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Mathematics is clever enough to do everything 

by itself without physicists’ speculation. 
 

(Werner Heisenberg). 
 

 
1. Introduction 

    
The description of a quantum mechanical system demands a fundamental 
modification of basic physical concepts and laws. Such a modification is 
presented by ψ-waves which are clever enough to describe the state of a 
quantum mechanical system. 

The mathematical study of such a modified function provides us the new 
equations and results in the quantum theory. 

I have performed such a theoretical study and I am presenting such new 
equations and results in the quantum theory. 
 
 
2. Saurav equation 
     
To describe the state of a quantum mechanical system without knowing the 
potential energy of the system, there plays a new equation which can describe 
the systems which are strange in the nature and one can not determine the 
potential nature of those systems. 
Let 
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and getting the exact differential of  ),( tqαψ  with respect to time, I get 
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And taking the advantage of classical theoretical physics; 
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and putting eq (3), eq (4) and eq (5) in eq (2), I get 
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and taking the advantage of operator analysis, I get the quantum mechanical 
Lagrangian (Lagrangian operator), 
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and getting the partial differential of ),( tqαψ  with respect to time in the 
consideration of eq (1) and eq (3), I get 
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and taking the advantage of operator analysis, I get the quantum mechanical 
Hamiltonian (Hamiltonian operator), 
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Now getting the potential energy from the classical theoretical physics, 
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and applying the linear operator analysis, I get the quantum mechanical 
potential energy (potential energy operator) in the consideration of eq (7), eq 
(9) and eq (10), 
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and getting the partial differential of ),( tqαψ  with respect to αq , in the 
consideration of eq (1) and eq (4), I get 
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and taking the advantage of operator analysis, I get the quantum mechanical 
momentum (momentum operator), 
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And applying the Hamiltonian operator to ),( tqαψ , I get 
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and in the consideration of eq (9), eq (11) and eq (13), I get 
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eq (15) and eq (16) are Saurav equations discovered by me (27-8-2004). 



and by transforming generalized co-ordinates to Cartesian one in eq (16), I get 
the Saurav equation in Cartesian co-ordinates, 
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where r is the Cartesian co-ordinate of particle and 
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 is classical Laplacian operator.  

 
 
3. Quantum mechanical Hamilton-Jacobi equation 
      
The theoretical study of ψ-waves can derive the quantum mechanical 
Hamilton-Jacobi equation on its own and can introduce new equations in 
theoretical physics. 
Let getting the first order partial differential of ),( tqαψ  with respect to αq  in 
the consideration of eq (1), I get 
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and getting the second order partial differential of ),( tqαψ  with respect to αq  
in the consideration of eq (1) and eq (18), I get 
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and taking the advantage of operator analysis, I get the quantum mechanical 
Laplacian operator, 
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and putting the quantum mechanical Laplacian operator in the generalized 
Schrödinger equation, 
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and in the consideration of eq (8) and eq (3), I get 
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which is the quantum mechanical Hamilton-Jacobi equation. 
and as a limiting case )0( →h , it reduces to classical one, 
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which is the classical Hamilton-Jacobi equation. 
and applying the quantum mechanical Laplacian operator (20) to Saurav 
equation (16), I get 
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and applying the quantum mechanical Laplacian operator (20) to Saurav 
equation (15) in the consideration of eq (8) and eq (6), I get 
 

0),(
][

),(][),(),,(),(),,(
2

2 =
∇

−∇+
∂
∂

+ tq
m

s
tqs

m
itqt

q
sqHtqtqqL α

α
ααα

α
αααα ψψψψ

h
&

                                                                       (25) 
 

and canceling ),( tqαψ  in eq (25), I get   
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and as a limiting case )0( →h , it reduces to classical one, 
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which is a new equation in classical theoretical physics. 
and putting eq (3) in eq (25), I get 
  

0),(][),(
][

),(),,(),( 2
2

=∇−
∇

+−
∂
∂ tqs

m
itq

m
s

tqtqqLtq
t
s

ααα
α

αααα ψψψψ
h

&  

(28)  



 
and canceling ),( tqαψ  in eq (28), I get 
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which is the quantum mechanical Saurav-Gaurav equation. 
and as a limiting case )0( →h , it reduces to classical one, 
 

0),,(
][ 2

=−
∇

+
∂
∂ tqqL

m
s

t
s

αα
α &                               (30) 

 
which is the classical Saurav-Gaurav equation. 
 
