EE541 Homework #4, #5, and #6

Robert W. Schuler
December 5, 2002

This paper collects Rob Schuler’s answers to homework problems assigned before the second examination
in EE541. The purpose of type setting these assignments is two fold. The first point is to learn how to
typeset equations of this nature using I TEX. The second purpose is to produce an electronic form that will
be easy to keep for years after the course.

1 Numbering of Assigned Problems

The sections are numbered sequentially by the LyX editor starting from 1. Problems are numbered at the
first tier title using a scheme of Assignment-dot-problem. For example Problem 1.1 is the first problem of
the first homework assignment and Problem 2.3 is the third problem of the second homework assignment.

1.1 Homework #4

Homework #4 consists of six problems assigned from Chapter 5 of the textbook: 5.1, 5.5, 5.16, 5.17, 5.21,
and 5.28.

| Section in this Paper | Problem Number | Assigned Number |

2 4.1 Balanis 5.1
3 4.2 Balanis 5.5
4 4.3 Balanis 5.16
5 4.4 Balanis 5.17
6 4.5 Balanis 5.21
7 4.6 Balanis 5.28

1.2 Homework #b5

Homework #5 consists of a single derivation assigned in class. Specifically to derive the equations for the
TM modes of a circular wave guide of cross section a, using cylindrical coordinates.

| Section in this Paper | Problem Number | Assigned Number |
| 8 | 5.1 | Class Notes |




1.3 Homework #6

Homework #6 consists of three problems assigned in class and three problems assigned from Chapter 6 of
the textbook: 6.1, 6.17, and 6.21.

| Section in this Paper | Problem Number | Assigned Number |

9 6.1 Class Notes 1
10 6.2 Class Notes 2
11 6.3 Class Notes 3
12 6.4 Balanis 6.1

13 6.5 Balanis 6.17
14 6.6 Balanis 6.20
15 6.6 Balanis 6.21




2 Problem 4.1 (Balanis 5.1)

2.1 Statement

A uniform plane wave traveling in a dielectric medium with €, = 4 and p, = 1 is incident normally upon a
free-space medium. If the incident electric field is given by

Ei = a;2 x 10 3¢5

write:
(a) The corresponding incident magnetic field.
(b) The reflection and transmission coefficients.
(c) The reflected and transmitted electric and magnetic fields.
(d) The incident, reflected, and transmitted power densities.
X

€0, 1O

2.2 Solution

First we calculate the intrinsic impedance 7 for the dielectric medium:
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H'=a; x —E!
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where @; is a unit vector in the dlrectlon of wave propagation (the dlrectlon of incidence in this case). In
this case, aZ = a, and the direction of Eiis @y, which means that Hi must be in the —a, direction since

a. X a, = —a, . To verify this, note that the direction of Ei (ay ) crossed with the direction of Hi (—az )
yields the direction of propagation @,. This allows us to directly write:
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Part (b) Rand T

T2 =M
2 + 1
377 —188.4

377+ 188.4
= 0.334

21
72 +m
2(377)
377 + 188.4
= 1334

Part (c) Reflected and Transmitted E and H. In this case ﬁ, E" and E! are all polarized in the
same direction (a@,). This means that Hi and H! will be in the —a, direction, but H will be in the +ay
direction (So that E x H will point in the direction of wave propagation, which is —a, for the reflected
wave). It is also important to consider what happens to § as we go from the dielectric to free-space. Recall

that the wave constant 8 = w,/p€ or

B = wy\/lrloErEo
= W\ HrEry/ Moo
= BO\/ HrEr

B _

e = 0.54 is the wave constant in free space. From this we can write directly:

where [y =

E' = RE
= (0.334)a,2 x 10 %¢ 957
= @,0.668 x 10™3¢ =97

Et = 670.5szTE
(1.334)@,2 x 1073 =70-55%
@,2.668 x 1073 =90-55%

H® = —RH:
= (0.334)a@, (10.6 x 1075) e=7¥*
= @, (3.54x 10 %) e 7=

Ht = a,x iﬁ
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Part (d) Power Densities Recall that the time average power density = %RE (E X If{\;) and the in-

stantaneous power density = E x H. Since all of the fields are stated in the frequency domain, we only find
the time average power densities here.

