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Part |: Kinematics



1. Bodies, configurations, motions, mass, and mass density.

A body is a set of particles. Sometimes in the literature a body B is referred to as a mani-
fold of particles. Particles of a body B will be designated as X (see Fig. 1.1) and may be
identified by any convenient system of labels, such as for example a set of colors. In mechanics
the body is assumed to be smooth and, by assumption, can be put into correspondence with a
domain of Euclidean space. Thus, by assumption, a particle X can be put into a one-to-one
correspondence with the triples of real numbers X,X,,X3 in a region of Euclidean 3-space E3.
The mapping from the body manifold onto the domain of E2 is assumed to be one-to-one, inver-
tible, and differentiable as many times as desired; and for most purposes two or three times

suffice.

Each part (or subset) S of the body B at each instant of time is assumed to be endowed with
a positive measure M(S), i.e., areal number > 0, called the mass of the part S and the whole body
is assumed to be endowed with a nonnegative measure M(B) called the mass of the body. We

return to afurther consideration of mass later in this section.

Bodies are seen only in their configurations, i.e., the regions of E3 they occupy at each
instant of time t (oo <t<+). These configurations should not be confused with the bodies

themselves.

Consider a configuration of the body B at time t in which configuration B occupies aregion
R in E2 bounded by a closed surface dR (Fig. 1.2). Let x be the position vector of the place
occupied by a typical particle X at time t. Since the body can be mapped smoothly onto a

domain of E3, we write

X = X(X.b) . (1.2)

In (1.1), X refersto the particle, t isthe time, x [the value of the function X] is the place occupied
by the particle X at time t and the mapping function ¥ is assumed to be differentiable as many
times as desired both with respect to X and t. Also, for each t, (1.1) is assumed to be invertible

so that



X = x1(xt) , (1.2)

where the symbol X! designates the inverse mapping. The mapping (1.1) is called a motion of
the body B. The description of motion in (1.1) is similar to that in particle mechanics and is

traditionally referred to as the material description.

During a motion of the body B, a particle X (by occupying successive points in E3) moves
through space and describes a path C ; the equation of this path is parametrically represented by
(1.1). The rate of change of place with time as X traverses C is called the velocity and is tangent
to the curve C. Similarly, the second rate of change of place with time as X traverses C is the
acceleration. Thus, in the material description of the motion, the velocity v and acceleration a

are defined by

aX(X.0) L 0%(XD) |

V = X = , a=X= 1.3
%) (13)

ot

In the above formulae, the particle velocity v is the partial derivative of the function )_( with
respect to t holding X fixed; and, similarly, the particle acceleration a is the second partial
derivative of x with respect to t holding X fixed. Also, the superposed dot, which designates the
material time differentiation, can be utilized in conjunction with any function f and signifies dif-

ferentiation with respect to t holding X fixed.

Reference configuration. Often it is convenient to select one particular configuration and
refer everything concerning the body and its motion to this configuration. The reference
configuration need not necessarily be a configuration that is actually occupied by the body in any
of its motions. In particular, the reference configuration need not be the initial configuration of

the body.

Let kg be areference configuration of B in which X is the position vector of the place occu-
pied by the particle X (Fig. 1.3). Then, the mapping from X to the place X in the configuration

Kr May be written as



X = Kg (X) (1.4)

which specifies the position vector X occupied by the particle X in the reference configuration
Kgr. The mapping (1.4) is assumed to be differentiable as many times as desired and invertible.
The inverse mapping is

1

X =Kk (X). (L5)
R

Then, the mapping (1.1) at time t from the place x to the particle X may be expressed in terms of
(1.5),i.e,

_ 11 _
x = X[k O = X XD (1.6)
The second of (1.6), which involves the function )_(KR (with a subscript kg, emphasizes that the

motion described in this manner represents a sequence of mappings of the reference
configuration Kg. In the future, however, for simplicity’s sake we omit the subscript kg and

write (1.6), and itsinverse as

X = x(X,0 , X = xHxtb) (1.7)

with the understanding that X in the argument (1.6) is the position vector of X in the reference
configuration Kg ~ Returning to (1.6),, we observe that for each Ky a different function )_(KR
results; and the choice of reference configuration, ssimilarly to the choice of coordinates, is arbi-

trary and is introduced for convenience.

A necessary and sufficient condition for the invertibility of the mappings of (1.7), , is that

the determinant J of the transformation from X to x be nonzero, i.e.,

J= det(a—x) = det(ﬁ) £ 0 (1.8)
X X 5 ' '
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Description of the motion. There are several methods of describing the motion of a body.
Here, we describe three but note that, because of our smoothness assumptions, they are all

equivalent.

It was noted earlier that the description utilized in (1.1) is the material description. In such
a description one deals with abstract particles X which together with time t are the independent

variables.

A description such as (1.7) in which the position X of X at sometime, eg., t =0, isused as
a label for the particle X is called the referential description. In the referential description,
which is also known as Lagrangian, the independent variables are X and t. For some purposes,
it is convenient to display and to utilize (1.7) in terms of its rectangular Cartesian coordinates.
Thus, let Ex be constant orthonormal basis vectors associated with the reference configuration
and similarly denote by e, constant orthonorma basis vectors associated with the present

configuration at timet. Then, the positions X and x referred to Ex and g, respectively, are

X =XkEx , X = Xc& (1.9

where X are the rectangular Cartesian coordinates of the position X and similarly x, are the
rectangular Cartesian coordinates of the position x. Referred to the basis g, the component

form of (1.7); can be displayed as
X = Xe(Xk.0) (1.10)

where without loss in generality (since Ey are constant orthonormal basis) we have also replaced
the argument X by its components X. In the future we often display the various formulae both

in their "coordinate-free” forms, as well as their component forms.

The particle velocity and acceleration in a material description of motion are given, respec-
tively, by (1.3); ,. The corresponding expressions for velocity and acceleration in the referential

description (1.7) will have the same forms as (1.3), , but with the argument X replaced by X:
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. 0X . 0%
V—X—E(X,t),a—x ?

X . (1.12)

So far we have introduced two descriptions of motion. The third is called the spatial
description in which attention is centered in the present configuration, i.e., the region of space
occupied by the body at the present time t. In the spatial description, which is also known as
Eulerian, the independent variables are the place x and thetimet. To elaborate further, consider

an entity f defined by

f=f(X,t) . (1.12)
Since (1.1) is invertible in the form (1.2), the function f(X,t) can be expressed as a different
function of x.t, i.e,

fx0) = Fotxn. = fixb) . (1.13)

Moreover, the function f is unique. Itisclear that with the use of the transformation of the form
(1.13), the velocity and acceleration in (1.3), , can be expressed in terms of different functions of

Xt

V=X = Ut = Ve, a= At = Axtb) = B e . (1.14)

In the above spatia description, the spatial form f(x,t) on the right-hand side of (1.13) was
obtained from a representation (1.12) in which f is a function of particle X and t. Analogous

results hold if we start with f = f(X,t) and then use (1.7), to obtain

f=fXt) = f(x.t) . (1.15)
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Material derivative. Consider again a function such as f(X,t) in (1.12). The partial
derivative of this function with respect to t holding the variable X fixed, denoted by f, is called
the material derivative of f. But f, with the use of (1.13),, can also be expressed as a different
function of x,t. Thus, using the chain rule for differentiation, we have
o _of ok, o

joof

ot,  ox ot ot ' (1.16)
X

where on the left-hand side of the above we have temporarily emphasized that the variable X is
held fixed when calculating the partial derivative of f with respect to t. With the use of the first

of (1.3)1, we may rewrite (1.16), as

oofexy o of L of o of o of (1.17)

ot ot ox ot T o,
X

which is the material derivative of f(x,t). The results of the type (1.15) and (1.17) are applicable
to any scalar-valued, vector-valued or tensor-valued field. In particular, consider the referential

form of the velocity vector v which by (1.11); and transformation of the type (1.15) is

v = 0K, = (%) . (1.18)

Then, the acceleration or the material derivative of v where these are regarded as functions of x,t
are
ov o . _ .

a=v-= a0 + &v = alx,t) . (.19

Material curve, material surface and material volume. Let a body B with material
points (or particles) X in a fixed reference configuration Kg occupy aregion R g in E2 bounded
by a closed surface OR g. Any subset S of B in E® will be designated by P (O R g) bounded

by a closed boundary surface oPg. Because of the nature of the smoothness assumption
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imposed on the mapping (1.7), from the reference configuration Ky to the current configuration K
of B at timet, all curves, surfaces and volumesin Ky are carried by the motion X into curves, sur-
faces and volumes in the configuration K. Thus, the region R g with the closed boundary surface
OR R is mapped into a region R with corresponding closed boundary surface oR in K. More-
over, the parts P (! R gr) bounded by dPg is mapped into a part P (I R) bounded by a closed
surface dP. The part P is occupied by the same material points (or particles) as those which

occupied Pk and such aregion or volume is called amaterial volume.

A surface in the reference configuration Ky is defined by equations of the form

FX) =0 or X = X(UpU,) , (1.20)

where U;,U, are parametric variables on the surface. With the use of (1.7),, the surface (1.20)

can be mapped into a corresponding surface

foxt) = FXXx,) = 0 or x(UgpUot) = X[X(UgU M (1.22)

in the configuration K at timet. The surface (1.21) is called a material surface, since its material

points (or particles) are the same as those of the surface (1.20).

A curve in the reference configuration may be regarded as the intersection of two surfaces

of the form

FX) =0 , G(X) =0, (1.22)
and is defined by

X = X() , (1.23)

where U is a parameter and can be identified with the arc length. The intersection of the surfaces

(1.22) can be mapped into a curve in the configuration k which is the intersection of the surfaces

foxt) = FOXCxt)) = 0 , gxt) = GXXx,t) = 0 (1.24)



or
x(U,H) = X[X(U)A] . (1.25)

The curve (1.25) is called a material curve, since its material points (particles) are the same as

those of the curve (1.23).

Lagrange'scriterion for a material surface. A surfacef(x,t) = Oissaid to be materia if
and only if the material derivative of f vanishes, i.e.,
of 0

f:E'F&'V:O. (1.26)

First we write f(x,t) = F(X,t) with the use of (1.7); and suppose that f(x,t) is material.

Then, F(X,t) must be independent of t and hence F = 0and thisimpli%thatf = 0.

Next, suppose that f = 0. Then, it follows that F = 0 and this implies that F must be
independent of t and a function of X only so that F(X) = 0 and after using (1.7), we have the

result that F(x"2(x,t)) = f(x,t) = Oismaterial.

In a similar manner, we may establish that the intersection of surfaces f(x,t) = 0 and

g(x,t) = 0 isamaterial curveif and only if

- of L of ;=99 , 09 . _
f_6t+0xv 0O, g 0t+0xv 0. (2.27)

Mass density. Before closing this section, consider again a configuration k of the body B
at time t in which B occupies a region of E3 R bounded by a closed surface R and recall that a
part (or a subset) of B will be denoted by S. The part S in a neighborhood of the place x in K
occupies a region of space P ([J R) bounded by a closed surface 0P. We introduce explicitly the
mass M(S) of the part and the mass M(B) of the whole body at time t. These measures are non-

negative and may be functions of t. Assuming that the measure M(S) is absolutely continuous,



then the limit

L M(S
= lim
v-0 Vv

P (1.28)

exists, where v = v(P) is the volume of the region of space P. The scalar field p = p(x,t) is
called the mass density of the body in the configuration at time t. The mass density is nonnega-
tive and is a function of both x and t. The mass of the part S of the body and the mass of the

whole body, both at time t, can be expressed in terms of the mass density p:

M@E) = [ pdv , M@B) =[ pdv, (1.29)
P R
where the subscript t attached to S and B emphasizes that the |eft-hand sides of (1.29), , refer to

the masses of S and B in the configuration K at time t and dv is an element of volume in this
configuration, the regions of integration being over P and R in E3.  Similarly, we define the mass

density pR in areference configuration and write

MBr) = [ PrAVR . M(Bgr) =[ PprdVgr, (1.30)
PR R R
where dVy denotes an element of volume in the reference configuration and Pr,R g (PR O R R)

are the regions of space occupied by the part and the whole body in the reference configuration.
If the reference configuration is identified with the initial configuration at time t,, then instead of

(1.30) we write

MSo) = [ PodV , MBy) =[ pocdV (1.31)
Po Ro
where p, and dV are, respectively, the mass density and the volume element in the initial

configuration while P, and R , (P, U R ) are the regions of space occupied, respectively, by the

part and the whole body in theinitial configuation.

It should be emphasized that, at this stage in our development, the mass of a part of the

body and that of the whole body depend on the particular configuration occupied by the body.
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2. Deformation gradient. Measuresof strain. Rotation and stretch.

Henceforth we identify the particle (material point) X by its position vector X in a fixed
reference configuration, which (for convenience) we take to be coincident with the initial
configuration K,. The deformation gradient (also called displacement gradient) F relative to the

reference position is defined by

ox(X.t)
oX ’

F = F(X,t) = J=detF # 0 . (21)

The components of F are designated by F;, or sometimes written as x; o with a comma designat-

ing partial differentiation. They are given by

X (Xe )
Fa = Tj (2.2)

and may be regarded as a 3x3 square matrix.

At afixed timet, line elements dx are related to line elements dX in K, by

dx = FdX or dx; = xjadXp . (2.3)

The deformation gradient F in (2.3) describes the local deformation of a particle (material point)
whose position vector is X in K,. In other words, (2.3) is a linear transformation of a small

neighborhood of X from the reference configuration K, into the current configuration K at time't.

Let the magnitudes of dX and dx be denoted by dS and ds, respectively; and let M and m

be the unit vectors in the directions of dX and dx, respectively. Then,

dX =MdS , M-M =1,
(2.9)
dk =mds , m-m=1,

or in component forms
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dXp = MadS , MaM, =1,
(2.5
d, =mds , mm =1.

M easur es of strain.

In general, the material line element dX undergoes both stretch and rotation. The ratio d¥/dS ,

denoted by A, is called the stretch of the line element, i.e.,

ds
A= — . 2.6
s (2.6)
It then follows from (2.3)-(2.5) that
mds =dx = FdX = FM dS ,
(2.7)
or mpds = dx; = Xja dXp = X My dS .
Next, using (2.6), from (2.7) we have
Am =FM or Am; = Xja My . (2.8)
By taking the scalar product of each side of (2.8) with itself we obtain
M=FM-FM =M:CM , (2.9)
where in writing (2.9); we have also defined the tensor C by
C=F'F. (2.10)
The component forms of the equations (2.9)-(2.10) are:
A2 = Cog M Mg (2.9a)

and
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Cag = XiaXip - (2.10a)

The symmetric tensor C (with components C,) is called the right Cauchy-Green tensor.

Clearly, for a materia line element which coincides with dX in the reference configuration
Ko, the value of the stretch A in the direction M can be calculated from (2.9) once C is known.
Alternatively, A can be calculated in terms of the deformed line element dx in the current

configuration K. To seethis, since F isinvertible, we rewrite (2.3) as

Fldx = dX or Xa;dx = dXp , (2.11)
where the inverse function F~* using (1.7), is defined by

-1

- ox
ox* A
F1= Xpi = —— 2.12
ox O A ox; (212)
Then, from (2.4), (2.5), (2.11) and (2.12) we have
MdS=dX =Fldx = Flmds,
(2.13)
or MupdS =dXy = Xp;dx = Xa;mds,
which with the use of (2.6) can be written in the form
AIM = FIm or AIMy = Xaim . (2.14)

The result (2.14) can also be obtained immediately by inverting (2.8). By taking the scalar pro-

duct of each side of (2.14) with itself we obtain

)\—2 — F—l m - F—l m=m:- (F‘l)T F_l m=m:- B_l m , (2.15)

where in writing (2.15)5; we have also defined the tensor B by
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B=FF' . (2.16)

The component forms of equations (2.15)-(2.16) are:

A2 = Gjm; m; (2.153)

-1

Gi = b =XaiXaj » Bj =XaXa (2.16a)

J
where the notation c;; designates the components of the inverse of the tensor B. The symmetric
tensor B whose components are given in (2.16a) is called the left Cauchy-Green tensor. The ten-
sors C and B represent, respectively, the referential (or Lagrangian) and the spatial (or Eulerian)

descriptions of strain. When the motion is rigid, both tensors become identity tensors, i.e.,

C = B = I, wherel isthe unit tensor.

For some purposes, it is convenient to employ relative measures of strain such that these

measures vanish when the motion isrigid. Recalling (2.9) and (2.15) we may write

M = 1=M (C-I)M = (Cap ~ 5pp)Ma Mg

(2.17)
-1
1-A2=m-(1-Bhm=(-b )mm
]
or equivalently,
M - 1=2M-EM = 2Exg My Mg ,
(2.18)
1-A2=2m-Em=2gmm,
where
1 1
E = E(C_I) or EAB = E(CAB_éAB) , (219)
= 1 - 1
E = E(I -B 1) or QJ = E(élj _Cij) . (220)
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The relative measure E defined by (2.19) is known as the relative Lagrangian strain, and the

corresponding relative spatial measure of strain E is defined by (2.20).

Rotation and stretch.

The deformation gradient F in (2.3) describes the local deformation of a material line element at
X from the reference configuration K, to the current configuration K; it involves, in general, both
rotation and stretch. Now, since by (1.8) the deformation gradient F is nonsingular, using the

polar decomposition theorem it may be expressed in the polar forms

F=RU=VR or Xi,A = RiB UBA = V” RJA , (221)

where U and V are positive definite symmetric tensors called, respectively, the right and left

stretch tensors and R is the proper orthogonal tensor satisfying

RRT =R™TR = | detR = 1, (2.22)

or in component form

RiaRig = 0ag OF RiaRja = g

NERT (2.222)

The effect of (2.21) is to replace the linear transformation (2.3) by two linear transformations.

Either by

dX' = UdX and dx = RdX' or dXg = UgpdX, and dx; = RgdXg , (2.23)
or by

d¢ = RdX and dx = Vdx' or dx = RpadX, and dx; = Vjdx . (2.24)

Associated with each of the stretch tensors U, V are three positive principal values (eigen-

values) and three orthogonal principal directions (eigenvectors). These will be discussed later.
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Here, it should be emphasized that, in generdl, F, R, U, V are al functions of X and t and they
can vary from one material point to another during motion. In the remainder of this section, we

provide physical interpretations for the decompositions (2.23) and (2.24).

(i) Stretch followed by pure rotation. In this case, let the deformation of dX into dX’
involve only pure stretch and the deformation from dX' into dx be one of pure rotation. By

(2.21), and (2.23), aswell as (2.9)-(2.10), we have

dx-dx = RdX'-RdX' = dX'-dX', (2.25a)
or

dx; dx; = Ry Rig dXp dXp = 8ap dXa dXg = dXu dX, (2.25b)
and

C=F'F=(RU"(RU) = U?, (2.26)
or

Cag = XiaXig = Rk Uka Rip Uig = 0 Uka Ug = Uk Ugg (2.279)

A2 = Uga Ugg Mp Mg = Cag Mp Mg . (2.27b)

According to (2.25), the length of the line element dX' is the same as the length of dx so that all
the stretching is represented by U in (2.26). However, line elements are generally also rotated

by the action of U. The part of the deformation described by R is a pure rotation.

(it) Pure rotation followed by stretch. In this case, let the deformation of dX into dx' be
one of pure rotation and the deformation from dx’ to dx involve only stretch and rotation. By

(2.21) and (2.24), aswell as (2.15)-(2.16), we have

dx' -dx' = RdX-RdX = RTRdX -dX = dX -dX , (2.28)



or

and

or
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dx; dx; = Ria Rig dX, dXg = 8pg dX s dXg = dX, dX4 (2.29)
B=FF = (VR)(VR) = Vv?, (2.30a)
= =m-p 2.30b
)\2 =m m , ( . )
bij = XiaXja = ViiRa VisRaa = Vi V) (2.31a)
A2 = Bh;mm . (2.31b)

According to (2.28), the length of the line element dx' is the same as the length of dX so that the

deformation described by R is one of pure rotation.

Keeping in mind the decomposition (2.21), it is evident from (2.26) and (2.30a) that

U = (FTF)”?andV = (F F")” involve the square root operation which often is difficult to exe-

cute and this is the main reason for the choice of U2 = C and V2 = B as the strain tensors.

Moreover, since U? is symmetric positive definite, it possesses a unique symmetric positive

definite square root; a parallel remark applies to the square root of V2. In thisregard the expres-

sions for the sguare root of the stretch A and its inverse, in the forms (2.9) and (2.15), are espe-

cially noteworthy.
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Secs. 3 & 4. Further developments of kinematical results.
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5. Velocity gradient. Rate of deformation. Vorticity.

