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Abstract:

The aim of this article is to provide a brief introduction to the applications and implications
of wavelets in Numerical solutions of Differential and integral Equations. We describe a
method, called Wavelet-Galerkin method for solving the two point boundary value
problem, for ordinary differential equations. The hierarchical nature of wavelets makes
them more suitable for solving the partial differential equations. A brief review of classical
methods like Finite difference, Finite element, spectral and collocation methodsis given
just to highlight their strengths and weaknesses with regard to numerical efficiency,
consistency and stability. Finally, we give Wavelet - Galerkin method based on Finite
difference and elements methods for the resolution of elliptic problems in a bounded
domain, using the so-called connection coefficients. A glimpse into the integral equations
and their solution using wavelets is included.
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5.1 Introduction:

Wavelet analysis assumed significance due to the spectacular success in signal and image
processing. Currently several investigations are being carried out which aim at harnessing
the hierarchical structure of wavelet decompositions of functions and their derivatives, in
widely different areas. Inareas such as time-series analysis, approximation theory and
numerical solutions of differential equations, wavelets are recognized as powerful
weapons not just tools. It is not in general, possible to obtain exact (actual) solution to an
arbitrary differential equation. This not simply because man’s ingenuity or/and machine's
intelligence fails, but, because the repertory of standard functions like polynomials,
trigonometric, exponential, logarithmic and so on is too limited to accommodate the
amazing diversity of differential equations encountered in practice. This necessitates
either to go for, discretization of differential equations leading to numerical
(approximate) solutions or their qualitative study which is concerned with deduction of
important properties of the solutions without actually solving them. After discretizing a
differential equation in a convertional manner like the finite difference approximation,
wavelets can be used effectively, for purely algebraic manipulations in the resultant linear
systemof equations, which may lead to a smaller condition number, using a technique
called preconditioning. The aim of this article is to throw some light on this aspect of

-1-



wavelet analysis for numerical and qualitative analysis of differential equations. The
wavelet transform is atool for carving up functions, operators, or data into components of
different frequency, allowing one to study each component separately. The term wavel et
was itself coined in 1982, according to [Daubechies]. Wavelet analysis may be thought
of as ageneralization of analysis by the Hilbert space method, wherein one forms an
orthogonal basis of the space of interest. Equations in that space may then be solved in
terms of the basis. Hilbert space techniques are epecially useful in the solution of linear
ordinary differential equations (ODES), and permit one to reduce certain partial
differential equations (PDES) to two or more ODEs related by variables of separation.

Our understanding of the fundamental processes of the natural world is based; to large
extent, on differential and integral equations. The motivation for studying differential and
integral equations is due to their prominent use, as models of various physical
phenomena. The laws of nature, it isoftensaid, are written in the language of
Mathematics. How else, one can explain the remarkable effectiveness of Mathematics
and its allied branches in describing the physical world? Many applications of

M athematics require numerical approximations of differertial equations and a brief
introduction to the topic, by giving simple examples, is the main focus of the article. It
seems natural to try wavelets where traditionally finite elements are used. Solving, for
instance, boundary value problems, there are interesting results, showing that this might
be fruitful. Wavelet-Galerkin method bears a testimony to this, which uses wavel et
differentiation, giving rise to connection coefficients Our focusis on ideas and
principles, so no attempt is made to cover any topic in depth, but rather to present a
general outline of the various techniques.

5.2 Preliminaries and Prerequisites:

Preliminaries:

We usually subdivide differential equationsinto ordinary differential equations (ODE's)
and partial differential equations (PDE’s).ODE’s involve derivativesw.r.t. only one
variable and PDE’sinvolve partial derivatives. Equations may have constant or variable
coefficients. Some equations are referred to as homogeneous (non-homogeneous).
Equations are also |abeled with orders and degrees. All these notions can be used to
characterize equations by their appearance. We have seen many; rather different looking
PDE’s and it may seem hopeless to try to develop a unified theory that can treat all these
diverse equations. Thisimpression is essentially correct and in order to proceed, we look
for criteriafor classifying PDE’s. The situation is dightly different in ODE’s. The theory
developed for lower order equations, is more often than not, passed on to higher order
equations.

