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1 Overview

Partial differential equations (PDEs) are mathematical models of continuous
physical phenomena in which a dependent variable, say u, is a function of more
than one independent variable, say ¢t and . PDEs are often derived by applying
a fundamental principle such as conservation of mass, momentum, or energy.
The resulting equation is referred to as the governing differential equation since
it expresses the mathematical rule which acceptable solutions, e.g. u(z, t), must
obey. Other conditions are required to fully define the solution. These are usu-
ally boundary conditions for field problems and initial conditions for transient
problems.

This paper provides a survey of the three primary types of partial differential
equations: parabolic, hyperbolic, and elliptic. The equations are described in
terms of the types of solutions that they admit, and the speed with which
information propagates along coordinate directions. The presentation is non-
rigorous.

Example: 1D Heat Conduction in a Rod The heat flux in the z-direction

is given by Fourier’s Law
B k(‘)T
o= "oy

where k is the thermal conductivity, a material property. Applying an energy
balance to a differential section of the rod gives

d dT
—|k— ) =0
dx dx
If there are significant temperature gradients in both the z and r directions
within the rod then heat flows in both of these directions. The heat flux is then
a vector, q, and the component heat fluxes are given by Fourier’s Law
oT or
k

x:_k_ r — —R3—
4 or 1 or
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An energy balance on an infinitessimal chunk of material gives

0 oT 10 oT
e (’“%) T (ka_) =0

This is the two-dimensional Laplace equation in axisymmetric coordinates.

2 Classification of Physical Problems

Ames [1, Chapter 1] identifies three basic types of physical problems that lead
to partial differential equations

1. Equilibrium Problems

e Steady state conservative systems—field problems.

e Physical phenomena inside the domain are described by an elliptic
partial differential equation

e The steady state of the sytem cannot be determined unless boundary
conditions are supplied

e A solution is the function that satisfies both the governing PDE and
the boundary conditions

e Example: Steady state temperature distribution inside a solid object
2. Eigenvalue Problems

e Determine the critical parameters that describe

e Examples: resonance phenomena, stability analysis
3. Propagation Problems

e Time dependent spatial distributions—initial value problems.

e Physical phenomena inside the domain are described by a hyperbolic
partial differential equation

e The steady state of the sytem cannot be determined unless initial
conditions and boundary conditions are supplied

e A solution is the function that satisfies the governing PDE, the initial
conditions and the boundary conditions

e Examples: Wave propagation, transient and high speed fluid flow

3 Classification of Partial Differential Equations

Partial differential equations can be classified as either parabolic, hyperbolic,
or elliptic. The physical interpretation of these terms leads to a description of
the way that information can flow along characteristic directions in the physi-
cal domain. These distinctions are important because the choice of numerical
method depends on the physical behavior of the system, which is reflected in
the type of PDE that models the system.

Propagation problems (see preceding section) give rise to parabolic or hy-
perbolic PDEs. Equilibrium problems result in elliptic PDEs.
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Figure 1: Information propagation along characteristics of the heat equation—a
parabolic PDE.

3.1 Parabolic Partial Differential Equations

Example: The heat equation. Consider the one-dimensional (in space)
heat equation for u = u(z,t).

ou _ Pu
ot “ox2 =

with boundary and initial conditions

u(t,0) = ug u(t,L) = ur,
u(0,z) = g(z)

where « is the diffusivity, a material property. The solution, u(z,t) can be
represented as a field in the semi-infinite strip shown in Figure 1. At time ¢, the
boundary conditions at x = 0 and x = L both influence the solution at position
xp. This is true at all subsequent times. The solution at (¢,, z,) also influences
the solution at future times in the entire region above the line ¢ = ¢,,. Thus, we
can identify the semi-infinite strip above ¢ = ¢, as a region in which the solution
depends on the solution at (t,,x,). This is called the domain of influence of
u(tp, xp). This also means that the solution at (t,,z,) is affected by all points
in the space-time where ¢t < ¢,,. This region is called the domain of dependence.

