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Abstract

Exact reference priors and posteriors are obtained for a structural, low-price,
sealed-bid auction, job-search and Roy selection model. In all three models data
is missing but with a difference; missing data is unavailable in job-search and
Roy model unlike the auction model. The tails of the reference posterior based
on the observed data are flatter compared to the reference posterior that is
a product of the likelihood of observed data and the reference prior based on
both the observed and the missing data. This follows from the observed data
containing strictly less Fisher information about the parameters than both the
observed and the missing data. For the Roy model, conditional inference about
the unidentified coefficient of correlation of potential earnings in the two sec-
tors is possible only if the reference prior is based on both the observed and
missing data. As a result, when objective inference is being done in missing
data problems, this paper suggests the use of reference priors based on both
the observed and missing data.
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1 Introduction

Missing data is encountered in several popular applications in economics. For ex-
ample, in auction models either data on all bids within and across auctions or just
winning bids across auctions are available. Paarsch (1992) studies first-price, sealed-
bid tree planting auctions using data on winning bids. Laffont, Ossard and Vuong
(1995) use winning bids to study a Dutch auction for eggplants. Bajari (1997) and
Porter and Zona (1983) use data on all bids to study procurement auctions. In the
Tobit model the censored data is missing. In job search models (Lancaster, 1997)
the accepted wage offers and the duration of unemployment of individuals are ob-
served; their rejected wage offers and the number of rejected offers are missing. In
the Roy model of selection (Roy, 1951) an individual’s occupational choice and her
realized earnings in this occupation of choice, are observed; her potential earnings in
the sector that she did not choose are not observed. Defining “occupations” broadly,
Heckman and Honore (1990) list several applications of the Roy model - a women’s
choice between market and nonmarket work, a worker’s choice between union and
nonunion employment, etc. Rubin (1974, 1978) and Angrist, Imbens and Rubin
(1996) have promoted the Roy model in the program evaluation literature. Recently
Sareen (1999b, Chapter 4) has been studying timber auctions in the county of Simcoe
in Southern Ontario. The bidders who have sawmills located outside the county of
Simcoe have the choice of bidding in Simcoe or in the counties surrounding Simcoe.
Since all she observes is where they actually bid, the Roy model is being used to
ascertain how different their bids would have been in the surrounding counties where
they did not bid.

In some applications data is missing, even though it is available, due to the inability
of the empirical researcher to obtain this missing data. Thus, in a first-price, sealed-
bid auction to procure crude-oil that I studied previously (Sareen, 1999a), only the
winning bid was made public; I was unable to obtain the losing bids even though
these bids were observed by the authority that conducted these auctions. On the
other hand in “missing data” problems as pioneered by Tanner and Wong (1987),
the missing data is unavailable. Job search models, Tobit model and the Roy model
fall in this category; there are many examples of “missing data” problems besides
these three models. Within auction models, in a Dutch auction, where an auctioneer
calls out an initial high and continuously lowers this price till one bidder accepts the
current price, only the winning bid is observed. It is the format of the auction that
is responsible for the observation of the winning bids in Dutch auctions.

In this scenario where missing data is encountered, a concern of an empirical
researcher is whether she is always losing expected information about the parameters
that characterize the distribution of the data when she is working with observed data
only. The answer is yes unless the observed data are sufficient for the parameters.
In the first part of the paper I quantify this loss in expected information in terms of
the Fisher information. I also illustrate this through structural auction, job-search
and Roy models of selection; the structural auction model that I use for illustration



is a parametric low-price, sealed-bid auction under the independent-private-values
paradigm using parametric assumptions made by Paarsch (1992) for the distribution
of private values.

A subjective Bayesian carrying out inference about the parameters of the distri-
bution of private signals of the bidders will specify the same priors for the parameters
irrespective of the data that is available. Inference about the parameters, since it is
based on the posterior distribution of the parameters, will be affected through the
likelihood function. If the observed data are not sufficient for the parameters, the
likelihood function, and as a result, the posterior distribution of the parameters will
be different depending on the data that is available.

In many applications specifying subjective priors is a difficult exercise. An example
is the low-price, sealed-bid auction under the independent private-values paradigm
and job search models. One reason is that the support of the data depends on the
parameters of the distribution of the private signals of the bidders in structural auction
models.! Specifying subjective priors for the parameters of the distribution of private
signals of the bidders implies a prior on the support of the data since the support of
the data is a function of these parameters. This implied prior has to be taken into
consideration in any prior elicitation about the parameters of the distribution of the
private signals of the bidders.?

Even if subjective priors are not difficult to specify, a subjective Bayesian may want
to find structural rules that determine priors that are noninformative as a reference
point in a prior sensitivity analysis.

Noninformative priors are appealing to both nonsubjective Bayesians and fre-
quentists as well because the posterior probabilities based on certain noninformative
priors agree with sampling probabilities to an order (Ghosh (1994) and Ghosh and
Mukherjee (1992)).

In a pioneering paper, Bernardo (1979) has introduced the so-called reference prior
to represent the idea of a noninformative prior. The reference prior emerges from
maximizing an asymptotic expansion of Lindley’s measure of information. Lindley’s
(1965) measure of information is defined as the expected Kulback-Liebler divergence
between the posterior and the prior; the larger the measure, more informative the data
and hence less informative the prior. When there are no nuisance parameters and

!For example, in a Dutch auction under the independent-private-values paradigm the bids or
the winning bid are less than the unconditional expected value of the second highest private value.
In a low-price, sealed-bid auction under the independent-private-values paradigm, the bids or the
winning bid are greater than the equilibrium bid that corresponds to a zero cost of procuring the
object being auctioned. In job search model the accepted wage offer is greater than, and the rejected
offers of an individual less than the reserve wage.

2This was one reason why conjugate priors were used in Sareen (1999). Since priors are conjugate
with respect to a likelihood function, the nonregular feature of the likelihood function in that the
support of the data depends on the parameters of the distribution of the private signal of the bidders,
is taken account of in prior elicitation of these parameters.



certain regularity conditions are satisfied, Bernardo’s reference prior is the Jeffreys’
prior. The Roy model of selection is an example. Ghosh (1994), Ghosal and Samanta
(1995) and Ghosal (1997), extending Bernardo’s (1979) work, have obtained the ref-
erence prior when the support of the data depends on the parameters; job-search and
structural parametric auction models are examples in this category. In general, in
this scenario, the reference prior is not the Jeffreys’ prior.

Reference priors depend on the sampling density of the data. In the scenario when
data is missing an important feature of the sampling density of the data is the loss
in expected information about the parameters that characterize the data distribution
unless the observed data are sufficient for the parameters. In the second part of the
paper I link this loss to the specification of reference priors for structural parametric
auction, job search, and Roy selection model.

When the observed data are sufficient for the parameters that characterize the data
distribution, the reference prior as well as the ezact reference posterior distributions,
whether obtained from the observed data or the observed and the missing data, are
identical. Hence inference about the parameters is unaffected by whether or not, the
missing data is available. This scenario is a special case.

In most applications the observed data are only members of the set of sufficient
statistics. As a result, the expected information about the parameters from the
observed data is strictly less compared to when the missing data is observed as well.
In this scenario, I show that the reference prior and the ezact reference posterior
distribution of the parameters obtained from the observed data is more dispersed
than that obtained from the observed and the missing data. The message to an
empirical researcher is to obtain the data that is missing and base inference on all
the data. It may be feasible to obtain the data that is not observed in sealed-bid
auctions since both the winner and the losing bidders submit bids to the seller. In
“missing data” problems like the job-search and the Roy models of selection it is not
feasible to obtain the missing data since it is unawvailable. In this scenario using the
reference prior based on both the observed and missing data may be attractive. I show
through examples that the tails of the the exact reference posterior based on this prior
provides more information about the parameter than the reference posterior that is a
product of the likelihood of the observed data and the reference prior obtained from
only the observed data. In addition, I show that inference about the unidentified
coefficient of correlation between earnings in the sectors of choice, conditional on the
identified parameters, is possible only if the reference posterior is the product of the
likelihood of the observed data and the reference prior obtained from both the missing
and observed data.

An outline of the paper is as follows. Section 2 describes the statistical framework
used in the paper. I also describe the three models that will be used to illustrate
the basic results of this paper. The first example is a low-price, sealed-bid auction
under the specification of the distribution of private values as in Paarsch (1992).
The job-search model as described in Lancaster (1997) is the second example. The



third example is the Roy model of selection; the discussion of the Roy model closely
follows Koop and Poirier (1997). Section 3 proves that when the observed data are
not sufficient for the parameter vector, the difference in the Fisher information about
the parameters obtained from the observed and the missing data compared with the
observed data only is a non-null psd matrix. I illustrate this result with the three
models described in Section 2. A brief review of the concept of reference prior is
given in Section 4. In Sections 5, 6 and 7, I discuss reference analysis for a low-price,
sealed-bid auction, job-search, and the Roy selection model, respectively. Section 8
concludes.

2 Statistical Framework

In the discussion that follows, random variables will be indicated by capital letters,
and the realization of a random variable by a lower case letter; in addition, matrices
will be indicated by bold faced letters. The quantities used in this paper are defined in
Table 1; all quantities defined in Table 1 are evaluated at a value 6, of ; I will indicate
when 6, stands for the “true” value of #. Given a random variable VeRR*, Evy(e) and
Varyis(e) will indicate the expected value and the variance, respectively, with respect
to the distribution V' | §. The support of the density function of a random variable V
is denoted by (v; if the support depends on # it will be indicated by (v(6). 7(0) and
7(A|v) will indicate the prior and the posterior density functions of 6, respectively.

Assumption 1: I will indicate the ¢ dimensional data vector by V. The data could be
either univariate or multivariate. In case it is multivariate, V will refer to the vector
formed by “stacking” the observations on each variable. The subscript 7 will be used
to represent an element of V; thus, V; is the jth element of V. The distribution of V
is characterized by a k x 1 parameter vector § € ©, with density function f,(V | #).
fo(Vj | 8) is the density function of the jth element of V. I will also be referring to an
arbitrary partitioning of the ¢ dimensional data vector V into a p dimensional vector
of statistics, V), and a ¢ — p dimensional vector of statistics, V)’ . with p < ¢ and
p>k. Thus V = [Vz?’ Vé‘/ﬁp]’. In the three models that I use as examples, and that
are described below, I will indicate the observed data by VI? and the missing data

by Vfl\{p.

When standard regularity conditions (see Poirier, 1995, p. 259) are satisfied so
that the support of the data does not depend on @, I will refer to it as the regular
case. If the support of the data depends on the parameter 0, but other
regularity conditions are satisfied, I will refer to it as the nonregular case. For the
nonregular case I make the following assumption if 8 is a vector.

Assumption 2: Assuming 6 is a vector and can always be partitioned into 8 = (1, ¢),
where 7 is a scalar and ¢ is a £ — 1 dimensional vector,

(a) the support of the density function of the random variable V;, f,(v;|¢), depends
on 8, V;>l(n, ¢) ;



(b) I(n, ) is a strictly monotonic function of n for every .

[ will refer to the regular parameter by ¢ and the nonregular parameter
by 1. The importance of Assumption 2 is that it enables me to rewrite f,(v;j|n, ¢)
as f,(v;]l"1(Vi), ¢). Then evaluating all quantities at the “true” value of ¢, the ex-
pected value of the score function of the log likelihood of bids with respect to ¢ is zero,
Evio[Sv(p,; V)] = 0; and the Fisher information for ¢ equals the negative of the sam-
pling expectation of the Hessian matrix , Evp[Sv (p,; V)Sy (9, V)] = —Eve[Hv (¢0; V)]
These results hold for the entire parameter vector # when standard regularity condi-
tions hold since regularity allows the interchange of the operations of differentiation
and integration. They break down when the support of the data depends on . By
fixing the lower boundary of the distribution of bids, the dependence of the support
of the density function of the bids on # is removed, making the likelihood function
“regular” with respect to ¢ again.

3

I next specify the three models that will be used to illustrate the results in this
paper. The first two, structural auction and job-search models are “nonregular”
models since the support of the data depends on the parameters. The Roy selection
model is a “regular” model.