An important distinction is, between linear and nort linear equations. A D.E. is linear if it
isapolynomial equation of 1% degree in the unknown function and its derivatives. In
order to clarify the concept of linearity,(from modern point of view) it is useful to write
the equation in the form;

L(u)=0---------- (1).
Using this notation, we say that equation (1) is linear if it
satisfies: L (au +bv) =aL(u)+bL(v); for any constants a ,b and relevant
functionsu,v . Theprincipal part of the PDE isthe part of the equation that contains the
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derivatives of the highest order. Nonlinear equations with principal part linear are called
semi-linear. Semi-linear PDE’s of 2" order are classified further (motivated from conic-
sections) as under.
The general semi- linear PDE of 2" order is of the form:

Au,, +Bu, + Cu, + Du, + Eu, +Fu=G(x,y)
This can be put in the form L(u) = G,

2 2 2
Where;L:Aﬂ2+B T +Cﬂ2+Di+ El+

F
™® ™y Ty x Ty
>0
L(u) =G, iscalled Hyperbolic, Parabolic, Elliptic according as B - 4ACt=0
I<0
|

The classical equations of Mathematical Physics: Heat equation Wave equationand
Laplace's equationare parabolic, hyperbolic and elliptic respectively. From
computational point of view, the classification into these three canonica typesis not very
meaningful or at least, not as important as some other essential distinctions. Most of the
differential equations, which are consequences of physical phenomena, are subject to
either initial or boundary or both conditions. The region in which the boundary
conditions are specified is called the region of interest. By solving the differential
equation in this region, one can interpret the physics of the problem.

A type of condition u(x,0) =f (x)is called a Cauchy-type initial condition. If the
solutionis givenspecific values at the boundaries,
syu(Ot)=a, u(Lt)=b----------- (1) ; where aand b are given, we have a
Dirichlet-type boundary conditions. In many applications, other types of boundary
conditions appear. If the derivatives rather than the functional values are specified, we
have Neumann-type boundary conditions. Generally, Neumann conditions are of the
form:u (0t)=a, u,(1t)=b---------- (2), wherea and b are given. By
combining equations (1) and (2), We get a Robin-type boundary conditions, which can be
writtenas: au(0,t)+bu, (0,t) =c,au(Lt)+bu, (1t) =g, for given a,b,ca b andg.
Finally, we have periodic boundary conditions:u(0it) =u (1t), u, (0,t) = u, (Lt).
Faced with a problem posed by a differential equation and some initial conditions (IC's)
and/or boundary conditions (BC's), we can check whether both the differential equation
and the extra conditions are satisfied. This allows us to classify equations from
“solvability” point of view. Isthe problem at hand, an initial value (time evolution)
problem? Or isit a boundary value (static solution) problem? The sub classification of
I\VVP into parabolic or hyperbolic is much less important, because many actual problems
are of the mixed type.

Basic Mathematical Questions:

Existence, unigueness and stability are the issues of considerable importance in the theory
of differential equations. Questions of existence occur naturally throughout mathematics.
The question of whether a solution exists should pop up into mathematician's head
whenever he/she attempts to solve a problem. Appropriately, the problem of existence of
solution of pde’sis ore of the focal pointsin theory as well as practice. Once we have
asked the question, whether a solution to a given problem exists, it is natural to ask, how
many solutions there are? While uniqueness is often a desirable property for a solution of
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a problem (often for physical reasons), there are situations wherein multiple solutions are
equally desirable. A common mathematical problem involving multiple solutionsis an
eigenvalue problem. The term stability is one that has a variety of meanings within
mathematics. One generally says that a problem is stable, if we change the problem
“dightly” the solution changes only dightly. Another notion of stability is that of
“asymptotic stability”. We say that a problem is asymptotically stable if all its solutions
get close to some “nice” function as time goes to infinity.
We say that aBVP, IVP, IBVP iswell-posed (in the sense of Hadamard) if;

i) It has a solution (existence)

il) The solution is unique (unigueness)

iii) The solution depends continuously on the initial and/or boundary data

(stability).
Accordingly, an equation may be well or ill posed. Lastly, PDE’'s where dl the variables
are spatial are caled Seady-state, and PDE’ s which combine differentiation w.r.t. space
and time are called Evolutionary. Elliptic equations, for example, are steady-tate.

Prerequisites:
Eigenvalues and Eigenvectors:
Let Abea n” nmatrix over( . Suppose$l 1 0 and anonzero
vector x1 [ "such that Ax=1 x
Then | iscaled an eigenvalue and X is a corresponding e genvector.
Basic facts about eigenvalue and eigenvectors:

> A has at most n eigenvalues.

> If A issymmetric then al the eigenvalues are real and the corresponding

eigenvectors orthogonal .

» A isnonsingular iff al the eigenvalues are non zero.

Condition number of a matrix: Let A be anonsingularn” nmatrix.

Then the condition number C, (A) of A isgiven by |A] ||A1|| It can be shown [ 4] that;

C,(A)= ||II|% (Spectral C.N.). This only shows the importance of eigenvaluesin

the qualitative analysis of solutions of differential equations.

Translation invariant and Elliptic operators:

Let f:0®0 andyl O, thenR,:L*(0)® L*(C ) iscalled translation if
(R)F(x)=1(xV)

Let T:L*(0)® L*(0)beaL.T. Then T is called translatior+ invariant. 1f
T(Ryf):R/T(f)

Notethat T and R, commute with each other. Example: Lu = - u¢ is trangd ation-invariant.

di
dtl
each g, iscongant istrandation-invariant. It may be noted that all trandation-invariant

operators are diagonalizable in Fourier basis, and they are the most natural operators used
in signa processing and image compression.