Consider the spatial (Eulerian) form of the particle velocity in the form given by (1.14),
v = V(x,t) and define the spatial velocity gradient tensor by

L = grad V(x,t) (5.1
or

aV _ _ aVi

& = Vi,j Q@% , Vi,j = a_XJ , (52)

where v; ; are the components of L referred to the orthonormal basis € and in recording (5.2) we
have used the same symbol for the function v and its value. The tensor L can be uniquely

decomposed into its symmetric part D and its skew-symmetric part W (see Appendix L, Sect. 8)

asfollows:
L=D+W, (5.3)
where
1 1
D=Z(L+L0)=dexg , W=(L-L)=wexqg. (5.4)

The corresponding component forms of (5.3) and (5.4) are:

Vi,j = dlj + Wij ) (533.)

where

1 1
dij = Jvij+Vvia) = di o wy = DV vi) = oW (5.43)

The tensor D with components d;; is called the rate of deformation tensor and W with com-
ponents w;; is called the vorticity or the spin tensor.

There is a one-to-one correspondence between a skew tensor and an axial vector (see
Appendix L, Sect. 12). The axia vector w which corresponds to the skew vorticity tensor W in
(5.3) or (5.34) isdefined by

Wz =wxz or W:%CUHV (5.5
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for every vector z. Referred to the basis g, w reads as

w=we (5.6)
and the corresponding component forms of (5.5), , are:

. . 1 1
Wij = €W = EiWk Wi T S kWG = 5 Eiik Vi (5.59)

J 2
where g, stand for the components of the permutation symbol. Motion in which w = 0 is
called irrotational motion. It is usual in some books to identify curl v (instead of % curl v in

(5.5),) asvorticity and denote it by w = curl v.

The foregoing results have been obtained starting from (5.1), where v = v(x,t). Alterna
tively, we may begin by recalling the referential (Lagrangian) form of the particle velocity in the
form given by (1.14),, wherev = v(X,t). Then, the material derivative of the deformation gra-
dient (2.1) is

F=LF, (5.7)
or in component form

XA = XA = Via = VikXka - (5.7a)

Additional useful results may be obtained from (5.7) or (5.78). Thus, the material derivative of

the Jacobian of transformation (1.8) is

J=detF = Jir(LFFY = JurL
=JirD = ‘]Vk,k = Jdkk (58)
or
J = ‘]XA,i Vi,k Xk,A = J6ik Vi,k = ‘]Vk,k . (583.)

A motion which is volume-preserving, i.e., a motion corresponding to which the volume occu-

pied by any material region remains unchanged, is called isochoric. For an isochoric motion,
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J=1 , J=0=>tD=dg=divv = v = 0. (5.9)
Next, consider the material derivative of the tensor C defined by (2.10):

C=FF=FF+FF=F(LT+L)F = 2F"DF , (5.10)

or in component form

Cag = XiaXig = XjaXig + XiaXip

VikXka Xig T Vik XkB XA

(Vik + ViidXka Xig = 20k Xea Xig (5.10a)

In order to discuss a physical interpretation of the tensors D and W (or equivalently the
axial vector w), we take the material derivative of (2.8) with respect to t and make use of (5.7) to

obtain

=AmM+AMmM=FM=LFM =ALm, (5.11)

>

or in component form

m; = ).\mi + A mi = Xi,A MA = Vi,k Xk,A MA = )\Vi,k my . (511a)

>

The scalar product of (5.11) with the unit vector m, after aso using the results m-m = 1,

m-m = 0, yields

>

Lm-m=D+W)-ma&m=D-m&m, (5.12)

|

I
S|
>
I

or

>
1
S}
>

= Vikmymy = (i + wydmy my = dye my my (5.12a)
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It follows from (5.12) that the rate of deformation D determines the material time derivative of
the logarithmic stretch for a material line element having the direction m in the current

cofiguration K. Further, using (5.12), theresult (5.11), may be rewritten as

rh:Lm—%m:Wm+[D—(%)l]m, (5.13)
or from (5.114)

o A A

m; = Vi,j mJ - (X)m, = Wij mJ + [dlj - (X)BIJ] mJ . (513&)

Now, let m be a principal direction of the eigenvectors associated with the rate of deformation

tensor D. Then,

Dm=ym or d;m =ym (5.14)
where the associated scalar eigenvaluey is

y=Dm-m=D-mam =dymm = % (by (5.129) (5.15)
where we have also used (5.12). It follows from (5.14) and (5.15) that

Dm=%m or dijmj:%mi. (5.16)

Moreover, from combination of (5.13) and (5.16) we deduce that

m=Wm=wxm or m =Ww;m = gg;wm . (5.17)

ij J

Thus, the material time derivative of a unit vector m (which represents the direction of a
material linein K) inaprincipa direction of D is determined by (5.17). In other words, the axial
vector w (or the vorticity) is the angular velocity of the line element which is paralel to a princi-

pal direction.

(For further results, see the Supplement to Part |, Section 5.)
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6. Superposed rigid body motions.

A rigid motion is one that preserves relative distance. In this section, we examine the effect
of such a motion on the various kinematic measures introduced in preceding sections. More
specifically, we consider here motions which differ from a prescribed motion, such as (1.7)4,
only by superposed rigid body motions of the whole body, i.e., motions which in addition to a
prescribed motion involve purely rigid motions of the body. For later reference, we recall here

the motion defined in Eq. (1.7)4, namely
x=x (X, 1) .

Consider a material point (or particle) of the body, which in the present configuration at
time t occupies the place x as specified by (1.7);. Suppose that under a superposed rigid body
motion, the particle which is at x at time t moves to aplace x* at timet* =t + a, a being a con-
stant. In what follows for all quantities associated with the superposed motion we use the same
symbols as those associated with the motion (1.7); to which we also attach a plus "+" sign.

Thus, we introduce a vector function x* and write
XT=xT Xt =X (K1) . (6.1)
It is clear that the difference between the two functions )A(" and x* is due to the presence of the

constant a in the argument of the former.

Similarly, consider another material point of the body which in the present configuration at

time t occupies the place y specified by

y=x(Y,t) . (6.2)

Suppose that under the same superposed rigid body motion, the particle which is at y at time t

movesto aplacey™ at timet™. Then, corresponding to (6.1), we write
y =Xt (YL ) =x(Y, (6.3)

Recalling the inverse relationship X = X (x, t) and the analogous result for Y = x Xy, 1), the

function x™ on the right-hand sides (6.1) and (6.3) may be expressed as different functions of x, t
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andy, t, respectively, i.e.,

XF=XTGH =X D L YT EXTY, D =X (6.4)
During the superposed rigid body motions of the whole body, the magnitude of the relative dis-

placement X*(x, t) - x*(y, t) must remain unaltered for all pairs of material points X, Y in the

body and for all t in some finite time interval [ty, t;]. Hence,
X0 1) = X D] X6 ) = XY, 9] = (X = y) - (x =) (6.5)
for al x, y intheregion R occupied by the body at timet.
Since x, y are independent, we may differentiate (6.5) successively with respect to x and y
to obtain the following differential equation for x*:

x| [
ox ay S

(6.6)

where X, y are any pointsin R and t is any time in the interval [t;, t;]. Since the tensor ox*(y,

t)/dy isinvertible, (6.6) can be written in the aternative form

et [y n]
AN | A — AT

foral x,y O Randtin[t; t;]. Thus, each side of the equation (6.7) is atensor function of t, say

Q'(t), and we may set

ox*(x, 1)
— = : 6.8
™ Q) forx OR (6.8)
oxX*(y, 1
Therefore we also have T = Q(t). >From (6.6) or (6.7), we conclude that
Q'Q=1,detQ=%1, (6.9)

and hence Q is an orthogonal tensor. The motion under consideration must include the particu-
lar case )_("(x, t) = x and for this particular case Q =1 and det Q = +1. Since the motions are con-

tinuous, we must always have
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detQ=1 (6.10)
and therefore Q(t) is a proper orthogonal tensor.
The differential equation (6.8) may be integrated to yield
X" (x, 1) =a(t) + Q(t)x , (6.11)

where a(t) is a vector function of time. The last result is a general solution of (6.5) for x*(x, t).

For later convenience, we put

a(t) = c*(t") - Q(t)c(t) , (6.12)
where c*, ¢ are vector functions of t* and t, respectively. With the use of (6.12), the (6.11) can

be expressed in the form
x"=c"+Q(x-c) , (6.13)
where
Q'Q=QQ"=1,detQ=1. (6.14)
The transformation (6.13) isarigid transformation since it is distance preserving, i.e.,

IX =y 2= (x" -y - (X -y = QX ~y) - Q(x - Y)
=(x-y) [QTQ(x - y)]
=(x-y) - 1(x-y)
=(x-y) (x=y)=|x-y|?. (6.15)

The transformation (6.13) also preserves the angle between any two nonzero vectors x —y and

X —z since
cosot = X =Y°
|xZ"|
_Qx-y) .
-yl 9
_ (x-y)  [Q"Q(x - 2)]
Ix=y]| |x-2z]
- x-y)  (x-2) =cos0 , (6.16)

Ix-yl Ix-z|
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where z is any place in the configuration occupied by the body at time t which moves to z* at
time t™ as a consequence of the rigid body motion. Since (6.13) is both length and angle preserv-
ing, it follows that the element of length, element of area and element of volume all remain unal-

tered under superposed rigid body motions.

The component forms of the various results between (6.5) and (6.10) proceed as follows.

First, the component form of (6.5) is
X (5 B) = Xi7 (30 D100 ) = X3 (. )] (6.5)

To record the results (6.6) in component form, we differentiate (6.5a) successively with respect

to X,,, and y,, and obtain

OX;" (% 1)

Oxpy )] = SmXi = Vi)

and

oxi* (%, 1) OXi(; 1)

6.6
0Xp 0Yn (663
9]
Next, multiply (6.6a) by # and use the chain rule for differentiation, i.e.,
XK (¥}, 9
a)_(i+(ij t) ayn
M oxdy; 0
to deduce
X (X, t d
X (X, 0) _ OYm 6.73)

Hm oy 1)

Since the left-hand side of (6.74) is independent of y; and the right-hand side is independent of

X;, €ach side must be a function of time only and we have

OX (%, 1)

%,y = Qum(t) - (6.89)
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Integration of the differential equation (6.8a) yields

X¢ =Xk (% ) = &) (6.11a)
Since x; isany point, we must also conclude from (6.114) that

Y= Xk ) = ad®) + Qun(®Yim

and hence

X (i, 1)

ayn = an(t) '

Substitution of the last result and (6.8a) into (6.6a) results in the component for of

Qum()Qun(t) = On - (6.93)

Also, for the convenience of the reader, we aso record here the component forms of most of the

equations given above. Thus, for example, the component form of (6.1) is
X=X (X ) =X (Xal) (6.13)

Similarly, we identify the component form of (6.2), (6.3), etc., as

Yi=Xi(Ya 1), (6.2a)
Vit =X (YA ) =X (YA ) (6.33)
X=X XA ) =X 0 L YT EXT (YA D =X (6.43)
[X" 06, ) = X 03, D100, 0 = X0y, D1 = (% = Y (% = i) (6.58)
oXi (%, 1) X (. 1) _

o . - S (6.68)
ox; (X, 1) _

axk - Qlk(t) ) (683.)

Qim(®)Qin() = dmn (6.93)
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Xi 0, ) = &) + Q)X
a(t) = ¢"(t") - Qude®
X" =¢" +Q(x —g) ,
Qim Qin = 8 = Qi Qni -

" =y = yik)

= Gk ~ Y~ Yi) = 5~y Yy

|x*=y*| |x"—Z"| cosB'i)
= Qim(Xm = Ym)Qin(Xn = 2n)
= 6mn(Xm - ym)(xn - Zn)
= (Xm - ym)(xm - Zm)
= |x-y| |x—2z] cosB .

Recall

xP= XX ) = XK ) = XX D)

or
X" =x*(x, tY) =a(t) + Q()x .
Then,
vi=xt= dx* _ X "(X, t)
dtt ott
~ ox* (X, t) dt
S at gt
_ XX, 1)
T ot
Therefore

v =x* = -2 (a) + Q(tx)
dtt

(6.11a)

(6.12a)

(6.133)

(6.14a)

(6.15a)

(6.174)

(6.11)

(6.18)
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_d dt
= 4 @O +QE
= a(t) + Q(t)x + Q(H)x
= a(t) + Q)x + Qv . (6.19)
Let
Q (1) =QMQT() . (6.20)
Then
0Q=QQ"Q=Q. (6.21)

But, from (6.9) Q" Q =1, so that

Q' (MM + Q"MW =0 ,

[Q (HRM]ITQM) + Q"MW =0 ,

QT(HQTMQM + QTMHMAM =0 ,

Q') +Q1) =0
or

Q1) =-Q(t) . (6.22)
Since Q (t) is skew-symmetric, it posseses an axial vector

w = —% € Qe (6.23)
or

ij = g W .

Alternatively, since Q is skew-symmetric, there exists a vector-valued function w such that for

any vector V,
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QV=wxV . (6.24)
Returing to (6.19), we may write

vi=a+QQOx+Qv . (6.25)
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So far we have been discussing superposed rigid body motions. In order to relate our results to

the more familiar equations of rigid body dynamics, let us now consider a rigid motion defined

by
x=X,
X" =a(t) + Q(t)x=a(t) + Q)X .
The equation (6.27); may be solved for x in the form
x=Q'(H)(x" - a(t)) .
Then
vt = a(t) + Q(b)x
=a&(t) + Q QM[Q (H(x*

=a(t) + Q ()[x" - a()]

= a(t) + a(t) x [x" - a(t)] .

Thus (1) is recognized to be the angular velocity of the body.

The component form of the foregoing equations are listed below:

X" = (1) + Q0

Vit = X" =40 + Q)X + Q)
Qix(t) = Qi Qum(®)

Qi Qu = QunQimQu = Qi »

Recalling

Q Qi+ Qy le =0,

(6.26)

(6.27)

(6.28)

(6.29)

(6.11a)

(6.199)

(6.20)

(6.21a)
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we obtain
Q;(t) = —Q;(t) (6.224)
QimVm = ~€imp W Vin = €ipm W Vi (6.249)
Vi =& + Qim Qun Xn + Qim Vim (6.253)
X" =&(t) + Qim Xm (6.27a)

Qi X" = Q& + Q;j Qim Xm
QX" ~ @) = §jm Xm = X; (6.283)
Vit =&+ Q%" - g)

=& + g WX — &) - (6.29a)

We return now to the more general considerations of superposed rigid body motions.

>From (6.25) and (6.11), it follows that
viZa+QQx+Qv
=a+QQ[Q'(x" -a)] +Qv
=a+Q(x"-a)+Qv, (6.30)
or in component form
Vit =&+ Q4T -3l + Qyy; (6.30a)

Then,
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avf _ axf an aXn

Tt
X+ X 0X, X

ov;
=0+ Qy 3, L= QK - )

avi  0x"

J an

= Q =+ . —— -
m QI] axn aXr;

aVJ'
= Qi + Qij_ax Qin Oim
n

an
= Qim + QijWan
n

ov;
= Qi+ Qi Q—r (6.31a)
im ij mn axn
or in direct notation
0V+ ov T
=Q+Q— ) 6.31
S T+Qg0 (6:31)

It follows from (6.31) and the results of section 5 that

D*=QDQ",
W=QWQT+Q , (6.32)

or, inindicia notation,

di}r = Qim Qjn A
Wij+ = Qim Qjn W + Q5 (6.329)

In particular, suppose that the body in its superposed motion is at time t passing through the

configuration Kk with angular velocity Q, so that

Q=1,0=00Q=Q. (6.33)
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Th
en
(6.32)

D+_
=D
, W=
=W
+Q
(6.34)



-34-
7. Infinitesmal deformation and infinitesimal strain measur es.
We recall from section 1 that a motion of the body is defined by

x=x(X,1) or xj =Xi(Xa, 1) - (7.0

The deformation function x in (7.1) may be written in terms of the relative displacement u (see

section 4), i.e.,
X=X +u(X,t) or x;=a Xa +U(Xa,t) . (7.2)

We further recall the relative strain measures

E= %(C —1) or Epg = %(CAB ~0pB) - (7.3
and

e= %(I ~C) or ;= %(6”- -G (7.4)
where

C=F'F or Cag=Fip Fig (7.5)
and

c=(FYTF1=(FFY =BT or ¢y=Fa Fa - (7.6)

Also, the relative displacement gradient is defined by
H=F-1 or ua=Fa—8a - (7.7)

In order to obtain infinitesimal kinematical results from those of the finite theory discussed
in sections 1-5, we introduce a measure of smallness by a nonnegative function

e=g)=max{ sup |ux|} (K=1,23), (7.8)
K

(0]

where sup stands for the supremum (or the least upper bound) of a nonempty bounded set of real
numbers. If f(uy) is any scalar-, vector-, or tensor-valued function of uy ={uq, U, Us}

defined in a neighborhood of u ik =0 (K =1, 2, 3) and satisfying the condition that there exists a
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nonnegative real constant C such that |f(uy)| <Ce"ase - 0, then wewritef = 0(e") as€ - 0.

Thus, in particular, the components of u  referred to either g or E, are of O(¢) ase - 0, i.e,

Ua=0() and ugp=0(¢) as € - O . (7.9)

The components E g of the relative strain measure E in (7.3) can also be expressed in

terms of relative displacement gradients (7.9), in the form
_1
Eag = E(UA,B +tUga tUyalvp) - (7.10)
Clearly, if terms of 0(€?) as€ — 0 can be neglected, we can write (7.10) approximately as
_1 _
Eag = E(UA’B +Ugp)=0(€) as e -~ 0. (7.12)

Next, consider the expression

O 5 7.12
0o (712

Fia(0a) —

oy
and substitute for Fip = 3,5 + # from (7.7),. Thus,

_ _ ou, oup
Expression (7.12) = (o5 + m)(éAj - méBj)

_5 s s Y.+ 02
=0t o, OA T axg OB (€9)
:6ij+0(82)

=5

i (7.13)

where in writing (7.13),, terms of 0(€?) as€ — 0 have been neglected. Hence, to the order €2 as

£ — 0, we can identify the coefficient of F;, in (7.12) astheinverse of Fi,, i.e.,

L X,
Fa = —2 . 7.14
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With the use of (7.14) and the chain rule of differentiation, it can be readily verified that

Ouy  Oup 0Xg Oug 5
ax,  0Xg 0x; 0Xc ©

axB — P 5 +0(E) as€ - 0 (7.15)

and similarly

oy 0u; 0Xp Oup

0,  0Xp 0x; 0Xg °
Ui 2
ax = 04+ 0(€) ase - 0. (7.16)

It follows from (7.15) and (7.16) that to O(€?), it is immaterial whether the partial derivatives of

ou;  0ug
the displacement field u is taken with respect to x; or X, so that —— W 67 to 0(?) as€ - O.
X1 1

Hence in dealing with infinitessma kinematics, it is not necessary to distinguish between

Eulerian and Lagrangian form of kinematical quantities.

>From (7.6), and (7.14), we have

-1 _-1
Clj = I:Ai I:Aj = (5Ai aX 6BI)(6AJ aX 6CJ)
0Ua
=g - (ax OgiOaj + X 5q Sp)+0(e?) as €0 . (7.17)

Hence, if terms of 0(e?) as€ — 0 can be neglected, then
1
=%~ )

1,0uy Oug
E(m XA )6iA6st -0, (7.18)

so that any differences between the two strain measures disappear upon linearization.
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In view of the remark made following (7.15), to the order of €2 we may display the com-
ponents of the relative displacement gradients either as up g or U;;. For example, if we make the

latter choice, then we may write
Ui = &+ oy =0(e) ,
g;=0(€) , w;=0(¢) as € - 0, (7.19)

where g; and w; are defined by
_1 _1
& = 5 (Ui + ) o o= (U =) (7.20)

We observe here that u; ; = €; = 0(€) is called the cubical dilatation and that wy; = 0.

We consider now the linearized version of the Cauchy-Green measure C,g, the stretch U, g
and the rotation R;5. The Cauchy-Green measure Cpg defined by (7.5), is related to Epg by

Cag = 0ap + 2E5g. But, when the approximation (7.11) is adopted, then C,g can be written as

Cag = Uac Ucg =0ap + 2Epp

=0pgt0() as e -0 (7.20)
and from an examination of
(Bac *+ Eac)(@cp + Ecp) =8ap + 2Eag + 0(e%) as € - O (7.22)
to the order €2 we can identify U,g as
Uag =0ag tEpg =0ag t0(E)as € » O . (7.23)

Also, by considering an expression of the form
Ung(Bgcneglected then.EQI(7.24)U xn = 8p — Eag = O + 0(€) @ € - O .
We now turn to the rotation tensor R,5. Recalling the polar decomposition theorem, the

components of the rotation tensor R can be written as

-1
Ria =Fig Uga - (7.25)
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It then follows from (7.7), (7.24) and (7.11) that

1
Ria = (Ojg + Ui g)[0ga — E(UA,B +Ug a)l

1
=0p t+ E[ui,A = Ua g0ig]

ou; ou
=5 + i(_' _ A
2 OXA aXi
10U Odup
=dpt+t=(—-—), 7.26

where terms of 0(¢?) as & — 0 have been neglected and where use has been made of the result

(7.15). Tothe order of approximation considered, we may also write (7.26) as
R=1+Q or RIJ = 5” + (L)” , (727)
where

Q=-Q'= %(H “HT)) (7.28)

which is consistent with (7.20)..