 
4. Saurav equation for many-particle systems 
     
Saurav equation is clever enough to describe the many-particle system without 
knowing the nature of potential of the system. 
The ψ for N-particle system is defined as, 
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where iq  are the generalized co-ordinates of i th particle and s is the degrees 
of freedom of the system. 
Now putting eq (31) in Saurav equation (16), I get 
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where α  is the degrees of freedom of i th particle and im  is the mass of i th 
particle of the system. 
eq (32) is Saurav equation for many-particle systems which is proved by the 
additivity of kinetic energy. 
Saurav equation for many-particle systems can also be written in Cartesian co-
ordinates, as 
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ordinates and ),....2,1( Niri =  is the Cartesian co-ordinates of i th particle of 
the system.       
eq (32) and eq (33) can describe the many-particle quantum mechanical 
systems without knowing the nature and behaviore of potential energy of the 
systems. 
 
 
Remark 
 
The second term of eq (32) 
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can be illustrated by transformation of generalized co-ordinates to Cartesian 
one. And eq (34) can be written for Cartesian, as 
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(The degrees of freedom of N-particle systems in Cartesian co-ordinate system 

is, s=3N and 3==
N
sα  (See L. D. Landau and E. M. Lifshitz, Mechanics)). 

And for  kzjyixr ˆˆˆ ++=
r , eq (35) can be written, as  
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where iβ  is the Cartesian co-ordinates of i th particle. 
 
 



5. Saurav equation and energy eigenvalues 
     
The energy eigenvalue of a quantum mechanical system can be determined by 
using Saurav equation without really knowing the potential energy of the 
system. 
Let assuming the eigenvalue equation, 
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where ψ is an eigenfunction, α  its eigenvalue and Â  is an                       
operator.   
and considering the eigenvalue equation (38) for Hamiltonian operator, I get 
the energy eigenvalue equation, 
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where E  is the energy eigenvalue of  eigenfunction ψ.  
and in the consideration of eq (39) and eq (9), I get 
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and putting eq (40) in Saurav equation (15), I get 
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which is Saurav equation for energy eigenvalues which is independent of the 
nature of potential of the system. Eq (41) can be used to determine the energy 
eigenvalues of those systems for which the determination of potential energy 
is impossible. 
and in the consideration of eq (41) and eq (39), I get the new Hamiltonian 
operator, 
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and in the consideration of eq (11), eq (13), eq (14) and eq (39), I get 
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which is another Saurav equation for energy eigenvalues. 
and in the consideration of eq (43) and eq (39), I get the another new 
Hamiltonian operator,  
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which is the proved by Saurav equation (15) 
 
 
6. Saurav equation and Lagrangian eigenvalues 
     
Now considering the eigenvalue equation (38) for Lagrangian operator, I get 
the Lagrangian eigenvalue equation, 
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where λ  is Lagrangian eigenvalue. 
and in the consideration of eq (7) and eq (45), I get 
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and in the consideration of Saurav equation (15) and eq (46), I get 
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which is Saurav equation for Lagrangian eigenvalues. 
and in consideration of eq (45) and eq (47), I get the new Lagrangian operator, 
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which is proved by Saurav equation (15).  
Now assuming  
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and in the consideration of eq (11), eq (13) and eq (49), I get 
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and in the consideration of eq (45) and eq (50), I get the another new 
Lagrangian operator, 
 







 −

∂
∂

−∇=
dt
d

tm
iiL 2

2
ˆ hh                                        (51)  

 
 