3.2 Hyperbolic Partial Differential Equations

Example: The wave equation. Consider the one-dimensional (in space)
wave equation for u = u(x,t).
0%u 0%u
e ,
ot2 Ox? - -
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Figure 2: Information propagation along characteristics of the wave equation—a
hyperbolic PDE.

with boundary and initial conditions

u(t,0) = ug u(t,L) = ur,
ou
u(0,2) = (@) 5| =@

where +/c is the wave speed. The solution, u(z,t) can be represented as a field
in the semi-infinite strip shown in Figure 2. The state of the solution at time t,
and position z, influences the solution at all other points in the wedge of space-
time labelled domain of influence. This wedge is defined by two characteristics
with slope =-c.

3.3 Elliptic Partial Differential Equations

Example: The Laplace equation. Consider the Laplace equation, which
is a model of steady heat conduction in a two-dimensional domain. Let T =
T(z,y) be the temperature field in a slab of some solid of width W and height
H. The temperature field is governed by

PT 0T
Yo %2 0 0<z<W, 0<y<H
0x2  Oy? =T= =Y=

with boundary conditions

T(l‘,O) :T1 T(JZ,H) =T3
T(0,y) = TWT(W,y) = Tp

The solution, u(x,t) is a field in the rectangular domain shown in Figure 3. The
state of the solution at time x, and position y, influences the solution at all


Sareshtehdari
domain of
influence

Sareshtehdari
domain
of dependence

Sareshtehdari
+ c

Sareshtehdari
– c

Sareshtehdari
wedge is deﬁned by two characteristics
with slope ±c.


REFERENCES 5

yﬂ /’ T3
H
Ty iTz
Yp 1
p
0 : - X
0 \Tl Xp W

Figure 3: Information propagation along characteristics of the Laplace equation—
an elliptic PDE.

other points in the domain. In other words the entire domain is both the domain
of influence and the domain of dependence. One can think of temperature
information as propagating with infinite speed in all coordinate directions. This
may be confusing unless one realizes that there is no time dependence at all.
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Classification

1. A partial differential operator (PDO) L is linear if for any functions u and v and and

scalars c,
L{u+ cv] = Lu + cLwv. (1)

If L is a linear PDO, the equation
Lu = f, (2)

is homogeneous if f = 0, and inhomogeneous otherwise.
2. Superposition: If uq,...,u, satisfy the linear, homogeneous equation

Lv =0, (3)
then any linear combination u = cyu; + - - - + c,u,, also satisfies it.

3. Extensions: If {ux}g2, satisfy (3) and

0o
u = E CrUfk,
k=1

converges “well enough,” then u also satisfies (3). If u(x, «) satisfy (3) for all a in some
interval I and

u(z) = /c(a)u(a:,a) dx,

I

converges well enough, then u also satisfies (3).

4. Consider second-order, linear PDE in two independent variables. Associate with a
t-derivative the symbol 7, with an x-derivative ¢ and with a y-derivative 7. The heat
equation is

Uy — kg, = 0, (4)

where k > 0. We thus associate with it the symbol 7 — k£?, suggesting a parabola in the
é1-plane. For this reason, the heat equation is called parabolic. Laplace’s equation is

Uy + Uyy = 0, (5)

with the symbol €% 4 n?. This suggests an ellipse in the £n-plane. Thus Laplace’s equation
is elliptic. Finally, the wave equation

Upp — P Ugy = 0, (6)

has symbol 72 — c?£? and is thus a hyperbolic equation. We won’t go into the details of
classification, but there are a few general points to bear in mind:
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a. Parabolic equations govern phenomena (e.g. diffusion) characterized by smoothing,
spreading flow. The heat operator

H=— —kA
ot

is the archetypal parabolic operator.

b. Elliptic equations govern equilibrium, energy-minimizing states. The Laplacian A is
the archetypal elliptic operator.

c. Hyperbolic equations govern “distrubance preserving” phenomena such as travelling
waves and shocks. The D’Alembertian [J is the archetypal hyperbolic operator.

d. Many PDO do not fall into one of the three categories. For example, the Tricomi
operator (from gas dynamics)

0? 0?
Y52 + Ek

is hyperbolic for y < 0 and elliptic for y > 0.