In the remainder of this section, we employ the linearization procedure discussed above and

obtain the linearized version of such expressions as

J=det F = det(x; A) (7.29)
and itsinverse. For this purpose, we first recall that J can be represented as

J= % €ijk ELmn Fie Fim Fun - (7.30)

Substituting the components of the displacement gradient in terms of u; o given by (7.7), in

(7.30) we get
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1
J= 5 Eijk ELmn(OiL + Ui )(Bm + U ) Bk + Ukn)

1
= g Eiik e MNISIL Sjm Sk + 381 Sj Uy + O(€?)]

:1+5kNUk'N:1+Uk’k:1+Q<kass-»o, (731)

where in obtaining (7.31)3 use has been made of the identities % = &jjk Eijk and Eiji &jm = 20m
and where terms of 0(¢?) as€ — 0 have been neglected. Theinverse of (7.31) is given by

Th=[l+gi+ -]
=1-g;+(g)*+ -
=l-¢ase-0 (7.32)

and again in writing (7.32) terms of 0(¢?) as€ — 0 have been neglected.

(For a discussion of the interpretation of the infinitesimal strain measures, see Supplement

to Part I, Section 7.)
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8. Thetransport theorem.

Let S be an arbitrary part (or subset) of the body B and suppose that S occupies aregion P,
with a closed boundary surface dP,, in a fixed reference configuration. Similarly let P, with

closed boundary surface 9P, be the region occupied by S in the configuration at timet.

Let @ be any scalar-valued or tensor-valued field with the following representations:

@=Qx, t) = X (X, 1), 1) (8.2)

and consider the volume integral

| = Ic”p(x, v = oX, HJadv | (8.2)
P

Po
where we have used dv = JdV, J=det F > 0. Often we shall encounter an expression of the type

(8.2) and we need to calculate itstime derivative dl/dt. Thus, we write

d _

i f X, I av

j—(<P(X nJav

= [ [‘g—ip(x, tJ+ @(X, H)J)dv

[o]

‘f[ P x, )3+ v, @, HldV

= [ 120D g, v, v

[o]

= I[(b+ (X, t)div v]Idv
PO

= I[{p + Q(x, t)div (8.3)
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where in the fourth of (8.3) we have also used J=J v;; and where

_ 09X, 1) _ ap(x, t) acp(x 0,
o9t ot oxi Vi (84)

It then follows that the time derivative of (8.2); isgiven by

% [ @, v = [ [@+ @(x, ydiv v]dv . (8.5)
P P

>From the result (8.5) follows the various expressions given below:

g acp(x 0 , 0.
dt{ ,t)dv = I[ oY

acp(x y |, 9@ Hv)
= I[ A

J‘ a(p(x t)dv+ I (p(x t)v;n;da

I 0<P(X D gy + I Px, v - n da , (8.6)

where the divergence theorem has been used. Next, apply (8.6), to afixed spatial region P inthe

configuration at time t and write

I(p(x f)dv = I a‘P(X Dgv + [ fix, v - n da

oP

= %J’fp(x t)dv + J:fp(x,t)v ‘nda . (8.7)
P P

The form (8.7), is another statement of the transport theorem. It is used when it is convenient to

focus attention on a fixed region of space P at time t and consider the motion of the body over

thisregion. Thisform (8.7), can also be deduced directly from (8.6), without the introduction of

the fixed spatial region P by the following line of argument: Since in the calculation of the first
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integral in (8.6), the variable x (and hence the spatial region P) is fixed, the operator d/dt com-
mutes with the volume integral in (8.6), over aregion P and the form (8.7), with P replaced by P
follows from (8.6),. The commuting of d/dt with the volume integral in (8.6), may be contrasted
with a similar calculation involving the volume integral in (8.3),. In the latter integral, since X
(and hence the material region P, is fixed, the operator d/dt commutes with the volume integral

in (8.3), over theregion P,
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Part I1: Conservation L aws and Some Related Results
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1. Conservation of mass.

We recall from section 1 of Part | that the mass of any part P of the body, i.e., M isacon-

tinuous function of its volume and that there exists a scalar mass density p such that

M(St):!pdv,PDR , (1)

where p = p(x, t) depends on the particular configuration occupying the region of space R and dv
is the element of volume in the present configuration. A statement of the conservation of mass

for any material part of the body in the present configuration is as follows:
d pdv=0 (2
dt | -

By the transport theorem, (2) can be written as l [b +pVvyJdv =0. The last result must hold for

al arbitrary parts P; hence, by the argument outlined previously, assuming that p is continuously

differentiable we have

p+ PV =0, (3)
where a superposed dot denotes material derivative, i.e., p = %—? + V) (;)Tp The result (3) can
k
also be expressed as
9P —0or 2P 4+ diviov) =
3t +(pv) k=0or 3t +div(pv) =0 . 4)

Equation (3) or (4) represents the local equation for conservation of mass. It is also referred to

as spatial form of the "continuity equation.”

Another form of the principle of conservation of mass may be stated as:

1[pOlVZFl’poO'V ; ()

where P, isthe material part in the initial reference configuration, dV is the element of volumein
the reference configuration and p, denotes the mass density in the reference configuration.

Using dv = JdV, J=det F = det x; 5, from (5) we get
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p=J1p, or p=(detF)tp,, po=Jp , (6)

which isthe material form of continuity equation.
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Appendix to Sec. 1 of Part 11

Theorem: If @(x, t) iscontinuousin R and

1[(pdvzo )

for every part P [ R, then the necessary and sufficient condition for the validity of (1) isthat
®=0inR . (2)

Proof: Let usfirst recall the definition of continuity.

Definition: A function (X, t) is said to be continuous in aregion R if for every x [1 R and every

€ > 0thereexistsad > 0suchthat |@(x, t) — @ X, t) | <€ whenever |x — x| <.
Sufficiency: If @=0inR, then (1) is trivially satisfied.

Necessity: (Proof by contradiction). Suppose that there is a point x 0P (OR) a which

@, = ®(X, 1)>0. Then, by the continuity of @, there exists ad > 0 such that
)
|(p(x,t)—(p0|<?forall [X = X| <o . 3

Now let P5 betheregion |x — x| < and Vg be the volume of this region so that

V= J dv>0 . (4)
3
>From (3) and the fact that ¢, > 0 we have
o> % in P6 . (5)

Now let P be a part which contains Pg, then

J(PdV>J]/2(PodV:]/2(PoV6>O- (6)
[ [

Since the result (6) contradicts (1), it follows that there can exist no point ,x such that @(x, t) >
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0. Similarly, we redlize that if @, = @(x, t) <0, then by the continuity of ¢ there existsa d >0

such that
O
|9(x, 1) = @] <= > forall |x— x| <5 . (7)
Thus we can conclude that
0
(p(x,t)<7 foral x O Pg. 8
Hence

p[(pdv<p[1;/z(p0dv:]/z(p0V5<O. 9

Since (9) contradicts (1), again it follows that no point ,x exists for which (X, t) < 0. Combin-
ing this result with that above we conclude that (2) is also a necessary condition for the validity

of (2).
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2. Forcesand couples. Euler’slaws.

We admit two types of forces, namely the body force per unit mass b and the surface force

(or contact force) per unit area) as follows:

b = b(X,t) = body force per unit mass,
(1)
t = t(X,t; n) = contact force per unit area.
It isimportant to note that the surface force t depends on the orientation of the surface area (with
outward unit normal n) upon which it acts. Similar to the definitions (1) above, we could also
admit body couple per unit mass ¢ and surface couple per unit area m, but these are ruled out in

the construction of classical continuum mechanics.

We also note here the following:

momentum per unit mass =v = X
@)
moment of momentum per unit mass=x X v =X X X
We consider now the basic balance laws (also called conservation laws) for momentum and
moment of momentum (also called angular momentum) in the context of purely mechanical
theory. These balance laws, which are known as Euler’s laws, may be stated (in words) as fol-

lows:

Rate of change of momentum | | All external forces acting
for any part of the body on the part ’

©)
Rate of change of moment of momentum| | Moment of all external forces
for any part of the body acting on the part '

The above laws can be trandated into mathematical forms both with respect to the current
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configuration (Eulerian form) or with respect to the reference configuration (Lagrangian form).
In this section we limit the discussion to the Eulerian (or spatial) form of the balance laws (3).
Thus, remembering the definitions (2) ,, the momentum for any part P of the body occupying a

region P with boundary surface 0P and the moment of momentum for any part P are:

fvdm , fxxvdm , (4)
p p

where dm = pdv is the element of mass. Also, the total force acting on P and the moment of total

force acting on P are:

Ibdm+Itda , _[(XXb)dm+_[(x><t)da . (5)
P P P P

Keeping the expressions (4) and (5) in mind, the spatial (or Eulerian) form of the balance

laws (3) are:
d _
afvdm —_[bdm + Itda, (6)
P P P
%fxxvdm:J’Xdem+Ix><tda. 7
P P oP

In the next few sections of Part |11 we exploit the implications of (6) - (7) and also derive their

local forms.
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3.  Further consideration of the stress vector. Existence of the stress tensor and itsrela-
tionship to the stress vector.

Consider an arbitrary part of the material region of the body B which occupies a part P in
the present configuration at time t. Let P be divided into two regions P, P, separated by a sur-
face o (see Fig. 3.1). Further, let dP4, 0P, refer to the boundaries of P4, P,, respectively; and let
OP', dP"" be the portions of the boundaries of P,, P, such that

P’ =P, n 0P,
oP" =P, n 9P . (1)

Thus, asummary of the above description is as follows:

P=P,0P,, 9P=0P' OOP",
0P, =0P' 00 , 9P,=0P" O o. 2)

Now recall the linear momentum principle, i.e.,

%J’p)’(dvzj’pbdv+J’t(n)da )
P P P

or with the use of dm = p dv in the form:
d rxdm=[bdm+ [ t,d 4
EJ’X m—I m It(n) a ()
P P P
which holds for an arbitrary material region P O R. Application of (4) separately to the parts P4,

P, and againto P, [0 P, =P yields

£ [ xdm= [ bdm- [ tda=0, (5)
P1 Py 0P,
£ [Xxdm=[bdm- [ t,da=0 (6)
P, P, 0P,
and
S Xdm- [ bdm- [ tuda=0. @)

P,OP, P,OP, aP'oP"
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The stress vector t ) in (5) acting over the boundary 0P, results from contact forces exerted
by the material on one side of the boundary (exterior to P;) on the material of the other side.
Similar remarks hold for the stress vector in (6) and in (7). We emphasize that the stress vector
in (5) over oP' U o represents the contact force exerted on P; across the surface, etc. The
appropriate normals associated with t,, over the surface o are equal and opposite in sign. To
elaborate, let n be the outward unit normal at a point on o when ¢ is a portion of 0P;. Then, the

outward unit normal at the same point on o when o isaportion of 0P, is —n.
>From combination of (5) and (6) and after subtraction from (7), we obtain the following
equation:

[ [tn) + tnlda=0 (8

o
over the arbitrary surface 0. Assuming that the stress vector is a continuous function of position

and n, it follows that

t) = ~teny OF tX, t;n)==t(x,t;-n). ©

According to the result (9), the stress vectors acting on opposite sides of the same surface at
a given point are equal in magnitude and opposite in direction. The result (9) is known as

Cauchy’s lemma.

Again we suppose that a body B is mapped into the present configuration k, at timet, which
occupies the region R. Consider some interior particle X, of B having position vector x in R.
Construct at ,x atetrahedron T, lying entirely within R, and in such a way that the side i is per-
pendicular to the e-direction (see Fig. 3.2) and inclined plane - with outward unit normal ,n -
falls in the octant where X, , X5, X3 are all positive. We refer to the side i of T by S; and to the
inclined plane by S, respectively. Let h denote the height of the tetrahedron, i.e., the perpendicu-
lar distance from x to the inclined face S, and let S denote the area of this face. Then, the areas

of the three orthogonal faces S; are

ston'Q:Soni (10)
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and the volume of the tetrahedron is

Vig = % hs. (12)
Recalling that dm = pdv, by virtue of the transport theorem and the conservation of mass
(see Sec. 1 of part 1), the principle of linear momentum (4) reduces to
Iii dm =Ib dm + I tmda. (12)
P P oP
Next, apply (12) to the material region T and obtain
Ii&dm:Ib dm+It(n)da : (13)
T T aT

Observing that the surface integral in (13) represents contributions from all four boundary planes

of T, we have
3
I t(n)da = Z I t(_a)da+ I t(on)da . (14)
aT =1 g s

Now according to Cauchy’slemmain (9)
te) =~ o) (19)

and then with the use of (14) and (15), the linear momentum equation (13) can be rewritten in

theform

I (X - b)dm = I t(on)da - I t(e)da . (16)
T S

Mo

I
L

Si

Now recall that dm = pdv and that p is already assumed to be bounded (see Sec. 1 of Part 1).

Further, we assume that the fields X and b are bounded. Then, since (by atheorem of analysis)
|Ifdv | SJ’ |f|dv

where |f| denotes the absolute value of f, we obtain the following estimate for the integral on

the left-hand side of (16):
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| fp(~b)dv |< [ [p(< - b) |dv
T T

=IKdv
T

K fav=k Sh
=K I dv=K 3

T
where use has been made of the mean vaue theorem for integrals, we have set
K(x,t) = |p(X —b)| and K" stands for some specific interior value of K in T. Hence, we may

conclude that there exists a fixed, positive real number K* such that

IJ’p(x—b)dvlsK 3 (17)
T
Next, assume that the stress vector field is continuous in both x and n. Then, by the mean value

theorem for integrals, the two surface integralsin (16) yield:

I t(e)da = ti*s = ti* S o (18)
3
23
and
It(on)da: tE:)n) S , (19)

S
where in writing (18), use has been made of (10) and wheret;” and t* stand for some specific
interior values (at the point ,x) of the stress vectors on the respective faces S; and on the plane S
of T. Each stress vector t;" acts on that side of coordinate plane i which is associated with the

outward unit normal . It follows from (16), (17), (18) and (19) that (since K~ is fixed)

1« .
E K Sh> | {p(x(on)da— ‘[ t(e)da I
2 S
i=1
= |t(0n) S—t; Sy

:Slt(t,n)_ti* o |-
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Therefore,

*

|t(t)n)_ti ol | <

*

K'h. (20)

Y=

Consider now a sequence of tetrahedra T4, T,, ..., of diminishing heights hy > h, > ..., each
member of which is similar to T with three mutually orthogonal faces having outward unit nor-
mals —e; and an inclined plane with outward unit normal jn. Next, apply (20) to each member of
the sequence and, in the limit ash - 0, obtain

|t€,n) - ti* ol =0, (21)
where the stress vectors in (21) are evaluated at the point jx which is the common vertex of the
family of tetrahedra. It follows from (21) that

t(t,n) = ti* ol - (22)
Since (22) must hold at any point ,x and corresponding to any direction ,n, without ambiguity,
we suppress henceforth the designation star, replace yx by x, ;n by n and write

t(n) = tini . (23)

We now define t,; by

L =t - € Or ;=1 & . (24)
Let t, denote the components of the stress vector t (), i.e., t =t - . Then, from (23) and (24)

we have

L=t g =tin - g =N, (25)
wherein (25); we have written for smplicity t in place of t,y. Thus, if t =t(x, t; n) isthe stress
vector at the point x acting on a surface whose outward unit normal is n, then it is clear that
t; = t;(x ,t) are defined at x and are independent of n. The relation (25) establishes the
existence of the set of quantities t,;. It remains to show that t,; are Cartesian components of a

second order tensor. To this end, consider the transformation of two sets of Cartesian coordi-
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nates and recall

XK' = aXi, &' =ayg . N =g, ec. , (26)
where

Bk =6 & - (27)
From

U=18 =t/ & = Mg = b Ny’ (28)

and with the use of n = a;n,, g/ = ay & where a,; are components of an orthogonal tensor, we
obtain (ty — ajaglyi')nes. But esarelinearly independent. Therefore,
(ty — &idxtii I =0, (29)

which holds for al n and the quantity in parentheses is independent of n. Hence,

ty = Ag@ilyi (30)
which establishes the tensor character of t,;. The second order tensor whose Cartesian com-
ponents are defined by (24) is called the Cauchy stress tensor.

With reference to a rectangular Cartesian system of spatial coordinates, consider a paral-
lelepiped shown in Fig. 3.3 and recall the formula

ti = i (31)
In (31), t; is the stress vector acting on the face whose outward unit normal is g. For example,

on the front face of the parallelepiped in Fig. 3.3, the outward unit normal coincides with e;; and

thus, from (31) with i = 1, the stress vector on this face is given by
T3 = t1& = 1116 + 1216 + 13163
Keeping the above in mind, an examination of the subscripts of the stress tensor t,; in (31) easily

revedls that (i) the second index "i" refers to the stress vector t; on the face whose outward unit

normal is g, while (ii) the first index "k" refers to the component of t; in the coordinate
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directions. Utilizing this convention, which stems from the definition of (24), the tractions (i.e.,

the forces per unit area) are sketched in Fig. 3.3.
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4. Derivation of spatial (or Eulerian) form of the equations of motion.

We derive in this section the spatial (or Eulerian) form of the equations of motion from the
integral balance laws (6) and (7) of section 2. We begin with the balance of linear momentum

(6) in section 2 of Part I, which for the present purpose can be written as (recall that dm = pdv):

% J’ pvdv = J‘pbdv + J’ tmda . Q)
P P opP

By the transport theorem discussed in Part I, the left-hand side of (1) is given by

LHS of (1) = I[Fv) + pvdivv] dv
P
= I[bv +pv + pvdivv] dv
P
= [{pv+ v[p + pdivv] dv )
P
= J’padv ,
P
where in arriving at the results, (2),, we have also used the local conservation of mass given by
(3) of section 1. Next, we consider the surface integral in (1), substitute the relation (23) of sec-

tion 3, namely t = t;n;, and use the divergence theorem obtain

J'tda: Itinida:J-ti’i dv , (3)
oP oP P

where a comma following a subscript indicates partial differentiation.

After substitution of the results (2) and (3) into (1), the resulting equation can be put in the

form

Jltij+pb-pal dv=0, (4)

P
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which must hold for al arbitrary material volumes. Then, since the integrand is a continuous

function, by the usual procedure we arrive at the local form

tij+pb=pa . )

Next, we turn to the balance of moment of momentum (7) in section 2 of Part I, which can

be rewritten as

d
EI(Xva) dv=I(x><pb) dv+IXXt(n) da (6)
P P oP

Again by the transport theorem, the left-hand side of (6) can be shown to yield

LHS of (6) :Ix xpadv . @)
P

Similarly, the surface integral in (6) after substitution from (23) of section 3 and the use of the

divergence theorem gives

J’x Xtm) da= I(x X t;n) da:J‘(x x 1), dv
P opP P ()
= IO x ) +xx 1] dv
P

Introduction of (7) and (8) into (6) resultsin

JLOG X t) + x> (i + pb —pa)] dv =0,
P
or

frixtidv=0, (9)

P
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where in obtaining the last result we have also used (5). Since (9) must hold for all arbitrary

material volumes P and since the integrand is continuous, by the usual argument we conclude

that
X,i X ti =0,
or equivalently
gxt;=0. (10)

The two results (5) and (10) represent the consequences of the balance of linear momentum
and moment of momentum. Although the foregoing derivation in vectorial form leading to
equations of motion (5) and the restriction (10) is simple and attractive, it conceals some of the
features of the stress tensor introduced earlier in section 3. Thus, we now recall the relation (24)
for t; = t,;6, and substitute this into (5) and (10) to obtain the alternative forms of the equations

of motion and the restriction on t;. With the use of the identities

ti;i = (i€ = i i€

(11)
€ X1 = 6 X ;i€ = &g ,
the component forms of (6) and (10) result in
tii + PP = Pay (12)
ti = tik - (13)

Thus, it is easily seen that the vector equation (5) is equivalent to the three scalar equations of
motion (12). Similarly, the restriction (10) on the three vectors t; implies the symmetry of the
stress tensor t,;. This last observation reveals the fact that the three scalar equations of motion

involve only six components of the stress instead of nine.
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5. Derivation of the equations of mation in referential (or Lagrangian) form.

In previous developments, the stress vector t (and therefore the stress tensor t;;) acting on P
are measured per unit area of surfaces in the present configuration at time t. In view of the
transformation x = x (X , t) al surfaces in R can be mapped into corresponding surfaces in R,
occupied by the body in the reference configuration. For some purposes, it is more convenient to
measure the stress vector and the stress tensor acting on P per unit area of surfaces in P,
Corresponding to an arbitrary part P with boundary 9P in the present configuration, we have a
part P, with boundary dP, in the reference configuration (see Fig. 1.1). We denote the outward

unit normal to 0P, by N, where

N = NAeA . (1)
We denote the stress vector acting on dP, but measured per unit area of the surface dP, in the
reference configuration by p.