More generally, any constant linear differential operator say (Lu)(t)=§ & —, where
i=0



Lu= f where; L——dge (t )%°+b( t)u(t) iscalled dliptic if
t

$C,C,,C,0<C £a(t)£C,,0£ b(t)£C,.
A square matrix A is called tridiagonal if @, =0" i, j suchthat |i - j|2 2
A square matrix A is called circulant if a =a,"1,]

+1,j+

5.3 Some Theoretical Considerations:

Continuous(analytical) and discrete{numerical) solutions: First of al, let us make
sure, we know, what we mean when we talk about these solutions. Indeed, the very
guestion of what it means to solve a given differential equation can be subtle. But, we
still have not defined carefully, what we mean by a“ solution”. Should we ask, for
example, that a solution must be real analytic or infinitely differentiable. This might be
desirable, but, perhaps we are asking too much. The intuitive notion that a solution is a
function that satisfies the equation identically is not precise. A solution of a

D.E. L(u)=f, of order minadomain Wi [ "is, afunction ul C™(W) that satisfiesthe

equation at all points of W. Analytical (continuous, exact or actual) solution isthe
solution, say of L(u) = f, when u is given asa mathematical expression in the
independent variables and parameters. Numerical (discrete, approximate) solution, on the
other hand, is obtained by the methods of Numerical-anaysis, often given in the tabular
form. It is not in general, possible to obtain analytical solutions to an arbitrary differential
eguation. Thisis not smply because, our intellectual capability fails, but because the
repertory of standard functions like polynomials, trigonometric, exponential etc. in terms
of which solutions may be expressed, is too limited to accommodate the infinite variety
of differential equations encountered in practice. Even if an analytic solution can be
found, the ‘ formula displaying the solution is often too complicated to describe the
principle features of the solution. Thisis particularly true, in case of implicit solutions
and of solutions which are in the form of integrals or infinite series.

Would we be rather given the analytical solution to the problem or the numerical
solution? Can we expect the solution to behave in the way, as it does? Does it make sense
physically? The answers to these and many other questions, mainly depend on, what we
want to do with the solution. In practical applications, however, it is becoming
increasingly clear that, the numerical solutions are preferable to their analytical
counterpart . Even when exact solutions are available, they are often difficult and complex
to obtain, let alone interpret. Analytical solutions sometimes, may fail to have any
practical value.

Advantages of analytical solution:

1) It contains more information than a table of values. We can compute graph,
observe, estimate, manipulate and if necessary modify it using explicitly of the
solution.

2 If we wanted to evaluate the solution at any specific point, we could do so, with
any degree of accuracy, merely by adding more number of termsin case of
solution series.

3) It isasolution at any point, not just at grid points of the domain.



Advantages of numerical solution:

1) Mgor advantage is that, many problems do not have analytical solutions (e.g.
nortlinear equations). Many realistic models are, in fact, non-linear. The linear
models, for the most part, are the linearized versions (approximations) of the non
linear equations. There are only alimited number of systematic procedures for
solving them and these apply to a very restricted class of egquations.

2) It alows qualitative as well as quantitative analysis of the behavior of the
solution.(Graphical analysis, for example, appeals to our intuition)

Having said, something about their relative advantages, we shall go deeper in to these
matters, as we are going to see that ailmost all essential properties of the exact solution are
somehow present in the approximate solution. For this purpose, we find it useful to
introduce some notations and terminology. At the end of this section, we will also arrive
at the conclusion: discrete solutions converge towar ds the continuous solution as the
mesh size h tendsto zero.

Some Typlcal difficulties:
Non-linear equations are more difficult to solve than linear equations.
Higher order pde' s are more difficult to solve than lower order equations.
Pde’ s Containing many independent variables are harder to solve than pde's
containing few independent variables.
For most pde's it is not possible to write explicit formula for the solutions.
In generd, it is more difficult, but far reaching to solve aBVP than IVP.

Case —sudy
Let us start by consi dering atwo-point BVP,

(Lu)(x) = f (x)," xT (0,2); where (Lu)(x)=-u®(x), and f1 C(0,1) and
u(0)=u(1)=0------- (1).
We want the solutionul C?(0,1), and satisfying the BC's. Thus our u isa candidate for

the continuous sol ution.
Now, let us introduce a similar formalism for the discrete case. First, welet D, bea

collection of discrete functions v defined at the grid points x;, j =0,1,- - n+1.For
convenience, we write v; forv(x; ). Next, welet D, , bethe subset of D, containing
discrete functions, with the special property that they are zero at the boundary. For a
function wi D,,,; we define the operator L |, by;

