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Abstract

A selective algorithm for the optimal anchor positioning for the triangulating geolocation is presented. The algorithm is based on the reduction of the location standard normal deviation. Simple analytic and empiric formulas are used to estimate the dependency of the location standard normal deviation on the signal strength standard normal deviation and the geometry of triangulation anchors location to reduce the computational complexity. A signal strength monitoring is the part of standard operation mode of the Wi-Fi equipment, so no custom-build hardware or operating system and device driver modifications are necessary.

The real-world experimental data of the geolocation accuracy for the different radio wave propagation models and the algorithm performance in dependence to the number of anchors are presented.

Keywords: Indoor location estimation, context-aware computing, mobile ubiquitous computing, signal attenuation, Wi-Fi.
I. Introduction

The context-aware systems based on Wi-Fi (Wireless Fidelity is the business name of IEEE 802.11 family of wireless protocols) technology are experienced a burst of popularity recent time. Context-aware applications collect various type of information about the context they operate in: radio field, location, traffic data, security environment, etc. One of the types of context-aware systems is local-aware ones, which can be located by others or can locate themselves or other wireless devices. With miniaturization of the wireless devices, lowering costs and development of wireless infrastructure, it’s becoming possible and feasible to track any person or object in office, store or warehouse.

Different methodics could be used for locating the radio source: angle, time of arrival [7] and signal strength. Although the angle and time of arrival approaches can give more accurate results then signal strength one, they require fast CPUs and data buses on computers and handheld devises, installation of real-time operating systems and non-standard hardware and software on the peers, which is not always acceptable. For these reasons, the signal strength based solutions have been a subject of wide interest of several research groups [1], [2], [4], [5], [6]. Such Wi-Fi-based systems don’t require any additional hardware to standard 802.11 wireless devices and can operate without interfering with main networking functionality.

We discuss different approaches for locating the Wi-Fi devices based on the signal strength received from the peers, their suitability for different environments and particularly for ad-hoc networks and present an algorithm for improving the accuracy persistence of the classic triangulation geolocation approach.

The paper is organized as follows. Section I describes current situation in the domain of location-aware systems and existing problems. Section II and III describe theory behind the radio source strength triangulation geolocation. Section IV introduces Reduction of Deviation (ROD) algorithm for optimal selection of triangulation anchors. Section V shows experimental results of the ROD algorithm based geolocation system.

A. Existing work

One of the most cited works in Wi-Fi geolocation domain is the RADAR system [1]. It opens series of researches, which use a radio map for finding the closest match of the sample’s radio fingerprint to find a location where this fingerprint was taken. Methods of finding the closest match in radio map systems may vary. RADAR uses ‘nearest neighbor’ method in Euclidian signal strength space. Another popular approach is to use the machine learning theory to find the position of the radio fingerprint, which gives maximum probability of the match to the radio map [2]. A ‘brut force’ probabilistic approach is computationally expensive and we can see works, which use selective algorithms to reduce a working set of signal strength data to use only most significant ones [4], [5]. An application of neuron networks, which are effective in pattern recognition, is another prospective method of finding a correct location of the sample fingerprint on the radio map. With comparable accuracy to other radio map methodics, the neural network models demonstrate significantly faster computational speed [6].

B. Problem formulation

Location-aware researches based on signal strength mapping, discussed above, are proven to provide impressively precise (2-3 m) results. However these methods require lots of infrastructure data measurements prior to the on-line geolocation phase and use of computationally extensive location derivation algorithms. Amount of calibrate data, required for the accurate geolocation, might be reduced by an analytical approximation of the missing empirical data by using wave propagation models. But, the use of such models requires prior knowledge of floor plans and wall material attenuation.

All these data might be not available due to dynamic network environment, or impossibility of physical access of the network site being monitored. An ad-hoc location-aware system must operate fast and process as less as possible amount of predetermined data, but, at the same time, extract as much useful information as possible. Classic triangulation methodics [3], using simple analytic-empirical path loss formulas, are fast and accurate enough for such a purpose if the anchor locations are optimal.

