo=    0.141E+01    0.379E+00    0.429E+00

 w,gw,gteo=    0.151E+01    0.342E+00    0.400E+00

 w,gw,gteo=    0.160E+01    0.305E+00    0.372E+00

 w,gw,gteo=    0.170E+01    0.270E+00    0.344E+00

 w,gw,gteo=    0.179E+01    0.237E+00    0.317E+00

 w,gw,gteo=    0.188E+01    0.204E+00    0.291E+00

 w,gw,gteo=    0.198E+01    0.174E+00    0.266E+00

 w,gw,gteo=    0.207E+01    0.144E+00    0.241E+00

 w,gw,gteo=    0.217E+01    0.116E+00    0.218E+00

 w,gw,gteo=    0.226E+01    0.896E-01    0.197E+00

 w,gw,gteo=    0.236E+01    0.646E-01    0.176E+00

 w,gw,gteo=    0.245E+01    0.412E-01    0.158E+00

 w,gw,gteo=    0.254E+01    0.194E-01    0.140E+00

 w,gw,gteo=    0.264E+01   -0.746E-03    0.124E+00

 w,gw,gteo=    0.273E+01   -0.192E-01    0.109E+00

 w,gw,gteo=    0.283E+01   -0.360E-01    0.958E-01

 w,gw,gteo=    0.292E+01   -0.511E-01    0.837E-01

 w,gw,gteo=    0.302E+01   -0.644E-01    0.728E-01

 w,gw,gteo=    0.311E+01   -0.759E-01    0.630E-01

 w,gw,gteo=    0.320E+01   -0.856E-01    0.543E-01

 w,gw,gteo=    0.330E+01   -0.934E-01    0.466E-01

 w,gw,gteo=    0.339E+01   -0.993E-01    0.398E-01

 w,gw,gteo=    0.349E+01   -0.103E+00    0.338E-01

 w,gw,gteo=    0.358E+01   -0.105E+00    0.286E-01

 w,gw,gteo=    0.368E+01   -0.105E+00    0.241E-01

 w,gw,gteo=    0.377E+01   -0.103E+00    0.202E-01

 w,gw,gteo=    0.386E+01   -0.993E-01    0.169E-01

 w,gw,gteo=    0.396E+01   -0.932E-01    0.141E-01

 w,gw,gteo=    0.405E+01   -0.849E-01    0.116E-01

 w,gw,gteo=    0.415E+01   -0.745E-01    0.960E-02

 w,gw,gteo=    0.424E+01   -0.619E-01    0.788E-02

 w,gw,gteo=    0.434E+01   -0.470E-01    0.644E-02

 w,gw,gteo=    0.443E+01   -0.299E-01    0.524E-02

 w,gw,gteo=    0.452E+01   -0.105E-01    0.424E-02

 w,gw,gteo=    0.462E+01    0.112E-01    0.342E-02

 w,gw,gteo=    0.471E+01    0.353E-01    0.274E-02

c Discrete Fourier Transform

      real lagrang ,lagngw

      dimension g(0:10)

      data x0,x1,x2, f0,f1,f2/-2.,0.,2.,1.83156e-2,1.,1.83156e-2/

      data t1,t2/-2.,2./

      lagrang(x) = f0*(x-x1)*(x-x2)/((x0-x1)*(x0-x2))+

     $f1*(x-x0)*(x-x2)/((x1-x0)*(x1-x2))+

     $f2*(x-x0)*(x-x1)/((x2-x0)*(x2-x1))

      lagngw(omega)=g(1)*(omega-omega2)*(omega-omega3)/

     $ ((omega1-omega2)*(omega1-omega3))+

     $g(2)*(omega-omega1)*(omega-omega3)/

     $ ((omega2-omega1)*(omega2-omega3))+

     $g(3)*(omega-omega1)*(omega-omega2)/

     $ ((omega3-omega1)*(omega3-omega2))

      gteo(w)=(1./sqrt(2.))*exp(-w**2/4.)

      pi=2.*asin(1.)

      omega0=0.

      omega1=2.*pi/(t2-t1)

      omega2=2.*omega1

      omega3=3.*omega1

      np=3

      nstep=3000

      dt=(t2-t1)/float(nstep)

      do 20 iw=0,np

      sum=0.

      do 10 i=1,nstep

      t=t1+dt*float(i)

      sum=sum+cos(float(iw)*omega1*t)*lagrang(t) + cos(float(iw)*

     $ omega1*(t-dt))*lagrang(t-dt)

10    continue

      g(iw)=sum*(dt/2.)*(1./sqrt(2.*pi))

20    continue

      print 100 ,g(0), g(1),g(2),g(3)

      tstep=1.1

      call plotg(tstep,pi,g,omega0,omega1,omega2,omega3)

c      print 110 ,gteo(omega1),gteo(omega2) ,gteo(omega3)

100   format(2x,'g0,g1,g2,g3=',4(2x,e11.4))

110   format(2x,'theoretical g0,g1,g2=',3(2x,e11.4))

      stop

      end

      subroutine plotg(tstep,pi,g,omega0,omega1,omega2,omega3)

      real lagngw

      dimension g(0:10)

      gstep(w)=sqrt(2./pi)*sin(tstep*w)/w

      gteo(w)=(1./sqrt(2.))*exp(-w**2/4.)

      lagngw(omega)= g(0)*(omega-omega1)*(omega-omega2)*(omega-omega3)/

     $ ((omega0-omega1)*(omega0-omega2)*(omega0-omega3))+

     $ g(1)*(omega-omega0)*(omega-omega2)*(omega-omega3)/

     $ ((omega1-omega0)*(omega1-omega2)*(omega1-omega3))+

     $g(2)*(omega-omega0)*(omega-omega1)*(omega-omega3)/

     $ ((omega2-omega0)*(omega2-omega1)*(omega2-omega3))+

     $g(3)*(omega-omega0)*(omega-omega1)*(omega-omega2)/

     $ ((omega3-omega0)*(omega3-omega1)*(omega3-omega2))

      nstep=50

      dw = (omega3-0.)/float(nstep)

      do 10 i=0,nstep

      omega=dw*float(i)

      print 100 , omega,lagngw(omega),gteo(omega)

10    continue

100   format(1x,'w,gw,gteo=',4(3x,e10.3))

      return

      end