7. Saurav equation and kinetic energy eigenvalues   
    
 Now considering the eigenvalue equation (38) for kinetic energy operator, I 
get the kinetic energy eigenvalue equation, 
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where τ  is the kinetic energy eigenvalue. 
And according to classical theoretical physics; 
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and in the consideration of linear operator analysis with the help of eq (7) and 
eq (42), I get the quantum mechanical kinetic energy (kinetic energy operator), 
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and in the consideration of eq (48), eq (42) and eq (53) considering the linear 
operator analysis, I get the kinetic energy operator, 
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and applying it to eigenfunction ψ in the consideration of kinetic energy 
eigenvalue, I get 
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which is Saurav equation for kinetic energy eigenvalues. 
and applying eq (54) to eigenfunction ψ in the consideration of (52), I get the 
kinetic energy eigenvalue equation, 
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and in the consideration of eq (56) and eq (57), I get  
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which is another Saurav equation for kinetic energy eigenvalues. 
and in the consideration of eq (58) and eq (52), I get the another new kinetic 
energy operator, 
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and in the consideration of eq (56) and eq (58), I get 
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which is Saurav equation (15 and 16). 
and in the consideration of eq (57) and eq (58), I get the another Saurav 
equation for kinetic energy eigenvalues, 
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and in the consideration of eq (61) and eq (52), I get the another new kinetic 
energy operator, 
 







 −∇−
∂
∂

=
dt
d

m
i

t
iT 2

2
ˆ h

h                                     (62) 

 
and in the consideration of eq (56) and eq (61), I get the another new kinetic 
energy eigenvalue equation, 
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and in the consideration of eq (63) and eq (52), I get the another new kinetic 
energy operator, 
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And considering eq (53) in the consideration of linear operator analysis, I get 
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and in the consideration of eq (9), eq (51) and eq (65), I get 
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and in the consideration of eq (66) and eq (52), I get 
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8. Saurav equation and momentum eigenvalues     
    
 Now considering the eigenvalue equation (38) for momentum operator, I get 
the momentum eigenvalue equation,  
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where Π  is the momentum eigenvalue. 
and in the consideration of eq (68) and eq (13), I get the momentum 
eigenvalue equation, 
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And assuming; 
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and in the consideration of eq (71) and eq (59), I get 
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and in the consideration of eq (72) and eq (70), I get 
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and in the consideration of eq (55) and eq (71), I get 
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and in the consideration of eq (74) and eq (70), I get 
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and in the consideration of eq (62) and eq (71), I get 
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and in the consideration of eq (70) and eq (76), I get  
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and in the consideration of eq (71) and eq (64), I get 
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and in the consideration of eq (78) and eq (70), I get 
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Now considering eq (5) in the consideration of linear operator analysis, I get 
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and in the consideration of eq (80), eq (9) and eq (51), I get 
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and in the consideration of consideration of eq (81) and eq (70), I get 
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9. Saurav equation and potential energy eigenvalues 
     
 Now considering the eigenvalue equation (38) for potential energy operator, I 
get the potential energy eigenvalue equation,  
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where Б is the potential energy eigenvalues. 
and in the consideration of eq (11) and eq (83), I get 
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which is Saurav equation for potential energy eigenvalues. 
and in the consideration of Saurav equation (15) and eq (84), I get 
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which is another Saurav equation for potential energy eigenvalues. 
and in the consideration of eq (85) and eq (83), I get the new potential energy 
operator, 
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and in the consideration of Saurav equation (15) and eq (84), I get 
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and in the consideration of eq (87) and eq (83), I get the another new potential 
energy operator,  
 







 ∇−
∂
∂

=∇+
∂
∂

= 22
2

22
ˆ

m
i

t
i

mt
iV h

h
h

h                            (88) 