1 — —~
transmitted time average power density = §RE (Et X Ht*)

1 _ — - .

= SRE (@,2.668 x 107379557 x —q (7.08 x 107°) £/0-55)
1 G @ @

= SRE 0 2.668 x 10-3¢=90-562

— (7.08 x 1076) £10-552 0 0

1 . )

= SRE((7.08x107°) eI055%q.2.668 x 10~ %e 90-792)
1 ~

= RE ((1.89 x 107%) az)

= 9.44x107°a,

1 e
incident time average power density = ERE (Ez X H’*)

1 . .

= SRE (@y2 x 107%77%% x —a, (10.6 x 1075) €777)

= SRE 0 2x10 %9 0

—(10.6 x 1076) €72 0 0

1 . .

= SRE((10.6 x107%) /7.2 x 1073e~77%)

(
= %RE ((2.12 x 107%) az)
= 1.06 x 10 %a.

1 —
re flected time average power density = §RE (ET‘ X HT*)
1 Y e _ B )
= 5RE(3,0.668 x 10 % 9% x —a, (3.54 x 1076) e1957)
1 ay a, a
= SRE 0 0.668 x 10~ 3e¢=75> 0
— (3.54 x 107°) edP= 0 0
1 N e s
= SRE((354x107%) e’P7@,0.668 x 1073e~95%)

—~

= %RE (2.36 x 107?) az)

= 1.18x 107 %a.

NOTE: the reflected plus the transmitted average power densities equal the incident average power
density:
0.18 x 1078 4+0.944 x 1078 = 1.12 x 107® ~ 1.06 x 1078



3 Problem 4.2 (Balanis 5.5)

3.1 Statement

A time-harmonic electromagnetic wave traveling in free space is incident normally upon a perfect conducting
planar surface, as shown in Figure P5-5. Assuming the incident electric field is given by

Ei = @Eoe_jﬁoz

find (a) the reflected electric field, (b) the incident and reflected magnetic fields, and (c) the current
density Js induced on the conducting surface.

€0, Mo
Incident
Reflected
-

3.2 Solution

The first step in this problem is to calculate the Reflection and Transmission Coefficients. In this case, we
must account for the infinite conductivity in the P.E.C. when calculating 7.

m = 377

Jwp
o+ jwe

2 =

Jwp
00 + Jwe

So

R = ="
2 +1h

0—-377

0+ 377
= -1

21
72 +m
2(0)
04377




Part (a) reflected electric field The reflected electric field can be found using equation 5-48a on page
207 of Balanis:

Er = a;Fone“‘”e“ﬂ”

— _aE0€+jBOZ

Part (b) incident and reflected magnetic fields These fields can be written directly from the incident
and reflected electric fields by simply dividing by the intrinsic impedance 7, which is approximately 377 (2
in free space. The orientation of H will be perpendicular to both the direction of the wave propagation and
the orientation of E, and can be found using the right-hand rule.

Part (c) induced current Recall that J, = 72 x H. In this case, 7 = —a and

Htotal — Hiy Hr
_ Ep
=0
varT

2FE,
Htotal = g =
20 Y377

[e+i80% 4 ¢~ i60]




4 Problem 4.3 (Balanis 5.16)

4.1 Statement

A perpendicularly polarized plane wave traveling in a dielectric medium with relative permittivity of 9 is
obliquely incident on another dielectric with a relative permittivity of 4. Assuming that the permeabilities
of both media are the same, find the incident angle (measured from the normal to the interface) that results
in total reflection.

4.2 Solution

This problem is asking us to find the critical angle for the two given media.
The first step is to visualize the situation:

Here 0; is the angle of incidence and 6, is the angle of the transmitted wave. We know that the transmitted
wave will “move” in the direction indicated because the permittivity in the second medium is less than that
in the first (2 < e1). In other words, we know that 6; will always be greater than ;. Using equation 5-36

on page 197 of Balanis:
0; > 0, = sin~* < 5—2>
€1

We see that the critical angle is:

0. = sin1< 8—2>
€1
4

= sin_1< %)

= sin™" (.666)
= .729rad
= 418

This means that for any incident angle greater than 0.729 radians or 41.8 degrees, all of the energy of
the wave shall be reflected back into the first medium.