In terms of quantities measured in the reference configuration, the momentum principles

(i.e., linear and moment of momentum) are:

IpoadV:J’pode+J’pdA, (2
P, P, P,

and
I(XXpoa)dV:I(XXpob)dV+J’XXpdA 3
PO Po aPO

where p = p(X, t; N) depends on position, time and the unit normal N to dP,. By a procedure

similar to that used previously (Part 11: Sec. 3), we can prove that

P=NaPa ; Pa =Pia8 (4)
P=paNa&, (5)
p=PN. (59)

The vectors p, (A =1,2,3) represent stress vectors acting across surfaces at a point P in the
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present configuration kK which were originally coordinate planes X, = const. through the
corresponding point P, in the reference configuration and measured per unit area of these planes
(Fig. 5.1). Also, the components p;, (i.€., of the stress tensor P) represent surface forces acting
in the present configuration, but measured per unit area of an X-plane in the reference
configuration and resolved parallel to the g-directions. Introducing (5) into (2), by a procedure

similar to that used previoudly (Part 11, Sec. 4), we obtain

Pia,A * Pobi = Pod OF Paa + Pob =Poa, (6)
Then, from (3), (5), and after using (6), we also obtain

PiaXj A = PiaXiA - (7)
Introducing the notation s, g through

Pig = X ASAB » (8
it follows from (7) that

SaB = SBA - ©)

The last two are called, respectively, the symmetric and the nonsymmetric Piola-Kirchhoff

stress.

Also, it can be verified that
JT=PFT=FSF" or Jj =X aPxa = Xk APia = Xi AXk BSAB - (10)

which relates the Cauchy stress T to the stress tensors P and S. To verify the truth of (10), we

may start with

df =t da=p dA (11)

which represents an element of contact force acting on the current configuration of the body B in
terms of both the spatial and referential description of the stress vector. Using the derived rela-

tion between the area elements daand dA, namely n da=JF T N dA, we have
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di=tda=Tnda

(12)
—pdA=PNdA .
Hence (JT FT = P)N dA =0 for al N and we may concludethat JT F"T -P=0or
JT=PF'. (13)

Recalling (8) or P =F S, we are led to the results (10);.

The coordinate-free forms of the various results between (6)-(10) may be displayed as fol-

lows:
DivP+p,b=p,V, (69)
PFT=FPT, (7a)
P=FS, (83)

S= ST ) (9a)
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6. Invariance under superposed rigid body motions.

It was established previously that a particle X of a body, which in the reference
configuration is at X and at time t in K occupies the place x = X(X, t), under superposed rigid
motions of the whole body at a different time t* =t + a occupies in k* the place x* = x*(X, t*

specified by
xX"=a+Qx or X' =g+ QX . (1)
In (1), aisavector-valued function of t, Q is a proper orthogonal tensor-valued function of t and

aisaconstant. The vector a can be interpreted as a rigid body trandlation and Q as a rotation

tensor.

We have dready studied how various kinematical quantities transform under superposed
rigid body motions and shall presently extend these considerations to the dynamical quantities
which appear in the equations of motion, namely

tjj P =pv , =t . (2
However, we first need to establish some further kinematical results:
(@) Further kinematical results:

Recall that an element of area dA of a material surface having outward unit normal vector
N in the reference configuration of a body is deformed at time t into the element of area da

whose outward unit normal vector isn. Then,

da = 17K ga 3
ak - axk K 1 ( )

where
da, =dan, , dAx =dA Nk . (4)

Under the motion x* the element of area dA is deformed into da” and N is deformed into n* so

that

oX
dar =7 X an, ®
an



and
dag =da'n; .
It follows from (1), that

6Xi+ _ aXJ _ _
e Qija_xk = Q;j%k = Qi

and consequently

L 0
iA~ m]
i.e.,
F*f=QF .
Therefore,

J'=detF" =det(Q F)
= (det Q)(det F)
=+1detF

=J.

Also, by the law of conservation of mass,

Po=pI=p"T",
which together with (10)s implies
P =p .
Returning again to (1),, we see that
Qik Xi" = Que & + QuQy
= Qikd + OX

= Qud + Xk
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(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
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X = QX" —a) or x=QT(x" -a) . (14)
Therefore
an
— = Qi » (15)
0Xi

and consequently

oX 0Xg 0x;  0X
A R S B Kij (16)

axk+ B an aXQ an

which, in direct notation, reads
FHt=F"Q" (17)
and could also have been deduced by taking the inverse of both sides of (9).

Substituting the results (10)5 and (16), into (5) yields

Xy

GXJ-

dag = J——QqdA
= Qyda (18)

where (3) has been used in completing the last step. The combination of (18), with (4), and (6)
gives
da'ny = Qqdan; . (19)

Now square both sides of (19) and remember that n and n* are unit vectors and Q is a proper

orthogonal tensor so that
(da")’n ny = (da")?
= QM Qu N (da)?
=& n; ny (da)?

=n; n; (da)® = (da)? . (20)
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Since areais aways a positive number, it follws from (20)5 that

da* = da (21)
and hence from (19) that

g =Qqn or n"=Qn . (22)

It is worthwhile noticing that we have been able to deduce the behavior of F, F2, J, p, da
and n under superposed rigid body motions without making any additional physical assumptions
in (a).

(b) The stressvector and the stresstensor.

It is clear from the developments of section 2 that not all kinematical quantities transform

according to formulae of the type

ut=Q(tu , U"=Q(U Q'(t) (23)

under superposed rigid body motions, where u and U in (23) stand for a vector and a second
order tensor field, respectively. We investigate now the relationships between' t and t* and

between T and T*. For convenience, we recall the formulae for t; and tij, i.e,

t =t(X, t; n) , ti =tijnj , (24)

tr=t"X, thn) , 7 (25)

The mechanical fields which enter the linear and moment of momentum principles are the
stress vector and the body force per unit mass. We first consider the former, which in the motion
X(X, t) is avector field defined by (24),. Consider now a second motion which differs from the
first only by superposed rigid body motions specified in the form (1). The second motion
imparts a change in the orientation of the body, so that the outward unit normal vector n to the
same material surface (in the configuration K) becomes the unit normal vector n* (in the

configuration k™). The stress vector in the second motion takes the form indicated by (25); and

T Our development follows Naghdi (1972, pp. 484-486). See also Green and Naghdi (1979).
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we have already seen that the outward unit normal vector n* transforms according to (22). The
geometrical properties of the transformation (1) were discussed in section 2. Keeping these in
mind and recalling that t is linear in n, it is reasonable to expect for the stress vector t*(X, t; n™)
(i) to have the same magnitude ast(X, t; n) and (ii) to have the same relative orientation to n™ as

t hasrelative to n. These remarks lead us to introduce the following assumption:

t"=Qt , " =Qyt; . (26)
We observe that (26) implies that

[t 2=t =t 6 = Q Quet e = Sty e =ty = [t ]2 (27)
and, recalling (22), we also have

Nt =T =Q Qe =G =t =t-n . (28)
Now

t*-n*=|t7| In*| cosB* = |t*| cosB” (29)
and

t-n=|t| |n| cosB = |t]| cosO ,
which together with (27), and (28)5 lead to

cosf* = cosh . (30)

The results (27) and (30) verify the motivating remarks made prior to (26) to the effect that (i)
the magnitude of t is the same as the magnitude of t* and (ii) the magnitude of the angle between

t and the outward unit normal n is the same as the magnitude of the angle between t* and n™.

We now turn attention to the stress tensor. >From the results (24),, (25), and (22) we have
=t =t Queny (31)
But, by assumption (26), we also have

6" = Qi t = Qi e i - (32)
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Combination of (31) and (32) yields

(ti Qi — Qj i =0 . (33)
The last result must hold for all n, and the coefficient of n, isindependent of n,. Therefore

tj Qx—Qjtk=0,

t Qi Qmk — Qmk Q; k=0,

tim = Qij Qmk tik »
and hence
ti}r = Qim Qjn trn (34)

or, in direct notation,
T'=QTQ'". (35)

A scalar, vector or tensor quantity which under superposed rigid body motions transforms as
(12), (22) or (35), respectively, is called objective. Of course, not all physical quantities are

objective. For example

Vi=a+Qx+Qx ,
(36)
W=QWQ'+Q

are clearly not objective.
(c) Body forces and accelerations.

The equations of motion for the two motions x and x* of the body are, respectively, given

by

a—xj =p(vi —by) ,

(37)

+

I ot _pt
=p(vi —b) .
axj+
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But

.

at” _ 0 ¢ an
ox" Y (Qim Qjn tmn) ox"

Otrn
0Xy

ot
= Qim O%n aTn:(n

= Qim Qjn Qik

_ Oton
- im axn ’

where (15) has been employed in (38),. It follows from (38), and (37) that

P (V" = b") = Qm PV = by
which with the aid of (12) becomes

Vi = b = Qi (Vi — byy)
or

Vi -b*=Q(-b) .
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7.  Theprinciple of balance of energy.

We begin by assuming the existence of a scalar potential function per unit mass € = g(x,t),
called the specific internal energy. The internal energy for each part P in the present
configuration is defined by the volume integral

Ipsdv. Q)
P

We introduce a scalar field r = r(x,t) per unit mass per unit time, called the specific heat supply
(or heat absorption), as well as the heat flux across a surface 9P (with the outward unit normal n)
by the scalar h = h(x,t;n) per unit area per unit time. The integrals

H=[prdv- [ hda, 2

P oP

where 0P is the boundary of P, defines the heat per unit time entering the part P in the present
configuration. The first term on the right-hand side of (2) represents the heat transmitted into P
by radiation and the second term the heat entering P by conduction. We also recall that the

kinetic energy for each part P in the present configuration is defined as

I%pv-vdv. (3)
P

We record now the rate of work by the body and contact forces, i.e,, R =R, + R;, where
Rb:J‘pb-vdv, RC:J‘t-vda. 4)
P oP
In (4), the scalar b - v which occurs in the volume integral represents the rate of work per unit
mass by the body forces. Similarly, t - v isascalar representing rate of work per unit area by the
contact force t. Each of the integralsin (4) is arate of work term and thus has the dimension of

"work per unit time".

With the foregoing background, the law of balance of energy may be stated as follows: The
rate of increase of internal energy plus kinetic energy is equal to the rate of work by body force

and contact force plus energies due to heat per unit time entering the body. Thus, we write
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%J’p[g+%v-v] dv=[prdv+[pb-vdv
P P P

+It-vda—Ihda. (5)

P oP
We observe that the negative sign in front of the last integral in (5), aswell asin (2), isin accord
with the convention that heat h = h(x,t;n) is assumed to flow into the surface in the direction

opposite to that of the outward unit normal to dP.

By application of (5) to an elementary tetrahedron, it can be shown that h, =—h_n or

h(x,t;n) = —h(x,t;—n), together with
h=qgn=q-n, q=qs. (6)

The last surface integral in (5) can then be transformed into a volume integral as follows (using

the divergence theorem):
[ hda= [ gnda=[g;dv. (7
P P P

Similarly, using t = t,;n;6, and the divergence theorem

J’t-vda:J’(ti-v),idv
P P

=] [t ivic + tiavie ] v - (8)
P

By the transport theorem, the left-hand side of (5) can be expressed

S pole+ 2 v dv=pioE v i)+ E+ 2 vou)p-+ v} oV
P P

=Ip(é+v-\'/), (9)
P

where in obtaining the last result conservation of mass has been used.
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Now, substitute (7), (8) and (9) into (5) and rearrange the terms to obtain

0=[{Pr=0i—PEe+taVi +Viltig, +Pb ~VT} dv.,
P

and after using also the equations of motion we get

I{pr_Qi,i_pé"'tkin,i} dv=0, (10)
P

which holds for all arbitrary parts P. Hence, it follows that the local energy equation is
pr-g;-pe+P=0, (12)
where the stress power P is defined by
P=tqVii = tidyi » (12)

and where we have made use of the fact that v, ; = dy; + wy; and t,; is symmetric.
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Part 111: Examplesof Constitutive Equationsand Applications

Inviscid and viscous fluid and nonlinear and linear elasticity
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Examples of Constitutive Equations

Generally materials are classified as solids or fluids. However, we also encounter materials
which do not fall into either of these categories and which possess properties common to both
solids and fluids. A strict definition of these classifications is not attempted here, but we mention
here some of the main characteristic features of solids and contrast these with corresponding
features in the case of fluids. One of the main characteristic features of a solid is that it has a
reference state (or a reference configuration); and, in general, the deformed state (or
configuration) is not too far from the reference state. Moreover, regardless of the amount of
deformation, to some extent a solid remembers its reference state. A fluid, on the other hand,
does not possess a reference state (or configuration) and does not necessarily remain near such a

state in any motion.

1. Inviscid fluid

In hydrodynamics, an inviscid or an ideal fluid (including an ideal gas) is conceived of as a
medium possessing the following properties. (i) it cannot sustain shearing motion and (ii) the
stress vector (or the force intensity) acting on any surface in the fluid is always directed along
the normal to the surface, i.e., t is parallel to n. However, it is desirable to begin from a more
general viewpoint. Thus, we assume that an inviscid fluid is characterized by a congtitutive

equation of the form
T=T(p) or t;=T(p) . (1.2)

In (1.1), the response function T is a single-valued function of its argument and p is the mass
density of the fluid. Morever, it isinstructive to consider an even more general assumption and
suppose the constitutive response function to depend also on the velocity vector’v. This is

because at this stage it is not clear why the explicit dependence on v (or even x) should be ruled

T We rule out inclusion of the velocity gradient which gives rise to a shearing motion. The latter is not compati-
ble with the properties of an ideal fluid stipulated in the opening paragraph of section 1.
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out. With this background, we begin by examining the more general constitutive assumption:

T=T(p,v) or tij =%;(P, Vi) - (1.2)

It is convenient to recall here (from Parts | & Il) that under a superposed rigid body motion
the position x movesto x™ in accordance with
X*(1) = a(t) + QU)X , (=9

(1.3)
vi(r) =a (1) + Q)v(1) + Q'(T)x ,

where Q' = Q Q, Q isthe rigid body angular velocity, the temporary notation Q'(t) is defined by
Q)= d—dTQ(T) with T being real. Consider now a specia case of (1.3) for which at time 1 = t,

a'(t) = a(t) isaconstant vector and Q isaconstant Q,, such that at time't

at=c, QM) =0Q,Q) ,

where c is a constant vector and Q, is a constant rigid body angular velocity tensor. We note for
later reference that when the above special motion represents a rigid body trandlational velocity,
we obtain

QW =1, QW=0,

(1.9
viz=c+v .

Also, when the special motion involves only a constant rigid body angular velocity, we have

c=0, QM) =1, QM)=9Q, .
(1.5)
Vi=v+Qx , LY=L +Q,
We now examine (1.2); under a constant rigid body trandational velocity of the form (1.4).
Since the constitutive eguation (1.2); must hold for al motions, including a s.r.o.m., and since
on physical grounds the response function T (but not its arguments) must remain unaltered under

such superposed rigid body motions, we have



-74 -

TH=T(p* v)=T(p" v+o) . (16)
Now under the special motion (1.4), the stress tensor transforms as

T =T . (1.7)
Substituting (1.2); and (1.6), with (1.7) we get

T(p,v)=T(p,v+0) , (1.9)

which must hold for all constant values c. It follows that (1.8) can be satisfied only if the depen-
dence of T onv is suppressed and we are left with the original assumption (1.1). It should be
evident that the same type of conclusion can be reached if we had initially included in (1.2) also

dependence on the current position X.

Once more we examine the constitutive equation (1.1) under a general s.r.no.m., and recall

that under such motions
T'=QTQ'.
Introducing the assumption (1.1) into the above invariance requirement, we obtain
TeY=QT(MQT, (1.9)
which must hold for all proper orthogonal tensors Q. Since the condition (1.9) is also unaltered
if Q isreplaced by —Q, it follows that (1.9) must hold for all orthogonal Q and not just the

proper orthogonal ones. Hence, 'T'(p) is an isotropic tensor and can only be a scalar multiple of

the identity tensor | (see the Supplement), i.e.,
T=T(p) =-p(P)! or t; =t =-p(P)3; - (1.10)

In (1.10), p is a scalar function called the pressure and the minus sign is introduced by conven-
tion, in order to conform to the traditional form in which the stresstensor T = —pl for an inviscid

fluid is displayed in the fluid dynamics literature.

Substitution of the result (1.10) into therelationt =T n (see Part 11) yields

t=-p(p) n or t, =-p(p)ny , (1.11)
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which shows that the stress vector acting on a surface in an inviscid fluid is always directed
along the normal to the surface. In most books on fluid dynamics, (1.11), is taken as a defining
property of an inviscid fluid, as was also indicated in the opending paragraph of this section. If
(1.11) instead of (1.1) is taken as a starting point, then with the use of t =T n we have
T n=-p(p)n or (T + pl)n =0 which must hold for all outward unit normal n, and we may con-
clude that T = —pl in agreement with the earlier result (1.10) for the stress tensor in an inviscid

fluid.

We are now in a position to obtain the differential equation of motion for the determination
of the velocity field v in an inviscid fluid. Thus, after substituting (1.10) into the equations of

motion (see Part 1), we arrive at
—gradp+pb =pv or p;+pb; =pv; . (1.12)

For a specified body force b, the vector equation (1.12), [or (1.12),], together with the equation
for mass conservation represent four scalar equations for the determination of the four unknown
(p, V). The smple structure of (1.12) at first sight may be somewhat deceptive: these equations
are difficult to solve by analytical procedures (or even numerical methods). This is because of

the nonlinearity due to the convective termsin v.
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2. Viscousfluid.

Although our main objective here is the development of linear congtitutive equations for a
(Newtonian) viscous fluid, it is enlightening to start with a more general constitutive assumption.
For a viscous fluid we assume that the stress tensor T depends on the present value of the mass

density p, the velocity vector v and the velocity gradient tensor L. Thus, we write
T=T(p,v,L) or t; =T(p, i Vi) . (2.1)

where T is a single-valued function of its arguments and satisfies any other continuity or dif-
ferentiability conditions that may be required in subsequent analysis. Alternatively, for conveni-

ence and without lossin generality, we recall that L = D + W and rewrite (2.1) as
T= :I;(p, V, D, W) or tlj :fij(p’ Vi dk|’ Wk|) . (22)
The constitutive assumption (2.2), [or (2.2),] must hold for all admissible motions, includ-
ing such superposed rigid body motions as those specified by (1.4) and (1.5). First, by a pro-
cedure parallel to that discussed in the previous section (see the development between Egs.

(1.6)-(1.8) of section 1) we may suppress the dependence of the response function in (2.2); on v

and arrive at
T=T(p,D, W) or t;="t;(p, d, Wiq) - (2.3)
Next, from the invariance requirement for T, namely T* = Q T Q', we obtain the restriction
T(p", D", W) =QT(p,D,W) Q" , (2.4)

which must hold for all proper orthogonal tensors Q. Consider now the special superposed rigid

body motion specified by (1.5). Under this special motion (2.4) becomes
T(e,D,W+Q,)=T(p,D, W) , (2.5)

so that the response function T cannot depend on W and the congtitutive assumption (2.3) is

reduced to

T=T(p,D) or t;=t(p, dy) , (2.6)
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where T in (2.6) is a different function from that in (2.3). By imposing on (2.6) the invariance

requirement we arrive at

T(p", D =QT(p,DIQ". (2.7)
The restriction (2.7) must hold for al proper orthogonal tensors Q. Since the condition (2.7) is
also unaltered if Q is replaced by — Q, it follows that (2.7) holds for all orthogonal Q and not
just the proper orthogonal ones.

A viscous fluid characterized by the nonlinear constitutive equation (2.6), is known as the
Reiner-Rivlin fluid. We do not pursue further discussions of the general forms (2.6),, but in the
remainder of this section consider in some detail the (Newtonian) linear viscous fluid as a special
case in which the response function T isalinear function of D with coefficients which depend on
p.

In the discussion of the linear viscous fluid, it is convenient, in what follows, to carry out
the details of the development of the constitutive equations in terms of their tensor components.
Thus, for alinear viscous fluid, we specifiy t; on the right-hand side of (2.6), to be linear in dy

in the form

tij(p, diy) = &; + by dy (2.8)
the coefficients g; and by are functions of p and satisfy the symmetry conditions

& =& » B = by By = by (29)
where the condition (2.9)5 arises from the symmetry of d,; and is assumed without loss in gen-
erality.