L =

e. Classification is harder with more independent variables, with higher-order PDE and
with systems of equations.

f. There are various refinements of the linear-nonlinear, homogeneous-inhomogeneous,
parabolic-elliptic-hyperbolic classifications. You might, for example, have a “quasilinear
elliptic” equation, or a system of equations that is “symmetric hyperbolic.”
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We restrict our attention to specialisations of the equation

2 2 2
AM+Bau +Cau=H

g 1
ox? dxdy dy? M

where u = u(x,y) and A, B, Cand H may depend on x, y, u, u_ and u,. Such an equation is

called a quasi-linear equation of second-order sincethe partial derivativesof highest order are
involved in a linear way. The genera linear equation of second-order is represented by the
generd form

2 2 2
A8u+Bau +Cau+D%+E@+Fu=G, 2

Ox?2 dxdy oy? Ox oy

where 4, B,...,G depend only on x and y. It can be shown that the quantity B? - 44C hasa
central role in the classification of equations of the form (1) or (2):

(i) if B2-4AC > 0 at (x,y) the equation is said to be HY PERBOLIC at (x,y)
(i) if B2-4A4C < 0 at (x,y) the equation issadto be ELLIPTIC at (x,y)
(iii) if B2-4AC = 0 at (x,y) the equation is sadto be PARABOLIC at (x,y)

The terminology ari ses from an associa ed conic section which occursin therdevant theory.

eg ) Uy~ U, =0 iseverywhere HYPERBOLIC (4 = 1,B=0,C = - 1)
(i) U+, =0 iseverywhere ELLIPTIC (4 = 1,B=0,C = 1)
() u, iseverywhere PARABOLIC (4 = 1, B = C = 0)
(iv) (A-»u, +2xu, + (L+y)u, = G.
Here B2 - 4AC =4x2-4(1-y?)=4(x%>+y?-1).
ELLIPTIC inside unit circle, HY PERBOLIC outside, PARABOLIC on urit circle.
V) u -+ uu,, = H. Depends onsign of u at (x,y).

HY PERBOLIC egquationsusud ly ariseinvibration prold ems(e.g. waves, vi brations of structur es)
and y representstime ¢. (i) is caled the WAVE equation and «(x,?) is the deflection of, for
example, a sring or beam.

ELLIPTIC equations usually apply to steady date problems. eg. « can be temperature,
deflection, ectrog aticpotential, vel ocity potential, stream function etc. (ii) isLaplace'sequation.

PARABOLIC eguations normally arise in diffusion or heat conduction problems. « can be
concentration, temperature etc. Here y = t.

INITIAL CONDITIONS AND BOUNDARY CONDITIONS

Theimportanceof the classification isthat thetype of the equation governsthe number and nature
of initial and/or boundary conditions whichmust be specified in order to obtain auniquesolution.
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(& ELLIPTIC EQUATIONS: Boundary conditions
eg. wu,+tu, =G inafiniteregion R bounded by a closed curve C.

XX

YA

=Y

We must specify
0] u oncurve C.
or (i) du/dn on C (n isoutwardnormal to C).
or (i)  «u+Pou/onon C (o and P are given constants).
or (iv)  acombination of (i), (ii) and (iii) on different partsof C.

In Cartesan coordinates the amplest case isif R isrectangular with boundary condition (i).
R can extend to infinity, in which casewe must specify how the solution behavesas x or y (or
both x and y) tend to infinity.

(b) PARABOLIC EQUATIONS: Initial conditions and boundary conditions.
eg. u = u, intheopenregion R inthe (x,r) plane. Ristheregion a<x<b, 0<t<e.

t u or Ju/dx = < u or Ou/dx
or or
R
ou+Bou/dx = < ou+ Pou/dx
0 a 1[ b X
u

Wemus specify u onz=0 (i.e. u(x,0)) fora < x < ». Thisisaninitial condition (e.g. aninitial
temperature distribution) and suitable boundary conditionson x = a, 5 are as shown.

(c) HYPERBOLIC EQUATIONS: e.g. u . = u,, Initial conditions and boundary conditions as

for (b) except that we must also specify u, at 7= 0 for a < x < b (inadditionto ») and R isthe
regiona<x<b, —wo <f<w,

pcl309.wpd
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We describe a systematic procedure for classifying partial differential equations which are
invariant with respect to low-dimensional Lie algerbas. This procedure is a synthesis of the
infinitesimal Lie method, the technique of equivalence transformations and the theory of
classification of abstract low-dimensional Lie algebras. By way of illustration, we consider
three examples of group classification of partial differential equations in new approach.