5 Problem 4.4 (Balanis 5.17)

5.1 Statement

Calculate the Brewster and critical angles for a parallel polarized wave when the plane interface is (a) water
to air (e, of water is 81), (b) air to water, and (c) high density glass to air (¢, of glass is 9).

5.2 Solution

Recall that the Brewster angle is that angle of incidence (from the normal) that results in total transmission
of a wave from the first medium into the second. When both media have the same permeability (as is true
in all 3 cases in this problem), the Brewster angle can be found by equation 5-33b on page 195 of Balanis:

0i = 9}3 = tan_l ( E—2>
€1

Also, recall equation 5-36 on page 197 of Balanis for finding the critical angle:

6; >0, = sin. < 5—2>
€1

NOTE: in the case of total transmission, #; must exactly equal the Brewster angle 8, which is different
than the physical relationship for the critical angle in which #; must equal or be greater than the critical
angle 6..

Part (a) water to air
- €o
fp = tan'(,/——
B an < 815())

1
= tan ! =
an (9)

= 0.111rad
= 6.34°

. €
oc = Ssin ! ( 8]_050 >
1
— N .
= Sin (9)

= 0.111.rad
= 6.38°
Part (b) air to water
1
g = tan~! < m)
€0
= tan™'(9)
= 1.46rad
= 83.66°
9c = Sin_1 ( 8160)
€0
= sin ' (9)
™ .
= 3~ j2.887rad
= 90° — j2.887

There is no physically realizable critical angle when going from air to water!



Part (c) glass to air

0B

0.322rad
18.43°

0.340rad
19.47°

10



6 Problem 4.5 (Balanis 5.21)

6.1 Statement

The heights above the earth of a transmitter and receiver are, respectively, 100 and 10 m, as shown in
Figure P5-21. Assuming that the transmitter radiates both perpendicular and parallel polarizations, how
far apart (in meters) should the transmitter and receiver be placed so that the reflected wave has no parallel
polarization? Assume that the reflecting medium is a lossless flat earth with a dielectric constant of 16.

Transmitter

Receiver

10m

FIGURE P5-21

6.2 Solution

From page 195 of Balanis, “ The incidence angle 8;, as given by (5-81a) or (5-83), which reduces the reflection
coefficient for parallel polarization to zero, is referred to as the Brewster angle 8g. It should be noted that
when u1 = ua, the incidence Brewster angle 8; = 0p of (5-33) ewists only if the polarization of the wave is
parallel (vertical).”

For completeness:

£2 K2

sinf; = \/E:E (5-31a)

0, = 0p = sinlgi\/g :1112) (5-33)

From this we can see that if we pick the distance between the transmitter and receiver such that the
wave strikes the ground at the Brewster angle 05, then we know that the parallel part of the wave shall be
completely transmitted into the earth, while the vertical part of the wave will be reflected (at least partially).

Brewster Angle First we calculate the Brewster angle using equation 5-33:

- €2
0 = !
B Sin < 61+62>
= sin~! ,/71660
go + 16¢9
16
_ a1 -
(42

= sin™!(.970)
= 1.33rad
= 76.0°

11



Distance s Using elementary trigonometry, we know that the distance d; from the transmitter to the
point on the ground where the wave hits the ground at the Brewster angle can be found by

dy
tanfp = 155
di = 100m tan(1.33)
—  407.23m

We also know from Snell that the angle of incidence equals the angle of reflection for the vertical part of
the wave, so the distance dy from the point on the ground from which the wave hits to the receiver can be
found by

dy
tanfp = ——
anve 10m
dy = 10mtan(1.33)
40.723m

The total distance s between the transmitter and receiver is then

s =dy + dy = 407.23m + 40.723m = 448m

100 75

05 0B
10

d da

12



7 Problem 4.6 (Balanis 5.28)

7.1 Statement

At large observation distances the field radiated by a satellite antenna which is attempting to communicate
with a submerged submarine is locally TEM (also assume uniform plane wave), as shown in Figure P5-28.
Assuming the incident electric field before it impinges on the water is 1 mV/m and the submarine is directly
below the satellite, find at 1 M Hz:

(a) The intensity of the reflected E field.