To eliminate the accuracy instability, which depends on the angle of sight from the target to the base anchors and unknown quality of gathered data, these methods suffer from, one needs to develop a filter to select a subset of all observations that would produce the maximal location accuracy. In this article we attempt to offer such an algorithm to select optimal triangulation data set prior to the actual computation.

While existing radio map works try to infer a dependency of the location on the signal strength from the statistical information gathered from the training sets, we are going to use opposite approach: given simple analytic and empirical dependencies of the distance to anchors on signal strength, signal strength statistic and anchors’ geometry, we will predict a statistical distribution of the expected location and choose an optimal (i.e. giving a minimal expected standard normal deviation of the location being determined) subset of anchors from the over determined superset to minimize standard normal deviation of the location. It’s likely a good idea in general to avoid places generating unstable signal strength readings. In addition, it’s logical to assume, that local obstacles, causing the differences between predictions of wave propagation models and actual measurements due to reflections, refractions and in a less degree dissipations, also cause instability of signal strength readings. A degree of such instability may be used as a measure of suitability of readings for the use in geolocation, and estimation of the location accuracy.

II. Wave propagation model

When traveling from the transmitter to the receiver antenna, a radio wave power decays due to various reasons. In ideal case of the open space propagation the power of the radiated signal from an omni directional antenna gets distributed on the surface of sphere and is inverse proportional to the square of the distance. In the real world the scattering, refraction and reflection contribute to the power loss and also lead to multipath effect, when the signal from the transmitter arrives to the receiver by multiple paths in different time. The components of the signal arrived by different paths contributes to the resulting signal shape on the receiver end.

However such a micro scale signal distortions affect communication quality, the average signal strength is the matter of interest for the geolocation purposes. In this work we take in consideration only long-range indoor fading of the radio signal caused primarily by reflections and transmissions (object intersections). There are numbers of widely used types of long-scale signal loss models one may find in literature: simple empirical polynomial [3] approximation, various flavors of logarithm dependencies [8] and computationally extensive ray tracing methods [10].

Because our algorithm is based on the standard normal deviation propagation for the function of random variable (variant), it’s highly desirable to use a signal loss function with maximal physical meaning. On other hand, to reduce computations, the model must be simple enough to allow analytical resolution of standard normal deviation propagation problem.

Our favorite signal loss function is presented in publication [9]. Basically, it’s a free space radio wave propagation equation with an additional attenuation on indoor obstacles per meter of traveled space:
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where: Po is the power of receiver input on distance 1m, Pr is the power received on distance R, k is the function of wall materials and geometry. We calculate it from calibration observations using least squares. Po depends on transmitted power, wavelength and antenna gains. For simplicity we used omni directional antennas for transmitters and receiver with gain 1. This power loss function combines the free space fading with the power losses due to the reflections and transmissions it encounters in the path(s) to the receiver.

On logarithmic scale the signal strength in dBm (S[dBm] = 10 log (P[Watt]*100) is expressed as:
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(1a)

For comparison, we also used polynomial and simple logarithm models:
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(1b)

where C are polynomial weigh constants;
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where: n is the function of the wall materials and geometry, which is calculated from calibration measurements and varies in 1.5-6 range.

Many of Wi-Fi cards’ firmware report signal strength in dBm, which is a negative value. However, recent hardware and software versions have a tendency to return the signal strength in some positive “quality” measurement units. Ways to compute such values varies from vendor to vendor. Assuming such dBm-to-“quality” conversions are no more then change of 0-level and normalization 
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, one can use equation (1a) in normalized form to bring all data from the different devices in one space:


[image: image6.wmf]e

NkR

R

N

S

S

q

q

log

10

log

20

0

+

-

=


where 
[image: image7.wmf]q

S

 and 
[image: image8.wmf]0

q

S

 are “quality” signal strength and N is the normalized coefficient 
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III. Geolocation method

Because of its simplicity and, hence, its fast speed we used classical triangulation algorithm. At least 3 receiver anchors for planar environment are used. Desired transmitter location is determined by intersection of 3 or more circles with centers in receivers and radiuses to transmitter, derived from signal strength observations. An unavoidable inaccuracy of the observations and the propagation model results in the triangle of intersections instead of the one single point. We calculate resulting coordinates using least squares algorithm applied to the radius-to-receivers intersection points.