1 Introduction

This article is based on two talks (one given by each of the authors) at the Fourth International
Conference “Symmetry in Nonlinear Mathematical Physics” (9-14 July, 2001, Kyiv, Ukraine).
More details can be found in [9] and [16], and a short description is given in [17].

The analysis and classification of differential equations using group theory goes back to So-
phus Lie. The first systematic investigation of the problem of group classification was done by
L.V. Ovsiannikov [1] in 1959 for nonlinear heat equation

up = [f(u)ug]z,

where f(u) is an arbitrary nonlinearity. His approach is based on the concept of the equivalence
group, which is the Lie transformation group (acting in the space whose local coordinates are
independent variables, the functions and their derivatives) preserving the class of particular
differential equations under study. It is possible to modify Lie’s algorithm in order to make it
applicable for the computation of this group (see, e.g., [2]). Having obtained the equivalence
group one constructs the optimal system of subgroups of the equivalence group. The last step
uses Lie’s algorithm for obtaining specific partial differential equations that (a) belong to the
class under study, and (b) are invariant with respect to these subgroups.

This approach has been applied to a number of equations of mathematical physics. Here we
mention just a few of the papers in which the group classification of nonlinear heat equations
has been studied:

Akhatov, Gazizov, Ibragimov (1987, [3])

ur = G(ug)Ugq;

Dorodnitsyn (1982, [4])

dG(u)

up = G(u)ugy + T ur + g(u);
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Oron, Rosenau (1986, [5]), Edwards (1994, [6])
dG(u)
du
Cherniha and Serov (1998, [7])

dG(u)
du

Ut = G(u)umm + ugzc + f(u)ua:a

ur = G(u)ugy + ugzc + f(u)ug + g(u);

Gandarias (1996, [8])

Uy = UMy + ™ + g(@)u™ug + f(z)u’.

However, the possibility of implementing Ovsiannikov’s approach in its full generality presup-
poses that we are able to construct the optimal system of subgroups of the equivalence group.
However, even for the case when the equivalence group is finite-parameter, there arise major
algebraic difficulties, since the classification problem for all finite-parameter Lie groups has not
yet been solved (to say nothing about infinite-parameter Lie groups, where this problem is com-
pletely open). Consequently, there is an evident need for Ovsiannikov’s approach to be modified
so as to be applicable to the case of infinite-parameter equivalence groups.

Here we turn out attention to a new approach, proposed by R. Zhdanov and V. Lahno in [9],
that enables us to solve efficiently the symmetry classification problem for partial differential
equations even for the case of infinite-dimensional equivalence groups. It is based mainly on the
following facts:

e If the partial differential equation possesses non-trivial symmetry, then it is invariant
under some finite-dimensional Lie algebra of differential operators. In the event that the
maximal algebra of invariance is infinite-dimensional, then it contains, as a rule, some
finite-dimensional Lie algebra.

e If there are local non-singular changes of variables which transform a given differential
equation into another, then the finite-dimensional Lie algebras of invariance of these equa-
tions are isomorphic, and in the group-theoretic analysis of differential equations such
equations are considered to be equivalent.

e Abstract Lie algebras of up to six dimensions have already been classified [10, 11, 12, 13].

What we have in [9] is a preliminary classification of inequivalent realizations of low-dimensio-
nal Lie algebras within some specific class of first-order linear differential operators. This class
is determined by the structure of the equation under study. Its elements form a representation
space for realizations of Lie algebras of symmetry groups admitted by the equations belonging
to the class of partial differential equations under study. A natural equivalence relation is
introduced on the set of all possible realizations. Namely, two realizations are called equivalent
if they are transformed into each other by the action of the equivalence group. In other words,
solving the problem of symmetry classification of partial differential equations having some
prescribed form, is equivalent to constructing a representation theory of Lie transformation
groups (or Lie algebras of first-order partial differential operators) realized as symmetry groups
(algebras) of the equations in question.

2 Description of the method

The new approach to the classification of partial differential equations is a synthesis of Lie’s
infinitesimal method, the use of equivalence transformations and the theory of classification of
abstract finite-dimensional Lie algebras. It provides a constructive solution of the problem of the
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group classification of partial differential equations possessing arbitrary elements and admitting
non-trivial finite-dimensional invariance algebras.

The group classification in the approach described here is implementation of the following
algorithm:

L

II.