The response function (2.8) must satisfy the invariance condition (2.7) which in component

formis
(P, d) = Qim Qi trn (P, i) (2.10)

where in recording the above we have also used p* = p in the argument of the left-hand side of

(2.10). Introducing (2.8) into (2.10) we obtain the restriction
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aij + bijkI Qkp qu dpq = Qim an (amn + bmnpq dpq) (2-11)
which holds for all arbitrary d,;. Considering separately the cases when d,, = 0 and d; # O, it
follows from (2.11) that

8j = Qim Qjn @mn (2.12)

and

bijki = Qim Qin Qup Qig Prinpg »
where in obtaining (2.12), we have made use of the orthogonality property of Q;;. Now accord-
ing to the theorems on isotropic tensors (see the Supplement) the coefficients &; and by, are,
respectively, isotropic tensors of order two and four and hence must have the forms

3 = ~Pd; (2.13)

bijii = Ad;j Oy + My Oy + YOy Oy
where p, A, |, y are functions of p only and the use of —p instead of p in (2.13), isfor later con-
venience and in order to conform to known expressions in the fluid dynamics literature. If we
appeal to the symmetry condition (2.9),, then the right-hand side of (2.13), must be symmetric

in the pair of indices (ij) and (2.13), reduces to

bijii = Adij O + M(Bik Oy + Oy Oyye) - (2.14)
It should be noted that the expression (2.14) implies a further symmetry restriction so that by
satisfies

bijki = Puiij (2.15)
in addition to (2.9), 3. Substitution of (2.13); and (2.14) into (2.8) finally yields

tij = _p6ij + )\6” dkk + Zpdl (216)

j
as the constitutive equation for a (Newtonian) linear viscous fluid. The scalar p in (2.16) is the

pressure and A, | are called the viscosity coefficients.
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The differential equations of motion for a (Newtonian) linear viscous fluid in terms of the
velocity field can be obtained by substituting (2.16) into Cauchy’ s stress equations of motion and
leads to

—Pj + Adygj + 2ud;;; + pby = pv; .

After recalling the kinematical relations
O = Viek » 0 = = (vi; +
ki = Viek » & = E(Vi,j Vi)

and making use of v; ; = v; ;;, the above differential equations of motion become

=P+ (A + 1) Vi + RV g T Pby = pV; (2.179)
or

—-Op+(\ +WO(0 - v) + uO% + pb = pv . (2.17b)

The system of differential equations (2.17) and the mass conservation represent four scalar equa-
tions for the determination of the four unknowns, (p, v). It should be noted in the absence of

viscous affects (A = u = 0), (2.17) reduces to those for an inviscid fluid (see Egs. (1.12)).
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3. Elastic solids: Nonlinear constitutive equations.

We consider here general constitutive equations for an elastic solid in the context of the
purely mechanical theory.

A material is defined by a constitutive assumption. Moreover, an elastic material in the
purely mechanical theory may be defined in terms of a constitutive equation for the stress. We

return to this later but first we need to establish some preliminaries.

We recall the expression for the rate of work by the body and contact forces as follows (see

Sec. 7 of Part I1):
R=R,+R., (3.2
Rb:J’pb-vdv,RC=It-vda. (3.2
P oP

Also, the local equations of motion (in terms of the symmetric stress tensor of Cauchy) are:
b + PO = PV, b =tk (3.3
Consider now the expression for R., use the divergence theorem to transform the surface

integral into avolume integral and make use of the equations of motion (3.3), to obtain:

R.=[t-vda= [ tvda= [tymvida= [(tvi) jdv
op op op P

= Itki,ivkdv + J'tkin’idV

P P
= IkadeV - Ipkade + J-tkin’idV . (34)
P P P
Then, after using (3.2)1
RC = J'kadeV - Rb + J-tkin’idV . (35)
P P

From this result and (3.1) follows that

d
R= EK(SI) +{tkivk'idV s (36)
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where K(S,) = J’ %pv v dv is the kinetic energy for the material region occupied by P in the
P

present configuration K .

We define an elastic body as one whose response depends on deformation gradient or on an
appropriate measure of strain. We assume the existence of a strain energy or a stored energy per

unit mass Y such that

LiVii =P W, (3.7)

and we define the (total) strain energy for each part P in the present configuration by

Uy :J’p ydv . (3.8
P

Then, by (3.6), (3.7), (3.8) the conservation of mass and the transport theorem we have
_d
R(S) = S [KG) + U] - (3.9)
We have thus proved the following theorem: The rate of work by contact and body forces is

equal to the sum of the rate of kinetic energy and the rate of the strain energy.

We now return to (3.7) and for an elastic body assume that the strain energy density
Y =y'(F) [or g =y’ (x; a)l-
Alternatively, we may assume that ) depends on a measure of strain such as E and write
Y =W(E) or Y=Y(Enp) - (3.10)
Now the material derivative of Y is

. a .
g = ﬁEABXi,B : (3.11)

where in obtaining (3.11) we have used (from Part 1) the expressions

2EAs =Cag = 0ag » Cap =XiaXiB »

Eag =Xk aXig » Cap = 2Eps -
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Introducing (3.11) into (3.7), we obtain

0
tiidii = P aEqAJB
or
o
(ti — p—aEL,LJB Xi Xk 8)0ki =0, (312

which must hold for all dy;. Hence, we conclude that

d o
tyi = pXi,AXk,B—aEqAJB or T= pF%FT : (3.13)

If instead of the constitutive assumption (3.10), we begin with the alternative assumption
W=P(C) or Y=P(Cpp) , (3.14)

then in a manner anal ogous to the development that led to (3.14) we deduce that

oy oy
t, = 2p Xi'AXk'BFL,EB or T=2p F%FT . (3.15)
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4. Elastic solids: Linear constitutive equations.

We recall that in the context of infinitessmal kinematics discussed previously (Part I, sec-

tion 7), a function f is said to be of O(e") as € - 0 if there exists a nonnegative real constant C

such that |f| <Ce"ase — 0. Moreover, for infinitesimal deformation gradients, the distinction

between Lagrangian and Eulerian descriptions disappears; and that, to within 0(e?), the relative
displacement gradient can be written as

U =&+ w;, 4.1)

where

Qj:%(ui,j-"uj,i)zo(s) , (*)ij:%(uini_uj,i)zo(s) :

ase - 0. (4.2

We further assume that all derivatives (with respect to both coordinates and time) of kinematical

quantities, e.g., u;, &;, wy;, are aso of O(¢) ase - 0.

We now introduce additional assumptions in order to obtain a complete linear theory.
Thus, we assume that the fixed reference configuration (which was identified with the initial
configuration) is "stress-free", i.e., in this configuration the stress vector t and the body force b
are zero. We also assume that the body force b (or its components by;) and the stress vector t (or
its components t;) -- when expressed in suitable non-dimensional form -- as well as the com-

ponents of the stress tensor t,;, all are of 0(¢) as€ - O.

Recalling that for infinitesimal motion (see Eq. (7.32) of Part 1, section 7)
Jl=1-¢,=1-0()asc - 0, (4.3)
from the referential form of the conservation of mass, namely pJ = p,, we conclude that
P=p,—0()ase - O. (4.9

Keeping in mind that t, b, U are al of 0(€) ase — 0, with the help of (4.4) and after the neglect
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of terms of 0(e?) as€ - 0, the equations of motion in the linear theory reduce to
tii + Pobk = PoVi » (4.5)
ti = ti (4.6)
where v; = U is the particle velocity, a comma denotes partial differentiation and the v; on the

0v;
right-hand side of (4.5) stands for a_tl It should be observed that each term in (4.5) is of O(g) as

€ - 0.

The equations of motion of the linear theory can also be obtained from the results of the
aternative derivation (see Part I, section 5). Thus, in terms of the non-symmetric Piola-

Kirchhoff stresstensor p, 5, the equations of motion are
Piaa + Pl = PoVi (4.7)
PiaXjA = PjaXia » (4.8)
and we also recall the relations
Pig = Xi ASaB + SaB = SBA (4.9)
Jii =Xk APia = Xk aXi BSAB - (4.10)
SinceJ=1+0(g), Xj o = Op + Ujp = 0jp + 0(€), Xp j =0p; + 0(€) as€ - 0, we have
Pia = JiXa k
=100+ 0(€%) as € - 0. (4.11)
Similarly, since now p;, =0(¢) as€ - 0, (4.9), after using (4.11) yields
SaB = PipXa,i
=pigda; +0(e%) as € - 0. (4.12)

It follows from (4.11) and (4.12) that if terms of 0(¢?) as € — O are neglected, then pi, Sag, i
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are al equal and the distinction between the Cauchy stress and the Piola-Kirchhoff stresses

disappears. Hence, the linearized version of the equations of motion (4.7) can aso be written as
SaB,B + PoPa = Polla - (4.13)

We now turn our attention to the linearized version of the constitutive equation discussed in
the previous section. We recall that in the context of nonlinear elasticity, the constitutive equa-

tions for the stress tensor may be expressed as

tki = pPX (4 14)

i AXKkB E.
AB

In the linear theory discussed above the components of the stress tensor t,; = 0(€) as € — 0.
Since the right-hand side of (4.14) must also be of O(¢) as€ — 0 inthe linear theory, for an elas-
tic body which isinitially "stress-free", after linearization of (4.14), it will suffice to assume that
g is quadratic in the infinitesimal strain g;. Tojustify this stipulation, we proceed to obtain the

linearized version of (4.14). Recall that in the infinitesimal theory,

J=1+0(¢)
Xi o = Oa +0(€)

& = Eapdaidg;j + O(€?) .

Using these expressions, we may linearize equation (4.14) to obtain

ti = PX; AXk B d(éTB = Po[ 1- O(S)} [6iA + O(E)J [6kB + O(E)J dgfs
=Po %TB 5iadcs *+ 0(e%) = po % gé—e:; Siadxg * O(°)
=Po Gaein ZE—ZE OpmOqndiadkg - (4.15)
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Since E5pg isasymmetric second order tensor, we have

oE
P , 9Erq

1
E,s 2 ] =5 |’6PA6QB + 6P86QA]
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Supplementsto the Main Text

M E 185 Class Notes
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Supplementsto the Main text in Class Notes

Rather than writing expressions in terms of components of vectors and tensors, it is some-
times convenient to use a coordinate free notation. In coordinate free notation, a vector is
referred to by the symbol v, whereas in indicial notation this vector is written in terms of its
components v; with respect to a basis e. The values of the components v; are dependent on the
choice of basis. Similarly, atensor may be referred to in coordinate free notation as T or in indi-
cial notation as T;; with respect to agiven basis. Notice that tensor multiplication is not commu-
tative; however, the components of atensor in indicial notation are commutative. The following

relationships between indicial and coordinate free notation are sometimes useful:

Coordinate Free Notation Indicial Notation
v (avector) V;
A (asecond order tensor) Aijj
Av A”VJ
T
A'v A“V]
AB AijBijk
A'B AiBik
ABT AiBy;

Examples from kinematics:

C=F'F Cag = FiaFis
B=FF' Bj; = FiaFia
u?=C UapUpe = Cag

Eigenvalues, eigenvectors, and char acteristic equations.

In general, a second order tensor T operating on a vector v results in another vector (say) w

which is not necessarily in the same direction and does not necessarily have the same magnitude
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asv. Thisoperation is expressed symbolically as

Tv=w or T”VJ =W . (l)

However, if anonzero vector v is such that when T operates on it the resulting vector w is paral-

lel to v, then v is called an eigenvector of the tensor T.

In this case, we can write

Tv= BV or levj = BVi ) (2)

where the scalar 3 is called an eigenvalue corresponding to the eigenvector v. From (2), we can

write

(T - Bl)V =0 or (TIJ - Balj)vj =0, (3)

where | isthe identity tensor. Equation (3) represents three equations which must be satisfied by
all three components of v in order that v be an eigenvector of the tensor T. According to a
theorem of linear algebra, a homogeneous system of three equations for three unknowns (such as
equation (3)), has a non-trivial solution if and only if the determinant of the matrix of

coefficients vanishes, i.e. if

det(T - Bl) =0 or det(T” - [36”) =0. (4)

Equation (4) represents a cubic equation in 3, which may be written as

@B)=-B+1,B7 - 1B +13=0. ()
Equation (5) is called the characteristic equation of T and I, |, , and |5 are called the principal
invariants of T. Expressions for the principal invariants can be obtained by solving the system

(4), giving
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I, =trT I =Tjj

2_2(r r ) or 2_2(“ il ij JI) ()
1

|3 =detT |3 = det(Tyj) = & Eijkimn 1 Tjm Tk -

In general equation (5) has three roots which are not necessarily real and are not necessarily dis-

tinct. However, in the specia case where T is symmetric, we can prove some additional

theorems.

Theorem 1. If T issymmetric, then al the roots of the characteristic equation (5) are real.

Proof: We will prove this theorem by contradiction. Suppose first that the roots of (5) are not

real. According to a theorem of algebra, the complex roots of a polynomial with redl
coefficients must occur in conjugate pairs. Therefore, if there exists a complex root O of
(5), then there must also exist aroot @ of (5) which is a conjugate of V. Thus p® and

B@ must be of the form

BY =p+iy
B@ =p-iy, (7)

where i2=-1. The eigenvectors which correspond to the eigenvalues & and @ are of

the form
V(l):a +1id Vj(l):Gj +|5J
or (8)
v@=a-id vj(z):o(j - i3,

Since equation (2) must hold for al eigenvectors and their corresponding eigenvalues, we

can write
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TV = B(l)v(l) TijVj(l) = B(l)Vi(l)
or (9)
TVv® = B(Z)V(Z) Tijvj(Z) - B(Z)Vi(Z) _

Multiply (9), by v and (9), by v{!) to obtain (in indicial notation)

BV DY =T,y D@
B(Z)Vi(Z)Vi(l) e TIJV](Z)VI(l) e levj(z)vl(l) - levj(l)VI(Z) . (10)

In obtaining (10),, we have made use of the facts that T;; is symmetric and that i and j
are dummy variables. Subtracting (10), from (10), gives
(B - @Oy, A =0, (11)

Substituting (7) and (8) into (11), we can write

The term in parenthesis in (12) is aways greater than zero since it is the sum of two
squared real numbers. Therefore, we must have y = 0. Equation (7) then implies that
B and B are both real, which is a contradiction of our initial assumption. We can
therefore conclude that if T issymmetric, all the roots of its characteristic equation are

real.

Theorem 2. The eigenvectors which correspond to distinct eigenvalues of a symmetric tensor

are orthogonal.

Proof: Suppose that v(Y and v® are eigenvectors of a symmetric tensor T corresponding to dis-

tinct eigenvalues B and B@, i.e. B # B@. Asin the previous proof, we can show that
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equation (11) must be satisfied. Since B® # @, we must have

viD.v@ =0 o vO@=0. (13)

Equation (13) is exactly the definition of orthogonal vectors, thus the eigenvectors v(

and v@ are orthogonal.

Theorem 3: Every second order symmetric tensor has three linearly independent principal

directions.

Proof: For the proof of this theorem, see Advanced Engineering Mathematics, Wylie, p. 541.

Remark: In the preceding development, we can, without loss of generadlity, replace the eigen-

vector v with a unit vector m, where

m=v/|v]| . (14)

The vector m is called the normalized eigenvector.

Using theorems 1, 2 and 3 and the previous remark, we can state that any symmetric tensor T
has three real eigenvalues B® ,B@, and® and three orthonorma eigenvectors
m® m®@  and m®. It can be shown, using a theorem of linear algebra, that since T has three
linearly independent eigenvectors, it can be transformed into a diagonalized form, denoted by

A\, using the transformation

T = Nij = iy Ton »

where

aj=e-md and x=gx. (15)

Here the primed quantities correspond to the transformed system. It can aso be shown that the
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diagonal members of A are simply the eigenvalues, so that

D 0 o
Np)=|0 B@ o0 | . (16)
0 0 g®

Quadratic forms and positive definiteness.

Associated with any symmetric second order tensor T isa scalar valued function of a vector

Q(v), where v is an arbitrary vector, defined by

QV) =(Tv) -v=T;V,

Vi=V: (Tv). (17)

We call Q(v) a quadratic form. The tensor T is said to be positive definite if for all

vz0,Q(v)>0.

Theorem 4: A symmetric second order tensor T is positive definite if and only if all the eigen-

values of T are positive.

Proof: Again using atheorem from linear algebra, one can conclude that since the eigenvectors
m® , m@ , and m® are orthogonal in a 3-dimensional space, then any arbitrary vector w
in that space may be represented as alinear combination of m® , m@ | and m®. Thus, we

can write

w =am® + a,m®@ + am® (18)

The eigenvalues of T corresponding to m® , m@  and m® are p® , @ , and B, as

before, so equation (2) gives
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Using (18) and (19), we can write

Substituting (20) into (17) gives

QW) = Tyww; =aB® + a’p® +a2p . (21)

Necessity: If T is positive definite, then Q(w) >0 for al w. Since a; , & , and ag are al real
numbers, the square of each of these terms must be positive (or zero). If w=am®, then
Q(w) > 0 implies from (21) that [3(1)a|2 >0, or that B > 0. Since w is arbitrary, a similar
argument shows that B@ and B are both greater than zero. Thus, if T is positive definite,

then all the eigenvalues of T are positive.

Sufficiency: If al the eigenvalues of T are greater than zero, then by (21) it follows that
Q(w) >0foral w#0. Therefore, T is positive definite if al the eigenvalues of T are posi-

tive.

Theorem 5. If B is a positive definite symmetric tensor, then there exists a unique symmetric

positive definite square root T of B such that T2 = B.
Remarkson the calculation of the squareroot of B:

Let Bj = &,8q/\pq (€€ (15)), where A is a diagonal matrix as in equation (16). Define a
1
2
tensor A\ 4 as

1 [VB® O o

(A?)q=[0  VB@ 0
0 0 Vg®

s0 that
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1 1
N3N G =Nps- (22)

1

Defining Tj; = &,34/\ S We can show that

1 1 1 1
TiiTik = 8pia N by rlnakn/l\ T = BpAe@mAa\ o\ T

= aipa1<n6qm A qu/\ 2mn = a1'pakn/\pn = Bik
or

T?=B. (23)

Theorem 6. Polar decomposition theorem (see class notes section 1/3)

Any non-singular (invertible) tensor F may be uniquely expressed as

F=RU=VR, (24)

where R is orthogonal and U and V are symmetric positive definite tensors.

Proof: Existence

1
DefineU = (F'F) 2 and R = FU™L. We first show that U is symmetric postive definite.

To show that U? is positive definite, consider the quadratic form

QVv)=v-Uu=v-FTFv=Fv-Fv.

Since F isinvertible, then Fv # 0if v#0. Assuming that F and v are both real, it fol-
lows that Q(v) >0 if v=0. Thus, U? is positive definite. Also, since F'F is sym-
metric, then U? must be symmetric. From theorem 5, we know that U must have a
unique positive definite square root U, where U is also symmetric. To show that R is

orthogonal, note that

RIR=(UYFTrU=UFTFUl=Uuuu?l=1,
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Using the definitions of U and R, we can write

RU=FUU=F.



-117 -

Thus, we have shown the existence of the decomposition (24).

Uniqueness

To show uniqueness of the decomposition (24), assume first that two such decomposi-
tions exist, so that F=RU=R'U". The star is used here to denote an aternative

decomposition. Notice that

FTF=U'RTRU = U?
and

FIF=UTR'TR'U" =U"?,

thus U2 = U"2. By theorem 5, the square roots of U? and U"? are unique, so we must

have U = U". Notice that

0=F-F=RU-R'U =(R-R")U.

Since U isnon-singular, U™t exists. Thus,

0=(R-RHUULI=R-R",

and so R =R". Thus, the decomposition F = RU is unique. Similarly, one can prove
the existence and uniqueness of the decomposition F = VR, where we temporarily
allow R to be different from R. The relationship between V, U, R, and R may be

determined by observing that

F=RU=(RURR=VR,

where RURT is symmetric and positive definite. Since the decomposition of F is

unigue, we conclude that

V=RURT, R=R, and U=R'VR.

(25)
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Extremal properties of quadratic forms.

Consider the symmetric tensor T and the quadratic form

Q) =V Tv=T;vy;. (26)

We wish to know the extreme values of Q(v) subject to the constraint that v be a unit vector
(,e.v-v=v;v;=1). Using the method of Lagrange multipliers, the conditions for the

extremum of (26) are

4]
a_\/k {TijViVj - B(ViVi - 1)} =0, (27)

where 3 is the undetermined multiplier and v - v — 1 =0 is the constraint equation. Performing

the differentiation, (27) becomes

TijOikV; + Tjjvid —2Bv;d;) =0
or

Tijj + TikVi - ZBVk =0. (28)

Since T is symmetric, (28) becomes

Tijj - ka =0. (29)

Therefore, Q(v) attains extreme values when v is a eigenvector of T. Using (2), it isclear that if

m isaunit eigenvector of T with corresponding eigenvalue 3, then

Q(m)=m-(Tm)=p. (30)

In summary, the quadratic form obtains its extremum values when it is operating on an eigenvec-
tor. If the eigenvectors are normal, these extremum values are smply the corresponding eigen-

values.
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Relationship between eigenvaluesof U, C, V, B, E, and D and the principal stretch.