Skipping trivial trigonometry derivations we can write short matrix representation of the resulting linear equation system for the calculation of the transmitter position 
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with
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where 
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The least square solution for (2), given for example in [11], is:
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(2a)

IV. Reduction of Deviation selective algorithm

A. Approximation of the standard normal deviation of a random variable that is the function of another random variable(s)

Let’s formulate the problem. There are random variables X and Y and known function Y = F(X).Given conditional standard normal deviation 
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Using Bayes rule for conditional probability, definition of the function of random variable and assuming normal distribution of X|y and Y|x (see Appendix A), we may derive following estimation:
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For multidimensional case of the vector of variants X, the approximation of the standard normal deviation of Y|x may be expressed
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(3a)

However, we need to remember that formulas (3) are only estimations under assumption of local independence of vector X variants and local linearization of function Y = F(X). The more monotonic function is and the less dispersed distribution is in the location being analyzed the better this approximation is.

B. Distance to the transmitter standard normal deviation

Applying equation (3) to (1a) we can find a standard normal deviation of the distance to the transmitter, given strength of the signal measurement on distance R and its standard normal deviation:
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(4a)

Similarly, we can derive standard normal deviation propagation formulas for (1b) and (1c):
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Now question rises what triangulation distances to choose? Equations (4a) and (4c) give us a logical answer: the closer to the source of radiation you do your measurements, the less error you introduce. However, on too short distances, a pinpoint omni directional radiation model will not work very well. Polynomial attenuation function (1b) shows opposite behavior – it has better accuracy on longer distances.

Less trivial information may be derived by analyzing the error propagation from the calibration data set to the calculated distances between transmitter and receiver. We may estimate quality of calibrated data set and project how it affects distance calculation accuracy. Depending on such estimation, we may decide which attenuation function to choose in each particular case.

When calibrating the signal strength and distance data for formula (1a), we calculate coefficient k and 
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 using least squares method:
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 (4.1a)

where N is the number of calibration measurements.

The standard normal deviation of the calculated k and 
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as a function of calibration signal strengths and distances and mean signal and distance standard normal deviations may be estimated by using (3a) as:
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 (4.2a)

where
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Propagation of the calibration standard normal deviation of k and 
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 to the calculated distance R, again, using (3), will give us


[image: image41.wmf](

)

2

,

,

|

2

2

,

|

2

0

2

2

,

|

2

0

2

,

|

2

,

|

0

0

0

2

1

10

10

ln

20

10

ln

log

20

10

k

s

r

S

s

r

k

s

r

S

s

r

k

s

k

R

k

R

R

S

S

R

S

R

k

R

s

s

s

s

s

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

+

+

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

=

¶

¶

+

¶

¶

=

 (4.3a)

in addition to the error (4a) propagated from actual measurements of S.

Analogous formulas may be derived for attenuation function (1c):
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and 1b:
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 (4.1b)

The polynomial approximation, as experiments showed in part V, is noticeably poor then logarithm approximations. So, there is no much interest in estimated deviations of polynomial approximation coefficients.

C. Position standard normal deviation

Because the signal strength one measures at the anchor location is a random variable, the distance to transmitter is also a random variable. Hence, the triangulation is actually done not by use of circles, but rings of thickness being depended on the signal strength measurement accuracy. Instead of a pinpoint location of the ideal case, we get a diamond like zone of probable location. The shape and size of this zone, which affects accuracy of geolocation, depends on relative positions of anchors used in triangulation. We need some criterion to choose anchor location, which would produce best results.