I11.

The first step involves finding the form of the infinitesimal operators which generate the
symmetry group of the equation under consideration, and the construction of the equiv-
alence group of this equation. To find the form of the infinitesimal operators one uses
the usual Lie algorithm. In doing this we obtain a system of linear partial differential
equations of first order which connect the coefficients of the infinitesimal operators with
the arbitrary term of the equation. In the following we call this system the characterizing
system of the equation. In order to construct the equivalence group £ of the equation one
can use the infinitesimal method as well as the direct method.

In the second step one carries out the group classification of those equations of the given
form which admit finite-dimensional Lie algebras of invariance.

For this, one carries out a step-by-step classification of finite-dimensional Lie algebras
within the specified class of infinitesimal operators, up to equivalence under transforma-
tions of the group £. In doing this, one has to check that each algebra obtained in this way
can be an invariance algebra of the equation at hand before proceeding from the realization
of Lie algebras of lower dimension to the realization of Lie algebras of higher dimension.
This eliminates superfluous realizations of Lie algebras. Also, those realizations of Lie
algebras which are invariance algebras of the equation will, as their dimension increases,
correspond to greater fixing of the arbitrary term.

This procedure is continued until the arbitrary term in the equation is completely deter-
mined or until it is no longer possible to extend the realization of Lie algebras beyond a
given dimension within the specified class of infinitesimal operators.

The third step is then to exploit the characterizing system or the infinitesimal method of
Lie in order to find, for each of the particular choices of the arbitrary term, the maximal
invariance algebra of the equation under consideration. Moreover, the equivalence of the
equations obtained in this manner is determined. We note that, in as much as equiva-
lent equations have isomorphic invariance algebras, we may test the realizations of the
invariance algebras for equivalence rather than test the equations themselves.

3 Examples of the group classification

Here we give some examples illustrating how the method works.

Example 1 ([14]). Group classification of

Uty + A(t, 2)up + B(t, x)ug + C(t, z)u = 0. (1)

Ovsiannikov [15] gave a group classification of (1), using Laplace invariants

h=A+AB—C, k=DB,+AB—C.

His results can be formulated as follows:

Theorem 1. Equation (1) admits a Lie symmetry algebra of dimension greater than 1 if and
only the functions p, q given by

k 1
p= q= Eaxay(ln h)
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are constant. In this case, equation (1) is equivalent either to the Euler—Poisson equation

2wy 2pug 4pu
qt+x) qlt+z)  ¢*(t+x)

Uty

when q # 0, or to the equation
Uty + tus + prug, + ptexu =0
when q = 0.

We have carried out the group classification of equation (1) using our method.
First, we find (by standard methods) that the infinitesimal generator of symmetries is given by

X = f(1)0 + q(x)0y + h(t, x)udy,
where the functions f, g, h satisfy

hi + Bf + fB; + gB, = 0,
hy + Ad' + gA, + fA; =0,
hiw + Cf + fCi + Cg' + gCy + Ahy + Bhy = 0 (2)

(we omit the trivial symmetry X = w(t, x)0,, where w is an arbitrary solution of (1)).
A direct analysis of (2) is not possible. The equivalence group of (1) is given by transfor-
mations of the two following types:

(a) r=a(t), &=p0(x), v=~0(tx)u+p(t ),
b)) r=ax), &=p6(t), v=~00tzx)u+pt x),

where «, 3 are arbitrary smooth functions and 6, p satisfy
0tpe + ptOz — Opia + pOiy — 259% + AlOip — 0pi] + BlOrp — 0p.] — Clp = 0.

We note that equation (1) is invariant under the operator ud, and that [X,ud,] = 0. So,
X and ud,, form a two-dimensional Lie algebra. There are only two canonical forms for a two-
dimensional Lie algebra

A9 = <61, 62> with [61, 62] =0,

Aoy = <61, 62> with [61, 62] = eq,

and we clearly see that only As; is suitable for our purposes.
We now need to find a canonical form for the operator X. We have the following result:

Proposition 1. Let Ag; be the invariance algebra of equation (1). There are two inequivalent
canonical realizations of Ay = (u0y, X):

A%l = (u@u, 8t>7 A%l = <uauaat + 8ac>7
and the corresponding canonical forms for equation (1) are