2.1 Low-Price, Sealed-Bid Auction

Low-price, sealed-bid auctions under the symmetric independent-private-values paradigm
have been previously studied by Paarsch (1992) and Sareen (1999). While Paarsch
studies tree planting auctions in British Columbia, Sareen studies auctions for pro-
curement of crude-oil on the international market by the Indian Oil Corporation, a
public sector undertaking in India. I will indicate an auction by the subscript j, with
j =1,...T; the superscript ¢ will indicate a bidder in an auction, with : =1, ..., n. C’;
is the private cost of bidder 7 in auction j; it is assumed to follow some parametric
distribution characterized by the parameter vector § = (0,¢). B]i- is the bid of bidder
i in auction j. The nT" dimensional column vector, B = [By, .., B;, ..., By|', is the vec-
tor of bids for the n bidders in the 7" auctions; B; is an n dimensional column vector
of n bids in auction j, B; = [B}, oy B;-, ..., B?]'. In this model B =V comprises the
observed and the missing data with ¢ = nT'. I also assume that B§|9 is independently
and identically distributed across the n bidders and the T" auctions.

W; is the winning bid in auction j; this is the minimum winning bid in auction
J. Wi is the minimum winning bid across auctions j = 1,...,7, W, = min;—; _+Wj.
The T dimensional vector of winning bids, W = [y, ..., Wr|' comprises the observed
data; W = V:r?7 with p = T. The n — 1 ordered bids, excluding the winning bid, in
each of the j auctions comprises the ¢ — p dimensional vector of missing data. Thus
Vé‘{p = B, _1.n,where B, 1., = [Biy—1ms oo, Brn—1); Bjn1m = [B}:", vy B;-"“l:”]’ is
the n — 1 dimensional vector of ordered bids in auction j excluding the winning bid.

3For a proof see Hong (1998).



I have reparametrized the lower bound of the support of the density function of
bids, winning bids and the minimum winning bid, I(d, ¢, n), as n(d, ¢,n), where n
is the number of potential bidders. I am assuming n is the same as the number of
participants in an auction.* ¢ is the “regular” parameter and 7 or § the “nonregular”
parameter.

When bids are assumed to be proportional to costs, then Paarsch (1992, p. 203)
assumes that C7 follows a Pareto distribution; C} ~ Pa(é, @) with C} > §, where

Pa indicates a Pareto distribution.® Let n(d, o, n) = % indicate a function of
§ and ¢; the dependence of (0, p,n) on § and ¢ will be suppressed for notational
convenience. The equilibrium bid follows a Pareto distribution, B; ~ Pa(n,p),

B! > 1, with density function

i
O

fo(Viln, @) = b: > 1. (1)

The winning bid follows a Pareto distribution too; W; ~ Pa (n,ny), W; > n with

density function
nn™?
fw(wsln, ne) = (1w, 1’ wj > 1. (2)
The minimum winning bid across the T" auctions, W,, follows a Pareto distribution,
W, ~ Pa (n,nTy) with density function

nT'on"™?
fw. (w*|777 nT‘P) = W, Wy > 1. (3)

¢ is the shape parameter of the distributions of C’Jl:, B}, W;, and W,. ¢ is some
minimum cost; it has an interpretation similar to ¢ in the previous case for the low-
price, sealed-bid auctions. Thus § is some minimum common cost of procuring crude
oil that is known to all the bidders. —22=U_ ig the per unit increase in a bidder’s

p(n—1)—1
equilibrium bid as the cost of procuring oil increases.® %5 or n is the winning
bid when the bidder’s cost of procuring crude oil is the minimum cost known to all

the bidders, 0.

4 Justification for this assumption is given in Sareen (1999b, pp. 57-58, footnote 6).

5§,n is measured in U.S. dollar per metric tonne since C’]’: is measured in this unit. ¢ is a unitless
quantity; Johnson, Kotz and Balakrishnan (1994, p. 573) refer to it as Pareto’s constant or a shape
parameter.

SFor a low-price, sealed-bid symmetric independent-private-values auction, Paarsch (1992, p.
195) has shown that

o [TIFRO1 de
by =c +

J J [Fc(cé-)]n_l

where F,(e) is the distribution function of C’]’ Since C’]’: ~ Pa(d, ), the distribution function of CJ’:

. 4 . .
is F.(ci | 6,0) = 1 — (i) - Hence b = 217l i




2.2 Job Search Model

[ will follow the exposition of stationary job search models as in Lancaster (1997)
with optimality not enforced.” An agent is indicate by the subscript j; there are
j =1,..., N agents. Under full observability, the following are observed for each agent
j: (a) the number of rejected offers, s;; (b) the rejected wage offers, u; = [uf, ..., u7'];
(c) the accepted wage, wj; (d) the duration of unemployment, ¢;. The ¢ dimensional
vector of observed and missing data is V = [S, U, W, T| with ¢ = E;V:l s; + 3N.
S =[S, ..., Sy]" is the vector of rejected offers of the N agents, and U = [U,, ..., Uy’
are these rejected wage offers. W = [, ..., Wy]" is the vector of accepted wage offers
of the N individuals; T = [T}, ...,Ty] is the duration of unemployment of the N
agents. From Lancaster (1997, p. 167) the likelihood function under full observability
is the product over the j =1, ..., N individuals of the density function,

fsuwt(sja ujawjatj|777 90) = >‘8] )\t] f’UJ w]|/"“7 H f’UJ |:u’7 /SJ )

w; > &; Uj, ey < E. (4)

w(e|u, o) is the density function of wage offers; Lancaster assumes that log W, follows
a Normal distribution with parameters u,o. £ is the reserve wage; thus n = £ is the
“nonregular” parameter. p = [\, u, 0, p|’ are the “regular” parameters.

Under partial observability only the accepted wage offer and the duration of unem-
ployment are observed; that is, VO (W, T] is the observed data, with p = 2N. The
missing data is the number of reJected offers and these rejected wage offers for each
individual; thus Vé‘{ » = [S,U]". The likelihood function under partial observability
is the product over the j = 1,..., N agents of the density function (Lancaster, 1997,
p. 167)

fwt(wjatj |777 90) - )‘eiAFw(ﬂu’g)tj fw(wj|ua 0)7 Wi > g (5)
[ will indicate the minimum accepted wage across the N individuals by W,; that is

W, = min;—, yWj. U, is the largest rejected wage offer across the N individuals;

— i )
Ui = maXZzl""7sjj=1,...,N Uj'

2.3 Roy Selection Model

The description of the Roy model closely follows Koop and Poirier (1997). j =1,...,n
individuals face a choice between two “sectors”.® The potential earnings of each

"If optimality is enforced the reserve wage, which is the “nonregular” parameter, is a determinstic
function of the other parameters through the optimality condition (Lancaster, p. 167, 1997). Since
the focus is on the “nonregular” parameter in this paper, this is not an interesting case.

8The term “sectors” is used broadly here. If occupational choice is the issue, then this could refer
to the two sectors of employment. In the program evaluation literature the two “sectors” correspond
to participating in a program or not. In the timber auctions that I am studying currently the two
sectors will refer to participating in the county of Simcoe or in the counties neighbouring Simcoe.



individual ¢ in sectors 1 and 2 is given by Y7} and Y3}, respectively. X;; and Xy; are

the covariates affecting potential earnings in sectors 1 and 2, respectively, that are
observed by the econometrician; these are of dimension k; x 1 and ks X 1, respectively.
These could be personal characteristics measuring skill-levels in each sector, as well
as, sector specific characteristics. The factors affecting potential earnings in the sector
1 and 2 that are unobserved by the econometrician are given by € = [}, €2;]. These
unobserved factors are correlated across sectors with pis indicating the correlation
coefficient between these unobserved factors affecting potential earnings in the two
sectors. I indicates the difference in utility experienced by individual j when she
works in sector 1 versus sector 2. This is affected by covariates Z; observed by the
econometrician and factors u; unobserved by the econometrician. If I7 > 0, individual
J will choose sector 1; if I7 < 0, individual j will choose sector 2.9

Omitting subscripts for individuals, the Roy model is
I" =Wy +u, Y =X, B + e, Yy = X6 + €. (6)

In the terminology of this paper V, the vector of both the observed and missing data
is V=[I"Y],Y;]; I, Y and Y} are each n dimensional vectors. I will refer to this
scenario as full observability. Thus under full observability, the following are observed
for each of the j = 1,...,n agents: (a) potential earnings in sectors 1 and 2, Yy, Yy,
respectively; and (b) the difference in utility between sector 1 and 2, I;.

Following convention I will assume 7 = 1, ..., n independently and identically dis-
tributed individuals;'? for each individual j,

(I;7Y* YVZ?’)INN3(/LJ'?Q)7 (7)
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where p1; = [W;y, Xy;61, Xg;0] and

1 P1ul1 P2u02
Q= P1u01 O'% P120102 . (8)
P2u01 120102 a%
The likelihood function under full observability is the product over j = 1,...,n indi-
viduals of the density function of this trivariate Normal distribution;
1

frex; v; (2310) = (2m)7/0|Q e 7352 (9)

0 = ¢ = [v,B4, P2, 01,02, Pru, P2u, P12]’ since the Roy model is a regular model; and
z; = [I; — Wy, Y75 — X481, Yy — Xgj/3) . T will also refer to the parameter vector

© = [Px, Prus P2u, p12]’, Where ¢, = [, B, B2, 01, 09]".

9Roy (1951) assumed that an individual’s sectoral choice is based exclusively on sectoral earnings.
OFor example see Roy (1953), Poirier and Rudd (1981), Madalla (1987), Heckman and Honore
(1990), Vijverberg (1993) and Koop and Poirier (1997).



Of the n agents I assume that n; choose sector 1 and ns choose sector 2. Following
Koop and Poirier (1997, p. 221), I rewrite the potential earnings in the two sectors

as
Y? Y? ]
Y = L , Y, = 2 , 10

where the superscript “O” stands for observed data and “M” for missing data. Y is
an n, dimensional vector; it indicates the realized earnings of n; individuals in sector
1 when they choose sector 1. The potential earnings of these n; individuals in sector
2, the sector they did not choose, are given by the n; dimensional vector Y2/. YV
is an ny dimensional vector of potential earnings of ny individuals in sector 1. The
sector of choice of these ny individuals is sector 2; their realized earnings in this sector
are given by the n, dimensional vector Y.

Since an individual chooses either sector 1 or sector 2, all that an econometrician
ever observes is this individual’s realized earnings in the sector of choice; these will
be indicated by Yg or YZ? depending on whether sector 1 or sector 2 is chosen by
individual 5. An econometrician will never observe the potential earnings of individual
j in the sector that she did not choose. The econometrician observes the following
for each of the j individuals,

YQ:{ vy iff Ir >0 YO.:{ Yy, iff Ty <0 [:{ 1 iff ;>0

1y 0  otherwise. 2 0  otherwise. J 0 iff I; <0.
(11)
This scenario will be refereed to as partial observability. Under partial observability
the following are observed for each agent j = 1,...,n: (a) realized earnings in the sector
of choice, Yg or YQ?; (b) sectoral choice, I;. In the terminology of this paper, the
vector of observed data V§ = [Y?, Y9 IJ', where I = [1, ,0,,]" is an n dimensional
vector. The vector of missing data is V' = [Y}, Y}, T*]". The likelihood function

under partial observability is

1—1;

n 00 I; 0
2?20 = T |7 futfulo)] [ pmtGowio)] " a2

where fi,(e]f) and fy,(e|f) are density functions of bivariate normal distributions
that can be obtained from the trivariate normal distribution specified in (7) (Poirier,
1995, p. 122). Note that p;p does not enter the likelihood function under partial
observability.

3 Relating Fisher Information

In this section I first establish the relationship between the Fisher information about
0 from both the observed and missing data with the Fisher information about # from
only the observed data. The Fisher information from the observed data is identical to
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the Fisher information from the observed and missing data if and only if the observed
data is sufficient for 6.

These results are next illustrated with the structural auction, job-search and Roy
models described in the last section.

For the structural low-price, sealed-bid auction described in the last section, given
the “regular” parameter, the minimum winning bid is sufficient for the scalar “non-
regular” parameter. For the “regular” parameters, the winning bids (or the minimum
winning bid) are just members of the set of sufficient statistics, so that the expected
information about the parameters is strictly less if just the winning bids are used.!!

Job-search model is like the structural auction model in that the support of the
data depends on the parameters. Specifically, the accepted wage offer of an individual
is greater than the reserve wage, the “nonregular” parameter, and all the rejected
wage offers of an individual are less than the reserve wage. Unlike the “nonregular”
parameter in structural auction models, the Fisher information about the reserve wage
from the observed data on the accepted wage offers and the duration of unemployment
is strictly less than the Fisher information about the reserve wage when data on the
rejected wage offers and the number of these rejected offers is available, as well.