(Lw)(x ) =- (%) Z\A;](zxj)+w(xj'l) , which we recognize as the finite

difference approximation of the second derivative. Now, we can formulate the discrete
version of equation (1) as follows. Findvi D, ,; such that;

(L) (xj) = f (xj ) j=01,- - n-—- (2). Since some of the properties of L and
L,, are connected to the inner product of the functions, we define the inner product of two
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continuous functions u and v by (u,v) = ¢y (x) v(x)dx. For discrete functions u and v,
their inner product can be evaluated by ;umerical integration, namely the Trapezoidal
Ir-|u£| ng established, suitable notations for the continuous and discrete problems, we arein
a position to state some important properties [1]

1. The operatorsL and L, are symmetric in the sense that :

{Lu,v)=(u,Lv) "u,vl C*(0,2) and (L,u,v), =(u,L,v), "uvl D,

2. The operators L and L, are positive definite in the sense that:

"ul C*(0,1)(Lu,v)>0and" vi D,, (Lv,v), >0
The above properties bring out several similarities between the continuous problem and
the corresponding numerical approximation. Our final goal is to show that the discrete

solution v will indeed converge to the continuous u when the spacing h approaches zero.
To this end, we need to introduce the concept of truncation error and consistency.

Definition: Let f1 C(0,1)and letul C*(0,1), bethe solution of (1). Then we define the
discrete vectort ,, ; called the truncation error by,

t, (%) =(Ly)(x)- f(x):for i=01----n.
We say that the finite difference scheme (2) is consistent with the differential equation (1)
if; Its],, ® Oash® 0.

Thus, roughly speaking, a scheme is consistent if the exact solution almost solves the
discrete problem. However, the difference approximation to the D.E. does not guarantee
that the solution of the difference equation approximates the analytical solution of the
D.E. Thisis where; notions like convergence and consistency enter the picture. For
sufficiently smoothfunctions, the scheme (2) is consistent.

Lax (1954), proved aremarkable theorem [2] which establishes the relationship between
consistency, stability (continuous dependence on the initial data) and convergence:

L ax Equivalence T heor em: Givenawell-posed linear IBVP and a FD scheme (which
approximates that), satisfying consistent criterion, stability is the necessary and sufficient
condition for the convergence.

To put it in a nutshell, as long as we have a consistent scheme, the convergence is
synonymous with stability.

Error analysis: In general, FD schemes cannot produce the solution exactly, because the
numerical computation is carried, up to a finite number of decimal places. This
necessitates the introduction of error called the round off error which occurs during the
actual processing. This aso depends on the type of computer used. In practice, the actual

numerical solution is v and not v;;, so the differencer, =v; - v; istheround off error at

ij?

(i,j). In contrast to truncation error, the round off error cannot be made small by
decreasing the mesh size.



Propagation of errors: Floating-point operations (which approximate arithmetic
operations, as well as possible) need not satisfy the well-known laws of arithmetic. This
results in the propagation of errors. Error propagation plays a decisive role in the ultimate
analysis of the solutions.

We cdl round off errors harmless if their contribution to the final solution is considerably
small. If al the round off errors are harmless then the algorithm is said to be well-
behaved or numerically stable. Finding numerically stable algorithmsis a primary task of
the present day Numerical Analysis.

5.4 Numerical Solutions of Ordinary Differential Equations:

The method we discuss for solving numerically alinear ordinary differential equation
comes down to solving alinear system of equations or equivalently a matrix egquation

Ax =y . Theoreticaly such a system iswell understood: for a square matrix A, the
existence and uniqueness of a solution are guaranteed iff A is nonsingular. However, in
applications, there are larger and deeper issues, that need to be addressed, as they are of
crucia importance. One of these has to do witha condition number of a matrix. We say
that, asystem Ax =y ; isbadly (well) conditioned if small relative errors in the input data
y, cause large (small) errorsin the solutions x. This is undesirable, in applications since it
defeats the very purpose of the exercise. In almost all computations, there are bound to be
errors, either due to rounding off, or due to imperfect measurements of the data. For a
badly conditioned system, the solution can be virtually meaningless physically. The
condition number of a matrix measures the stability of the system Ax =y under
perturbations of y. In practical applications, a small condition number is both necessary
and desirable. If the condition number of A is large, we would like to replace the system
Ax =y by an equivaent system, whose matrix has alow condition number, which can be
accomplished by atechnique called preconditioning.