 
Now assuming  
 

THV ˆˆˆ −=                                                 (89) 
 
and 
 

LTV ˆˆˆ −=                                                 (90) 
 

and in the consideration of eq (89), eq (42) and eq (59), I get 
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and applying it to eigenfunction ψ in the consideration of potential energy 
eigenvalue equation (83), I get 
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and in the consideration of eq (89), eq (9) and eq (55), I get  
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (89), eq (42) and eq (62), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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 and in the consideration of eq (89), eq (9) and eq (64), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (89), eq (64) and eq (42), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (89), eq (64) and eq (44), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (89), eq (9) and eq (66), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (89), eq (42) and eq (66), I get 
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 and applying it to ψ  in the consideration of eq (83), I get 
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And considering eq (10) in the consideration of linear operator analysis, I get 
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and in the consideration of eq (107), eq (42) and eq (51), I get 
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and applying it to ψ  in the consideration of eq (108) and eq (83), I get 
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and in the consideration of eq (90), eq (7) and eq (64), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (90), eq (64) and eq (51), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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and in the consideration of eq (90), eq (66) and eq (48), I get 
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and applying it to ψ  in the consideration of eq (83), I get 
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10. Fundamental equations of quantum mechanics 
         
With the help of given equations and results I have got some fundamental 
equations of quantum mechanics which are clever enough to describe the 
quantum phenomena’s. 
Now applying eq (11) to eq (43), I get the time independent Schrödinger 
equation, 
 

ψψψ V
m

E ˆ
2

2
2

+∇−=
h                            (116) 

 



and in the consideration of eq (116) and eq (83), I get the new time 
independent Schrödinger equation, 
   

+∇−= ψψ 2
2

2m
E h Бψ                            (117) 

 
and in the consideration of eq (117), eq (68), eq (69) and eq (70), I get 
 

+
Π

= ψψ
m

E
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And with the help of Saurav equation (15) in the consideration of eq (40) and 
eq (7), I get the time independent Saurav equation, 
 

ψψψ L
m

E ˆ2
2

−∇−=
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and in the consideration of eq (119) and eq (45), I get the new time 
independent Saurav equation, 
 

ψψψ λ−∇−= 2
2

m
E h                               (120) 

 
and in the consideration of eq (120), eq (68), eq (69) and eq (70), I get 
 

ψψψ λ−Π
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m
E

2

                            (121) 

 
and writing eq (120) in its generalized form in the consideration of eq (40), I 
get 
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which is generalized Saurav equation, 
And in the consideration of eq (46) and eq (85), I get another time independent 
Saurav equation, 
 

−∇−= ψψ 2
2

2m
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and in the consideration of eq (123) ,eq (68), eq (69), and eq (70), I get 

−
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and writing eq (123) in the generalized form in the consideration of eq (46), I 
get  
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which is another generalized Saurav equation.    
And writing eq (41) in its generalized form, I get 
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h            (126) 

which is another generalized Saurav equation. 
And writing eq (117) in its generalized form, I get 
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which is another generalized Schrödinger equation. 
And writing eq (120) in its generalized form, I get 
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which is another generalized Saurav equation. 
And writing eq (123) in its generalized form, I get 
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which is another generalized Saurav equation. 
Now writing eq (118) in its generalized form, I get 
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and writing eq (121) in its generalized form, I get 
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and writing eq (124) in its generalized form, I get 
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and in the consideration of eq (130) and eq (40), I get  
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and in the consideration of eq (131) and eq (40), I get 
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and in the consideration of eq (132) and eq (46), I get 
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and in the consideration of eq (131) and eq (46), I get 
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and considering eq (131) in the consideration of eq (40) and eq (46), I get 
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11. Laplacian eigenoperator equation 
     
Let assuming  
 

ψψ AA =ˆ                                         (138) 
 



which is eigenoperator equation where Â  is a quantum mechanical operator 
and A  is a classical operator. 
and considering eq (138) for Laplacian operator in the consideration of eq 
(19), I get 
 

ψψ 22ˆ
αα ∇=∇                                        (139) 

 
which is Laplacian eigenoperator equation where 2ˆ

α∇  is quantum mechanical 
Laplacian operator (20) and 2

α∇  is classical Laplacian operator. 
eigenoperator equation (138) can be used to describe all the operators having 
both quantum mechanical and classical operator values. 
Now considering Laplacian eigenoperator equation (139) in the consideration 
of eq (20), I get 
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                             (140) 

 
which is Laplacian eigenoperator equation. And considering eq (140) in the 
consideration of eq (13) and eq (70), I get 
 

0][][ 222 =−∇−∇ ααα psis h                             (141) 
  
and as a limiting case )0( →h  it reduces to classical one. 
 