(see class notes sections 1/4 and 1/5)

The principal directions are the directions in which the stretch attains an extreme value.
The principal stretch A is the extreme value of stretch in agiven principal direction. As derived
in section 1/4, the eigenvalues of U and V are equal to the principal values of stretch and the
eigenvalues of C and B are equal to A°. It was also shown in this section that the eigenvectors of

U and C are coincident and that the eigenvectors of V and B coincide.

The relative strain tensor E is given by

_ 1~
E=2(C-1). (31)

The principal values of strain, denoted by 3, are equal to the eigenvalues of E. The principal
directions of strain, denoted by m, are equal to the eigenvectors of E. From (2), we have
Em=pm. (32

Substituting (31) into (32) gives

1 _
E(C_ )m=pBm,
or

Cm=(2B+1)m. (33)

Equation (33) implies that m is an eigenvector of C as well as of E and that 23 + 1 is an eigen-

value of C. Aspreviously noted, the eigenvalue of C isA?, so

B+1=A2 or B:%(Az—l). (34)
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Thus, the eigenvectors of U , C , and E coincide and the principal value of strain is related to the

principal value of stretch by equation (34).

As was derived in section 1/5, the eigenvalues and eigenvectors of the rate of deformation

tensor D are given by

_ _d
Dm——m—a(ln)\)m : (35

where m is an eigenvector of D, (m isaso called the "principal direction of stretch"). Itis clear

from the form of (35) that A A (called the logarithmic rate of stretching) is an eigenvalue of D.
Example calculation

Suppose that at some instant at a particular point in the body, the deformation gradient ten-

sor F isgiven by

[Fial = (36)

O Fr N
O N -
O O

Notice that (36) yields a symmetric positive definite tensor. Since the polar decomposition of F

isunique, it followsthat V =U=Fand R=1. Theprincipal invariantsof F = U are

Ilztl’U:UAA:5

1 1
I, = E(UZU -tru?) = E(UAAUBB —UagUpa) =7 (37)
ly=detU=3.

The characteristic equation of F isthen

—B2+5p%°-7B+3=0. (38)

Theroots of (38), i.e. the eigenvalues of F, are
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B(l) - 3
B =1 (39)
B(3) =1.

To solve for the eigenvectors of F, substitute each of the eigenvalues into equation (2), or

Fv=_(v. (40)

For B = 3, equation (40) gives

(F-3)MPD =0,

or

-MO+MB =0 and -2MWP=0.
1 2 3

Thus, the eigenvector M@ is given by

1
MP]=¢ 1 |,
0

where ¢, is an arbitrary constant. Similarly, for B = B® = 1, equation (40) gives

(F-NM@® =0

wherea = 2,3, or

M@ = —p (@
1 2

Solving for M@ gives

-1 0
M@Pl=c, | 1| and [MP]=¢; |0
0 1

We may take unit eigenvectors



-122 -

1 1 L -1 0
MOl== 1|, (M&== | 1}, MP]=]0 |,
v2 |0 V2 | 0 1

which form a right-handed triad. Note that every vector in the space spanned by M® and M©

is also an eigenvector with eigenvalue 1.

One can better understand the physical significance of these results by looking at the effect
of the deformation (36) upon a unit cube. The graph below gives the cross section of the cube
before and after the deformation. As expected from the preceding calculations, the principal
directions (i.e. the directions in which the stretch attains extremum values) are in the directions
of the eigenvectors M@ M®@ and M®. Line elements along M® are stretched to three
times the initial length. Thus, the stretch A = 3 isequal to B, as expected. Line elementsin the
directions M@ and M® retain their initial length. Therefore, the stretch A in these directions
equals unity, corresponding to B@ =B =1. In this example, line elements along principal
directions undergo pure stretch as a result of the deformation; however, line elements in other
directions may undergo both stretch and rotation. This characteristic is true in general whenever

the deformation F is of the pure stretch type (i.e. whenever R =1).
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Supplement to Part |, Section 5
Material line elements, area e ements, volume elements and their material time derivatives.

Preliminary results
Claim:

1
det A = 5 EijkEimnAlIAmAnk (1)

Proof: Consider an arbitrary tensor A with components A;;. Let a,=Ay, by =Aq, and

Cy=Aps Recal that

A1 Ay Az .
a- (b xc)=gmabmty = &mnAnAmA = det | Ay Ay A =detAT=A. 2
Az Ay Ags
Now define Ty by
Tijk = EimnAliAmANK (©)

where by (2), T1o3=A. Sincel, m, and n are dummy indices, we may switch them and use

the properties of g, to show that
Tik = Tii = Twij =~ Tig =~ Tisi =~ Tjikc - (4)

Recalling the properties of g;;,, we can conclude from (4) that Tj;,c must be amultiple of €.

>From (2) and (4), we see that

Toz1 =Tgp=Tips=A
Ta1=Toz=Tizx=—-A
Tijk:0 if i:j, j:k, ori=k.

Hence, it is clear that

Tijsz eijk . (5)
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Equate (3) and (5) and multiply the resulting equation by % €jk, oting that €& =6, to

get
_ T_1
A=detA' = E eijkslmnAIiAmjAnk .
Sincedet AT = det A for any tensor A, we have proved equation (1).
Claim:

d(det A)

— -T
A=A A

Proof: Assume that the components of A are independent, so that we can write

T O Qs -

Now differentiate (6) with respect to A, to obtain

d(det A 0A 1
(GA = 0A - 6 €ijk€imn { Or1OsAmiAnk + AlidmOgAnk + AliAmOrndsc}
rs rs

1
= E{esjksrmnAmjAnk + €ig€lmAliANK T EijsEimAiAm

1 1
= E{ 3“:SjkermnAmjAnk} = EssjksrmnAmjAnk -

(6)

(")

(8)

(9)

Suppose now that A is non-singular (det A # 0), so that there exists a tensor B with com-

ponents Bj; such that A;B;, = . If thisis the case, then (9) may be rewritten using (3) and

(5) as

A _ 1
A, 2 Ek(E1mnOr)AmiAnk

1
=3 E5kEImn(AIBi AmiAnk
1
=5 Egk(EmnATIAmAN Bir

1 1
= 5 E5iEiikABir = 7 (2ABy) = ABqy .

(10)
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Denoting B as AT, equation (10) becomes

d(det A)
oA

=AAT=(detA)AT,

which isidentical to (7).
Material line elements

Consider a motion of a body B given by x =x (X , t), where X is the position vector of a
certain particle in the reference configuration and X is the position vector of the same particle in

the current configuration at time t. Two neighboring material particles in the reference

configuration are located at X and X + dX. Consider a material line element dX in the reference

configuration at the point X and having length dS and direction M, so that dX =dSM. Under
the motion x(X , t), the material particles X and X + dX are taken to the positions x and x + dx.
The corresponding material line element dx in the current configuration having length ds and

direction misrelated to dX by
dx=FdX , or dx;=FadXs=XadXp, (11)

where F;5 = X; 5 are the components of the deformation gradient F. A diagram of this motion of
the material line segment is given below. Recall from Section 1/4 of the class notes that the

sgquare of the length of a material line element in the current configuration is given by
dS2 =X ,AXi,BdXAdXB . (12)
Recalling that ﬂ =V jXj A, We can take the material derivative of (12) to get

(EZ = )T,Axi,BdXAdXB + Xi,A)T,BdXAdXB
= Vi,ij,AXi,BdXAdXB + Xi,AVi,ij,BdXAdXB
= (Vij * V) )% aX gdXadXg

= Zdijxi,AXj,BdXAdXB . (13)
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This last step uses the definition of the rate of deformation tensor D = %(L +LT). Equation (13)

may be rewritten using (11) as

ds” = 2d;dx;dl; . (14)

Material area elements

Let 1dX and 2dX represent two material line elements in the reference configuration located
at X. Suppose that the motion X (X ,t) takes 1dX, 2dX into the elements *dx, dx, respectively, at

X in the current configuration. Define the material area element dA with orientation N in the

reference configuration by

N dA = 1dX x %dX (15)
so that

dA, =N dA =N dA - g = (YdX x 2dX) - g =gy Xy 2dXy . (16)

The corresponding material area element in the current configuration is da with orientation n

(see Figure 2) defined by

n da=1dx x 2dx , (17)
so that

nda=nda-e = (tdx x%dx) - e (18)

>From (18) and (11) and noting that X, p X ; = O, We can write

— 1 2 — 1 2
n; da—ﬁiijj,AXk’B dXA dXB—Smjkémin,AXk,B dXA dXB

= k(.o XD )X Xk g TdX 4 20X g
= EmjkXm,0Xj AXkBXD,i 1dXA 2de .
Using (3), (5), and (16), this expression becomes

ni da= SDAB(det F)XD,i 1dXA 2CI)(B
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or

nda=JXp; Np dA . (19)
Assuming that F isnon-singular and using (7) and (19), we can write

n da=JXp; Np dA +IXp; Np dA | (20)
Notice that

._d)_ 8) OFja -1
J=—=— =J(F ) 'V'ka :‘]V'kak':‘]v"' (21)
ot aFjA ot Aj Vj k" kA J:K=K] B

Using (21), equation (20) becomes
ni .da.: (J XD,iVj,j -J XD,jVj,i)ND dA

or

n; da= J(Vj,jXD,i - Vj,iXD,j)ND dA . (22)

M aterial volume e ements

Let 1dX, 2dX, and 3dX be three material line elements forming a right handed system
located at X in the reference configuration. Suppose that the motion X (X , t) takes 1dX, 2dX,
and 3dX into three line elements dx, 2dx, and 3dx, respectively, at x in the current configuration

(see Figure 3). Define the material volume element dV in the reference configuration by

dv =1dX - (2dX x 3dX) = gppcldX s 2dXg 3dXc . (23)
The corresponding material volume element in the current configuration is then

dv = Tdx - (%ax x 3dx) = g Tdlx; Zdx; 3 (24)
Using equations (3), (5), (11), and (23), we can write (24) as

dv = Eijkxi ,AXj,BXk,CldXA ZdXB SdXC = EABC(det F) 1dXA 2de 3dXC
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= lepapc 1dX 5 2dXg 3dX ()
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or
dv=Jav . (25)

Taking the material derivative of (25) gives

dv =JdV = Jv;;dV = J(div v)dV., (26)

where equation (21) is used for the calculation of J

A specia case of the above analysis occurs for isochoric motions (i.e. motions for which

dv =dV for al volumes occupied by any material region of the body). It is clear from this
definition that d_v = 0 for isochoric motions. We see from equations (25) and (26) that the neces-

sary and sufficient condition for isochoric motion may be expressed either as
J=1 or v;;=divv=0. (27)

Summary
A summary of the basic equations derived in this appendix are given in the following:

Material line, area, and volume elements:

d82 = Xi,AXi,BdXAdXB
n; da= ‘]XD,i ND dA

dv=JdVv

Material derivatives of line, area, and volume elements:

(EZ =2 dijxi,AXj,BdXAdXB
da; = J(v;Xp; ~ VjXp,)dAp

d;\/ = JVJ,JdV .
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Supplement to Part |, Section 7

I nterpretation of infinitesimal strain measures.

Recall the following expressions:

ds? = dx;dx; = X; AX; gdX 40X

dSZ = dXAdXA = XA,iXA,jdXide
_1 _1
Eag =5 (Cag =) = 5 (Uag * Usa + U aUwg)
_1 _ 1
8 = E(éij — Gy = E(Ui,j Ui~ UmUm,) -
Also recall that the stretch A and the extension E are defined by

)\ = % :'\/CABMAMB :'\/1+ 2 EABMAMB

= 1/\/Cijmimj = 1/\/1 - qumlm]

and

where

MaMp =mm; =1 and dX, =MpdS , dx; =mds .

D)

(28)

(2b)

3)

For an infinitesimal deformation (see class notes Part 1/7), we may approximate E,g by neglect-

ing term of O(e?) ase — 0 as

1
Eap=5(Uag*Upa)=0() ase - 0.

(4)

The distinction between Lagrangian and Eulerian strain disappears for an infinitesimal deforma-

tion. Thus,
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QJ = EABéiAéjB =0() ase - 0. 5)

Hence, for an infinitesimal deformation the extension and the stretch given in (2) may be written

as
E=A-1=ExgMpMg + O(€?) = g;mm; + O(&?) (6)

and

A =V1+2ExgMaMg =1+ E\gMAMg + O(g?) (78)
or, alternatively,

A =11 - 2gmm; = 1+ emm; + O(e?) . (7b)
In the following discussion, we will use e;4, &, ..., to denote the components of the infinitesimal

strain tensor, since from (5) no distinction needs to be made between Lagrangian and Eulerian

strainase - 0. Consider aline element which lies along the X axis, i.e.
dX;=dS , dX,=dX3=0, andM, =(1,0,0) ,
so that from (6)

_ ds-dS —e

E (8)

That is, e;; represents the extension (the change in length divided by the original length) of a
line element lying along the X, axis. We note that to within O(e?), the direction m; in the current
configuration coincides with the direction M, in the reference configuration. Similar results
hold for ey and ez In summary: the diagonal elements of the infinitesimal strain tensor

represent the extension of line elements in the corresponding coordinate directions.

Consider two orthogonal elements which initialy lie aong the X, and X, axes, so that

dX;=dS, dX,=dX3=0, M, =(,0,0) 9)
dX,=dS, dX;=dX3=0, M, =(0,1,0) .
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Let 6 denote the angle between the corresponding deformed line elements dx and dX, whose
lengths are ds and ds. >From (8), neglecting terms of O(e?) as€ — 0, we have
ds=(1+e;;)dS and ds= (1 +e,)dS. (10)

Now observe that

Codxedx X dX zdXg
cosf = = =X paXig —————
|dx| |dX| dsds Y dsds
e dXadXp c MaMpg
=Cpg ——— =

AB
dsds (L+e)l+ey)

= Cpol(1 + e)(1 + ep) = 2e,/(1 + €1 + €55) + O(€?)

=2, +O(e?) , (11)
where we have used (1)3, (5), (9), and (10) in deriving (11).

Let @ be the amount 6 differs from aright angle (i.e. ¢ = -0 + 172), so that
cosO=sin@= @+ O(@) . (12)

>From (11) and (12), we see, after neglecting terms of O(e?), that
=2 = 9
@p=2e, Or e, > (13)

The angle @ is known as the shear angle. Similar results hold for e;3 and e,;. Hence: the off-
diagonal components of the infinitesimal strain tensor are seen to represent half of the change in

angle between two line elements initially along the corresponding coordinate axes.

Recall that dv=JdV, where J = det(X; »). In the class notes Section I/7, it was shown that

neglecting terms of O(e?) as€ — O gives

J=1+¢gy . (14)
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Thus, dv =JdV = dV + g,dV, or

dv —dVv _
dv

Ok - (15)

The invariant g, is known as the dilation. Equation (15) implies that the trace of the

infinitesimal strain tensor measures the local change in volume per unit volume.
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Supplement to Part |11, Section 2

| sotropic tensors.

Under a rotation of coordinate system, recall that the components of a vector change

according to the rule
Xj = a1'mX’m or X’m = ajmxj , (1)
where x; are the components of a vector x with respect to one coordinate system and X', are the

components of the same vector with respect to a different coordinate system. The coefficients

ay, are components of an orthogonal tensor such that

jak = &i&; = O and det(a;) =+ 1. 2
Also recall that the components T;; | of atensor T transform according to the rule

Tij. x=8p8q " & pg.r ()
where &;'s obey equation (2).

Definition: A tensor T is called isotropic if its components are invariant to rotation of the coor-

dinate system. Thus, if T isisotropic, then

Tij k=T x>
or from (3),
Tij...k =8pdq " 6\<erq...r (4)

for al orthogonal &;.

Theorem 1. A scalar invariant is an isotropic tensor of order zero.
Proof: Let p= fp(xi) be a scalar invariant, so that from (3) fp(xi) = fp(x’i) =¢. Since p=¢, the

scalar invariant @ satisfies the definition of an isotropic tensor given by (4).

Theorem 2. The only isotropic tensor of order oneis the zero vector.
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Proof: If t; are the components of an isotropic vector t, then from (4)
ti = gt; ©)
for all components g; of orthogonal tensors. Consider, for instance, the choice

-1 00
[aji]: 0-1 0
001

With this choice for g;, (5) becomes (t;,t;, t3) = (-t , —t;, t3), which implies that t; =0

and t, = 0. Now consider the choice

3] -

for which equation (5) becomes (t;,t,, t3) =(t;, —t,, —t3), and so we must have t;=0

o O -
|

o - O

= O O

also. Thus, if t isan isotropic tensor of order one, thent = 0.
Theorem 3: Every isotropic tensor of order two is ascalar multiple of &;.
Proof: Let T;; be the components of an isotropic tensor T, so that from (4)
Tij = &pdqTpg ©)
for al orthogonal tensor components g;. Consider now the following choices for g; and the

resulting forms of equation (6):

0 0-1 T1p Tip T3 Tz Tz —Ta
[aj] =|-1 0 O] sothat | To; Toy Tog| = | Tq3 Tqq —Too|
010 T Tap Tag T3 Ty Tx
and
0 0-1 T Tip Ty Tz Tz Tz
[aﬂ-] =11 0 O] sothat | Ty; Top Toz| = | =Tz Ty —Tyo| - (7)
0-1 0

T3 T Tas Ty =Ty Ty
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In order for (7); and (7), to both be satisfied, we must have
Ty =Tp=Tgg and Tip=Ty =Ti3=T =Ty=T3=0,
or

Tij =AY, (8

where
A=Ty=Tp=Ts.
Theorem 4: Every isotropic tensor of order three is a scalar multiple of the permutation tensor

Eijk'
Proof: Let Tj;, be anisotropic third order tensor, so that from (4) we can write

Tijk = aipajqakerqr (9)

for al orthogonal &;. We can represent T;j, as

Ti1a Taa2 Taas Tion Tazp Tazz Tizn Tz Tass
[Tijk =1 To1 Tora Tors - Toogp Tooo Toog  Togy Togo Toss
Ta11 Ta12 Taiz  Tapr Taxm Tapz  Tazp Tazp Tass

Consider the following choices for g; and the resulting forms of (9):

0 0-1 ~Ta33 ~Tazr Tazz ~Taiz ~Tair Tarz Tas Tam —Tax

[aij] =-1 0 O] then [Tijk] =l ~Tizz ~T1;1 Tz | “T113 ~Tir Tz Tizs Tion ~Ta
010 D Toss Tom “Tome - Tz Town ~Too - —Tas ~Ton To

001 Tazzs Taz Tazo  Taiz Tain Taiz Taps Ta;m Tax

[aij] =10 0] then [Tijk] =| Tizz Tiz Tia | Tiz Tin Tio | Tios Ti;n Tix
010 | Toss Tom Toze o Tz Toun Too o Tozs Toon T
001 Tazz Tazp —Tam Tas Taxp —Tam  —Taiz —Taz Tann

[31'1'} =| 010 then [Tijk] =l Tozz Togzp —Tog | Toos Toxp —Tom Tz Tz Tong
7100 Tis T Tam Tz 7Taze Tan T T ~Tan

(10)
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>From equation (10), we must have

T3z = Ta31 = T3z = T111 = T112
=T100=T133= To11 = Tozg = Tg11 = Tapp = T3 = Ty31 = To1p =
=Tz =Tg3=T333=0

and
T123= T3 = T3 = Ty =Ty =~ T3 =A,
thus we can write
Tijk = A€ - (11)
Sufficiency may also be shown by substituting equation (11) into equation (3), giving
BipBiatia T par = pBigBMEpgr = A(dEt 8pg)Eiji
which is equivalent to equation (9).
Theorem 5: The most general fourth order isotropic tensor has the form
Tiji = A;jO + Md;) + YO Oy -
Proof: Let Ty be the components of an isotropic tensor, so that from (4)
Tijk = @pBigBrdisT pars (12)
for al orthogonal &;. We proceed as in the previous proofs, choosing g; to be
-1 00 1 0O 001 00-1
[aﬂ}: 0-10 ,|0-1 0 ,/200 ,(01 O
0 01 0 0-1 010 10 0
Using the above choices for &; in equation (12), we can show that the non-zero values of

Tiji arerelated as follows:

T1112 = T2 = Taazs

T1120 = Too11 = T1133= Ta311 = Tazop = Topzz = A

T1210= To101 = T1313 = T3131 = T3z = Tapzp = U

T1201 = T0112 = T1331 = T3113 = T332 = T3 =Y. (13)
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Now consider the choice
N2 1V2 0
[aﬂ} =|-1v2 V2 0| .
O 0 1

If we substitute this value for g; into (12) and seti =j =k =1 =1, wefind that

1
Ty = Z(Tllll + Top11 + Toro1 + Tagor + Tonao + T1o12 + Traze + Toooo)

or using (13),

Ty =A+p+y. (14)
>From the restriction (13) and (14), we see that T;; can be represented as

Tijia = A0y + My + Y040y - (15)
Sufficiency may be shown by substituting the expression for Tj;,y given by equation (15)
Into equation (4), yielding

8ipBigBrds pars = 8ipdigrdy s()\épqérs + Uépréqs + V6p56qr)
= Nap3paadir + H8ipdig@pq * Yaipdgtke@p
= Ng;i0y + MOy + Y810y = Tiji

which is identical to equation (12). If an isotropic fourth order tensor is restricted to have
the symmetry

Tijw = Tjin (16)
(i.e. symmetry in the first two indices), then from equation (13) we see that y = 1. Equation
(15) may thus be written for this special case as

Tijia = A0y + (i1 + 01Oy - (17)
Equation (17) is the most general form for an isotropic fourth order tensor symmetric in i

and j. Notice that the representation given in equation (17) also possesses the additional

symmetries given by
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= Tijik = (18)
Tijk = Tijik = Twaij -
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Supplement to Part |11, Section 4

Material symmetry of elastic solids (general consider ations).
For a homogeneous elastic solid, the constitutive equation of interest expresses the strain
energy per unit mass as a function of some measure of strain. Thus, let the strain energy per unit

mass Y be given by

Y= (Enp) - D
We examine the behavior of (1) under a change of coordinates in the reference configuration
given by

Xp=ApoX'q
where

Apo=Ep-E'q and Apy Aqu =Aup Ao = po - )

Under the transformation (2), Epg becomes
EPQ = APM AQN E'MN ) (3)

where E'y\ are the components of the strain tensor referred to the base vectors € 5. Since Y isa

scalar invariant, we know that

W=y . (4)

With the use of (1) and (3), the strain energy function after the transformation (2) can be written

as

Y = D(Apy Agn E'mn) (5a)
where as before

W =P(Epo) - (5b)

Substituting (5) into (4), we conclude that

lIJ(EPQ) = {(Apy Aon E'mn) (6)
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where m isin general adifferent function than l]J It is clear from equation (6) that the response
of an elastic solid depends, in general, on the coordinates used to describe the reference
configuration. The symmetry of a homogeneous elastic solid is characterized by the set of
orthogonal coordinate transformations which leave the strain energy function form-invariant;
that iis, the set of Apq such that  is the same as , or such that

U(Epg) = W(E'r) - Y
If equation (7) holds for all possible orthogonal coordinate transformations (i.e. for all orthogo-

nal tensors Apg), then the material is said to be isotropic.