Suppose f :[0,]® [ isacontinuous function. Our goal isto obtain a C*
-‘[-uilf(t): f(t);0£t£1
tu(0)=0andu(1)=0

It is easy to see that, a unique solution exists However, if f is not in the closed form, it
may not be possible to express explicitly the formula

functionu that is a solution of (P) (P)

Xt 1t
u(x) =- OO (s)dsdt +xAOf (s) dsalt

00 00
Our approach to approximating the solution u is to numerically estimate the integrals.
Another method which is more general, because it applies to equations where solutions
are not easy to write explicitly, is the finite difference method. It isbased on
approximating the derivatives in equation in our model equation (P) by differences
evaluated on a finite set pointsin [0,1].We discretize and reformulate (P) on the partition

t; :ﬁ, j=01,- - N.The smallest step size we can choose is % so we let h:%.We
abbreviate, x(j)=x, andy(j)=y, .From Numerical Analysis, we arrive at:



Xy ¥ 2% - X, =Y, ] =1,2,- - - - N ; with boundary conditions
(BC'9).x(0)=0,x(N)=0- - - - - - (1) . Thus we have a linear system of N-1 equations
in N-1 unknowns, represented by Ax =Yy where;

€2 -1 0 - - - 0 00 éxid éY%u
e u e u e u
a1 2 -1 0 - - - 0y &%y &Yy
€0 -12 -10 - - 0G4 é-0 @é-ua
e u e u e u
A=d- - - - - - - g XTe-aYTe- q
& . . . . . _ . .4 eée.a e.aua
a G &6 a &
60 0 0 0 0 -12 -1§ &-G é-a
€0 0 0 0 0 0 -1 2§ & &l

For obvious reasonswe call A, atridiagonal matrix. One can check thatdet A, =N ,
hence there is a unique solution x to the equation (1).

Asweleth® 0, i.e, N® ¥ , we expect our solution to approximate, the true value of u
with increasing accuracy. However, it is important numerically, for alinear system to be
well conditioned. Note that A isreal and symmetric, hence Hermition. Therefore A, is

normal. We can therefore find its condition number using eigenvalues. A natural question
arises: how to find the eigenvalues? Thereis atrick, we consider amatrix (whichwe

denote by B, ,) which agrees with A, , except that the entries of B,_, at the extremities of
the principal diagona are -1 instead of 0. Then B,,_, iscirculant. Hence we can
diagonalize B, _,, and determine the eigenvalues.

For the simple equation (P), we were able to explicitly diagonalize the matrix A, , arising

out of F.D. approximation. Partially this was due to the fact that, the operator
L defined by Lu=-udlistrangdlation invariant. This and a bit of luck enabled us to obtain

the eigenvaluesof A, .More generally an operator L of the form

L(u)(t)= é’{ b, gt—Ju(t) where b, ; is constant, istrandlation invariant. If the

j= i
coefficientsb; are allowed to varywith t (time dependent) the operator L will not be
trangdlation invariant. For such an operator, the matrix A arising out of FDM, in the
solution of Lu = f ; with BC'su(0) =u(1) =0on [0,1] , will not be, even close to
circulant. So we cannot follow the methods applied to A, above. An alternative approach

using wavelets, that includes the variable coefficients, due to Galerkin, comes to our
rescue.



Wavelet-Galerkin Method for ODE’s:

For certain class of equations, using wavelets in conjunction with the Galerkin method,
gives the two primary desired features for the associated linear systems: sparseness and
low condition number of the matrix. We consider the class of ODE’s (known as Sturm —
Liouville's problems).A typical SLP

i d du g
@}Luft) = - Gea0)g+b(tu(t)= 1 (1) 0EtEL

along with Dirichlet’s boundary conditions u(0) =u (1) =0is chosenasa"model

equation” for the purpose of illustration. Incidentally, SLP's are named after J.C.F.Sturm
and J.Liouville who studied such problemsin 1830’s. Here a, by f are continuous and

have continuous derivativeson [0, 1]. We assume that the operator L isuniformly eliptic
on [0, 1].By awell-known result (Picard’' s theorem) there is a unique solution u satisfying

(Q). The simplest case isa(t) =b(t) =1, which reduces to (P) . For the Galerkin method,
we suppose that {v;} isacomplete orthonormal subset of LZ[O,l] and that every v; is
C’on [0, 1] and satisfiesthe BC'sof (Q) i.e,

v (0)=v,(1)=0-- - - - - -- (1
We select some finite set L of indicesj and consider the subspace S = span{v]. il L} .
We look for an approximation to the solution u of (Q) in the form

U =@ XV, X I 0 mmmm e oo oo e (2)

Our criterion for determining X, , isthat u, should behave like the true solution on the
subspace S,

ie., <Lus,vj>:<f,vj> "jTLeceeeme e (3).
Notice that u, satisfies automatically the BC's: u,(0)=u,(1) =0.
It turns out that, u,isthe “best approximation” of uin S w.r.t. the norm induced by
(f.g)=(L(f).9).
If we substitute, equation (2) in equation(3), we obtain
<L(é xkvk),vj>:<f,vj> "jl L
Equivalently, § <ka,vj >xk :<f,vj> SN[ IS (4)
Letx= x=[x ], ¥Y=[%],, and A=ga,ff , ;wherea, :<ka,vj>
Then equation (4) is the system of linear equations represented by