In the Roy model the coefficient of correlation between the potential earnings
in the two sectors is not identified under partial observability. The data observed
under partial observability comprises sectoral choice and realized earnings in the sector
of choice. This has been documented by Heckman and Honore (1990), Vijverberg
(1993) and Koop and Poirier (1997). Vijverberg and Koop and Poirier also note that
despite this lack of identification, data on realized earnings in the sector of choice
contain expected information about the unidentified correlation coefficient. Expected
information about the identified parameters from the data on realized earnings in the
sector of choice “spills-over” to the nonidentified correlation coefficient through the
positive definiteness restriction on the covariance matrix. This expected information
is quantified in Example 3 below. I also show that this expected information about the
correlation coefficient is strictly less than the expected information obtained under
full observability when both the realized earnings in the sector of choice and the
potential earnings in the sector not chosen are observed.

I first express the Fisher information from the ¢ dimensional data vector V, which
comprises both the observed and the missing data, as the sum of two terms in the
Lemma below. The first term is the Fisher information from the p dimensional vector
of statistics, Vpo , the vector of observed data. The second term is the average Fisher

information from the ¢ —p dimensional vector of statistics, Vq]‘{ p» the vector of missing

LA similar concern arises in the study of natural phenomena in the statistics literature. For exam-
ple the distribution of the highest wave is important in the design of sea structures, the distribution
of the largest flood is important in designing dams, etc. The concern over the loss of information
in using the largest observation has lead to the generalized Pareto Distribution (Castillo and Hadi,
1997 and Pickands, 1975) which is used to model exceedences over a threshold, thereby considering
several of the largest observations instead of just the largest one.
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data; the average is over Vpo |6, the sampling distribution of the p dimensional vector
of statistics, V.

Lemma 1: Under Assumption 1, using quantities defined in Table 1, and either
(a) 0 is a k dimensional vector and standard regularity conditions hold; or
(b) # = ¢ is a (k — 1) dimensional vector and Assumption 2 holds,

Iv (00) = Ivg (Bo)+Evgis [Ivir 1ve(8o)] - (13)

All quantities have been evaluated at 6 = 6,. Jv (0,) is the Fisher information from
the data matrix V which comprises both the observed and the missing data. Jy Vo
q—p

is the Fisher information of the loglikelihood function of the distribution of V(]I‘fp, the
missing data, conditional on V.7, the observed data. Jvo(0o) is the Fisher information
from the p dimensional vector of statistics,V]? , which is the observed data.

: See Appendix A.

[ now show that the difference in the Fisher information about # from the observed
and the missing data compared with the Fisher information from only the observed
data is a null matrix if and only if the observed data is sufficient for 6.

Corollary 1: From Lemma 1,

Jv (05) = Ivo (o) iff V¢  jointly sufficient for 6,

p

where all quantities have been evaluated at 0 = 6,,.
See Appendix B.

Note that I have proved Lemma 1 and Corollary 1 without assuming that V; are
independently and identically distributed. In the low-price, sealed-bid auction, the
bids, B]i- are independently and identically distributed across bidders and auctions. In
job search models, W;, U;, S;,T; are independently and identically distributed across
the 7 = 1, ..., N individuals; however, W;, U;, S;,T; are not independent. In the Roy
model of selection, [I*,Y}*, Y] are not independent. But [I*,Y}", Y] are indepen-
dently, though not identically, distributed across the n individuals.

I now demonstrate Lemma 1 and Corollary 1 with the models described in Section
2.

Example 1: Low-price, sealed-bid auction

Assuming ¢ is given, the Fisher information about the “nonregular” parameter, 7,
from the minimum winning bid across auctions, W, is identical to the Fisher infor-
mation about 7 from all the bids, B.'? That is, the minimum winning bid is sufficient
for n given ¢.!? T have obtained the Fisher information matrix for (1, ¢) from all the

¢(n—1)
p(n—1)—1

13 Another way of establishing the sufficiency of the minimum winnning bid for i given ¢ is due to
Huzurbazar (1976, pp. 158, 174-186). He states the necessary and sufficient conditions under which
the sample minimum is sufficient for a scalar “nonregular” parameter. For n given ¢, the density
function of bids given by equation (1) satisfies these necessary and sufficient conditions.

12Gince n = d, identical results hold for § as well.
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bids, winning bids across auctions and the minimum winning bid across auctions in
Appendix C. Given ¢, the Fisher information about 7 is the element in the first row
and column of these matrices,

(nT)*¢*

pe (14)

T8 (1, ) = Jw(n, ) = Jif.(n, ) =

The T dimensional vector of winning bids, W, is however not sufficient for the

“regular” parameter . From Appendix C, the Fisher information for ¢ from all the

bids within and across auctions, and from the winning bids across auctions, is the

element in the second row and column of the Fisher information matrices, Jg() and
Jw (0), respectively,

I (n,0) = % (nT + 7(;ffﬁ§2> and (15)
360 (0,0) = % <T+ %) | (16)

Clearly J§° (n,¢) > J% (6, ); hence the winning bids provide strictly less informa-
tion about ¢ than the bids of all the n bidders across the T" auctions.

Example 2: Job Search Models

In job search models I focus on the “nonregular” parameter, the reserve wage &;
that is, n = £. I focus on & because [ike the structural auction model in Example
1, £ is the “nonregular” parameter in the job-search model. However, unlike the
structural auction model is not sufficient for the reserve wage &; the sample minimum,
W,, is the minimum accepted wage across the N agents. The intuition for this
result is simple. Since the reserve wage £ is greater than the largest rejected wage
offer across the N agents, the missing data on the rejected wage offers provides
expected information about the reserve wage too. Making use of Lemma 1, I obtain,
in Appendix D, the difference in the Fisher information about ¢ from the observed
data, as well as, the missing data and the Fisher information from the observed data

only, Ewy /o [thjg,S\W,t (9)] ’

Bwao [T spwa®)] = NN + 1) M€l o) [N Fu (€l 0)] (17)

Since Ew o [thf,s‘w,t(g)] > 0, the difference in the Fisher information from all the
data compared with just the observed data, J%S,Wyt(H)—J%,t(G) >0.

Example 3: Roy Model of Selection

I will focus on the coefficient of correlation between potential earnings in the two
sectors of choice, p15. This is not identified from the observed data on on realized
earnings and sectoral choice of individuals; p;5 does not ezplicitly enter the likelihood
function under partial observability given by equation (12). The intuition for this is
simple. Under partial observability earnings of an agent in the sector of choice are

13



observed; potential earnings in the sector that she did not choose are not observed.
For pi2, the correlation coefficient of potential earnings between the two sectors to be
identified, the earnings of some individuals in both sectors have to be observed.

But as Vijverberg (1993, p. 71) points out, the positive definiteness of €2 limits
the range of p;2 when py, and py, are freely chosen from the interval [—1,1]. This
restricted support of pjp will be indicated by W(p1y, p2u), where

(T R ] | S

Py, p¥, are the lower and upper bounds of this support, respectively. Hence under
partial observability data contains expected information about p;s through the pa-
rameters py, and pg, which are identified from the observed data on realized earnings
and sectoral choice. Since pjp does not enter the likelihood function in (12), this
expected information, Jyyty.(f), cannot be obtained from the likelihood function.
However Lemma 1 provides a way of quantifying this expected information,

P12pP12 __ TP12p12 P12pP12
JI,Y‘I’,Yg (9) = J; “Y31,Y; (9) - EI,Y‘l’,YS {JI*,Y{VI,YQ/II,YO,Yg (9)} :

U(p1y, pou) = [leaquz] = {P12|P12 €

1
The first term is the Fisher information about p;5 from data under full observabil-
ty,
R (0) = = |1+ = (prupou — p12)” (19)
I*,Y],Y; |Q| |Q| ulM2u )

where [Q =1 — p?, — p3. — Po + 2p1upaupia, is the determinant of ; this has been
derived in Appendix F. The second term is the average Fisher information about pq,
from the missing data; the average is over the sampling distribution of the observed
data. The missing data comprises the potential earnings of an agent j in the sector
she did not choose, Yf‘f or ny , and the difference in utility experienced by an agent
from working in the two sectors, ;. It is through the latter that p;» enters the
likelihood function of the missing data.'*

4 Review of Reference Priors

In this Section I provide an overview of the reference prior idea of Bernardo (1979).
I begin by defining Lindley’s measure of information which provides a measure of
the information about the parameter in a sample and forms the basis for obtaining

reference priors. The first two definitions are from Kass and Wasserman (1996, pp.
1345-1351).

Definition 1: Lindley’s measure of information is the expected Kullback-Leibler
distance between the posterior density, 7(€|z), and the prior density, m(f),

1(x(0),2) = [ K (x(0]2)7(9)) f(2)dz,

14Koop and Poirier (1997, pp 222-223) have obtained the likelihood function of the missing data
conditional on the observed data, I*, YM YM|I,Y¢, YS.
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where K (7(0|z),7(0)) = [g 7(0|z)log (7(0|z)/7(0))df, is the Kullback-Leibler dis-
tance between the posterior and the prior density. The expectation in Lindley’s mea-
sure of information is with respect to the marginal density of the data, f(z) = [g f. (2]|0) 7(6)d6.

Given T independently and identically random variables, Zr = (Z,...,Z7), where
Z; is an n dimensional column vector, Lindley’s measure of information given in Defi-
nition 1 is the asymptotic expected information that an experiment provides about 6.
Hence as T' — oo, IZ = limy_,» I (7(6), Z7) provides a measure of missing informa-
tion as a function of the prior density function, 7(6) (Lindley, 1956 and Good, 1960,
1966); the larger the measure, the more informative the data and less informative the
prior. Bernardo’s idea was to maximize I to obtain the reference prior. However I7
involves the sample size and is, as a result, typically infinite. Bernardo got around
this problem by first finding the sequence of priors 7 (6) which maximize I (7 (), Zr).
Corresponding to this sequence of priors is a sequence of posterior density functions,
7r(6]z;) with a limiting posterior 7(6|z); the reference prior is that positive function
of # that produces this limit posterior via Bayes’ theorem.

The key idea behind the reference prior, whether in the regular or the nonregular
case, is that Lindley’s measure admits an asymptotic expansion with the leading term,
free of 7(0), going to infinity with 7', second term a function of 7(6) but free of T,
and the remainder going to zero. Maximization of the second term, with respect to
7(0), gives the reference prior.

In the k dimensional regular case, Ibragimov and Has’minskii (1973) have obtained
the asymptotic expansion of Lindley’s measure of information,

k. T \/det Iz (0)

—log — / 0)————db 1 20

S o5+ [ w(0) L+ o), (20)
where Jz (6) is the Fisher information from Z. Maximization with respect to 7(f)
leads to Jeffreys’ prior which is defined now.

Definition 2: Jeffreys’ prior. Given data on some random variable Z, with density
function f, (2]0), and Jz (f) being the Fisher information matrix, Jeffreys’ prior for

0, 7551 (0), is

where “det” indicates the determinant of the matrix.

Jeffreys’ prior is often used as a noninformative prior when the support of the
data does mot depend on . As T' — oo and the support of the data Z does not
depend on 6, the posterior density for # can be approximated by a Normal distribution
with a variance-covariance matrix that equals the inverse of the Fisher information
matrix evaluated at é\mla the maximum likelihood estimator of 0, VT (9 - §ml) ~

N (0k, [JZ (é\ml)} 1). The sampling distribution of Oy as T — 00 is /T (@ml — 90) ~
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N (Ok, J (90)]_1), where 6, is the “true” parameter value. Thus Jeffreys’ prior is
related to the variance-covariance matrix of the asymptotic distribution of the MLE
or the asymptotic posterior distribution.

Corresponding to the asymptotic expansion of Lindley’s measure of information
in equation (21) for the regular case, Ghosal and Samanta (1997) have obtained an
expansion of Lindley’s measure of information for the one-parameter nonregular case,

|c(0)]
7(0)

log% + /7?(9) df + o(1), (21)

where

9 .
) = B | gy 108 10| =T OL 0O - 0L O00) . 2)
Cz(0) =[1(F),u(h)] defines the support of the sampling density of the data, f.(Z}]6).
Maximization of the second term in equation (22), with respect to m(6), gives the

reference prior for the scalar boundary parameter . The definition below is from
Ghosal and Samanta (1997).

Definition 3: Reference prior for scalar parameter nonregular case.

(a) If € is a scalar;

(b) f. (2]0), the sampling density of Z, is positive only on an interval (4 (6) depending
on #, where (z(6) = [I(6),u(0)] and it is permitted that one of the end points need
not depend on # and may be plus or minus infinity; and

(c) ¢z(0) is monotone in 6;

the reference prior for 0, 77, ((9), is

Mres () o [e(B)]. (23)
| | is the absolute value of ¢(#) which I have defined in equation (23).