(b) The SWR created in air.

(c) The incident and reflected power densities.

(d) The intensity of the transmitted E field.

(e) The intensity of the transmitted power density.

(f) The depth d (in meters) of the submarine where the intensity of the transmitted electric field is 0.368
of its value immediately after it enters the water.

(g) The depth (in meters) of the submarine so that the distance from the surface of the ocean to the
submarine is 20\ (A in water).

(h) The time (in seconds) it takes the wave to travel from the surface of the ocean to the submarine at
a depth of 100 m.

(i) The velocity of the wave in water to that in air (v/v,).

Satellite

FIGURE P5-28

7.2 Solution

First, since Ep = lmV =1x 1073V, and 8 = £ = 3?111%2 = 271 x 10~2we can directly write the equation for
the incident E field:

E; = Epe %%

_3 _4i2 -2
10 36 Jjsmx107"z

Next we calculate the coefficients of reflection and transmission.
In air, g, = 3770
In this case, the Sea Water has a conductivity of 1 S/m, so:

Jwp
o+ jwe

j2m x 108 g
1+ j2r x 1000 (31)

y 6
3779\/ j2m x 10

n =

1+ 1627 x 106

13



j2m x 108 1— 51627 x 106

\/1 T 71627 x 106« 1— j1627 x 106

= 377Q

72m x 106 4 2(162) (7 x 106)
1+ (1627 x 106)?
j21 + 3.2 x 10°

= (@Y -
377 1+2.59 x 101t

N (N ST

5% 105
= 7.54x107* (5.7 x 10* + j5.5 x 1077°)

= 42.7+j42x1078

= 377Q

NOTE: In this case, the real part is much much bigger than the imaginary part—we can consider 7, = 43.

R 2 —M
2 +1h
43 — 377
43 + 377
= -0.8

22
2 + M1
2(43)
43 + 377
= 0.2

Part (a) Reflected Now we can find the reflected E field by multiplying the incident E field by R.
E. = RE,
= (~0.8)10 % JEmx107%

— 8 X 10—46—]'%71')(10722

Part (b) SWR In this case 2 > €1, so we can use equation 5-9b on page 185 of Balanis to calculate the
standing wave ratio (SWR):

SWR = |2

€1
81

Part (c) Incident and Reflected Power Densities Using equation 5-6a on page 183 of Balanis, the
incident power density is:

, 1 /=~ =\ _ |El
? — _ 7 ik | —
Sey = 2Re (E x H ) a, o
_ & 10-¢
- T Th4

= ¢.1.326 x 10~°

14



Using equation 5-6b on page 183 of Balanis, the reflected power density is:

R S PN . |
Siw = ghe (B x H™) = —a. |1 o

L 2 1076

= —a,(-0.8) 1

= —a:849x 107"

Part (d) Transmitted We can find the transmitted E field by multiplying the incident E field by T and
accounting for the attenuation constant «.

- g /B
RN
— 0.5(377) /=
- 81
= 209
E — Tvaie*m

_ (0'2)1073esz%7r><10_267212

— 9% 10 te—(21+i3mx107%)z

Part (e) Transmitted Power Density Using equation 5-51c on page 207 of Balanis, the transmitted
power density is:

2 |Eol” 1
St _ d\z |1—‘b|2 %6—20@2}26 <_>

“ 75
A 5 1076 1
= a,(0.2) 5 Re <43>
= (.04)(1.16 x 10~ ®)
= @47x10°%

Part (f) Depth

0.368 = e %!
In(0.368) = 221
21
y = =
In(0.368)
z = 21 meters

Part (g) Wave Length The wave length in water can be found by looking at the wave length in air and
the wave number in water.