We expect that as we increase our set L ,our approximation u, should converge to the

true solution u. Now, our main concern is the nature of the linear system, resulting from
the choice of wavelet basis as opposed to some other basis, for example, Fourier basis.
Numerically, there are two ‘requests’ rather than demands, we would like A to fulfill, (as
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already discussed): A should be sparse and it should have a low condition number. In
fact, the best case is, A is diagonal, but the next best caseis, A is sparse. To thisend , we

assume the possibility of modifying the wavelet system for L*([] ), so asto obtaina
complete orthonormal systemfor L*[0,1] . Clearly” j,kT G y ,isaC*function and
satisfiesthe BC'sy , (0)=y ,, (1) =0.
Now, we rewrite the equation (2) using the fact that the wavelets are indexed by two
integers in the form
U, = & Xy ; and equation (4) as
ik G

[o]

a <Ly kY Im>X jk:<f1y |m> ------------ (6)
j Kl G
We can il regard this, as amatrix equation Ax =y , where x and y are indexed by the

pars (j,k)and A=ga .. f definedbya . =<y oY |m>.

Actudly, A itself does not have alow condition number, but we can replace the system
Ax =y by an equivaent system Mz =v by a"“preconditioning” technique. Thus the
matrix in the preconditioned system has a condition number bounded independently of
theset L . So, aswe increase the size of L , we achieve more and more accuracy, the
condition number remaining bounded, all the while. Thisis much better than FDM in
performance, in which case the condition number grows quadratic ally. This provesthe
justifiability of the use of Wavelet — Galerkin method, the algorithm of which, literally
frees from the worry of step-size and round-off error.

One might be tempted to ask: Are wavelets indispensable, in the sense that, can they not
be replaced by other systems, without compromising on numerical efficiency and
accuracy? The answer is, indeed yes. There are, complete orthonormal systems for which
asimilar preconditioning can be done, to yield a bounded condition number. The Fourier
basis is one such example, but they don’t satisfy the BC' ssince €™t 0 for any n. But

{x/Esi no nt} certainly qualifies for the trial. So although we see the advantage of the

Galerkin method over FDM, the advantages over the Fourier basis are mainly due to the
compact support of wavelets, which plays arole in establishing the sparseness of the
matrix. Inconclusion, we can say that the matrices we obtain using FD are sparse, but
have large condition number. Using Galerkin method with Fourier basis, we can obtain a
bounded condition number, but the matrix is no longer sparse. Using Wavelet-Galerkin
method we can achieve both: the sparseness and boundedness of the condition number of
a matrix, it is something like having best of both the worlds!
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55 Numerical Solutions of Partial Differential Equations:

An Overview of Conventional and Classical Methods:

| — Finite Difference Method (FDM):

The basic idea underlying all the differert methodsis to replace the partial derivativesin
adifferential equation by suitable difference quotients and to solve the discretised
equation so obtained.

Weillustrate this with the following Dirichlet’s boundary vaue problem, (P) given by:
jue-u,=Tf(xy), 0<xy<1
i .
fu(x,y)=0," (x y)T W

For the unit-squareW={(x, y)|0<x,y <31 0. Weassumethat f (x,y)is continuous

onWE W . Since the various methods, for the solution of BVP's are usually compared
with this problem, (P)isaso called the “model problem”.

To solve (P) by means of difference method, one replaces the differential operators by

difference operators for BV P, as described in ordinary differential equation, above.
One covers WE W with a grid (mesh) : W, E W, ; where,

W, ={ (v )l i =2.2,- - Npw, ={(x,0).(x.2) ,(0y, ), (2, )i i =0.8.- - N+3)
. Then

We abbreviate, x =ih,y, = jh, u; =u(x,y,),1,j=01- - N+landh= 1

" ()g, yj)T W, - u, - u, ;can bereplaced by the difference operator;
4L\j - ui—l,j - ui+Lj - ui,j—l_ ui,j+1
h2
Becauise of the boundary condition the u; =0 are known for (x.,y; )T W,

upto anerrort;

Therefore the unknownsu; 1£i, j £ N obey the system of linear equations of thform.
4uij - ui—Lj - u|+]_,j - l'M-l - L+,1+1 =h2fij +h2tij’" ()ﬂ’yj)T \Nh
Wlth f” = f (Xia yj) ------------ (1)
Herethe errors t; depend on the mesh size h. Under appropriate assumptions, for the
exact solution u, one shows thatt , = O(hz) . For sufficiently small h, one can expect that
the solution: z, i, j=1,2,- - N of linear system of equations,
A2, - Z ;- Zy - %" 4,j+1:h2fij1 i,j=12,--N
Where z,, =2z, =2,=7 4, =0,fori,j=01- - N+1- - - - - - - - - - (2)
obtained from (1), omitting the error termst ; , agrees approximately with u; .
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To every grid point (xi Y, )T W, there corresponds exactly one component z; of the

solution of (2).
Collecting N* unknowns z; and the right sides of h? f,; row-wise into vectors:

2=(21,2,,- - Zy )T Jb=1(fy, fy- - fy )T equation (2) is equivaent to a

system of linear equationof theform Az=b,with N*~ N? matrix A. It may be noted
that A is quite sparse.