[ now explain the role of ¢(f). In a manner analogous to the regular case, as
T — oo, the posterior distribution of 6 is T’ (9 - 9mz) ~ EXP (c(f)) with variance

[¢(0)] % Oy = min[I"1(W,), u"}(B™")], where W, and B™" are the minimum and
maximum bid within and across auctions, respectively. The sampling distribution of
0,,asT — ooisT (éml — 90) ~ EXP (¢(0,)). Thus, like the regular case in Definition
2, the noninformative prior in the nonregular case is proportional to the square root of
the precision of a suitably normalized function of the maximum likelihood estimator.

From Ghosal (1997), the reference prior when 6 is a vector is defined next.

Definition 4: Reference prior for the multi-parameter non-regular case.
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(a) Suppose @ is a vector, and § = [, ], where 7 is a scalar, and ¢ a k—1 dimensional
vector;

(b) further suppose f, (2|0) is positive only on an interval (z(n) = [[(n), u(n)] depend-
ing on n, with (z(n) being monotone in 77 and one of the end points need not depend
on 7).

Then the reference prior for [n,¢], 77.;(n, ¢), is defined to be

Tror(n, @) o< e(n, @)[/det I57 (1, ). (24)

c(n, p) corresponds to the quantity given in equation (23) for the multi-parameter
case,

c(n, ) = Exngp la% log f(Z}In, 90)] =) f. (lm)n, ) =« () f2 (u(n)|n, ©);  (25)

and J%7 (n, ) is the lower right hand block of Jz (7, ¢) , the Fisher information matrix
about 7, ¢ from 7 :

!

77 (0, 0) = By [% log f.(Zj|n, 90)] [% log f.(Zj|n, )| - (26)

Since given 7, the density function f, (z]0), is regular with respect to ¢, I will refer
to n as the “nonregular” parameter and ¢ as the “regular” parameter. The reference
prior in the multi-parameter nonregular case discussed in Definition 4, is obtained
by maximizing the third term in the asymptotic expansion of Lindley’s measure of
information with respect to (1, ¢),

lc(n, 9)|\/det IZ” (1, ©)
m(n, ¢)

T k T
log = + = log — / dndyp-+o(1 27
og—+glogo—+ [ (1) ndep+o(1), (27)
where ¢(n, ¢) and J%? (1, ) are given in Definition 4. Note that the expression in
equation (28) is the counterpart for the asymptotic expansion of Lindley’s measure
of information for the regular case given in equation (21), and the one-parameter

nonregular case given in equation (22).
From the discussion above, several points are worth noting.

First, neither the reference prior 77, ;(9) nor Jeffreys’ prior need be proper; it is just
a positive function or a tool for deriving the reference posterior distribution via Bayes’
theorem. It is only the reference posterior distributions that have a probabilistic
interpretation (Bernardo and Smith, 1994, p. 306).

Second, from Definition 2, 3 and 4, and the exposition above, in general, Jeffreys’
prior and the reference prior are different when the support of the data depends on
the parameters. Ofcourse, the two coincide when standard regularity conditions are
satisfied so that the support of the data does not depend on the parameters and
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there is no partitioning of parameters into “nuisance parameters” and “parameters
of interest”.

Third, the reference prior, like the Jeffreys’ prior, is invariant to the following
kind of reparametrization. If (1,p) are reparametrized to (a, ), where a = «(n) and
f = B(p) are one-to-one monotonic functions, then the reference prior, 7*(«, [3), for
(a, B) is related to the reference prior for (n,p) by

‘(o B) = |20
m (aaﬁ)_ aa aﬁ

where n(a) and () are the inverse transformations, and %§ and % are the Jacobian
of the transformation from ¢ —  and n — «, respectively.

det (8—*") ‘ = (1(0), #(8)),

5 Reference Analysis for Low-Price, Sealed-Bid Auc-
tion

For the low-price, sealed-bid auction described in Section 2, two features of the
sampling density of the data become important in constructing reference priors for
0 =(n, ¢) where 7 is the “nonregular” parameter and ¢ the “regular” parameter.

The first pertains to the “regular parameter”. I have proved in the last section that
the winning bids are not sufficient for the “regular” parameter ¢, or the difference
in the Fisher information for ¢ obtained from all the bids and the winning bids,
J&° (n,¢) — I (0, ¢), is a non-null psd matrix. As a result both the reference
prior for ¢ and the likelihood as a function of ¢ will differ depending on whether
data on all bids or just the winning bids across auctions is available. T find that
the reference prior and the exact reference posterior for the “regular”
parameters ¢ 18 more dispersed when it i1s obtained from the winning
bids across auctions compared to when it is obtained from all the bids
within and across auctions.

The second result pertains to the “nonregular parameter”. In the last section I
have shown that the minimum winning bid, W, is sufficient for n given ¢. Hence the
reference prior for n and the reference posterior for the “nonregular”
parameter 7 given o, whether obtained from all the bids in an auction
or just the winning bid, 1s identical to the reference prior for the “non-
regular” parameter n given ¢ obtained from the minimum winning bid."
The intuition for the reference prior for n given ¢ being identical in the two cases is
simple.'® The reference prior is obtained by maximizing an asymptotic expansion of
Lindley’s measure of information given in Definition 1. Since the minimum winning

5Tdentical results hold for §
16 A formal proof of this is available in Sareen (199b, p. 60). It uses the necessary and sufficinet

conditions under which the sample minimum is sufficient for a scalar “nonregular” parameter due
to Huzurbazar (1976, pp. 158, 174-186).
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bid across auctions is a sufficient statistic for 6, the asymptotic posterior density func-
tion in Lindley’s measure of information is the same whether it is based on all the bids
or just the minimum winning bid. As a result the reference prior from bids within
and across auctions and the minimum winning bid is identical. With the reference
prior being identical in the two cases, the exact reference posterior is identical as well.

[ now obtain the reference priors for # = [, ¢|'. T have reparameterized the density

functions in equations (1)-(3) such that the nonregular parameter in Definition 4 is

n= (pifffi?v and the regular parameter is . The lower bound of the density function

for a bid, winning bid, and the minimum winning bid in (1), (2) and (3), respectively,
is [(n) = 1.

Example 1la: Bids proportional to cost, reference prior from bids
From (1), c(n, ) = U'(n) fo(nln, ¢) = £. L obtain Jg’(n, ¢) as the element in the second
row and column of the Fisher 1nf0rmat10n matrix from bids, Jg 77 ); this is given in

equation (C.1), Appendix C. y/det J§” (1, ) ,/nT + 1 (nT)* 2 , where m =n — 1.

Then from Definition 4 the reference prior for [n, ¢

b ¢ |1 Tny?
Tre (777 90) X = |1+ 1, ¢ > 07
! n[wJ (wn—lV]

. {}N(fﬁ} )

The exact reference posterior for [n, ¢| is

Trey (1 @[b) = s (elb) Moy (nle,b), 0 <y <
TLTQOQ nT —¢ EZlogbi- nTp—1
X 1+ m(ﬂ € ( J) [7’] :| R

-1
T2
x 1—1-&26Y nT +1, (ZZlogbZ>

i (pm; —1) j=1i=1
[PF (nTpw,)]. (29)

The first term in the square brackets of (30) is the kernel of the reference posterior
for o, 7}, ; (¢/b). The term in the second square brackets is the posterior kernel of
n|p; it belongs to the power-function distribution.

Example 1b: Reference prior from winning bids

From equation (17), ¢(n,¢) = U'(n) fu(n|n,¢) = "n—‘p. I obtain J%7(n, ¢) as the ele-
ment in the second row and column of the Fisher information matrix from the win-
ning bids, Jw (7, ¢); this is given in equation (C.2), Appendix C. y/det J& (1, ¢) =
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i,/l + ((fofp , where m = n — 1. Then from Definition 4 the reference prior for
[, ¢] is

1 Tn?p?

|1+ 3 m¥>0;

[s@J (om — 1)2]

¢
n
~ {%}NH%}. (30)

The exact reference posterior for [n, ¢| is

Trer (MlW) = mop (plw) moy (Mo, W), 0<n < ws;
[ Tn?p? . _ . ] _
1o _-"r on(Ylogw; ) | [, nTe—1
B \ Tlem—1p¥ ¢ U
r 1
Tn?p? I
x 1+ ————GA|[T+1,[n) logw,
V' G-t [
[PF (nTyp0.)]. (31)

The first term in the square brackets of (32) is the kernel of the reference posterior
for ¢, 7r$ef (p|w) . The term in the second square brackets is the posterior kernel of

nle.

There are several points worth noting in Example 1. First, from equations (29)
and (31), n and ¢ are independent according to the reference prior; this follows

from the sampling expectation of the score function, ¢(n,y), and y/det J5* (1, ),
Z = B, W, W,, factorizing into functions of n alone and ¢ alone.

Second, both the reference prior and the reference posterior for n|p, whether they
are obtained from all the bids or just the winning bids across auctions, are tdentical
to the reference prior and posterior for 1|y obtained from the minimum winning bid;
this follows from the conditional sufficiency of the minimum winning bid for n|p.
From equations (29) and (31), I find that the reference prior for n, obtained from the
bids and the winning bids is ¢dentical and improper. The reference prior is given by
the first term in the curly brackets in the two equations; it is proportional to ().
The reference prior for njp from the minimum winning bid is the same as well.!” The

"From equation (3), c(n, p) = %‘3 and \/det Jw. (m9) = %\/1 + ((53;)_2‘1’322 from equation (C.3),

Appendix C. The reference prior for (1, ¢) obtained from the minimum winning bid is

thf}:f (n, @) {%}{ 1+%}.

The reference prior for 7 is (1) *.
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reference posterior for n|¢ obtained from the bids and the winning bids is given by
the second term in the square brackets in equations (30) and (32), respectively. It is
identical, belonging to the family of power-function distribution; it is the same as the
reference posterior for |p obtained from the minimum winning bid, 77 (1], w.).'®

Third, the reference prior for ¢ from all the bids and the winning bids is ¢m-
proper; it is given by the second term in the curly brackets in equations (29) and
(31), respectively. The impropriety of the reference prior in the two cases follows from

limy_e0 /1 + Tng? 1/1+% and lim,_,o /1 + Tn?g?  — 1+Tm—”22, so that the

(pm—1)? (pm—1)>
kernel of the reference prior is not integrable. I have plotted the kernel of the reference
prior for ¢ obtained from the bids,,/1 + %, and the winning bids, /1 + (g:iﬂz)z,

in Figure 1, to make this point obvious.

Another feature of the reference prior for ¢ that I observe from Figure 1 is that
most of the mass of the kernel of the reference prior for ¢, whether obtained from the
bids or the winning bids, is in its right tail. Further, the right tail of the reference prior
kernel for ¢ obtained from the bids is proportional to the right tail of the reference
prior kernel for ¢ from the winning bids.!? Since reference priors are defined up to a
constant of proportionality the right tails of the two reference priors will get absorbed
in the constant of proportionality. Hence as ¢ — oo it is immaterial whether the
reference prior is obtained from all the bids or just the winning bids. To illustrate this
point, I have normalized the improper reference prior in Figures 2 and 3 to make it
proper and plotted the density function of normalized proper prior by truncating ¢ at
¢ = 20, 100.2° As T increase the truncation from 20 to 100, I find that the normalized
prior density function shifts mass towards the right tail in an effort to make the
improper reference prior proper. Since the right tail of the normalized reference prior
whether obtained from all the bids or just the winning bids almost coincide as I
increase the truncation point for ¢, the normalized reference prior density functions,

18T have obtained the reference prior for (1, ¢) from the minimum winning bid in the last footnote.
The reference posterior is

oo (0 plws) o 1+

(pm —1)
[PF (nTp,w.)]

(nT)z‘P22 GA (2, (nT log wj)_l)] )

The second term is the kernel of the reference posterior for n|p.

Note that the latter is just a scaled-up version of the former where the constant by which it is
scaled is n. From the expressions for the reference prior for ¢ given in the second curly brackets in
equations (29) and (31) as ¢ — oo, the ratio (wv;OTP — 1. Hence the right tail behaviour of the
reference priors is just a function of n.