Linear elastic solids

It was shown in the class notes that, in the linear theory, the strain energy function for a

homogeneous elastic solid may be expressed in the form
_1
Pl =3 CasmnEaBEMN ©))

where Cpgyn 1S @ fourth order tensor of material constants which has, in general, 81 indepen-
dent components. Since E,g is a symmetric tensor, the coefficients Cpgpp in (8) will have the
obvious symmetries

Casmn = Ceamn = Capm - 9

In addition, recalling that the strain energy is a scalar invariant we may write (after changing the

dummies AB into MN and MN into AB)

Pl = % CaBmnEaBEMN = % CumnaBEMNEAB - (10)
It then follows that Cagpn Must by symmetric in the pair of indices (AB) and (MN), i.e.,

Casmn = Cunas - (11)

In summary, the fourth order tensor in (8) must satisfy the symmetries

Casmn = Ceamn = Casnm = Cunas - (12
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The symmetry of Cagyn Shown in (12) allows us to reduce the number of independent com-

ponents of Cpgyny from 81 to 21. The remaining independent components are

Ci111 Cr12 Crizs Ciroz Ciaaz Crano
Co20n Cozaz Coooz Comiz Coopo
Ca333 C3323 Caa13 Casio
Cooz Cozz Cospo (13)
Ciz13 Ciao

C1212 .

Linear elastic solidswith symmetry

As mentioned previously, the symmetry of an elastic solid is characterized by the set of
orthogonal tensors Apq such that (7) holds. Substituting (8) into (7), we find

1 1 ——
Pl = > CasmnEaBEMN = > CasunE ABE'MN - (14)
Using (3), (14) can be written as
CaMNAAPABQAMRANSE PoE'Rs = CaBmNE ABE' MN - (15)

Switching dummy indices, (15) becomes

(Caemn ~ CrorsAPaAgeARMASN)E ABE'MN =0 - (16)
Since (16) must hold for all E'5g and since the quantity in parenthesis in (16) is independent of

E' g, We may conclude that

CasmN = CporsAraAgeARMASN (17)

for al orthogonal Apg which liein the set which characterizes the symmetry of the material.

I sotropic linear elastic solids

If the material is isotropic, then equation (17) must hold for al orthogonal Apg. Hence,
Capmn 1N an isotropic tensor which from (12) is symmetric in the first two indices. >From the

analysis given in the Appendix to Section 2 of Part I11, we can represent Cagyn 8
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CagmnN = A0aRON * H(OamOBN T OanOBM) - (18)
Eulerian strain

In the linear theory, there is no distinction between Lagrangian and Eulerian strain as is

clear from the expression
Eag = 0ai0gj&j * o) .

Substituting this into (8), we may write

1
P =7 (CapmnOaide;OmidND & + O(E?) - (19)
Now define
Cijki = CasmnOaiOgjOmidnI (20

so that (19) becomes

PV = % Cijk & & (21)
If the material isisotropic, then from (18)

Cijia = A0 + H(dydy + &y Oy - (22)

We will now consider materials with various symmetries and analyze the effect of the different

symmetries on Cagun-

Casel(a) - Symmetry with respect to the X,—X, plane

Consider a homogeneous elastic solid which in the reference configuration has materia
symmetry only with respect to the X,—-X, plane. For a material with such a symmetry, the
mechanical behavior in the X5 direction is the same as that in the —X 5 direction (dentoed by X'
in Figure 1). The coordinate transformation characterizing this particular type of symmetry is

represented schematically in Figure 1 and can be expressed algebraically as

X=X, Xp=X'2 5 X3



for which Apq is given by
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10 O

[APQ] = 83—2 . (23)

Thus, a coordinate transformation which reverses the direction of the X5 axis does not alter the

strain energy function. We will show that the number of material constants needed to describe

the behavior of amaterial with the above symmetry is reduced from 21 to 13.

For the symmetry under consideration, equation (17) must hold for the value of Apg given
in (23), but necessarily for other choices of Apg. Substituting (23) into (17) gives the relation-
ships

Cr111=Cuar Cu122=Cr1pp Ci133= Cry33 Cra3 = ~Coao3
C1113= 7C1113 Cu112=Cra1o Gz = Conpp Co33 = Cooaz
C2223= ~Cox3 Co213 = ~Co13 Cr212 = Cop1p Caazz = Cazaz
Ca323 = ~Ca323 C3313= ~Ca313 Ca312 = Caz1o Coz3 = Coaos
Cx313= Coz1z Co312 = ~Co31p Ci313= Ciz13 Ciz10 = ~Coapo

Ci212=Cr212

which implies that

0=C1123 = Cy113 = Cpp3 = Cpp13 = C3393 = C3313 = Cy312 = Czp -

The remaining material constants from the set (13) are

C1111 C1122 C1133 0 0 C1112

C2222 C2233 0 0 C2212

Caa33 O 0 Caa2

24
Cas23 Ca313 0 (24

Ciz13 0

C1212 .

The material properties of an elastic solid with material symmetry with respect to the X; — X,

plane are characterized by the 13 constants in (24).
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Case | (b) - Symmetry with respect to the X,—X3 plane

Consider now a solid that has material symmetry with respect to the X,—X5 plane. For such
a material, the mechanica behavior in the X; direction is the same as the corresponding
behavior in the —X, direction (denoted by X; in Figure 2). The coordinate transformation for

which (17) holds, represented schematically in Figure 2, is given by
X]_:_X'l , X2:X'2 ) X3:X'3 . (25)

Since the material has symmetry with respect to the X,—X5 plane, a coordinate transformation
which reverses the direction of the X; axis (such as that in (25)) will not alter the strain energy

function.

Casell - Orthotropy

A material which is symmetric with respect to two orthogonal planes is called orthotropic.
Consider a homogenous elastic solid which has the material symmetry properties discussed in
I(a) as well as the symmetry properties discussed in I(b) (i.e. a material which is symmetric with
respect to both the X,—X, plane and the X,—X3 plane). We will show that the number of
material constants needed to describe the mechanical behavior of a material with the above sym-

metriesis 9. For the coordinate transformation given in equation (25), Apqg is given by

-100
[APQ = 010
001

Substituting this choice for Apq into (17), we see that the 13 constants in (24) are related by

C1111=Cr111 » Cra2o=Cr2 » C1133= Crazz » C1112 = ~Crppo
C220= Con s C33= Cooz3 » Cop10 = ~Coopo

Ca333 = C3333 » Ca312 = ~Caap2

C2303= Co323 » Co313= ~Coa13

Ci313=Ciz13 » C1212=Cr212 »



- 147 -

s0 that
0=Cy112 = Co012 = Cg312 = Cpa13 -

The remaining independent constants are

Cin Cpa2p G133 0 O 0
Co2 Cp33 0 0 0
0

Caz3 0 0
Co30 O (26)
C1213 0
Cro2

The material properties of a linear elastic solid with material symmetry with respect to the
X1—X, plane and with respect to the X,—X3 plane are thus characterized by the 9 constants given
in (26). Notice that by comparing (17) and (26), one can see that a material with the two sym-
metries described above is also symmetric with respect to athird plane which is orthogonal with

respect to both the original planes, i.e. the X;—X5 plane.

Caselll - Transver seisotropy

A homogeneous orthotropic solid that also has material symmetry in every direction lying

in acertain plane (say, the X,—X, plane) is said to be transversely isotropic. For such a material,

a coordinate transformation which alters the X, and X, axes by an arbitrary rotation about the X5
axis will not alter the strain energy function. This property implies that equation (17) must hold

for atransformation of the type (also represented schematically in Figure 3)
X' =X cosa +X,sna
X'5s==Xysina + X, cosa (27)
X'3= Xz,

where the angle a is arbitrary. We will show that the number of material constants needed to

describe the mechanical behavior of a material with the above symmetry is 5. The components
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of the orthogonal tensor Apg corresponding to (27) are

(28)

cosa —sna O
[APQ} =|sna cosa O
0 0 1

Substituting (28) and (26), since the material is aso orthotropic, into (17) gives the relationships

C1111=Co2 » C1133=Cos3 ,  Ci313= Cozps
1
Cio2= E(Cllll -Cu) -

The remaining independent compenents are

Cllll C1122 C1133 0 0 0
Cllll C1133 0 0 0
Ca333 0 0 0

Cias 0 O (29)
C1313 0

1
E(Cun ~Cu12) -

The material properties of alinear elastic solid which is transversely isotropic are thus character-

ized by the five constants given in (29).

CaselV - | sotropic material

A homogeneous elastic solid which has material symmetry in the reference configuration
with respect to all directionsis said to be isotropic. Thus, equation (17) will remain valid for any
proper orthogonal choice of Apg. We will now derive equation (18) using the symmetries which
characterize an isotropic material. We will thus show that only two material constants are

needed to describe the mechanical behavior of alinear elastic isotropic solid.

An isotropic material can be considered as a material transversely isotropic in three mutu-
aly orthogonal planes (such as the X;-X,, X;=X3, and X,—X3 planes). Thus, a coordinate

transformation which alters the X, and X5 axes by an arbitrary rotation about the X, axis will not
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ater the strain energy function (see Figure 43). The same is true with respect to an arbitrary

rotation of the X, and X5 axes about the X, axes (see Figure 4b).

Thus, equation (17) must remain valid under the transformations

X=Xy
X'2:X2COS(p+ ng.n(p
X'3==X,8n @+ X3Cc0S@P

and

X'2=X3
X'3=Xzc0sB+X;snf ,

(30)

(31)

where @ and (3 are arbitrary angles, in addition to the transformation (27). For the coordinate

transformation in (30), Apq is given by

1 0 0
[APQ} =0 cosg —-sin®
0 sing cos@

and for the coordinate transformation in (31), Apq is given by

cosf 0 snfP
[APQ]: 0O 1 0
-sinf3 0 cosP

>From (17), (29), (32), and (33), we can show the relationships

C1122=Cq133 » Cy111 = Casz

1
Ci212=Cyz3 = E(Cllll -Cu) -

The remaining independent constants are given by

Cr11 Craz2 C1122 0 0 0
Cu1 C1122 000
Ci111000

poo

n o

(32)

(33)

(34)
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where p = %(le — Cyq120). Letting A = C;15,, equation (34) may be expressed as

A+2u A A 00O
A+20 A 00 O
A+2000 O
pHo o

p 0

M.

An equivalent way of writing (35) isgiven smply
Cagmn = A0adun + H(damOeN + OandBM) -

Notice that (36) is the same as equation (18) obtained previously.

(35)

(36)
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Appendix L: Some Resultsfrom Linear Algebra

The object of this appendix is to introduce the concept of a tensor in aform which is espe-
cially useful in continuum mechanics. Thus, after a rapid review and summary of basic results
from linear algebra, atensor is regarded as a linear transformation. Many aspects of the algebra
and the calculus of tensors are subsequently discussed in coordinate-free form and frequently are

represented with reference to rectangular Cartesian basis vectors.

1. Sets

We use the symbol X to represent a set, class, collection or family which contains elements

or objects Xq,X,,.... We write this as

X = {X,X,...}. (1.1

The element x isamember of X, or belongsto X, or isin X, and thisis denoted by

x O X. (1.2)

Let X and Y betwo sets. Theset X isasubset of Y if every x in X isasoinY. Thisrela

tion is designated by

X 0. (1.3)

Also Y issaid to include or contain X, and we write Y [ X. The empty set is contained in every

set and is designated by [1. If

XOY ad Y OX, (1.4)

thenthe set Y and X are said to coincide or be equal and we write

Y = X. (15)
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If X isasubset of Y but without X being equal to Y, i.e,, X 0 Y, then X is a proper subset

of Y and we writel

XovY,YOX. (1.6)

It should be clear that X [OY meansthat (i) if x 0 X, then x 00 Y and that (ii) there existsay [
Y suchthat y [ X.

The union of two sets X and Y comprises all the elements of the two sets and is denoted by

X 0. (1.7)
The intersection of two sets consists only of those elements which belong to both X and Y and is
denoted by

X nY. (1.8)

The Cartesian product of two sets X and Y isthe set

XxY = {(xy) : xOX, yOY} (2.9

of ordered pairs. For example, if X = {X;X>,X3} and Y = {yiyo}, then X x Y =
{(X1.YD),(X1.Y2),(X2,Y1),(X2.Y2), (X3, 1), (X3.Y2)} -
For completeness, we introduce now the following definition of a function: A function f

from the set X to the set Y isarule which assigns to every element of X a unique element of Y.

It is often displayed as

f: X SsY |, X|»yVy. (2.20)

1 Our use of the symbols 00 and [ is analogous to the use of the symbols < and < to denote weak and strict ine-
qualities.
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The first of (1.10) indicates that the set X is transformed into Y, while the second of (1.10) indi-
cates that the element x goes to the element y. The function f, or the rule defined by (1.10)4, is

sometimes called an operation or a transformation or a mapping. This definition of a function

rules out multivalued functions.
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2. Vector spaces.

Consider a set V of arbitrary elements u,v,w,...,etc., and admit the following two operations
labeled as (1) and (2):
(1) Let there exist an operation, denoted by "+", which to every pair u,v assigns a unique

element u + v in V and which has the properties:

(A)) u+tv=v+u (commutative property).

(A)) u+(v+w)=(u +v)+w (associative property).

(A3) There exists a zero vector o such that

(A,) For every vector v there is a corresponding negative vector (-v)

such that

v + (-v) = o

It is customary to writev + (-w) = v - w.

(2) Let there exist another operation, indicated by placing a juxtaposition of an element of
V and areal number a , which to every element v assigns a unique element av in V and which

has the following properties:

(S) 1v =w.

(S) a(Bv) = (ap)v (associative property).

(S3) (a+B)v = av + Bv  (distributive property for scalar addition).

(S oa(v+tw) = av + aw  (distributive property for vector addition).
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We then say that V is a vector space over the field of real numbers and that u,v,w,... are
vectorsin V. Thefirst operation defined under (1) aboveis callled vector addition with elements
u + v called the sum of u and v. The second operation defined under (2) is called multiplication

of vectors by areal number.

All the usual agebraic results can be derived from the above axioms. For example, a vec-

tor equation of theform au = ohasthesolutiona = Ooru = o.

Vector sub-spaces. A sub-space of avector space V is any nonempty subset U of V which
issuch that if u and v belong to U and a is any real number, then the vectors u + v and av aso

belong to U.



- 156 -

3.  n-Dimensional vector spaces.
p
Let vq,vy,..,V, be any p vectorsin avector space V, p being some integer. Thesum 3 a; v;
i=1
is called alinear combination of the p vectors v; with coefficients a; asreal numbers. These vec-

tors are said to form a linearly independent set of order p if the only coefficients that satisfy the

eguation

OgVy + OV + - + OpV, = 0 (3.1
ae oy =0y = 03= -+ =d, =0. A linearly dependent set is one which is not linearly
independent.

Note that every subset of vectors containing the zero vector islinearly dependent.

01V1+02V2+ +10+apr:0.

Consider the set of al systems of linearly independent vectors in the vector space V. There
are two possihilities: Either (1) there exist linearly independent systems of arbitrarily large order
p; then the vector space is said to be an infinite-dimensional space, or (2) the order of the linearly
independent sytstem is bounded. In the second case, there exists an integer n such that the order
p < n and there exist linearly independent systems of order n but not of n + 1. The vector space
V is said to be a finite-dimensional vector space. The number n is termed the dimension of the
vector space and we shall use V " to designate finite n-dimensional vector space; and henceforth
in this Appendix we shall be concerned with finite dimensional vector spaces only. Let
{91.95,-.0,} be any such system of order n in a finite dimensional vector space V" ; it will be

called abasisof V" . Thus, we have the following definition:
A basisin avector space V "is any linearly independent set of n vectors.

Let v be any vector in V". The set of n + 1 vectors {V,g;,05,..0,} iS necessarily linearly

dependent, so there existsn + 1 numbers A,a4,05,..,0,, not al zero such that
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AV + 030 + 08 + -+ + Opgy = O (3.2)

If v = o, then a;g, = 0, (no sum on i), and hence a; = 0. For v # o, the number A must
be different from zero, for otherwise the system g; (i = 1,2,..,n) will not be linearly independent.

Equation (3.2) can, therefore, be solved for v, and there exist numbers v v?,... v" such that

vV = Vlg_’]_ + V292 + e+ Vngn . (33)

Thus, the vector v is expressible as a linear combination of the g; . This combination is unique;
for otherwise, there would exist another, and their difference would constitute a linear combina-
tion of the g; equal to the null vector o and with coefficients not all zero. The numbers
(viv2,..v") are called the components of v with respect to the basis {91,95,..04} . It is con-

venient to replace (3.3) by the shorter notation

v = vKg, (3.4)

in which the summation convention is used. Whenever an index appears twice in the same term,
asummation isimplied over all terms by letting that index assume all its possible values, unless
the contrary is stated. Normally the convention applies to an index which appears once as a sub-
script and once as a superscript; but, as will become apparent later, in a special case it will
suffice to adopt the convention for repeated subscripts. It is convenient to recall here a theorem
the proof of which can be easily found in abook of linear algebra?. A statement of the theorem

isasfollows:

For a set of vectorsto constitute abasisin V " it is necessary and sufficient that every vector
in V" can be expressed in one, and only one, way as a linear combination of the vectors of that

Set.

2 See a standard book on linear algebra.
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4. Euclidean vector spaces.

Consider a vector space of dimension n defined over the field of real numbers. Suppose
there is an operation, denoted by " - ", which to every pair of vectors u and v assigns a rea
number, denoted by u - v, and which has the following properties:

(I) u-v=v-u.

(I) u-(vtw) =u-v +u-w.

(I3 (qu)-v =u-(av) = a(u-v) .

() uru=20 and wu-u=0=>u=o0.

The above operation (known as a rule of composition) is called the dot product or the scalar pro-
duct or the inner product of two vectors. A vector space V " obeying the rules of composition

(1) to (1) isareal inner product space and is called a Euclidean vector space3E".

The magnitude or the norm of the vector v is defined by

Ivil = (vv)” . 4.1)
If [|v|]| = 1, the vector is said to be normalized. By (l,) ||v||? is adways positive if v #
0 and it vanishes when v = 0, sothat its squareroot isreal.