Il — Finite Element Method (FEM):

Finite difference method can be ill-suited for other than regular rectangular regions. But
the world is not regular! The FEM is much better adapted to irregular regions. One
advantage of the FEM over FDM is the relative ease with which BC's of the problem are
handled. Many physical problems have BC's involving derivatives and irregularly shaped
boundaries. BC's of this type are difficult to handle using FD techniques, since each BC
involving derivatives must be applied by a difference quotient at the grid points and
irregular shape of the boundary makes placing of the grid points difficult, if not
impossible. FEM uses a series of complex computations. But computers can take care of
that. Such methods are of great importance and growing popularity in solving PDE’s.
FEM’s are especially useful when the domain of BVP' s are two or three dimensional and
particularly for irregular regions. Using finite elements also facilitates local mesh
refinement, in the parts of the region where the variables of interest vary rapidly or where
discontinuities occur.

In breaking a 2-D region into sub-regions, there is wide choice of elements that span the
region. Truly, rectangles can be used, but they don’t fit as well to irregular boundaries as
triangles do. Other polygonal shapes are possible and even elements with curved
boundaries may be considered. But, these are considerably more complex to use.
Triangles are very popular, or a mixture of triangles and quadrilaterals is most commonly
used. Although in many respects FEM is quite similar to FDM, FEM s preferable when
it comes to complicated geometries in several space dimensions. FEM’s are often
preferred by practitioners in structural engineering, for the smple reason that, these
methods allows considerable freedom in putting elements, wherever one wants them.
FEM on the whole is as efficient and as accurate as the best FD scheme with the “bonus”
of reduced computer memory reguirements.

Il — Spectral methods (SM):

Assume one has to find an unknown function u, satisfying a differential equation. SM
starts by expanding the function u in a series of Eigen functions of a SLP. Then using
orthogonality and various properties of “specia functions’ one may define
approximations to the derivatives of u and employ themto compute u. In practice, the
Eigen functions will be usually trigonometric functions or orthogonal polynomials.
As a simple example consider the classic wave equation:
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The solution is periodic, suggesting that a Fourier series, rather than a polynomial
expression is appropriate.

and (1) reducesto (?jilk:ikak, OEK EN-1
X

The only input needed for solving the above equationis the set of initial valuesa, (O) .
These are the Fourier coefficients of the functionf ; they are defined by

1" opiine 2201 6 . . .

a, (0) :Na g "N SN T which can be computed in O( N logN ) operations
1=0 (%]

using FFT.

An dternative approach, but generalisable to arbitrary orthogonal seriesis the so-called
Galerkin method.

Subgtitute (2) in (1), multiply by €* for k =0,1,- - - - N - 1and integrate over the
period. We now impose a BC on the wave equation:u(1,t) =y (t). A Fourier seriesisno

longer adequate, for the solution of the problem. So we expand the function u in terms of
Chebyshev' s polynomials to find

N-1
Uy (X) = é h<(t)Tk (X), where T, (X) = COS(nCOS'l(x)) ........... (3)
k=0
The formula for the derivative is more complicated since
Tuy 8% Nt
ot CACLACY (@)
where; ¢b, = 2 a,, and 12k=0
AT A PR AR T k0
p+k odd

But the final equationfor the coefficients is,
%(ao,al- -a,,) =A(a,a- -a,,) for someknown matrix A,

The initial values for the coefficients can again be taken as the Chebyshev coefficients of

theinitial data and can again be effectively computed using FFT. There is, however, an

additional equationto be satisfied,

8 a (T =y (1) -e e )

Finally, consider a wave equationwith variable coefficients,
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%ut =ﬂ_1(e(x)u);|x|<u>o, u(x,0) =t (x), uft.t)=y (1)

One should again approximate u by an N™ degree polynomial, but the coefficients of
e(x)u cannot be usually be defined in terms of the coefficientsof u. This forces usto
adopt a different approach

Take N+ 1 point x,, X - - X, in [0, 1]. These define a unique polynomial of degree N,
which isidentical with u at the points x and represents the interpolant of u. We now

replace ¢(x)u by theinterpolant of c¢(x)u and compute its derivatives to advance the
solution of the problemin time. The BC is satisfied by having

X, =1 and by setting u( x,,t)=y (t).