2w
W‘///’ :B:7
or 5
T
A= —
B

In water: 8, = 27 X 10%/110081 = 9B4ir = 9%7r x 1072 = 67 x 10-2, so the wave length in water is

15



2_7r
Buw
2
6m x 10—2

1
= = x 10% meters
20\ = 20(33.333) = 666.67 meters

Part (h) Wave Velocity in Water The speed of the wave is found by:

So the time for a wave to travel 100 meters is:

100 m
0.333 x 108 m/s
= 300 x 1078 seconds

Part (i) Relative Velocity

%xlOs_l
3x108 9

16



8 Problem (Class Notes)

8.1 Statement

Given a circular waveguide with cross section defined by radius a, find the 7'M * modes.
NOTE: The answer will involve Bessel Functions.

8.2 Solution

The TM* modes will be expressed in cylindrical coordinates matching the geometry shown in the following
figure.

“Transverse magnetic modes (often also known as transverse magnetic fields) are field configurations
whose magnetic field components lie in a plane that is transverse to a given direction. That direction is
often chosen to be the path of wave propagation. For example, if the desired fields are TM to z (T'M?),
this implies that H, = 0. The other two magnetic field components (H, and H,) and the three electric field
components (E,, E,, and E.) may or may not all exist.

By examining (6-43) and (6-51) it is evident that to derive the field expressions that are TM to a given
direction, independent of the coordinate system, it is sufficient to let the vector potential A have only a
component in the direction in which the fields are desired to be TM. The remaining components of A as well
as those of F' are set equal to zero.” (Balanis, p. 269).

A = d\zAz (p7 ¢7 Z)

F =0

Once the vector potentials are known, we can find the E and H fields using the equations (6-70) on page
273 of Balanis, for TM?# Cylindrical Coordinates:

_ ;1 9%A, _ 1108A,
Ep__']o.)}LE 8p282 HP_ np 09
_ - 1 109%A. _ 10
E¢__]wu.5;8¢82 H¢__Ea_p
X 2
B.=—jie (E+6)4.  H.=0

The vector potential A must satisfy the vector wave equation, so we end up with:

V2A. (p, ¢, 2) + B2A. (p, ¢, 2) =0

For a circular waveguide, A, takes the form:

17



A (P: b, Z) = [AlJm (Bpp) + B1Yn, (Bpp)]
[As cos (m¢@) + By sin (me)]
[A3€*J'Bzz _|_B3e+j5z2]

g = B+

Next we look at the boundary conditions:

«

X X

- E =0 when p=a.
- The fields must be finite everywhere.
- The fields must repeat every 2x radians in ¢.

Since, Y;,,(0) = o0, By = 0, otherwise we violate the second boundary condition.
If we assume that the wave only propagates in the +z direction, then Bs = 0.
We can collect constants—A,,,,, = A1 A3
So, now we can write:

AL (p &, 2) = Amndm (Bp) [A> cos (mg) + By sin (mg)] e™77+>

Now we can look at ENZ:

E.(p, ¢, 2) = —jw%s (g—z +62> A,
= i (5 +57) A (300 Lha o5 m9) + Basin (] =%
= —J w%s (g—i) Apndm (Bpp) [A2 cos (m¢) + By sin (me)] e =%+
+ —j w%g (62) ApnJm (Bpp) [A2 cos (me) + Ba sin (mg)] e =95+
- (62 + (jﬂzf) Apndim (B,p) [Az cos (m@) + By sin (m@)] e 95>
= -J f—/iAanm (B,p) [As cos (m¢) + By sin (mg)] e 35+*

Since E = 0 when p = a, we can say:

2
—jf—leAanm (B,a) [Az cos (m¢) + By sin (me)]e 7% =0

This requires that (see equation 9-25 on page 478 of Balanis):
an

Im (Bpa) = 0= fra=Xpmn = B, =

Xinn is the nth zero (n = 1, 2, 3, . . .) of the Bessel function J,,, of the first kind of order m (m = 0, 1,
2,3,...).
This leads to a complex definition for 3, (see equation 9-26 on page 478 of Balanis):