 
12. Saurav equation and action operator 
 
With a simple treatment of given equations and results I have arrived at the 
fact that all the operators in quantum mechanics may be derived with the help 
of quantum mechanical action (action operator) in the consideration of their 
corresponding relation. 
Let 
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and putting it in eq (28), I get 
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and applying the quantum mechanical Laplacian operator (20) to generalized 
Schrödinger equation (21) and considering eq (8) and Hamilton-Jacobi 
equation (3), I get 
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and from eq (143) and eq (144), I get 
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and 
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and  
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and canceling ),( tqαψ  in eq (147), I get 
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which is potential energy in the terms of action. 
And now we need to know all the observables in the terms of action to get 
their corresponding operator values in the consideration of action operator. 
Let introducing a new type of action which may be called Hamiltonian action. 
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and in the consideration of  
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and  
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and in the consideration of eq (142), I get 
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and in the consideration of eq (149) and Hamilton-Jacobi equation (3), I get 
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and in the consideration of eq (152) and eq (153), I get the kinetic energy in 
the terms of action, 
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Now applying eq (154) for eq (146), I get 
 

0),(),(2][
2
3][

2
3 2

2

=+−∇−
∇

+
∂
∂ tqVtqTs

m
i

m
s

t
s

ααα
α &

h               (155)  

 
and in the consideration of eq (3), I get 
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and in the consideration of )( VTH += , I get 
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and putting eq (154) in eq (157), I get 
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and in the consideration of eq (157) and )
2

(
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m
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And now in the consideration of quantum mechanical Hamilton-Jacobi 

equation (22) and )( VTH +=  and 
m

pT
2

2

=  and eq (4), I get the quantum 

mechanical Hamilton-Jacobi equation, 
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and as a limiting case )0( →h , eq (157), eq (159) and eq (160) reduces to 
classical one. 
Now considering the operator values of s  and ),( tqV α  in eq (147) in the 
consideration of eq (11), I get 
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where Î  is some unitary operator defined as, 
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which is unitary eigenvalue equation where Ι  is the unit matrix defined as, 
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now we have the action operator (quantum mechanical action). And derivating 
all the operators in the consideration of eq (161), we need to know the 
corresponding relationships between desired observable and action. 
Let assuming  
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and for the operator values of ),,( tpqH αα  and s (161), I get 
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and  
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and for the operator values of ),,( tqqL αα &  and s (161), I get 
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and  
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and for the operator values of αp  and s (161), I get 
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and considering eq (147), I get  
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and for the operator values of ),( tqV α  and s (161), I get 
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and considering eq (154), I get 
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and for the operator values of ),( tqT α&  and s (161), I get  
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13. Saurav equation in modern notations 
 



Let the Saurav equations (15) and (16) may be written in Dirac notations of 
state vectors. The wave function in Dirac notations is given by ψ  and called 

the Ket and vector ψ  is called a Bra which is the complex conjugate of Ket. 
And writing eq (15) in Dirac notations, I get 
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and getting the complex conjugate of eq (174), I get 
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and writing Saurav equation (16) in Dirac notations, I get 
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and getting the complex conjugate of eq (176), I get 
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eq (174) to eq (177) are Saurav equations in modern notations (Dirac 
notations) where ψ (Ket) is given by ),( tqαψ  and ψ (Bra) is given by 

),(* tqαψ .     
 