Similar problem exists in GPS geolocation, where the distance error is caused by error in clock synchronization, orbit perturbations, errors in ionosphere and troposphere models and other unaccountable effects [13]. The relative location of the satellites influences the resulting size and shape of the triangulation spheres’ intersection areas. A scalar value “delusion of precision”, which is basically a square root of the diagonal elements sum of geometric covariance matrix, is used as a measure of relative satellite location quality: 
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Similar approach of minimizing the position standard normal deviation, as a squared sum of distance standard normal deviations, we can use for optimal anchor selection algorithm. We are going to minimize the standard normal deviation 
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 to select anchors with best geometry and signal strength quality.

Here, and down the text, with some abuse of notation, we will mark conditional standard normal deviations 
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as 
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 for the formula indexing simplification.

Having just 1 anchor, the only information we can find is the distance to transmitter. For such 1-dimensional case the standard normal deviation of the distance to an anchor error will be equal to (4): 
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where 
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 is a standard normal deviation of the signal strength for given distance.

2 anchors allow us to find a line where the transmitter could be located at. We are interested in a location standard normal deviation of any point on that line. For simplicity reasons let it be a point with the shortest distance to both anchors. Taking in consideration (2) we will get:
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with 
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Using (3a) we can calculate standard normal deviation of the minimal marginal (with position of the first anchor fixed) position error, which 2 anchors allow to obtain, as a function of distance to anchor standard normal deviations:
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(8)

where 
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and 
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R

s

 is a standard normal deviation of the calculated distance to an anchor for given signal strength calculated by (4). Strictly speaking we will get a covariance matrix representing an ellipse of errors, but assuming we are interested in subset of anchors with’good’ location geometry, the ellipse will be close to the circle and we may use a squared standard normal deviation estimate for more simple comparison of standard normal deviations.

The use of marginal location probability as a function of anchors’ location probabilities instead of joined probability might be criticized due to possible miss of global optimum. However that approach is significantly simplifies calculations and we assume an independence of anchors’ standard normal deviations only locally. It means that the significant move of one anchor position have to lead to the recalculation of all anchors’ inputs to the location. To find a joint optimal location of the anchors we use an algorithm described later.

Similarly, we use (5), (3a) and (2a) for N anchor case. Equation 2a in a scalar form gives us coordinates of the source as follows:


[image: image66.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

å

å

å

å

å

å

å

å

=

=

=

=

+

=

+

=

+

=

+

=

N

i

N

i

N

i

N

i

N

i

j

yij

xij

N

i

j

yij

ij

N

i

j

yij

N

i

j

xij

ij

T

e

h

h

h

c

h

h

c

H

H

x

1

1

1

1

1

1

1

2

1

1



(9)
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where
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The squared sum of marginal standard normal deviations of position error as function of distances and distance standard normal deviations of all N anchors can be expressed as:
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where
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for N anchor case, and
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for 3 anchors.

IV. Reduction of Deviation selective algorithm implementation

To get the globally optimal anchor locations we need to analyze standard normal deviation of all anchor combinations. Such straightforward approach is very computational expensive. Its computation time is proportional to cube of number of all anchors: 
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, which is better then complexity of the triangulation without optimal anchors selection 
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, we need to select each anchor in independent passes. Each pass will use suboptimal anchors found in previous passes.

For the first pass we have no prior chosen anchors and the only criteria we can use is the first anchor 
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 and receiver and signal strength standard normal deviation. Using (6) we scan all anchors and choose the one with minimal 
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Knowing the location of the first anchor 
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 we can scan other candidates’ locations to get the one that gives us minimal marginal position standard normal deviation 
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 and signal strengths standard normal deviations of the anchors (see (6) and (8)). Such approach of marginal standard normal deviations requires us to come back and refine marginal optimal location of the first anchor after we found marginal optimum for the second anchor. Joint optimum will be achieved after number of marginal optimum iterations.