B2 — (Xmn)? for B> B,
(Bz)mn: 0 fO’r'ﬂ:ﬂC:ﬂp
—j\/ (Xz2)’ =2 forp < B,

18



9 Problem (Class Notes 1)

9.1 Statement

Calculate the reflection coefficient and percent of incident energy reflected when a uniform plane wave
is normally incident on a Plexiglas radome (assume a infinite flat plane) of thickness 3/8 inch, relative
permittivity 2.8, with free space on both sides. Frequency corresponds to free-space wavelength of 20 cm.

9.2 Solution
Recall that:

1y 4 Dpge /2524

1+ I'ypTpge—i2824
="
r = —
12 ———
3 =12
N3 + M2

In this case

m = 377

2 =

ns = 377

225 =377

225+ 377
= -0.25

377 — 225

377 + 225
= +0.25

27c

By

2m(3 x 108)
2

= 37 x 10°

3
d = ginch
= .375inch
= 0.0095meter

19



B2 = wy/|10€,2.8
= 37 x 10°v/47 x 107 x 8.85 x 1012 x 2.8
= 526

So

—0.25 4 0.25¢92(52.6)(.0095)
1+ (—0.25)(0.25)e—92(52.6)(:0095)
—0.25 + 0.25¢ 7

1+ 0.0625¢—7
—0.25+0.25 (cos 1 — jsin1)
1+ 0.0625 (cos1 — jsin1)
—0.25 + 0.25(0.54 — j0.84)
1+ 0.0625(0.54 — j0.84)
—0.115—-50.21
1.034 — j0.0525
= —0.101 - j0.208

R =

Applying the principle of equation 5-6b on page 182 and equation 5-51 on page 207 of Balanis, the
percentage of incident energy reflected is found by squaring the magnitude of R:

|R” = (0.101)* + (0.208)* = 0.053 = 5.3%

20



10 Problem (Class Notes 2)

10.1 Statement

What refractive index and what thickness do you need to make a quarter wave anti-reflection coating between
air and silicon at 10 GHz? The relative permittivity of silicon is 3.5.

10.2 Solution
Recall that:

[y + [azei202d

R = —

1+ I'ypTpge—i2824
2 —n

e =
2 + M1
3 — 12

Iy = ——
N3 + 12

For the slab to be anti-reflective, R must equal 0, which happens when the numerator equals 0.

R=0= Flg + F23€7j2B2d

21 )\2
2B2d|p_roG . =2 (/\_2> <Z> =7

e VT =1

For fo = 10GHz,d = %, then

So we get (see example 5-10 on pages 225-226 of Balanis for the algebra):

R = 0 = F12 + F2367j252d
= T2 —Ta3
0 — T2 —m _ 3 — 12
N+m N3+
N2 = /Mmn2
m = 377

= HO
s 2035
/1
= 37T/ —
3.5
202
mn = vV 377 x 202
= 275.6
This means that the dielectric constant of the slab is

275.6 = 377 i
Ve,

e = 1870



Index of Refraction = T
Hogoer
= Ver
= V1.87
= 137
We also know that 5
T
7 = B = W /6!},
27” = 207 x 10°y/1.87 x 8.85 x 1012 x 47 x 107
= 45.6
A = 22cem
A
d = -
4
_ 22em
N 4
= 0.55cm
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11 Problem (Class Notes 3)

11.1 Statement

Compare the currents that would be required between a half-wave dipole (0.5\) antenna and a small dipole
of length 0.05\ to produce 100 W of radiated power from each.