 
14. Eigenvalue equations in modern notations 
 
Let the eigenvalue equations may be written in Dirac notations. The complex 

conjugate of hermitian operators  Â  is its transposed operator A
~̂

 (See 
appendix (1), eq (241)) and the complex conjugate of their eigenvalues are 
unchanged as they are real quantities and it is well known that all the operators 
in quantum mechanics are hermitian, So 
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ˆ h                          (186) 

 

ψ
ψψ

ψ τ=








∂

∂
−=Τ

tdt
di

2

~̂ h                                (187) 

 
ψψψ Ω=−= IiS ˆˆ h                              (188) 

 
ψψψ Ω== IiS

~̂~̂
h                               (189) 

  
where  
 

,,,( Π= λα E  Б ),, Ωτ                               (190) 
 

are the eigenvalues of their corresponding operators. 
 
 

15. On the quantum description of systems 



 
The expactation value of an operator is given by, 
 

ψψ AA ˆˆ =                                        (191) 

 
Let derivating eq (191) w.r.t. time, I get 
 

tttt ∂
∂

+
∂
∂

+
∂
∂

=
∂

∂ ψ
ψψψψ

ψ
A

A
A

A
ˆˆˆ

ˆ
                 (192) 

 
and in the consideration of eq (8), I get 
 

ψ
ψ

Η−=
∂
∂ ˆ

h

i
t

    ;    ψ
ψ

Η−=
∂
∂ ˆ

h

i
t

                      (193) 

 
and getting its complex conjugate, I get 
 

**~̂*





Η=







∂
∂

ψ
ψ

h

i
t

      ;           ψ
ψ *~̂

Η=
∂
∂

h

i
t

               (194) 

 
and putting eq (193) and eq (194) in eq (192), I get 
 





 Η−Η+

∂
∂

=
∂

∂
ψψψψ ˆˆˆ*~̂ˆˆ

AA
AA

h

i
tt

                     (195) 

 
and assuming, 
 

ψψψψ AA ˆˆˆ*~̂
Η=Η                                 (196) 

 
(See appendix (1), eq (234)) and considering of eq (196) in eq (195), I get 
 

−Η+
∂
∂

=
∂

∂
]ˆ,ˆ[

ˆˆ
A

AA

h

i
tt

                                  (197) 

 
which is the quantum mechanical equation of motion. 
Now getting the exact time derivative of eq (191), I get 
 



dt
d

dt
d

dt
d

dt

d ψ
ψψψψ

ψ
A

A
A

A
ˆˆˆ

ˆ
++=             (198) 

 
and in the consideration of eq (6), I get 
 

ψ
ψ Li

dt
d ˆ

h
=  ;  ψ

ψ Li
dt
d ˆ

h
=                          (199) 

 
and getting its complex conjugate, I get 
 

**~̂*





−=






 ψ
ψ Li

dt
d

h
         ;        ψ

ψ *~̂
Li

dt
d

h
−=       (200) 

 
and putting eq (199) and eq (200) in eq (198), I get 
 





 −+= ψψψψ AA

AA
ˆ*~̂ˆˆˆˆ

LLi
dt

d
dt

d

h
                 (201) 

     
and assuming, 
 

ψψψψ AA ˆˆˆ*~̂
LL =                                    (202) 

                                               
and in the consideration of eq (202) in eq (201), I get 
 

−−= ]ˆ,ˆ[
ˆˆ

A
AA

Li
dt

d
dt

d

h
                        (203) 

                                                       
which is the quantum mechanical equation of motion.  
And now getting the gradient of Â  in the consideration of eq (191), I get 

 
ψψψψψψ αααα ∇+∇+∇=∇ AAAA ˆˆˆˆ                  (204) 

  
and in the consideration of eq (12), I get 
 

ψψ αα Ρ=∇ ˆ
h

i    ; ψψ αα Ρ=∇ ˆ
h

i                         (205) 

 



and getting its complex conjugate, I get 
 

( )
**~̂* 




Ρ−=∇ ψψ αα

h

i          ;    ψψ *~̂
αα Ρ−=∇

h

i            (206) 

 
and putting eq (205) and eq (206) in eq (204), I get 
 





 Ρ−Ρ+∇=∇ ψψψψ AAAA ˆ*~̂ˆˆˆˆ

αααα
h

i                  (207) 

 
and assuming,  
 

ψψψψ AA ˆˆˆ*~̂
αα Ρ=Ρ                             (208) 

 
and in the consideration of eq (208) in eq (207), I get 
 

−Ρ−∇=∇ ]ˆ,ˆ[ˆˆ AAA ααα
h

i                           (209) 

 
which is the quantum mechanical equation of motion.  
Now considering the eigenvalue equation, 
 