During the 3rd pass we use location and location standard normal deviation information from all 3 anchors to get the marginal position standard normal deviation 
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 (see (6) and (10)). Again, to find a joint optimum we need to refine 1st and 2nd marginal optimum anchor locations, iteratively applying same equation (10).

We use simple hill climbing algorithm to find marginal and joint optimums. For fixed locations of 2 anchors we calculate location standard normal deviations for neighboring positions of current location of the 3rd anchor. Neighbor with lowest location standard normal deviation will be used as a current position for the next iteration of marginal optimum search. When marginal optimum is found, the current anchor location will be fixed and the marginal optimum for another anchor will be searched for.

Iterations will be stopped when the joint standard normal deviation estimation from all 3 anchors is minimized or reaches our target acceptable value.

Complexity of such algorithm depends on initial choice of anchors and topology of 
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-space. For example, for the simple case of 1 global optimum with the expected location in the middle of the data set, the mean calculation time will be proportional to 
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 for a planar case, where N - number of all anchors and D - number of geometrical dimensions, D+1 is a number of anchors needed for triangulation, 2D is the number of neighbors we calculate parameters at during a step of hill climb.

I.e. the ROD algorithm outperform a non-selective triangulation with 
[image: image92.wmf]2
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 complexity, in calculation time terms, for number of triangulation anchors >20.

V. Experimental data

Setup

A typical suburbia wooden frame house was chosen as a target indoor environment (Fig 1). Following Wi-Fi transmitters were used in calibration and geolocation phases: D-Link DI-614+ (spot 1), Linksys WRT54GL (spot 2) access points, Netgear WG311 (spot3) and D-Link DWL-520 (spot 4) PCI cards installed on desktops. They were running either in IEEE 802.11b or 802.11b/g combined modes and were using 2.412 GHz frequency. Linksys WRT54GL diversity antennas obviously (Fig. 4a) create a non-omni directional radiation pattern on a short scale, but starting from 5-7 meters it evens out.
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Fig. 1. The testing environment floor plan. Transmitters 1-4 are in read.

Outdoor receiver positions are in blue and indoor positions in green.

A Linksys WRTSL54GS wireless access point running OpenWRT Linux distribution was used as a receiver. An Open Source distribution let using full spectrum of development tools on the receiver machine, while keeping it small and portable. The original binary Broadcom Wi-Fi driver allowed creating a separate interface running in monitor mode, letting easily access Wi-Fi packet headers with a signal strength information and, same time, to mount nfs disk storages and to control the router over ssh.

The ROD algorithm implementation, as well as the experimental data may be found at [15].

Calibration

Calibration measurements were done inside and outside of the house perimeter against indoor and outdoor located transmitters. Coefficients of calibrated equations 1a-c and calculated by formulas 4.1a-c and 4.2a,c are presented in Table 1.
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Table 1. Calibrated coefficients of equations 1a, 1b and 1c.

Figure 2 shows readings from the spot 1 in indoor and outdoor locations and approximation of the experimental data by equations 1a, b and c. As we can see a 3-member polynom (1b) gives a significant error on middle and far distances. Logarithmical approximations 1c is too optimistic for the signal strength on far distances. The equation 1a, visually and based on squared errors presented in Table 1 demonstrates a better fit among the approximations being tested.
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Fig 2. Indoor and outdoor signal strength readings for transmitter 1 and their approximation.

In further geolocation examples only parameters of attenuation function (1a) approximated on the outside readings were used, as the purpose of the paper is to present a methodic good for geolocation without a prior access to the site.

However, radio maps of internal readings, as well as readings from indoor transmitters are presented in this section to illustrate specifics of the indoor RF propagation and ways to ‘a priory’ estimate the quality of signal strength readings for accurate geolocation.