20This is also the reference prior for ¢ that emerges from maximizing Lindley’s measure of in-
formation in equation (27) with respect to 7(n, p) when ¢ € [0,20] or [0,100]. The fact that ¢ is
bounded ensures that this reference prior is proper.
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whether obtained from the bids or the winning bids will be similar. Large values of
@ are however uninteresting for the auctions that I am studying; for example, the
MLE of ¢ that I obtain from my data set on winning bids is 0.53. Johnson, Kotz
and Balakrishnan (1994, Vol. 2, p. 579) point out that ¢ can be interpreted as the
elasticity of the distribution function of the cost, F.(7|n, @), with respect to 7, where
7 is a realized cost.?’ Since bids are proportional to cost, if cost increases by 10%, ¢
is the answer to the question, if bids increase by 10% what is the probability that the
cost had increased by 10% 7 The answer is clearly less than one since bidders submit
bids that are padded above cost.

Fourth, the reference prior, as well as, the ezact reference posterior for ¢ obtained
from the winning bids are more dispersed compared to when they are obtained
from all the bids. From the plot of the reference prior kernel for ¢ in Figure 1, I
observe that the reference prior from the winning bids lies above that obtained from
the bids and the right tail of the kernel for ¢ obtained from the winning bids is thicker
than the right tail of the kernel from all the bids. The exact reference posterior for ¢
obtained from all the bids and the winning bids, respectively, is given by the first term
in the square brackets in equations (30) and (32). The first term in the posterior for
@ is contributed by the reference prior for ¢; this has been plotted in Figure 1. The
second term is a Gamma density function. This density function has fatter tails for
the winning bids than all the bids since the winning bid is the [owest bid in an auction
7, so that ZJT:IE?:l log b; > nyl; = 1" log wj, and nT"+1 > T + 1. These features
of the reference prior for ¢ follows from the winning bids not being sufficient for the
regular parameter ¢, or all the bids containing strictly more Fisher information than
the winning bids for the regular parameter ¢.

[ illustrate the difference in inference about ¢ from data on all bids compared with
data on winning bids by considering the low-price, sealed-bid auctions described in
Section 4 assuming that the number of potential bidders in each auction is six, n = 6.22
I do not have data on bids for individual auctions. Hence I use an approximation for

T logbi in equation (30).* The marginal posterior for ¢ is given by the

*'If a variable Z} ~ PA(1, @), then ¢ can be interpreted as the following elasticity,

_ dlog F: (z[n, @)
dlogz

Y

where F.(z]n, ¢) is the distribution function of Z}.
22The average number of participants in the auctions conducted by IOC is 6.
23Using the MLE of i and ¢, I draw five bids above the winning bid in an auction, from the Pareto

distribution PA(npmle pmle), pmle = 95.51 U.S. dollar per metric tonne, is the minimum winning

bid in my data set. ¢™¢ = (0.53 and has been obtained as follows

—

n
pmie = Tan log ( z/ui ) ,

= nmle

where T' = 37 is the number of auctions on which data is available. I do this for each of the T" = 37
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term in square brackets in equations (30) and (32) from all the bids in the auctions
and the winning bids, respectively. The first term (square-root term) in the square
brackets in both equations is the contribution of the reference prior and the second
term (G'A(e)) the contribution of the likelihood function to the marginal posterior for
©. Thave plotted the kernel of the marginal reference posterior for ¢ given by the term
in the square brackets in equation (30) and (32) in Figure 4 and 5, respectively. The
kernel of the Gamma density functions, the contribution of the likelihood function
to the posterior for ¢, has also been plotted. While the mode of the two posterior
distributions is the same, their tails are different. The posterior for ¢ obtained from
the winning bids in Figure 5 has fatter tails than the posterior for ¢ based on all the
bids in Figure 4. As a result interval estimates for ¢ would be different; specifically, the
highest posterior density interval based on the winning bids will be wider compared
with that based on all the bids. Point estimates for ¢ would be different if the
quadratic loss function is used since the posterior mean is different between Figures
4 and 5, respectively. One scenario were same point estimates would be obtained
was if the all-or-nothing loss function was used; the mode of the two posterior
distributions in Figures 4 and 5 is the same.

From the discussion above the message to an empirical researcher would be to
obtain the data on bids and base inference on the posterior obtained from all the
bids. It could be the case that she is unable to obtain data on the losing bids so
that she has to work with winning bids only. In this case inference about ¢ should
be based on the posterior that is the product of the likelihood of the winning bids
and the reference prior for ¢ based on all bids; this has been labelled “Bposterior” in
Figure 5. I show that this posterior has thinner tails than the posterior that is the
product of the likelihood of the winning bids and the reference prior for ¢ based on
winning bids; the latter is labelled ”Wposterior” in Figure 5.

Finally, like Arnold and Press (1983, pp. 192-193), the exact reference posterior
for n|p belongs to the power-function distribution. They arrive at a noninformative
prior as a special case of the conjugate prior for the scale parameter of a Pareto
likelihood when the shape parameter is known; since this noninformative prior is
the same as the reference prior for n given ¢, that I have derived above, I obtain a
power-function distribution for n given ¢ as well.

However Arnold and Press (1982, pp. 293-297) obtain an improper bivariate pos-
terior for (1, p) with a Pareto likelihood and independent, noninformative priors for
the two parameters. The reason for this was that the likelihood function becomes un-
bounded at n = 0; with both the noninformative prior for n and the likelihood putting
an infinite mass at n = 0, the marginal posterior density function for n becomes un-
bounded for n near 0.2* As a result they recommend that this noninformative prior

auctions and obtain Z]r:lz?:l log b;

24 Arnold and Press assume that the two parameters are apriori independent with 7 having a
power function distribution, PF(a,b) and ¢ a Gamma distribution, GA(c, d). Their noninformative
prior emerges by setting c =d =0 and a = 0, b = 00; a = 0, b = oo leads to the asymptote in the
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not be used to represent diffuseness. I do not observe the kind of anomalous behavior
noted by Arnold and Press when I use the reference prior to represent diffuseness.
From equations (30) or (32), the posterior kernel of (n, ¢) would become unbounded
near n = 0 if 0 < nTp < 1; however, 0 < nT'y < 1 violates the positive support of
the density of n|p since n = %. Thus even though the likelihood function of
the bids or the winning bids given in equations (15) and (16) respectively, puts an
infinite mass near n = 0, the reference prior puts no mass near = 0. Hence, I do not
observe the impropriety in the posterior for (7, ¢) near n = 0 like Arnold and Press.
The message is that it is attractive to use the reference prior for (n, ) to represent

diffuseness in the Pareto case since the exact reference posterior for (7, ) is proper.

6 Reference Analysis for Job-Search Model

In this Section I discuss reference analysis for the reserve wage &, the “nonregular”
parameter in job-search models. Two features of the sampling density of the data are
relevant in constructing the reference prior for &.

First, unlike the structural auction model described in this paper the observed
data on the accepted wage offers and duration of unemployment is not sufficient for

£.
Second the support of the data under partial observability differs from that under
full observability. Under partial observability, the accepted wage offer of an individual

is greater than the reserve wage, &; under full observability all the rejected wage offers
of an individual are less than &, and the accepted wage offer greater than &.

The reference prior for the “nonregular” parameter is given in Definition 3. 1
cannot apply Definition 3 to obtain the reference prior for £ in the job-search model.
The reason is that I am no longer in the univariate #id setup under which the reference
prior is obtained in Definition 3;?° Hence I propose a noninformative prior for £ for the
job-search model and provide the link between this proposed prior and the reference
prior of Ghosal and Samanta (1997) given in Definition 3. Like Definition 3, the
reference prior for & under full observability is proportional to |c(£)|. ¢(€) is the
sampling expectation of the score function of the density function given by equation
(4) under full observability and by (5) under partial observability. Unlike Definition
3 it does not simplify to the expression given by equation (23) since the accepted
wage offer is greater than ¢ and the rejected wage offers less than &.

posterior for (1, ) in the direction of 1 near n = 0.

25Tn personal communication S. Ghosal has pointed out to me the problem with the job search
setup. The reference prior is obtained by maximizing the asymptotic expansion of the expected
Kullback-Leibler divergence. The properties of this expansion are unproven in the literature for
the multivariate, non-iid case like the job search model. I could condition on (S,T) since their
distributions are “regular”; I would then be in a univariate setup since the wage offers would be
the relevant variable. However the accpeted wage offer and the rejecetd wage offers are neither
identically, nor independently, distibuted. I have noted earlier that the accepted wage offers are
greater than ¢ and the rejected wage offers less than €.
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I find that the proposed noninformative prior for £ under partial observability
has a relatively flat left tail unlike the proposed noninformative prior for
¢ under full observability; the latter is bimodal, with one of the modes
being in the left tazl. In job-search models the missing data on rejected wage offers
and the number of such offers is unavailable. As a result, comparing the posterior
for & under partial observability and full observability is uninteresting. I compare
instead the posterior for & under partial observability with the posterior for & that is
the product of the likelihood under partial observability and the proposed prior under
full observability. Both posteriors are the relevant priors restricted to the interval
¢ > w,, the minimum accepted wage offer across individuals. Like the reference
priors for & under full and partial observability, the latter posterior for £ gives
more information in the left tail compared to the former posterior for

£.
I now obtain the proposed noninformative prior for & under full observability and
partial observability assuming that ¢, the “regular” parameters, are given.

Example 2a: Reference analysis under “full observability”
Under full observability the proposed noninformative prior for £ given ¢ is

Wsuwt(ﬂ@) (8 |Csuwt(§)|a
fwle)  fw(€le)
: 32
‘ o) Fulelo)|’ (82

this has been derived in Appendix E. ¢z (§) is the sampling expectation of the score
of the density function given by (4),

alOg fsuwt(sja ujawjatj|777 ()0)>

Csuwt(f) = ESUWT|9 ( an

The likelihood function of the N agents is the product, over these agents, of the
density function given by (4). The exact posterior for £ is proportional to

N
suwt(§|<107u w,s t) uwst §|<10 H

)‘SJ+1 /\tj f’UJ w]|lu’7 wa |/'L7 ] )

Uy < § < Wy
T (€, u, W, s, ) oc THSH(E ), Uy, < € < w,. (33)

The posterior for £ is the noninformative prior given by (33) restricted to the interval
[ts, w,]. In the simulated data set used by Lancaster (1997, p. 167), this interval is
[12.12,12.25]. Since this is a short interval, inference about £ based on this posterior
is very accurate. Lancaster points out that this short interval is the result of the
superconsistency of U, and W, for &.

Example 2b: Reference analysis under “partial observability”
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The density function of the accepted wage offers and the duration of unemployment
under partial observability is given by equation (5). I have obtained ¢, (§) in Ap-
pendix E. It is the sampling expectation of the score of the density function given by

(5),

th(f) = EWT\a <
The proposed noninformative prior for £ is

T (€le) o fewr (),
X . (34)

0log fui(w;, t,n, @)
an '

The posterior for € is

T (Elp,w,t) o T(E]

I now discuss the link between the proposed noninformative priors and the refer-
ence prior of Ghosal and Samanta (1997) given in Definition 3.

First, the proposed noninformative prior in (35) under partial observability is iden-
tical to the reference prior given in Definition 3 when it is obtained from the sampling
density of the accepted wage offers conditional on the duration of unemployment,
W;|T; instead of the joint sampling density of (1W;,7}) as in Example 2b. It seems
reasonable to condition on T}, the duration of unemployment of agent j, since the

support of the density of Tj, does not depend on any parameter. From Lancaster
(1997, p. 167) the density function of W;|Tj is

fuw(w;le)
fw\t(wju—’jaga ()0) = = . wj Z 6 (36)
Fy (&le)
This density function satisfies the assumptions of Definition 3. From Definition 3,
the reference prior for & under partial observability assuming that the duration of
unemployment of an agent, ¢;, is given, is
w Jw(€le)
Tra(Elp) o === (37)
Fy (€le)
The reference prior in (38) is identical to the proposed noninformative prior in (35)
under partial observability.?”

26n accordance with Definition 3, this reference prior for ¢ given ¢ is proportional to Ccwlt(§), the
sampling expectation of the score of the density function of W;|T; given by (37). That is,

810gfw|t(wj|tj,77:¢)> _ Jw(le)
an Fy (Ele)

Cw|t(§) = EW|T,0 (

2TUsing this prior, the exact reference posterior for ¢ is

wlt wt

7r7‘ef (£|(10’ w, t) X Trref(gha)

N
! ] E<w
Fy (Elp)
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Second, the proposed noninformative prior for & under full observability given by
(33) is the sum of two terms; one of the terms is the contribution of the observed
data and the other of the missing data.