11.2 Solution

The power radiated by a half-wave dipole can be found from the equation:

Prad = Ierad
= I°73.1
So it will take:
100 = I°73.1
100
I = —
73.1
= 1.17amps

to radiate 100 W of power.
The power radiated by a hertzian dipole can be found from the equation (assuming free-space and far-

field):

e

A

s 2 J
P =3 {1_(167“)3}
1.05,\2{1 j }
A (kr)3
394.8(0.051)>

= 0.987I°

™
= 3775

So it will take:

98712
100

I = —
987

= 10.07 amps

100

to radiate 100 W of power.
It takes 10 times more current to radiate the same power from the smaller dipole!
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12 Problem (Balanis 6.1)

12.1 Statement

If 176 = jweV x Il¢, where Il is the Hertzian potential, show that:
(a) V2L, + %I, = j (1/we) J
(b) Ee = I, + V (V - II,)
(0) T, = —j (1/wpe) A

12.2 Solution

NOTE: This is based on the discussion in section 6.2 on pages 256 and 257 of Balanis.
Substitute the given equation into Maxwell’s curl equation:

V x E, = —jwpH,
reduces it to
V x B, = —jwp (jweV x II,) = w?epV x II,
which can also be written as
V x [B. - g] =0
From the vector identity
V x(=Vée) =0

we can transform the previous equation to

E, — BZHe = _vd)e
or

E. = -V, + 1L, (1)

¢ represents an arbitrary electric scalar potential that is a function of position.
Taking the curl of both sides of the given equation and using the vector identiy

V xV xIl, =V(V-1II,) - VI,

leads to

V x (if{v> =V(V-1I,) — VI,

Jjwe
For a homogeneous medium, this reduces to

1 —
—V x H, =V(V-II,) - V*II,
Jjwe
Equating Maxwell’s equation
V x 176 =J+ jwaE;

transforms the previous equation to
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1 /-~ —
— (J +jwsEe) - V(V-IL) - V2IL,
— +E, = V(V-II,)- VI,

Now we substitute the previous value for E‘ve to get:

J —
—~— +E, = V(V-II,) - VI,
Jwe
‘7 2 2
-—_v¢e+ﬂne = V(V'He)_vne
Jwe
2 2 j
VHe+,8 He = _.—_'_V(V'He)_'_vqse
Jwe
VL, + 621, = wi6f+V(v-He+¢e)

So far, only the curl of II, has been specified. This means that we are free to specify its divergence. To
make life easy and to satisfy the identity of Part a of the problem, we choose:

V-1, = —¢. (2)
Part (a) This reduces the previous equation to:
VAL + 6710, = L F
we
which demonstrates that (a) is true.
Part (b) Inserting (2) into (1) gives us:
E. = V¢ + BZHe

V (V- 1I,) + 3?11,
Bl + V (V- 1IL.)

which demonstrates that (b) is true.

Part (c) Finally, if we equate equation (6-4a) on pate 256 of Balanis with the given equation in this
problem, we see that:

1 — —
—-VxA=H4 = H,=jweV xIl,
7
1
Vx=-A = V xjwell,
I
1 .
—A = jwell,
I
1
—A = I,
HWE
I, = —
WHe

which demonstrates (c) is true.
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13 Problem (Balanis 6.17)

13.1 Statement

Show that for observations made at very large distance (8r > 1) the electric and magnetic fields of Example
6-3 reduce to:

L/t jBr
Ey = ]nﬁ c in @
47r
E
H¢ ~ —9
n
E, 0
Ey = H.,=Hyg=0

13.2 Solution

Example 6-3 defines the electric and magnetic fields for a very thin linear electric current element of very
short length and a constant current to be:

By =nlfet (14 L) e 9 H, =0
Ee—]’l}ﬂlfﬂ_s;ne |:1+]‘%T—ﬁ] e—iBT Hy=0
— _ ;Blctsind 1 —j

When Sr > 1 terms that have gr in the denominator will become negligible. Terms with any power
(greater than 1) of r in the denominator will also become zero. These terms are highlighted in bold below.