As shown of Fig. 3a and 3b, the shape of indoor Wi-Fi signal strength attenuation is noticeably different (as expected) from the semi-theoretical concentrically circles of the (1a-c) equations. There are obvious areas of radio shades (1). However, map of reading standard normal deviations (Fig. 3c) shows more interesting patterns: corner, wall and narrow areas (2), which are prone to the multi-path effects, have significantly bigger reading standard normal deviations then open spaces. Radio shade areas behind concentrated obstacles also have somewhat increased dispersion readings, but not so bold.

More surprisingly, maps of difference between actual signal strength readings and theoretical estimations show a good signal strength prediction in multi-path/high standard normal deviation areas (3), but significant error in the radio shade areas (1) (Fig 3d).

However, we rather interested in maps of distance standard normal deviations, propagated from the signal strength ones. A less accurate, but close by signal reading may give better distance prediction, then a far away signal measurement with a low dispersion.

Fig 3e and f compares actual distance error and predicted standard normal deviation (4.3a). There is obviously more correlations between the distance error maps, rather then between signal error maps allowing make conclusions about quality of the readings prior the actual calculations.
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Fig. 3a,b. Radio maps of actual signal strength (on left) and predicted signal strength (on right) by formula 1a with coefficients from Table 1 for transmitter 1.
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Fig. 3c,d. Maps of signal strength standard normal deviations (on left) and errors between actual and estimated signal strength (Fig 3a and 3b difference) for transmitter 1.
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Fig. 3e, f. Maps of error between the actual and estimated distance to transmitter 1 (left) and predicted distance standard normal deviation.
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Fig 4a, b. Radio maps of actual signal strength (on left) and predicted signal strength (on right) by formula 1a with coefficients from Table 1 for transmitter 2.

[image: image139.jpg]


 [image: image140.jpg]



Fig. 4c,d. Maps of signal strength standard normal deviations (on left) and errors between actual and estimated signal strength (Fig 4a and 4b difference) for transmitter 2.
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Fig. 4e, f. Maps of error between the actual and estimated distance to transmitter 2 (left) and predicted distance standard normal deviation.
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Fig 5a, b. Radio maps of actual signal strength (on left) and predicted signal strength (on right) by formula 1a with coefficients from Table 1 for transmitter 3.
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Fig. 5c,d. Maps of signal strength standard normal deviations (on left) and errors between actual and estimated signal strength (Fig 5a and 5b difference) for transmitter 3.
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Fig. 5e, f. Maps of error between the actual and estimated distance to transmitter 3 (left) and predicted distance standard normal deviation.
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Fig 6a, b. Radio maps of actual signal strength (on left) and predicted signal strength (on right) by formula 1a with coefficients from Table 1 for transmitter 4.
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Fig. 6c,d. Maps of signal strength standard normal deviations (on left) and errors between actual and estimated signal strength (Fig 6a and 6b difference) for transmitter 4.
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Fig. 6e, f. Maps of error between the actual and estimated distance to transmitter 4 (left) and predicted distance standard normal deviation.

Triangulation

Results of the solutions of equation 2a on outdoor anchors from spots 1-4 are presented in Table 2. As mentioned earlier, to emulate a geolocation without access to the site, only outside readings were used for the environment’s attenuation calibration.
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	2.714827
	1.585604
	0.391318
	1.601425


Table 2. Location estimation errors for outdoor anchors using attenuation function 1a and outdoor only calibration set.

Resulting accuracy of the full overdetrmined set triangulation for most spots were 3-4 meters. However, if we use only minimal number of measurements, even with high distance errors, location estimation may be better. For spot 4 it’s 2.908151 versus 4.307926 meters. If we peak only few measurements with lowest distance errors, the accuracy will be even better - 1.601425 m. High number of triangulation anchors, leading to the overdetermined system 2a, often leads also to the error accumulation. This result may seam unexpected, but asymmetrical indoor attenuation just keeps adding errors from more readings, which are far from expected values. Otherwise, like for spot 3, full data set triangulation solution works much better.