The norms of two vectors and the magnitude of their scalar product satisfy the Schwarz ine-

quality

3 This terminology stems from the fact that once a scalar product is admitted, all the standard theorems of
Euclid’'s geometry can be established by an appeal to the properties of an inner product space.
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lu-v| < [[ull l|vll. (4.2)

To provethis, consider the vector au + v where a isan arbitrary real number. Then,

[(au + v)|I?2 = a?[[ull? + 2au v+ [|v]|? .

The left-hand side of the last expression is positive or zero for al real a and thisimplies

(u-v)? < [lull® llv]|*,
which is equivalent to (4.2). In view of (4.2), we define the angle between two nonzero vectors

uandv by

u-v
cosG = —— | 4.3
Tal v (43)

where0 < 8 <1

Vectorsu and v are said to be orthogonal if

u-v=0. (4.9

A set of vectorsin E " is said to be orthonormal if all the vectors in the set are normalized
and mutually orthogonal. Let e be a system of orthonormal basisin E " . It follows that & must

satisfy the conditions

& & = Oy, (4.5)

where §, (i,k = 1,2,...,n) isthe Kronecker delta defined by
Oifizk,
6ik = o (46)
lifi=k.

Every orthonormal set is necessarily linearly independent. An infinity of bases exist which are

orthonormal; and in this appendix atypical orthonormal basis will be denoted by € . Any vector
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vin E", when referred to the basis e, can be expressed in the form

vV = %viq : (4.7)
i=1

Then, by taking the scalar product of both sides of (4.7) with g, we have

Vg =V g . (4.8)

The numbers v, are the components of v with respect to the orthonormal basis g, and the square

of the magnitude of v is

n
Ivi2=v-v =T vy . (4.9)
i=1



- 161 -

5. Poaints.

We denote points by boldface letters x, y, z, etc. Given any two pointsx and y , we associ-

ate with them a point differencey — x whichisavector v in E " and which we denote by

V=y-X (5.1
satisfying the following rules:
P) (y-x) +((x-2) = (y-2) .
(P,) Given any point x and any vector v, there is a unique point y such
that y—-x = v .

The point y determined in rule (P,) is denoted by

y = X+vVvV =V +X. (5.2

In view of (5.1) and (5.2), it is meaningful to speak of the difference of two points whichis

avector, and of the sumof a point and a vector , whichisapoint. In particular,

X—-—X =0 (5.3)

holds for every point x .

The distance between two points x,y is

[x=yl={x-y) x-y}">. (54)
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The set of all points associated with a Euclidean vector space E " is called Euclidean Point

Space?

4 Euclidean vector and point spaces are abstract concepts which at this point in our discussion are unrelated to or-
dinary vectors and points of elementary geometry. Geometrical representations of these abstract concepts will be
discussed in Section 6.
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6. Geometric space.

Consider the space of elementary geometry. This space is composed of elements P,Q,R,
called points. Choose O to be a reference point or origin. The directed line segments
OP, OQ,... may be associated with points x,y,... of Euclidean point space (Section 5) and the
directed line segments PQ, QR may be associated with vectors u,v,... in Euclidean vector space

(Section 4). Thuswe set

x=0P , y=0Q , z=OR .. (6.1)

and

u=PQ , v=0QR ,.. o0=PP. (6.2)

The properties (A1)—(A,) of abstract vectors and the properties (P,),(P,) of points have their
immediate geometrical representation in our geometric space. Thus, the class of al line seg-
ments with the same direction and length as PQ, called a geometrical vector or free vector,
represent vectors, and directed segments such as OP, called position vectors, represent points.

For example, we have the properties

PO=-0P , PO+ QR = PR .

Next, the properties (S;)—-(S,) have their geometric representation in our space of elemen-
tary geometry. Multiplication of a vector by a scalar corresponds to multiplication of aline ele-
ment PQ by a scalar a and is represented by a line element of length |a| |PQ|, where| PQlis
the length of PQ in the same or opposite direction as PQ according to whether a is positive or
negative.

The rules (17)—(1,) of Section 4 have their representation in the geometrical space. Recal-

ling also (4.3), these rules are represented by the scalar product of two geometrical vectors as

PQ RS = |PQ||RS| cos 8 , (6.3)
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where 0 is the angle between PQ and RS. Thus, geometrical vectors give a geometrical
representation of a Euclidean point space with its associated Euclidean vector space. Geometri-
cal space has three dimensions.

Given a geometrical space, we select an origin O and a (constant) basis {f;} of the associ-
ated vector space. These are said to constitute a coordinate system consisting of origin and a
basis (O,f;) for our geometrical space. Any point x referred to the basis f; can be expressed in

terms of its components X; by the formula

't (6.4)

X

I
LMo

I

where now summation isover i = 1,2,3. The components X are called rectilinear coordinates of
x. If (f;) is identified with a constant orthonormal basis g, then referred to e the point x can be

represented as

3
X = 2 Xi§ (6.5)
i=1

and x; are called Cartesian rectilinear coordinates of x.

We may select a different basis g; (say) at each point X in our geometric space so that

g, = gi(X). Thissituation arises when we consider curvilinear coordinates in geometric space.
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7. Indicial notation.
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8. Linear transformation. Tensors.

A linear transformation or tensor T is an operation which assigns to each vector v in V"

another vector Tv in V ™ such that®

T(vtw) = Tv + Tw , T(av) = aTv (8.1

foral vwinV", Thus wehaveT: V" . v™M .

We denote the set of al possible tensors which transform vectors in V " linearly into vec-
torsin V™ by L(V ",V™ and we define the sums of two tensors and the scalar multiples of ten-

sors by

(T+Sv = Tv + Sv , (aT)v = a(Tv) . (8.2

The transformations T + S and aT defined in (8.2) obey the rules (8.1), i.e., they are tensors.
Also the sums and scalar multiples defined in L(V ",V ™) obey the rules (A})—(A,) and (S;)—(Sy).
Hence the set of all tensors constitutes a vector space. The zero element inL(V "V ™), i.e., the
element which is to be substituted for o in rules (Az) and (A,) is the transformation which
assigns the zero vector to every vector. We call this transformation the zero tensor and denote it

by O. In other words, the zero tensor O is such that

Ov =o0 (8.3

for all vectorsv.

The identity tensor can only be defined for transformations from V "to V ". Thus, when the

dimension m = n, we define the identity or the unit tensor | by

lv =v (8.4)

5 This specia definition is particularly useful in the present Appendix. A more general definition of a tensor is
given in Appendix C.
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for all vectorsvinV ",

We associate with Euclidean vector spaces E" and E™ a vector space of dimensions nm
denoted by E "x E ™ called the tensor product space of E " and E ™, and defined in the follow-
ingway: If a OE" and b OE™, thenax bisan element of E " E ™ such that

(@xb)yv=ab-v) (8.5

for al vectorsv O E™. It is seen that acx b, which sometimes is denoted as ab, obeys the rules
(8.1) and hence is a tensor, i.e., it assigns to each vector v O E ™ the vector a(b-v) OE".
Sums and scalar multiples of such tensors can then be calculated by the rules laid down for ten-
sorsin (8.2). Not al tensors generated in this way can be expressed as an element of space of

the forma b. The zero tensor in E "XE " is defined by the tensor 0 Cx o.

Consider now the tensor product space E "% E " of dimension n®. Let g be an orthonormal

basisin Euclidean vector space E". Then,

& O & (8.6)

isabasisinE "o E". To provethis, suppose o, are a set of n? numbers such that

aeg e = O .

Then,

(ae > gJle, = Og =0 .

With the help of (8.5) this last equation becomes

q;k &0 = 0;§ = O .

Sinceg isabasisin E" it follows that
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ik = 0.

Hence e > g, are linearly independent and form abasisinE" E". When u and v are vectors

inE" sothat
u=ug , vV=Vvg,
then
uv = UV = uv,e > g . (8.7)

Let T be atensor in L(E "E ") and let t;, denote the components of the vector Te, with respect

tothebasise inE" so that

Te = the , G = Tec-g . (8.8)

Associated with each tensor T in L(E ",E ") we have the ordered array of n? scalars t;, which
combine by the rules (A;)—(A,) and (S;)—(S,) for vector spaces. Hence, L(E "E ") is a vector
space of dimension n?. But, e % g, isalinear transformation in the space L(E "E ") and hence
also formsabasisin L(E ",E") whichisidentical toE"xE". Moreover, with the use of (8.8),

for any vector v JE " we have

(T-tye eIV = Tev, — ty&vg= 0 .
Hence, we conclude that

The n? numbers ty. in (8.9) are called the components (or Cartesian components) of T with

respect to the basis e x g .

Similarly, we write

| = o8 & (8.10)
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So that
lv = v (8.11)

for al vectors v in E". The tensor | with components &, is the unit tensor in E"E" or

L(EMEM.

The system of numbers t; in (8.8) is usually regarded as an array of numbers, a matrix,

having n rows and n columns and denoted by [t;] or {t}.

Let T beatensorin E"GE". Thetransposeof atensor T isatensor T' defined by

w-Tv = v-TTw (8.12)

for al vectors v and w in E". Thetranspose T' satisfies (8.1) and is atensor, and the opera-

tion which associates TT with T iscalled transposition. From (8.12) it may be shown that
M =7T , @' =7"+5" , @) =aT", (8.13)

so that transposition is alinear operation. Further, it follows from (8.9) and (8.12) that

[t =& Te= & Tle=[t]",
where [tik]T are components of thetensor T7.

A tensor T issaid to be symmetric if

TT=7T. (8.14)

Also, by (8.9) and (8.14) we have

tki = tik . (815)

Also, from (8.12) and (8.14) it follows that if T issymmetric, then

w-Tv = v-Tw (8.16)
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for every v,w in E" and conversely.

A tensor T issaid to be skew or anti-symmetric (skew- symmetric) if

TN =-T
or
bi = ik -
Everytensor T in E"OXE" can bewritten as
T=T5+TA,
where

TS = %(T+TT) - (T, TA = %(T—TT) = —(THT .

(8.17)

(8.18)

(8.19)

(8.20)
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9. Multiplication of tensors.

Let T and S be two tensorsin L(V"V"). The product TS of two tensors T and Sis the

compositionof T and S, i.e., TS defined by the requirement that

(TSv = T(Sv) (9.1)

hold for all vectorsvinV". Itisseenthat TS satisfies (8.1) andisatensorinL(V"V"). The

following rules may be established

(M) (TOYR = T(SR) ,

(M,) T(R+S)

TR + TS,

(M3) (R+ST = RTHST ,
My a(TS = (aT)S = T(aS) ,
Mg) IT=TI =T,

where T,SR aretensorsin L(V"V™.

For tensors T,S inL(E"E"™ it followsfrom (6.9) and (8.1) that

(TOV = T(SkViem) = timSmkVi&

for all vectors v 0 E" sothat

TS = timSmi& O & (9-2)

and ti,Sy are the components of TS with respect to the basis e g. If {ty} and {s} are

matrix representations of the tensors T and S, respectively, then

{tid{sut = {timSmi} - (9.3)
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Note that

(19" = S'7T . (9.4)
The commutative law is not, in general, satisfied, i.e., TSisnot the same as ST.

The truth of the following formulae can be readily verified:

(@xb)’ =bxa,
T(axxb) = Taxb ,

(9.5)
ax (T'b) = (@ b)T ,

@xb)(cxd) = (b-caxxd .

The tensor T is invertible if, for every choice of w, the equation w = Tv can be solved
uniquely for the vector v. If T is invertible, then v is unique and we write v = T™*w. The
transformation T~ obeys the rules (8.1) and is a tensor called the inverse of T. If the inverse

T 1 exists, then

TT™w=0 , TT-l)v=o0

for every choice of w and every choice of v so that

TTi=7T7T=1 , OYt=1. (9.6)

If Sand T areinvertibletensorsin L(V "V ™ andif w = (T9)v, it follows that

sv=Tw , v=sitlwy.

Hence, the product TSisinvertible and

(T9t =sirt. (9.7)
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If the only solution of the equation Tv = 0 is v = 0, then T isnonsingular; otherwise it
issingular. If T isinvertible, then T isnonsingular. It can be shown that atensor T isinvertible

or nonsingular if andonly if det T # O.

A tensor Q is orthogonal if it is invertible and if the inverse coincides with its transpose,
i.e.,
Qt=Q" or QQT=Q'Q =1 (9.8)

A tensor Q isorthogonal if and only if it preserves inner products in the sense that

(Qu)-(Qv) =u-v (9.9)
for every vector u,v inE".

Thetensor T is positive semidefinite if itissymmetricand if v- Tv = o for al vectorsvin

E" If v-Tv > o whenv # o, then T ispositive definite.
An operation tr which assignsto each tensor T in E" ¢ E "anumber tr T isatrace if
tr(StT) =tr S+tr T , tr(@T) =a tr T, (9.10)
traxb =a-b, (9.11)

for al vectorsa,b in E" and all scaarsa. Thetr operation isalinear function and the follow-

ing consequences are clear:

tr T = tikq e = tii . (912)

Also,
tr TV =tr T , tr(TS) = tr(ST) ,

(9.13)
tril=n, rTS=tT , r TA=0,
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wherenin (9.12)5 is the dimension of the space.

If one definestheinner product of two tensors T,S to be the number

T-S=tr(TS"), (9.14)

then the rules (I,)—(I5) are satisfied. Hence with tr(ST T as the inner product, the space of all

tensorsis an inner product space. We define the magnitude of T as

IT| = Vir(TTT) . (9.15)
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10. Changeof basis.

Let ¢ and & betwo arbitrary orthonormal basesin E ". Each vector in one basis may be

expressed in terms of those of the other basis by a nonsingular transformation. Thus

§ = Ag = ag ,
(10.2)
6 =A8 =38 , A=A,
where
& Ae = 8y = g A§,
(10.2)
& =& & =g » A=AT.
Hence, At = AT and A isorthogonal.
If v isan arbitary vector and
V=yve = Vié , (10.3
then the components of v inthetwo bases g and € arerelated by the equations
Vi = aqvk o, Vi = @V - (10.4)
Also
V-V = ViVi = Vi\_/i , uU-v = UiVi = Ui\_/i y (105)

and the scalar product has the same form in terms of the components u;,v; asit hasin terms of

the components u;,v; and is called a scalar invariant.

Again, if T isanarbitrary tensorin E"&E" and

T =thexe = e e, (10.6)
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then the componentsof T inthetwo bases ¢ and g arerelated by

Tk = aiagdls ik = &drs - (10.7)

If T and S aretwotensorsin E"CxE" and

S=56E838 = KE> & ,

then

T-S=1ts =TS,
(10.8)
T-T= it = -t_lr-t_lr

are scalar invariant forms.
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11. Point, vector and tensor functions.

The distance between two points X,y isdefined in (6.4). The distance vanishes if and only
if x =y. Thisidea of distance can be used to define limits, convergence, continuity, etc. For

example, we say that

limx, = x if lim|x,~x| = O . (11.1)

n- o n- o

Suppose z(t) isafunction of areal variable t called a point function. The derivative z(t),

if it exists, on an open subset of the real numbers is defined by

2(t) = % = Jim 2D =20 (11.2)

At o At

Such aderivative is a vector-valued function.

In asimilar way we may define limits, derivatives, etc., of vector- and tensor-valued func-
tions v,T of t using the appropriate definitions (1.2) and (9.15) for distance. The derivative of a
vector-valued function of t is avector function and the derivative of atensor-valued function isa
tensor function. The usual rules of differential calculus are easily extended so as to apply to
point, vector or tensor functions. For example, if T = T(t) and S= §(t) aretensors, then

TS=TS+ TS, (11.3)

where, of course, the correct order must be maintained for the tensors.

If Q = Q(t) isan orthogonal tensor function, then from (9.8) and (11.3),

Q" +QQT =0 . (11.4)

Since QT = QT it follows that

Q=0QT=-Q0Q" (11.5)
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is a skew tensor.

If @x) isascalar function of x defined on some open region U of Euclidean point space,

then @ isdifferentiable on U if thereisavector field w(x) on U such that

iy 1 P~ #oX) = W(oX) - (X = oX) |
im

X - oX |X—OX| ( )

for every & iInU. If thisisso, w isunique. We call it the gradient of ¢ and write

w = grad @(x) = % : (11.7)

Alternatively, the gradient of @(x) may be defined by means of

L exHBu) —x) _ d _ 09 . _ .
plali]?) 3 a8 q)(x+[3u)||B=0 U= weu (11.8)

for al vectors u O E". It may be shown that this definition of gradient is equivalent to that
givenin (11.6).

Sometimes we use the symbol [1 to denote the gradient operator:

0= 2 =g > (11.9)

if X = x,& and g, isanorthonormal basis. From (11.6) it follows that

_ _ 09 _ _ 0@
= grad =L =0Op=¢ — . 11.10
W= galgr) = 5= 00 = e g (11.10)

If v(x) isavector function of points x in some open region U of Euclidean space, then
v(X) is said to be a vector field. The gradient of a vector field v(x) is a tensor field T(x)

defined by
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- [V(X) = V(X) = T(X)(X=X) |

li =0 11.11
o o] —
for every x inU. Wewritethisas
T = gradv(x) = v (11.12)
g N .
If v = v;g, thenit followsfrom (11.12) that
7= 11.13
= 3% 80 & (11.13)
0V . :
so that v are the components of the grad v with respect to the orthonormal basis g. It can
k
be shown that
{grad v(x)} Tc = grad{cv(x)} (11.14)

for every constant vector c¢. Equation (11.14) could be taken as the defining equation for grad
V(X).

The divergence of the vector field v(x) isascaar field defined by

divv(x) = t{gradv(} = O-v = &L = M (11.15)
q aXi 6Xi ) ’
The divergence of atensor field T(x) isthe vector field div T(x) for which
c-divT(x) = div{TT(x)c} (11.16)

for every constant vector c. When

T =tg03s , (11.17)
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it follows that
ot
div T(x) = —L e . 11.18
iv T(x) % g ( )

If P isabounded region whose boundary dP is sufficiently well-behaved, then by applica-

tion of the divergence theorem (Green’s theorem) to a vector v and atensor T we have

I divv(x)dV(x) = I v(X) - n(x)dA(x) , (11.19)
P oP
I div T(x)dV(x) = I T(X)n(x)dA(X) , (11.20)
P oP

where n is the outward unit normal to dP, the integrations are over the volume P and the boun-
dary surface 0P and dV and dA represent elements of volume and area, respectively. In com-

ponent form, (11.19) and (11.20) read:

I Vi,i dv = I Vi N da ) (1121)
P oP
I tIJ,J dv = I t” nj da . (1122)

P oP
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12. Vector product. Axial vectors. Thecurl operator.

Consider a Euclidean vector space E of three dimensions. If u,v,w areany vectorsin E3

the vector product of u and v isavector in E2 denoted by u x v and defined by the properties:

(V) w-(uxv) = u-(vxw) = v-(wxu) and isascaar denoted by
[uvw] and called the scalar triple product ,

(Vo) uxv =-vxu,

(Vg) [uxv| = |uf|v]|sin®,

where 6 isdefined in (4.3). From (V) and (V,), it followsthat

uxu =0 , u(uxv) =0 , v(uxv) =0 (12.2)

sothat u x v isorthogonal to both u andv. It can be shown that three nonzero vectors u,v,w

are linearly independent if and only if their scalar triple product [u,v,w] = u-(vxw) = (uxv)-w.

The following properties may be deduced from the definitions:

(au) xv = a(uxv) = ux(av) ,

ux(v+w) =uxv+uxw ,

(UtV) XW = UXW+VXW | (12.2)

ux(vxw) = v(uw) -w(uv) = (VEW-wS> VU ,
[u+x,v,w] = [uvw] + [xvw] .

The above definition of vector product does not restrict e to be either right-handed or left-
handed basis.
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Let ej,e,e; bean orthonormal system. Then, inview of (V3) and (12.1),

e xe = ez . (12.3)

A right-handed orthonormal sytem is one for which

el X e2 = e3 (124)
and a left-handed orthonormal system corresponds to the choice of the - sign in (12.3). For a
right-handed orthonormal system it follows that

[eees] =1 , exg =¢epe . &k = [egad , (12.5)

where the components g, are known as the permutation symbol or the components of the alter-

nating tensor. Also, for any two vectors

u=ug , VvV=yveg,
(12.6)
uxyv = ijuiqu( .
Let TA be a skew tensor in E3 so that
1

™ =theoe = S lga-aael - (12.7)

Hence, if u isan arbitrary vector in E3
A, - 1 1
Tu = 2 la(ue) —afue)l = S ux[hexal , (12.8)

if weuse (12.2),. Hence

TAu = tA xu (12.9)



where the vector

tA

Let @ be aright-handed orthonormal basis. Then, referredto e, T reads

T = e g

and the axial vector t* with components t/* assumes the form

A =
Alternatively
i = e -
If
ov
TA = —
0x

the corresponding axial vector t” is called the curl of v and written as

= (

tA = curl v .

In aright-handed orthonormal system

curl v = g

ov
1)

ov
[3)4

= 1iex

1
= EtinjkeK =t e .

)

—JeK.
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(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)
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