The first term is the proposed noninformative prior for & given ¢ under partial
observability. 1 have just indicated that this is identical to the reference prior for &
given ¢ obtained from the conditional sampling density W;|T; instead of the joint
density of (W;,T;) as in Example 2b under partial observability.

The second term in the proposed noninformative prior for & under full observability
is the contribution of the missing data to the reference prior for ¢ given . The
rejected wage offers of an agent and the number of these rejected offers, (U;,S;),
comprises the missing data of an agent j. The second term is the reference prior for
& given @ obtained from the sampling density of the rejected wage offers conditional
on the number of such offers, Uj|s;. From Lancaster (1997, p. 166) this conditional
density is

> fw(u§|ﬂa‘7) 1 5j
fu\s(u]|897§7 90) 2:1—[1 Fw(§|§0) ) u]?"'au] <§' (38)
Like the partial observability scenario conditioning on S; is reasonable since the den-
sity function of S; is “regular”; that is, the support of this density function does not
depend on any parameter. Since this density function satisfies the assumptions under
which the reference prior is defined in Definition 3, the reference prior for £ given
©,2 from the missing data is

Trer(&|Q) X 7. 39
€19 7 (elo) )
I have plotted this reference prior in Figure 6. Most of the mass of this prior is in the
interval [0, 4]; outside this interval the prior is relatively flat. In general, this prior is
a decreasing function of &.

The point to note is that this reference prior for £ given ¢ from missing data
and that obtained under partial observability in Example 2b are putting mass on
different parts of the parameter space for £&. This is to be expected since reference
priors reflect features of the sampling density of the data. As mentioned before
the support of the density functions of the accepted wage offers and the rejected
offers is different. While the accepted wage offer is greater than &, the rejected wage
offers are less than £. Under full observability, information about the left tail of the

With the term in the square brackets being a strictly increasing function of £, this posterior is
increasing in ¢ like Example 2b; again, it puts the maximum mass at £ = w..

28 Again from Definition 3, this reference prior for ¢ given ¢ is proportional to Cy|s(§), the sampling
expectation of the score of the density function of U;|S; given by (40). That is,

us(6) = Fupss <alogfus(u;|sj,n,so)> _ fw(Ele).

on
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proposed prior for £ is provided by the missing data on rejected wage offers of an
agent; information about the right tail is provided by the accepted wage offer of the
agent. Hence the proposed noninformative prior for & given ¢ under full observability
resembles the reference prior for £ given ¢ under partial observability in that part of
the parameter space for & where this prior puts most of its mass. In that part of the
parameter space for & where the reference prior for £ given ¢ obtained from missing
data puts most of it’s mass, it resembles this prior.

Third, comparing inference for & given ¢ under full observability with that under
partial observability is an uninteresting exercise in job-search models. The missing
data on the rejected wage offers and the number of such offers is never observed by the
econometrician. The interesting comparison here is between the posterior for £ given
@ under partial observability and the posterior for £ given ¢ that is the product of the
likelihood under partial observability and the reference prior under full observability.
The latter posterior is the proposed noninformative prior given by equation (33) in
Example 2a restricted to the interval 0 < & < w,; w, = 12.24 in the simulated data
set used by Lancaster. The posterior for £ given ¢ under partial observability is given
by equation (36) in Example 2b. While the two posteriors are identical in the interval
[2, w,], the latter is flat in the left tail. Hence the posterior for £ given ¢ that is based
on the proposed prior under full observability gives information about £ in the left
tail unlike the posterior for £ given ¢ under partial observability. One scenario where
inference for £ given ¢ would be similar is if it is based on the all-or-nothing loss
function since both posteriors put maximum mass at £ = w, = 12.24.%

7 Reference Analysis for Roy Selection Model

In this Section reference analysis for the coefficient of correlation between the potential
earnings of an individual in the two sectors of choice, pio, is discussed. Since the
support of the data does not depend on parameters in the Roy model and I am not
partitioning parameters into “nuisance parameters” and “parameters of interest”, the
reference prior and Jeffreys’ prior are identical.

Two features of the sampling density of the data are relevant for reference analysis
of p1a.

First, p12 does not enter the likelihood function ezplicitly under partial observabil-
ity. However data under partial observability contains expected information about
p12. The positive definiteness of the covariance matrix €2 given in equation (8) re-
stricts the support of p;. This restricted support depends on the parameters py,
and po, that are identified under partial observability. This is the channel through
which expected information is obtained about p;5 from the observed data on realized
earnings in the two sectors and the sectoral choice of agents.

PLancaster (1997, pp. 168, 171-172) notes a similar point without making any parametric as-
sumption about the prior for &.
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Second, if the missing data on potential earnings of an individual in the sector
that she did not chose was available as well, then the expected information about p
under full observability is strictly greater than that under partial observability.

Like the job-search models, missing data is unavailable in the Roy model. As a
result it is not interesting to compare reference analysis for p;o under partial observ-
ability with that under full observability. Hence I confine myself to the likelihood of
the data under partial observability. I compare the posterior for p;» that is a product
of this likelihood and the reference prior under full observability with the reference
posterior for p;o under partial observability.

The Jeffreys’ or reference prior for po under partial observability is not defined
since pyo does not explicitly enter the sampling density under partial observability.
Hence following convention, under partial observability, I use a proper Uniform prior
for pi» conditional on the identified parameters, p;, and ps,.>° The support of this
prior is the interval to which p;5 is restricted by the positive definiteness condition of
the covariance matrix; this is given in (19).

As long as the prior for the identified parameters is proper, marginal
inference about p, is possible irrespective of the prior used.’! That is,
the marginal prior and posterior for piy are different indicating learning from data
about pio. Inference about p; conditional on the identified parameters,
pru and py,, ts possible only if the prior used is the Jeffreys’ prior under
full observability.>? Conditional inference under partial observability is not feasible
since the prior and posterior for pia|p1u, pou are identical. This follows from the prior
and the likelihood incorporating identical information about pi9; both restrict the
support of p;s through the positive definiteness of €2. In effect, an additional channel
of learning is introduced wia the prior when inference is based on the conditional
posterior of pio that is a product of the likelihood under partial observability and the
reference prior under full observability.

In the discussion below it is assumed that ¢, = [, 5, 2, 01, 02|’ is given. Marginal
inference about p;s indicates inference about p;s conditional on ¢,. Conditional

30Vijverberg (1993, p. 79) specifies this prior for pis in the Roy model. Poirier (1998, p. 493)
follows this convention when discussing a special case of the censored sampling model of Manski
(1994). In this class of model, like the Roy model, the nonidentified parameter does not enter the
likelihood function of the observed data explicitly. The nonidentified parameter has a restricted
support which is a function of the identified parameters.

31Marginal inference about p;, is an interesting exercise if the aim is to ascertain the correlation
between unobserved productivity in the two sectors irrespective of the factors that determine self-
selection by an agent. For example, if productive personal charcteristics, such as punctuality and
dilligence, enhance an agent’s productivity, they will do so irrespective of the sector chosen by this
agent.

32When interest is in correlation between the unobserved factors affecting productivity in the two
sectors conditional on the self-selection mechanism, then conditional inference about p;2 is the way
to go. For example, the posterior for p12 conditional on py, > 0, p2, < 0 would answer the question
“Given that an agent has chosen sector 1 or 2, is it possible that this agent can be more productive
on an average in both sectors ?”. See Vijverberg (1993, pp. 75-76) for further details.
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inference will refer to inference about p;5 conditional on py,, po, and .. Conditioning
on ¢, will be suppressed for notational convenience.

Example 3a: Reference analysis under “full observability”
Given pyy, p2y and ¢,., the Fisher information about p;» under full observability
has been obtained in Appendix F. The square-root of this Fisher information is the

Jeffreys’ prior or the reference prior for p;5 conditional on py,, p2y and .. It is given
by

* * * ]. 2
LARRE (P12|P1uap2u) X \/5 [1 + 5 (pluPQu - P12)2 , —1<pp<l (40)

D is the determinant of the covariance matrix € given in equation (8),

D=\ =1-pi, — ps, — Po + 2p1upoupio-

Since the potential earnings of an agent in the sector she did not choose are never
observed by the econometrician, obtaining the posterior for p;5 under full observability
is an uninteresting exercise. I instead obtain the posterior for pio conditional on py,,
p2u and @, that is a product of the Jeffreys’ prior given by (42) and the likelihood
under partial observability. The likelihood under partial observability is given by
equation (12). p;o does not enter this likelihood function. I have mentioned before
that the positive definiteness of €2 constraints the range of pys to ¥(p1y, poy); this is
given in equation (19). Taking this constraint into account I rewrite the likelihood
function in equation (12) as

L{pr2: prus pous YT, Y7, 1) = {ﬁl Vooof“‘(°)r {/_Ooof”m]”j} L (pra,20) (P12) 5
=

(41)
Ly (p1,,p00) (P12) is an indicator function with

Lu(prapna) (p12) = 1 if p1a € ¥(p1y, pou)
0 otherwise.

The posterior for p;5 conditional on py,, p2, and @, is a product of this likelihood
and the Jeffreys’ prior given by (42),

Y (ol prus pous YT, YE, 1) 070 (19| 1y p2u) Lw(prpnn) (P12) - (42)

Thus, the posterior is just the Jeffreys’ prior for p;, restricted to the interval
U (p1us p2u) = [Ph2) Plal-

Example 3b: Reference analysis under “partial observability”

Since p1o does not explicitly enter the likelihood under partial observability given by
equation (12) or (43), the Fisher information for pi», and as a result, Jeffreys’ prior
for pio given piy, poy and @, is not defined. Following convention (Vijverberg 1993,
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Poirier 1998) a proper, uniform prior defined on the support ¥(pyy, p2y) is considered;
thus )

7Y (pr1a] pras pou) = 2015 < pra < pll. (43)

P12 — P12

The likelihood under partial observability is given by (43); pi2 enters the likelihood
only through the support W(py, p2,). This restricted support of pi2 has already been
taken into account in constructing the prior for pis|pi1y, p2u in equation (45). Hence
the posterior and prior for py, given py,, po, and ¢, are identical under partial

observability.

The following point are worth noting when conducting inference for p;5 conditional
ON Py, P2u and @.

First, under partial observability the prior for pia|piu, pou, @« given by (45) and
the likelihood function given by (44) are incorporating identical information about
p12- This information is obtained from the identified parameters, piy, pou, via the
positive definiteness of the covariance matrix. Hence the prior and the posterior for
P12]P1u, Pou, @« are identical. This phenomenon of the prior and the posterior for for
the unidentified parameter conditional on the identified parameters being identical
has been described by different phrases. Dawid (1979) calls it the “nonidentifiablity”
of p1o; Poirier (1998) uses the phrase “the data are conditionally uninformative for
p12”. Their argument runs as follows. Since

TrI*YI*Yz* (p12|p11m P2u, Y?a Y207 I) X L(p127 Plus P2u; Yloa Y207 I)ﬂ-(plua pZu)
71'1 Yy (p12|p1u7 pZu)a (44)

the prior and the posterior for pia|piu, pou, ¢« Will be identical if the likelihood is
free of pip. This is transparent for the likelihood under partial observability given
by equation (43). With the support, W(piy, pau), of p12 depending only on pyy, pou,
the likelihood function can be parametrized in terms of the identified parameters
exclusively.

An additional situation for the “nonidentifiability of p;2” or the “the data being
conditionally uninformative for p;5” follows from (47) in case noninformative pri-
ors based on the sampling density of the data are being used. If both the prior and
the likelihood use the same channel to extract information about the nonidentified
parameter from the identified parameters, then the prior and the posterior for the
nonidentified parameter conditional on the identified parameters will be identical.
This is what is happening under partial observability when the conventional nonin-
formative prior used by Vijverberg (1993) and Poirier (1998) is used. Both the like-
lihood and the prior are indicator functions restricting the support of pia|piu, Pou, @«
to U(p1u, pou). Thus it is not just the conditioning on the identified parameters but
the way the conditioning is being done that is driving the prior and the posterior
for p12|piu, Pou, P to be identical. When inference is based on the posterior that is a
product of the likelihood under partial observability and the reference prior under full
observability, the likelihood and prior provide different information about pi3. The
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likelihood function provides information about p;» by restricting it’s support; this
support is a function of the identified parameters through the positive definiteness
of Q. In the next point the information provided by the prior for p;5 conditional on
Plu, Pous Ps 18 discussed.