A simplest solution for the filtering out ‘bad’ readings at prior to calculation time would be limiting the expected distance standard normal deviation (4.a and 4.3a). Such an approach doesn’t take in consideration errors caused by relative anchor location, but even without that it gives better results then a full set triangulation in most cases.

A brute force or ROD search for 3 best anchors gives comparable or better results then triangulation of full set of anchors, especially for large number of anchors. Also it produces an estimation of location error before hand, which has a good correlation with the actual error measured later. Knowing an expected error allows us to decide if the selective algorithm gives good enough location estimation or additional location or calibration readings, different attenuation functions may produce a better accuracy.

Table 3 has results of location estimates based on the full (both indoor and outdoor) set of anchors, however with the environment attenuation based on outdoor data.. More data allowed the ROD algorithm to peak more convenient data and dramatically improve its accuracy for spot 4.
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Table 3. Location estimation errors for full set of anchors using attenuation function 1a and outdoor only calibration set.

Changing the attenuation function to 1c helps to fix accuracy for spot 1 location (Table 4).
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	1.174890 (1.307917)
	1.263023 (0.068945)
	1.242386 (0.198699)
	1.060274 (0.338222)


Table 4. Location estimation errors for full set of anchors using attenuation function 1c and outdoor only calibration set.

Fig. 7 shows that calculation times of ROD algorithm are not only better then a brute force search for the best triangulation anchors, but also faster then times of triangulation of full set of data with number of anchors approximately greater then 20.
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Fig. 7. Computational times for the full set triangulation and triangulation after ROD algorithm filtering.

VI. Conclusions

A big advantage of the ROD algorithm is that it produces expected standard normal deviations of the location estimates. Experiments show a good correlation between actual errors and expected standard normal deviations. Having such estimates reliable allows making decisions if the location estimate accuracy is acceptable beforehand. If it’s worse then the desired one, new readings may be done or another attenuation formula being used or another calibration set, until the desired expected error is reached. Varying these parameters one may achieve about 1 m accuracy for Wi-Fi geolocation instead of typical 3m.

The algorithm also has shown much faster computation times with high number of anchors.

Another possible application for the ROD algorithm is the task of optimal wireless access point (AP) placement. Given a pdf of the user’s location distribution, the expected standard normal deviation of location error could be calculated. An optimal AP location, from the geolocation point of view, could be found by minimizing the expected location standard normal deviation.
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Appendix A

There are random variables X and Y and known function Y = F(X).Given conditional standard normal deviation 
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of the Y distribution for known value x.

Bayes rule for conditional probability in pdf form will look this way [12]:


[image: image173.wmf](

)

)

(

)

(

)

|

(

|

X

p

Y

p

y

X

p

x

Y

p

=




(a)

where: 
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 is the conditional probability density and 
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 is the marginal probability density of random variables.

By definition of the Y being the function of random variable X, the probability of Y being in the interval from F(x) to F(x+
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) is equal to probability of the random variable X being in the interval from x to x+
[image: image177.wmf]x

D

. Under the assumption that, in vicinity of x, the linear approximation of the function F(x) gives an acceptable error 
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, the pdf of Y is inverse proportional to differential of Y by X in the point x and proportional to pdf of X:
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(b)

Assuming that conditional pdfs p(X|y) and p(Y|x) are Gaussian distributions, 
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 and using (a) we can obtain posterior standard normal deviation of distribution p(Y|x):
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(c)

The assumption of Gaussian distribution of random variable Y, given X also has Gaussian distribution, implicitly poses same requirement of linear approximation of F(x) [14] in the 
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For 
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As shown in [13] for a general n-dimensional case, when Y is a sum of weighted independent variants
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 distributed normally, the Y is also normally distributed and standard normal deviation of Y is 
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