ψψ α=Â                                                (210) 
 
and in the consideration of eq (191), I get 
 

ψψ

ψψ

Î

Â
=α                                                (211) 

 
which is the quantum description of systems. 
Now writing eigenvalue equations in the view to eq (211), I get 
 

ψψ

ψψ

I
E ˆ

Η̂
=                                                (212) 

 

ψψ

ψψ

I

L
ˆ

ˆ
=λ                                                (213) 

 



ψψ

ψψ

Î

Ρ̂
=Π                        (214) 

 

Б
ψψ

ψψ

I

V
ˆ

ˆ
=                             (215) 

 

ψψ

ψψ

Î

Τ̂
=τ                               (216) 

 

ψψ

ψψ

I

S
ˆ

ˆ
=Ω                           (217) 

 
Now considering an operator defined as, 
 

BA ˆˆˆ =f                                                     (218) 
 
and getting its expectation value in the consideration of eq (191), I get 
 

ψψ BABA ˆˆˆˆˆ ==f                           (219) 

 
and considering eigenvalue equation (210) for operator B̂  in eq (219), I get 
 

ψψψψ ABA ˆˆˆ β=                              (220) 
 

and  
 

ψψ

ψψ

A

BA
ˆ

ˆˆ
=β                                                (221) 

 
where β  is eigenvalue of B̂  operator. 
And considering an operator defined as,  
 

nif AAAA ˆ....ˆ....ˆˆˆ
21=                                           (222) 

 
and considering it in eq (211) in the consideration of eigenvalue equation 
(210) for operator iÂ , I get 
 



ψψ

ψψ

I
n

n ˆ

ˆ....ˆˆ
.... 21

21

AAA
=ααα                  (223) 

 
where iα  is eigenvalue of iÂ  operator and considering eq (222) in eq (221) in 

the consideration of eigenvalue equation (210) for operator nÂ , I get 
 

ψψ

ψψ

121

21

ˆ....ˆˆ

ˆ.......ˆˆ

−

=
n

n
n

AAA

AAA
α                                (224) 

  
where nα  is eigenvalue of operator nÂ . 
Now considering eq (221) for action operator, I get 
 

ψψ

ψψ

S

S
ˆ

ˆˆA
=α                    (225) 

 
and in the consideration of eq (225) and eq (161), I get 
 

ψψ

ψψ

I

Si
ˆ

ˆˆA
h

=α                         (226) 

 
and in the consideration of eq (161) and eq (211), I get 
 

ψψ

ψψ

S
i ˆ

Â
h−=α                                           (227) 

 
which is the quantum description of systems with an interpretation of action 
operator. And in the consideration of eq (227) and eq (191), I get 

 

Si ˆˆ α
h

=A                               (228) 

 
eq (225), eq (226), eq (227) and eq (228) can be written for all the operators 
(observables) in quantum theory. 
 
 
Appendix 
 
1. Hermitian operators-hermitian conjugate 



 
Let considering eigenvalue equation (210) for hermitian operators (with real 
eigenvalue), I get 
 

ψψ α=Â                                (229) 
 

and  
 

ϕαϕ =*Â                                     (230) 
 
where ψ  and ϕ  are two different state vectors. And with a simple treatment 
of eq (229) and eq (230), I get 
 

0*ˆˆ =− ψψ ϕϕ AA                              (231) 

 
and assuming, 
 

ψψ ϕϕ !ˆ*ˆ AA =                       (232) 

 
where !Â  is hermitian conjugate of Â  operator and in the consideration of eq 
(232) and eq (231), I get 
 