Second, Jeffreys’ prior for p;o conditional on py,, pou, @« under full observability
provides average information about p;s from both the observed and missing data.
Note that p; enters the likelihood function under full observability explicitly; that
is, p12 is identified under full observability. I have plotted this prior given by equation
(42) in Figure 7. I find that it is approximately symmetric around the mid-point of
the interval W (py,, p2,).2* Tt also has two points of inflection at

prupa + 0.65/(1 = pf,) (1 - p3,).
Further as pio — ply, p%, ™ Y72 (p1a]pry, pou) — 0o indicating that the prior has
two modes at the end-points of the interval W(pi,, poy). In general the prior puts
substantial mass in the tails. What information are these features of the prior con-
veying? Roy model has empirical content if p;o # 0. This is what Jeffreys’ prior
under full observability is ensuring. Suppose a configuration of py,, ps, is such that
the mid-point of the interval W(p1,, p2,) is at 0; then Jeffreys’ prior avoids this part of
the parameter space of p;5 since most of it’s mass is at the tails. It is conceivable that
a configuration of piy, pa, leads to one of the end-points of the interval ¥(py,, p2u)
being 0. By distributing mass equally on either side of the mid-point of the interval
U(p1y, pou), it makes a part of the parameter space of pi2, quite different from 0,
equally likely restoring the empirical content of the Roy model. This is in contrast to
the noninformative prior under partial observability given by (45) which makes each
point on the interval ¥(py,, p2,) equally likely.

Third, if inference about p;s conditional on pyy, p2y, @« is based on the prior un-
der full observability and the likelihood under partial observability as in Example
3a, then the issue is whether inference is at all possible? That is, is the posterior
p12]Prus P2u, YO, YQ Tin (44) proper? The prior for pia|p1u, p2u, @« under full observ-
ability is improper; that is, it’s integral diverges to infinity. In addition, p;5 does not
enter the likelihood function under partial observability explicitly. Poirier (1998, pp
504-505) and Ghosh, et al (1999) discuss the problem of a nonidentified parameter
combined with an improper prior for this nonidentified parameter.>* Whether the
posterior is proper or not depends on the nature of identifiability and the kind of
information provided by the prior even though it is improper. I have shown that

331f T normalize the function in (42), I find that P(—1 < p1a < p%) = P(¢y, < ps < 1) = 0.5,
where pl% is the mid-point of ¥(p1,, p2u)-

34Poirier (1998, pp. 504-505) discusses a location-scale model where the location parameter is
the sum of two parameters, both of which are not identified individually. Ghosh, et al (1999)
discuss item response models with improper prior for the nonidentified parameter. They provide
sufficient conditions under which the posterior is proper for certain one-to-one transformation of the
nonindentified parameter.
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Jeffreys’ prior for p1a|p1y, pou, @« puts most of its mass away from the centre of the in-
terval U (pyy, poy). If it was possible to bound the mass it puts in the tails of the prior,
then the posterior would be proper and inference about p;s conditional on py,, P2y
would be possible. This is what the likelihood function accomplishes. The likelihood
function restricts €2 to be positive definite; a necessary condition for this is D > 0;
or equivalently in terms of pa, ply < p12 < ply. This condition bounds the prior
kernel of pia|piu, pou, s in (43) leading to a proper posterior piz|piu, pou, YO, YO, T
in (44); I prove this in Appendix F. Inference about pis conditional on the identified
parameters is thus feasible if Jeffreys’ prior under full observability is used.

Finally, marginal inference about ps is possible irrespective of the prior used.?®
In view of Poirier (1998, p. 485) this is not surprising under partial observability
in Example 3b since pi5 and py,, po, are dependent a priori and the noninforma-
tive prior pia|piu, Pou, P« in (45) is proper.. When Jeffreys’ prior for pio|piu, pou, ¢«
is based on the sampling density under full observability as in Example 3a, then
the feasibility of marginal inference about p;5 follows from the conditional posterior
p12|p1us Pou, 4, YO, YS I being proper. The marginal posterior for pio, 70 Y12 (po|I, YO, YY),
is

/ /WI*YI*Y; (p12|p1u, P2us Ia Y107 YZO)fIY10Y20 (I7 Y?7 Y5)|p1m qu)dpmdpzu-

[ have mentioned above that when the prior given in (45) is used in conjunction with
the likelihood under partial observability, the posterior in Example 3a is proper. That
is, the first term of the integrand is bounded. The second term in the integrand is
the density function of the data given by (43); this is bounded as well. Since the
integrand is bounded and the support of piy, poy is [—1, 1], the marginal posterior for
pi2 is proper; inference about ps is feasible as a result.?¢

8 Conclusion

I quantify the loss in expected information about parameters in terms of the Fisher
information for three missing data problems: a structural, low-price, sealed-bid auc-
tion, job-search and Roy selection model. The difference in the three models is that
while an empirical researcher may be able to obtain the missing data in the low-price,
sealed-bid auction discussed, missing data is unavailable in the job-search and the
Roy selection model.

For these three models, I next link this loss in information to the specification of
reference priors based on just the observed data and both the observed and missing
data. I find that the reference prior based on the sampling density of both the missing
and the observed data conveys more information in the tails. As a result I suggest

35Marginal inference refers to inference about p;» “marginal” of the identified parameters p;, and
P2y, but conditional on the identified parameters ¢,.. I have indicated that . do not enter the
support of p1o unlike p1, and pay,.

360nce again the difference in Example 3a and 3b will be in the tails of the marginal posterior for

P12
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that when missing data is unavailable, inference about the parameter be based on the
posterior that is a product of this prior and the likelihood of the observed data.

In addition, for the Roy model I show that inference about the unidentified coef-

ficient of correlation between the earnings in the sectors of choice conditional on the
identified parameters is possible only if the posterior is a product of the likelihood of
the observed data and the reference prior under full observability.
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A Proof for Lemma 1

I can write the density function of the ¢ dimensional data vector V as
Fu(V10) =Fog (VOI0) fune g (VL1 0). (A1)
fus(v|0) is the density function of the p dimensional vector of observed data, V.

fom vg (vé‘f ol 0) is the density function of the ¢ — p dimensional vector of missing
q-p

data conditional on VI?. Then I can write the Hessian of the loglikelihood of the ¢
dimensional statistics, V, as

0% log f.(v]9)

Hy (95 V) 0000’
0”log fys(vp|0) 0” log fvgy_p\vg (vl 1 0) A9
2000 2000 (4.2)

To obtain Jy (#), I take the expectation of both sides with respect to the density
function fy(v]0) =fvs (V;|9)f"f;{p\vp (vol,| 0), and multiply by -1;

0% log fyo(ve|0 0%10g fyrr jve (VoL,] 0)

k2 . A.
200" 2000 ] (4.3)
I now evaluate both terms on the right-hand side of (A.3).

0”1og fyg (vol) 0% log fug(vol6)
EVWl ] / / l ]fv(v|9)dvf...dv;dvﬁ1 dv)!

0000 0000

://C O [aﬂogag“a"g, %) ] {/ / " M10)duM . qu}fvo( °10)dv?...duve,

0”log fug(vp|0) ) o
- / /C 0 [ 0000’ ]fVZ(Vp|9)dU1...dUp,

- ng(e). (A.4)

The second term on the right-hand side of (A.3) is now evaluated.

82 IOg fvg/[_p|vg (VLJI\{p| 0)
Evio 000"

0 1og fyrr |vo (VoL | )
- //CV[ o b L) f (VIO ey v}t vy

5108 fug (V210
= /.,./CVO {//VM_ [ Ogaga”g(,v | )] fomr ( L0 v, dog }fvz(V;OJW)dvf...de,

= Evgw [Jvé‘{p\vg(a)] : (4.5)
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Cvg and (yum_are the supports of the density functions fyg(vgl#) and fyu (v',10),
respectively. Substituting (A.4) and (A.5) in (A.3), I get

Iy (0) = Iv,(0)+Ev, o [Iv,,_,v,(0)] -

B Proof for Corollary 1

I prove Corollary 1 in this Appendix. I first prove

VY jointly sufficient for 6 = Jv () = Jy0(6).

P

The score function of the density function of V given in (A.1) is

dlog fu(v]e)  Olog fus(vyl0)  Ologfur (var,lf)

Sv(#:V) = 90 - 90 90
dlog fvg (vp|0) o
= — =Sy (6;v9).

Since VI? are jointly sufficient for @, by definition of sufficiency (Huzurbazar, 1976,

pp. 105-108), the distribution of arbitrary statistics, Vé‘{p conditional on the jointly
dlog fvn v (an )
J

50 will be zero.

sufficient statistics, VI? , will not depend on #; hence
Then

Iv(0) = / o [Sv (0; V)] [Sv (6; V)]’ fo(v |9)dvf...dv§dvﬁ1...dvé\4
= / /C SVO 9 A% )} [Svg (9;Vpo)}lfvg(vz|9)dvf...dv;,
V

— Jvo (9

p

~—

Now I prove
Jv(0) =Jyo(0) =VS jointly sufficient for 6.
From Lemma 1

Jv (0) = Jvo(0)+Evo [ngy_p\vg(g)] ;

hence Jv(0) = Jyo(0) implies that Evo [Jvz\{ ‘VI?(H)} is a null matrix. Now

Y

Bvgo [Bvir, vgO)] = Bvgio [Svie rvg (9:V1%) Sty g (9:V31)

where

alogfvfy_p\vg (V(]]\{p|9) dlog fvgy_p|vl?(vg/£p|9)ll

Svir v (6:Vy",) = [ 00, 90,
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is a k dimensional vector of score functions of fyu |yo (va!,10). A typical diagonal
q—p

2
dlog fym yo(viL,|0)
1 \v q—p
( a=p- b , 7 = 1,...,k; for

element of EV;?W [Jvé‘{p\v,?(g)} is EV;?W 5o

these diagonal elements to be zero, a necessary and sufficient condition is that the
distribution of Vé‘fp conditional on VI? is independent of 0.,V 7 = 1,...,k ; but
then Vpo are jointly sufficient statistics for # by definition of a sufficient statistic
(Huzurbazar, 1976, pp. 105-108).

C Fisher Information for Structural Auction Model

When bids are proportional to cost as in Section 4.2, the Fisher information matrix
for (n, ) from the bids and the winning bid are given in equation (C.1) and (C.2),
respectively,

(nT) 2 - ((nT)Z%
JB(n’ 90) = [ N (nT) © nTZL:mefl)2+(nT)2kp2 J ) (Cl)
n(em—1) ©2(pm—1)2
(nT)Z-;;Lj _n((zz;%)iﬁ)
and JW(T]? 90) = _ (nT)an T((Pm—l)2+(nr)2i92 3 02
n(em—1) 02 (pm—1)?
where m = n — 1. Hence
00
Is(n, ) —Iw(n, @) [ 0 T ] . (C3)
©

which is psd.

The Fisher information for (1, ¢) from the minimum winning bid across auctions
is

(nT)?% - e,
Jw.(n,¢) = _ (nT)gap (Lpmerlr;Z—i—(nT 22 ]
n(pm—1) P2 (pm—1)

D Fisher Information for Job-Search Model

I first obtain Ewy ¢ [JU S‘Wt(e)]. The density function of the missing data condi-
tional on the observed data follows from Lancaster (1997, p. 166),

S5

Jusiwe(Qj, 55|w;, t5) = H()\tj)sje’)‘Fw(ﬂ“’”)tffw(ué-|u, o)/s;l, ujl-, ...,ujj <&
i=1

The likelihood function across the N iid agents is

Lugiw,(0;U,S) = [ﬁﬂfw Hu, o ”ﬁ(Atj)sﬂ'][”M'“”] Hs'

j=li=1 j=1
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As a result the score function is

Suswal&U,8) = L) 01y, e )
Then
TG swa®) = Busiwe [V fuléln o)),
= (AT ful€lm o))"
Hence

Ew )0 [Jg,S\W,t(e)] =\’ [fw(§|u,a)]2 Ew 10 [TQ] , (D.1)

where T'= Y°I #;. T will now evaluate Evy ¢ [7%] in (D.1). I will suppress below the
conditioning in the density functions on the parameter vector 6.