_ I lcos9 1 —jpr _
E, = ,BIJSlnG 1 1 1 —jBr Hy =0
0 =Jn dnr + ],87" (,67“)2 e 0
_ BIl.lsinf 1 —jBr
E¢ = 0 H¢ '774771‘ (]— + jﬂ'r_> e
Zeroing these terms out, yields:
E, =0 H,=0
E9 — ]T’BI {sin f —]ﬂr H0 — 0
Ey=0 Hy = jeLbsing o—jpr _ B

n
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14 Problem (Balanis 6.20)

14.1 Statement

The current distribution on a very thin wire dipole antenna of overall length ¢ is given by

I a Iy sin [B (%—Z’)] OSZ’S%
=V ahsn[s(i+2)] —f<<0

where Ij is a constant. Representing the distance R of (6-112) by the far-field approximations of (6-112a)
through (6-112b), derive the far-zone electric and magnetic fields radiated by the dipole using (6-97a) and
the far-field formulations of Section 6.7.

For completeness:

I

‘ R=1[r? 4 (r')? — 2r1' cos ] ? ‘ ‘ (6-112) ‘
| R =r —r'cosy | for phase variations | (6-112a) |
| R=r | for amplitude variations | (6-112b) |
A= £ [ L@y, 2) dl' | | (6-97) |

14.2 Solution

Fitting (6-112a) and (6-112b) into (6-97) and using the Calculus shown on slides 13 through 15 of Lecture
#8 gives:

r

. t3 Y .
= d\z 'u—IOe*]BT/ sin ﬂ A |Z’| egBr cosz/;dzl
4rr t 2

~ Y —jB(r—r'cosy
A= ot [Iysin <[3 (5 — |z'|>> A ——
7

Now we can use the short-cut equations for far-field approximation from slide 17 of Lecture #8 (see also
equations 6-101 on page 281 of Balanis).

This requires converting A into spherical coordinates. Since we have only an @, component, this means
equation (II-12a) on page 924 of Balanis reduces to:

A, = A.cosf
Ay = —A,sinf
Ay = 0
E, ~0 H,~0
Ey~0 Hy~0
— L _ L —_ L _ L
By = jusin b foe- i [ACasa)ocoOOl] o e g pe-ior [t e)oenlof)
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15 Problem (Balanis 6.21)

15.1 Statement

Show that the radiated far-zone electric and magnetic fields derived in Problem 6.20 reduce for a half-
wavelength dipole (¢ = A/2) to

Toe=3%7 [ cos (% cosd
B o~ e cos(.zcos )
27r sin 6
E
H¢ ~ —0
n

E, ~ Ey~H,~Hy~0

15.2 Solution

Recall from the solution to problem 6.20 (see section 14 of this paper):

Er ~0 HT ~0

E¢ ~0 H9 ~0
T oo i _igr | 2|cos(B5 cos y)—cos(5% = jw [ 2[cos(BE cos ) —cos(BL
R e e A A b =)

From this, we can see by direct observation that the last two lines of the stated problem are true. That
is:
Ey
n
E, ~ Ey~H,~Hy=0

This leaves us with proving that

Eq

_ Ipe 57 | cos (5 cosb)
= 2nr sin

when

| >

—~ , [2 | cos BMCOM/} — cos B(A/Q)
Ey ~ jwsinﬁLIOe*JBT [ ( 2 : 2 ( 2 )]-I
4nr Bsin® ¢ J

~ jwsin@LIOe_jBT 2 [cos (%%Cosw) —cos (2%%)]

B 4rr I Bsin21/1

~ ising g oo | 21008 (5 cos) — cos (3)]

~ jw s1n947rrloe _ e’y

 wsingt g g | 2108 (5 cosv)]

~ jwsm94ﬂ_rloe Fein

At this point we note that ¢ = 8 = azimuthal angle.
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1

1

1

1

1

1

1

1

josind L et lu]
dmr

[ sin? #
ar | cO8 (% cosb)
WQB Toe l sin 6
jwp Ipe 757 | cos (% cosb)
B8 2mr sin 6

jwp Ipe 787 | cos (% cosb)
wy/lE 27T sin

Jp/E Ipe=ibr lcos (% cos 0)]

€ 2nr sin

sin 6

j\/_ Ioe_j/” lcos (% cosﬁ)]

e 27 sin @

]\/_ w Ipe 98" [cos z cost‘))]

27r sin @

. Ioe_jﬁ" lcos (Z cos 9)]
J
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