ψψ AA ˆˆ ! ϕϕ =                               (233) 

 
and for the transpose properties of Â , assuming 
 

ψψ AA ˆ*~̂
ϕϕ =                                  (234) 

 
and in the consideration of eq (233) and eq (234), I get 
 

*~̂ˆ ! AA =                               (235) 
 

Now considering eq (231) for transposed operator A
~̂

, I get 
 

ψψ ϕϕ *~̂~̂
AA =                                         (236) 

 



and in the consideration of eq (235), I get 
 

ψψ ϕϕ !ˆ~̂
AA =                              (237) 

 
or 
 

ψψ ϕϕ *!ˆ~̂
�AA =                           (238) 

 

and in the consideration of eq (233) for transposed operator A
~̂

, I get 
 

ψψ ϕϕ !
~̂~̂
AA =                           (239) 

 
and in the consideration of eq (238) and eq (239), I get 
 

*ˆ~̂
!! AA =                                (240) 

 
and canceling for hermitian conjugate in eq (240), I get 
 

*ˆ~̂
AA =                               (241) 

 
 

Remark 
 
In the given treatment I have used some assumptions as, 
 

∫== dqfff *ˆ*ˆˆ ϕϕϕ ψψψ                     (242) 

   
where f̂  is some operator. 
and I have also used, 
 

∫ ∫= dqfdqf *
~̂ˆ* ϕϕ ψψ                             (243) 

 
which can be written as eq (234) in the consideration of eq (242) assuming 

Âˆ =f . 
So it would be easier to understand this appendix with the help and 
consideration of eq (242) and eq (243). 



 
 
2. Hermitian operators-quantum description of systems 
 
The ratio of eigenvalues of two corresponding operators may be written in the 
consideration of eq (211), as 
 

ψψ

ψψ

B

A
ˆ

ˆ
=

β
α                                (244) 

 
where α  and β  are eigenvalues of their corresponding operators Â  and B̂ . 

Now considering hermitian properties of Â  and B̂  (i.e., α  and β  are real) 
and with a simple treatment of eq (244) in the consideration of eq (229) and eq 
(230), I get 
 

ψψψψ ABBA ˆ*ˆˆ*ˆ =                        (245) 
 

and in the consideration of eq (232) in eq (245), I get 
 

ψψψψ ABBA ˆˆˆˆ !! =                                (246) 

 
which is the corresponding equation of tow hermitian operators. 
Now considering eq (245) for transposed properties of hermitian operators in 
the consideration of eq (241), I get 
 

ψψψψ ABBA ˆ~̂ˆ
~̂

=                           (247) 
 

which is the transposed equation of two corresponding hermitian operators. 
Now considering eq (247) in the consideration of eq (242) and eq (234) or 
considering eq (233), I get 
 

ψψψψ ABBA ˆˆˆˆ =                           (248) 
 

 and it can be written in the commutator form as, 
 

0]ˆ,ˆ[ =−BA                             (249) 

 
which holds for two corresponding hermitian operators.  
 



 
Conclusion 
 

Here is where I am ending my vision. But does it really end? Of course 
not, it just breaks off…. And one is tempted to ask what happened next. If 
there was an end was it followed by a descent? 

But there are no descent in our understanding of nature. Time steadily 
moves and so does science, not as monotonously as time but in jumps or steps. 
These steps can be small or large but they never descent-knowledge cannot 
diminish, it can only increase. Understanding is accumulated but never 
depleted. In the periods of scientific revolutions the steps are steep and 
therefore difficult to follow. 

Then what is an end of such a never-descending step-wise line? It is 
merely a roomy clearing before a new ascent whose outlines in the 
surrounding mist are still indistinct. One gets a false impression that one 
cannot go any higher. But it is just the steepness of the climb that creates for a 
time the illusion that an end has been conquered. In fact, no such end exists…. 
There is no end. 

Any one can go higher. One can use my equations to arrive at his own 
good vision. One can apply my equations to get the energy eigenvalues of 
those systems for which the determination of potential energy is impossible. 
My equations can be used to extend many branches of natural science. 

Thanks for the advances of science. 
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