Ab s uge + B(@)ug +u =0, (3)
A3 uge + B(2)ug + C(2)u=0 (4)

with z =t — x.
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The system (2) for equation (3) then becomes
he+Bf+9By =0,  ha=0, f+g =0, (5)

where B = B(x).
We easily integrate (5) and we find B = mx, where m = const # 0, and equation (3) takes
on the form

Upr + mau, +u = 0.
The invariance algebra of this equation is
(uOy, O, tOy — Oy, Oy — Mitudy,).
For equation (4) we find (using the same procedure) that the corresponding canonical form for
equation (1) is
m
Uty + — Uz + U= 0,
z z

where m, k are constants with k # 0, and z =t — x.
The invariance algebra of this equation is

1
(uOy, Oy + Oy, tO; + 20y + §mu8u, t20; + 20, + mtud,).

These results are equivalent to the ones obtained by Ovsiannikov.

Example 2 ([9]). Group classification of nonlinear equation of the form
U = Ugy + F(t, 2, u,uy). (6)
First, we find that the infinitesimal generator of symmetries is given by
X =2a(t)0 + (a(t)x + b(t))0x + f(t, 2, u)0u,
where functions a, b, f, F fulfil relation

+ (ax + b)Fy + fFy + folu, +ue(fu — @) Fu,. (7)

A direct analysis of (7) is not possible.

Using our approach we have established that there are three classes of equations (6) invariant
with respect to one-parameter groups, seven classes of equations (6) invariant with respect to
two-parameter groups, 28 classes of equations (6) invariant with respect to three-parameter
groups and 11 classes of equation (6) invariant with respect to four-parameter groups.

Here we present all representatives of 11 classes of equations (6) invariant with respect to
four-parameter groups only:

ﬂln|tu2|+ ﬁum’

/i VI

e=1 for t>0, e=—-1 for t<0, BER, A#O0;
Up = Ugy — Mg (T +Injug|), XN#0;

Up = Ugy + Aexp(—ug), A #0;

Up = Ugy + 210 ugy;

1. wy = uge +

Ol W N

Up = Ugy — U 10 |Uug| + Aug, A ER;
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2k—2 1
6. U = Upy + Aug" ", NF#0, k:O,i,l;
Ly
7. ut:um—i—ﬂum;

8. ut:uxx*uuxx+)\|ux|%, )\#0,
9. w = Ugy + ATz mugl, A >0, m#O0;
1 _1
10,y =ty — AL~ lt] 22,
A#0, g/ #1, e=1 for t>0, e=—1 for t<O0;

1 _
1 = uge — Saui(A = a) (14 a?) ' aeRr

Note that case 8) with A = 0 gives rise to the Burgers equation
Ut = Ugy — UlUy,
which is invariant under a five-parameter group.

Example 3 ([16]). Group classification of nonlinear equations of the form
ug = F(t,z,u, ug)uge + G(t, z,u, uy). (8)
In [16] we find that the infinitesimal generator of symetries is given by
X =a(t)0 + b(t,z,u)0y + c(t, z,u)0y,
where a, b, ¢ are real-valued functions that satisfy the system of particular differential equations

(20, + 2uzbu — a)F = aFy + bF, + cF, + (cw + UpCy — Ugby — u?cbu) F.,,
et — Uzby + (cy — @ — uzpby)G + (Ugbpy — Cox — 2UgCay — uicuu

+ 2u:26bw + uibuu)F =aG + bG, + Gy + (cx + UgCy — Ugby — uibu) G, - 9)

A direct analysis of system (9) is also not possible.
The principal result [16] of group classification of equations (8) is the following:

Proposition 2. Equation (8) admits a Lie symmetry algebra of dimension greater than 4 if it
is equivalent to one of the following equations:

U = u*4um — 2u*5ui;

Ut = Ugpy + x_luuw — %2 - 2x_2u;
up = exp(Uz ) Ugg;

Ut = UplUgy, N >—1, n#0;

ANl ol

-1
uy = exp(n arctan uy,) (1 + ui) Uge, n > 0.
These equations are invariant under five-dimensional Lie algebras.

Note that equation 1) is equivalent to the equation obtained by Ovsiannikov [1], equation 2)
is equivalent to Burgers equation, and equations 3)-5) was obtained by Akhatov, Gazizov and
Ibragimov [3].
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