Bwao [T?] = / / // T2 foi(w, t)dws...dwydt...dty,
w1 wy Jt1 tn
_ // T2 [/ o Fa(wlt)dw,...dwy | fo(t)dt,..dty,
t1 tn w1 wN
— // T2 fo(t)dty...dt y,
t1 t

N

_ /t/tN

where 7 # 7', 7,7/ = 1,.., N. Since the ¢;, j = 1,..., N are independently and
identically distributed, (D.2) simplifies to

N
o+ 22%@] fe(t)dtr...dty, — (D.2)
j=1

T,7’

2
Ew o [TQ] = N/t t5 fe(t;)dt; + N(N — 1) [/t tjft(tj)dtj] : (D.3)

j j
Exploiting the fact (Lancaster, 1997, p. 166) that t; ~ EXP(X F, (§|p, 0)),

Ei(t) =X Py (€li0), ) =2 [\ Py (€li0)]"

I substitute these in (D.3), and the resulting expression in (D.1) to obtain

v to [I5 siw o (0)] = NV +1) Mo (€l ) [N P (€lp0)]

Clearly this is nonzero; hence J%g,syw,t(ﬁ) # J%fm(ﬁ).
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E Reference Prior Under Job-Search Model

The sampling expectation of the score of the density function under full observability

is
a log fsuwt(8j7 ujawjatj |§7 @))

on

where fouwt (S5, uj,w;yt;|€, ) is given by equation (4). Since U;|5’j,Wj,7} are inde-
pendently and identically distributed for an agent j, and reference priors are defined
upto a constant of proportionality, the proposed noninformative prior for & given ¢
under full observability is proportional to

0log fsuwt(sj,ué-,wj,tﬂﬁa ©)
o€ '

This is now obtained. I will indicate 6 = (&, ¢).

310g fsuwt(.|9) 8
0¢ T

Taking expectation on both sides with respect to the sampling density SUWT|0, 1
obtain

Csuwt(é-) = ESUWT|9 (

T (Elp) < Esywrio ( (E£.1)

10g | £u(t;10) fute (w;1t1, 0) Fupuwe(551w5, 15, 0) Fupsun (55105, £, 0)]

E alog fsuwt(sjaué'awjatj|9) . 8log ft(tj|9)
SUWTI|0 ¢ = LisuwT|o 8—§ +

dlog fu \t:, 0
gf 5(§w]|] )] +ESUWT0[

[310{% fu\swt(uﬂsja Wy, tja 9)

010g fowe(s;|w;, b, 9)]

Esuvwro l o

+Esuwo

73

Each term in (E.2) is now obtained.

dlo ;|0 810 (t;]0 , ,
ESUWT‘G [%] = /t/ / gft | )fsuwt(sjauz‘awjat]'|9)du;dw]'dt]’7
j 7 Wy u 55

N // / aft o |9 — o Founle(85,u5.w5]t, 0)dsjdujdw;dt

-,

J

_ [ OR10)
- e

)
_ 8—§/tjft(tj|9)dtj:0. (E.3)

] (B.2)

[/w/Zfsuwt(sﬂ"“j’wjﬁa‘,@)dujdwj %dth
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Since the support of the density function of 7T; does not depend on any parameter,
the interchange of integration and differentiation is valid. The second term is now
evaluated.

Esuwio lalogfwlt(wﬂtj,@)l :/t/w

A_;alogfwlt(wj|tj,9)

ag fsuwt(Sy,U;,wj,t]|9)du;dw]dt],

¢ i w;

O fwie(w;l|t;, 0 i i
= /t_A_Aiz%ft(tj|0)fsu|wt(sj7uj|wj’tj’g)dujdwjdtja

=11, {lazfsuwt<8j’u§|wfatj,9>du§} Oae00) 1 )ty

- /]

L, dej] it )i

wj=¢ 73
applying Leibnitz’s rule to evaluate the integral in the square brackets,
f Jw(ly) _f w(& %)
= o Ao (E.4)
w (€]#) Ey (Ele)’

where f,,:(w;|t;, @) has been obtained from Lancaster (1997, p. 166). The interchange
of integrals and of the integrals and the summation sign is valid from Fubini’s theorem.
The third term is now evaluated.

E lalogfs|wt(sj|wj,tj,9)]
SUWT|6 B

3
alogfswts |’UJ, 9) ; :
- //w/ ‘ ag ’ fsuwt(sj,uj,w]',tj|9)dujdwjdtj,

8fsw(5‘|w‘,t',9) . i
= /tj/q;) / Z | t ]ag YRR f’wt(wjyt]|9)fu|swt(uj|8j7wj,tj7g)dujdwjdtj7

0 fsw S'w'at'ae i i
= /tj/w/ul a_gs‘ jwt ( Jggy j )] Fuwt (W, £510) fujswe(W5]55,w5,t5, 0)dujdw;dt

— 0. (E5)

The last term in (E.2) now evaluated.

E [810gfu|swt(u§|8j7wjatjae)]
SUWTI|0 o¢

al u|sw u' Lwi,ti, 0 . )
= /t// 0g ful t(ajgsj Wy, j )fsuwt(sj’u;’wﬁtj|9)d“;dwjdtja
J w

afusw 'S',w',t',g :
- /t//zz e 9|8£ - )fswt(sj,wj,tj|9)dujdwjdtj,
JIWj Y s

42



Wi afusw i'S',w',t~,9 ;
= // [/ J | t( ]| J VRS )du] fswt(sijy;t]|9)dwjdtj,

73
applymg Leibnitz’s rule to evaluate the integral in the square brackets,
Fu(€le)

where fu|swt(u§-|sj, wj, t;,0) has been obtained from Lancaster (1997, p. 166). Substi-
tuting (E.3)-(E.6) in (E.2) obtains the proposed noninformative prior for £ given ¢
under full observability in equation (33).

Under partial observability, the proposed noninformative prior for £ given ¢ is

dlog fui(w;,t;]0)
o€ ’

The density function of the observed data, f,:(w;,t;]0), is given in equation (5). The
score of this density function is

T (€lp) o< Ewryo (

31 wt '7t. 9 a
nga(gwj J| ) — a_glog [ft(tj|9)fw\t(wj|tj,9)]§

and the sampling expectation of this score is

dlog fui(w;,t;|0) dlog fi(t;16) dlog fu(w;lt;, 0)
E =F — E .
i@l ( o€ wT|o € + Lwrle o€
Evaluating each sampling expectation on the right-hand side in a manner analogous

to the proposed noninformative prior under full observability, I obtain the expression
for the proposed noninformative prior for £ given ¢ in equation (38).

F Fisher Information for Roy Selection Model

The log likelihood function for the Roy model is

1 1
log fr- vy v; (2;]0) = —5 5 l0g Q| — —z'Q 'z}, (F.1)

where z; = [215, 215, 225" = [[; =W, Y15 = X181, Y5;—Xg; 32]'. |€2] is the determinant
of the covariance matrix €2; it is restrlcted to be strictly greater than zero from the
positive definiteness of €. I will indicate it by D,

D =|Q|=1—pi, — p3, — pla + 2p1upoupra-  (F.2)

Simplifying z;Q'z; I get

2;Q7 'z = (F.3)
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where

A= (1- p%Z)Z%j + (1 - p%u)zfj + (1 - p%u)zgj +

2(p12pou — p1u)zrjz1j + 2(p12piu — Pou) 2122 +
2(p1upau — Pr2)215%2j- (F.4)

I can rewrite the loglikelihood function in (F.1) as

1A
log fI*7Y1*7Y2* (Z] |9) lOg D — 5 5 (F5)

The score of this loglikelihood function with respect to pis is

dlog fiyr vy (z;10) 1 [1 dD 1 ( dA dD)]‘

Sebz (9) = =5 T 7=
1YY (0) dpra Ddps = D2

taking the derivative of the score with respect to pi2, the Hessian is

1 |&?D A\ @A 1 [(dD\® /24
HEP . (0) = —= —(1——> o+ = (——1>
v (0) 2D | dp3, D " dpt, " D (dp12> D
24 in]
Ddpiy dpis |

Obtaining the derivatives in the above expression from (F.2) and (F.4), and taking the
expectation of each of these terms with respect to the sampling density I*, Y}, Y;*|0
I obtain the Fisher information about pi under full observability, J{' ¥y (0), given

by (20).

G Reference Prior for Roy Selection Model

In this Appendix I prove that the reference posterior given in (43) is integrable. From
equations (42) and (44)

/7TI Y (P12|P1u;ﬂ2u,Y1 ,Yz ,I)dmz (8 /pl \/{5 + D2 (pluPZu - P12)2 dpi2, (G.l)
12

where

Do = prupze — (L= ph) (L= p3)s Py = prupau + /(1= p2) (L= p3).  (G-2)

Now
1 2(p1up2u - 912)2 |
\[ = d

Pia L 2(prupou — p12)? Pia

[\ [+ 2t < ||
= /pl N,DdP12+\/_/l Mdﬂl?- (G.3)

12

12 12
12

N
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I now show that each term on the right-hand side is bounded.

Starting with the first integral, since D — 0, as p1a — ply, p%,

"2 Lo = tim dim [ Ld G4
Vo= Jiy i gt (@9

From Gradshteyn, et al. (1993),

e 1 . (Prupau — pr2)
—dp;y, = —arcsin
J ﬁ ’ (¢<1—p%u><1—p§u>)
— — arcsin ( (Prupzu — ') ) + arcsin ( (Prupou — €) ) i
VL= p8) (1 = p3,) V=021 — p3,)

v

)

€l

Then

e /1 o
lim hmu / —dp12 — — arcsin (plup2u P12)
e sph et —rpty )l D \/(1 — p%u)(l — P%u)

1
—i—arcsin( (plup2u /012) >,
V=) (1 = p3,)
= 3.14. (G5)

The last step follows from substituting p',, p%, from (G.2).

The second integral in (G.3) is now evaluated.

Py — 1 u
\/5 12 (PluPZu Pl2) dp12 _ lOgD|Z}2
12

Pho D \/5
< logD|p}2+€, . € et >0,
P12—¢€

e'u.

— log —
Ogd

< 0.

Since both terms in (G.3) are bounded, the reference posterior 7/ 72 (p15|p1u, pou, Y, YO, 1)
is integrable.
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Table 1: Definition of Quantities

n = number of participants in an auction.

T = number of auctions in the sample.

B = [By,...,,B,,...,By] = n x T dimensional matrix of bids.

B; = [B}, .., B, ..., B}]' = n dimensional vector of bids in auction j.

W; = min B; = winning bid in auction j.

i=1,...,n

W, = IrllinT W; = minimum winning bid across the 7" auctions.
-7: e

B.... = [Binmn, s Brm] = n X T matrix of n ordered bids in T" auctions.
B = |BY", . B, By Wi
= n dimensional vector of ordered bids in auction j, le-:” <. < B;?_l’” < W;.
B, 1 =[Bint1m s Bjn1ms e, Bra1m)],
= n — 1 x T dimensional matrix of n — 1 ordered bids in 7" auctions.

B = |BY", .., Bi", . By

= n — 1 dimensional vector of ordered bids in auction 7, le-’” <. < BJ’-L’L”.
f2(z]0) = density function of Z with supp(.)rt (g
Czep) = support of f,(z|6) if it depends on 6.

F.(z|0) = [* f(7|0)dT = distribution function of Z.
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fuin (Dn | 8) = 1 iljl £ (b5 8), =00 < bi™ < .. < wj < oo;
= joint density of n ordered bids, B,.,, in auction j.

n—1
(n—1)! H F(bm0) . y
fn—l:n (bj,n—lzn | 0) = [};Ei]‘g)] , —00 < b;n S S bqf— i S Wy,

= joint density of n — 1 ordered bids, B,,_1.,, in auction j.
ful(w;|0) = nfy(w;|0)[1 — Fy(w;|0)]" ",
= density function of the lowest order statistics from f,(b5]).
Vi =v;(By,..,B;, ..., Br) = an arbitrary statistic.
V =[Vi,...,Vor| = nT jointly sufficient statistics for 8.
0(0;Z;) = L | log f(2]6) = log-likelihood of T observations, Z;.

S4(0;7) = ae(;;z) = fz(i\o) a'f%(;‘g) =score function of £(0; 7).

) T
52(6:Z) = *H2 =2 3. 84(6: 2),

j=1i=1
= score function of £(0;Z), Z being n’T" dimensional.
J;(0)=E,06(S,(0;2)S,(0; Z)] = Fisher information from Z.
Jz (0) = Ez)6 Sz (0;Z)S7 (6;Z)],
= Fisher information from n1" dimensional vector Z,

=nTJ, (@) under standard regularity conditions.

Hz(0;7Z) :% = Hessian matrix of Z.

m(e), q(e) = strictly positive functions.

47




Figure 2: Normalized Reference Prior Density for ¢, Truncation
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Figure 3:
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Figure 4: Reference Posterior Kernel from Bids for ¢
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Figure 5: Reference Posterior Kernel from Winning Bids for ¢
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Figure 6: Reference Prior Kernel for ¢ in Job-Search Model
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Figure 7: Jeffreys’ Prior for p,, in the Roy Selection model
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