This procedure, which can obviously be applied to non-linear equations too and is called
Collocation method or Pseudo-spectral method.
It is more genera than the Galerkin method mentioned above. However, thisis an

efficient numerical needing O(Nz) operation For aspecial set of collocation points, the

matrix multiplication can be done by FFT in O( Nlog N) operations. Thisis, infact, one

of the reasons why trigonometric functions and Chebyshev polynomials are usually
employed in spectra methods. We have singled out collocation methods using
trigonometric functions or Chebyshev polynomials as the most useful for two reasons.
1. They may be used variable coefficient and non-linear problems.
2. They allow FFT to be implemented.
We now address, rather precisely, the question: why we use spectral methods?
To answer this, we remark that, the spectral approximation obtained in the above three
types of equations, differs from the exact solution of the problem, the quantity:

jk( x+t

¥

a ae ™ ; wherea, are the Fourier coefficients ofy . Now, if we assumethat y is
k=N
smooth i.e., one possessing continuous derivatives of all orders, it turns out that the
coefficients decay faster than any power of k. Therefore, a spectral method using N

C(M
modes when applied to a smooth function will admit an error estimate < I\(IM ) for any

M with some constantC(M ) . In contrast, aFDM with N grid points will usually have an

error of the form % where p = 2for 2" order method.

Computationally, it means that one can obtain, a very accurate solution, using few data
points. We should also put aword or two about, non-smooth functions. For instance,
consider the Euler’ s equation of aerodynamics, which produces solutions with shock
waves, contact discontinuities In this case, one cannot expect high accuracy, may be due
to Gibb’ s phenomenon which occurs at discontinuities will produce an oscillating error
component which does not vanish asN ® ¥ .

In fact, the Gibb’s phenomenon itself may serve as an error locator, accurately
pinpointing sharp transitions in the solution.Although, there exist several satisfactory
spectral methods for the treatment of non-smooth solutions, and this areais very much in
need of afirm theoretical basis and therefore, requires considerable research.
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IV — Collocation Method (CM):

The collocation method, for approximating the solution of an equation of the second
kind:

f-o AN =f--cmo - (1) Consists of seeking an approximate solution
function in afinite dimensional subspace of Cla,b] by requiring thet, the equation (1)
can be satisfied at only finite number of so-called collocation points.

Assumethat A:Cla,b|® Cl[a,b] isahbounded linear operator and

X, = span{uy,u',- -u}1 C[a,b]; denote a sequence of subspaces with

dim X, =n+1, Choose n+1points. a= %, < x'<- - <x' =b in such amanner
that the interpolation at these grid points w.r.t the subspace X, is uniquely possible.
Typica examples of elementsof X are B- splines, polynomials, trigonometric
polynomials etc. For convenience, we write x instead of x", u. instead ofu’.
L,:Cla,b]® X, we mean an operator, that map f T C[a,b] into uniquely determined
interpolating polynomial. L, ()T X,,, with the property that;

(Lnf)(xj) = f(xj), j =0,1,- - n; Representing L, in terms of Lagrange's basis
e, 1ol - -1, T X, suchthat ], (x)=d,,j,k=01- - n,intheform L f :§n1 f (%), -

. ) 0’
k=0
It can be seen that, L, isabounded linear operator, moreover,-- L f =f, "f T X, the

n

operator L, isaprojection operator implying L2 = L.
The collocation method approximates the solution of (1) by an element f T X_

sy £, (1) (A1) ) =1 (x). 1208 - 2
Weexpress f T X_ asalinear combination f, :én gu, andimmediately see that (2) is
k=0

equivalent to the linear system

for the coefficientsg, . If we use Lagrange's basis for X, and write

g, then of course g; :fn(xj), j=01,- - nand (3) becomes

Qo

f =

n
0

g;- kéogkA(lk)(Xj) =1 (Xi)
So the basic idea behind, collocation methods can be summarized as follows.
One tries to approximate the solution by an element f 1 X ,asalinear combination of
its basis elements. To this end one selects a finite number of collocation points and
determines f , such that the differential equationis to be satisfied exactly at these points.
There are many possibilities of implementing such methods, by different choices X, , of
bases of X,,, and of collocation points. With a suitable choice, one may obtain very
efficient methods.

=
S
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Among other methods of descretization, Finite Volume Method and Multi( Adaptive)
Grid Method deserve mention. In FVM the assumed solution is integrated over the space-
time rectangle and approximated using Trapezoida rule. INnAGM we refine the grid
locally where the solution is difficult to approximate and use a coarse grid, where the
solution is easy to approximate. One can aso think of changing both grid and underlying
basis and the method as well. Little has been done in this direction for PDE’s. Of the
many different approaches to solving PDE’s, much of the work that is being done today,
involves nort linear equations. Oftenthe method developed to solve a nonlinear PDE
does not serve the purpose. In addition, the discrete version of the equation may fail to be
solvable.

5.6 Wavelet Calculus and Connection Coefficients:

Wavelet — Galerkin Method for PDE’s

As we have seen, one can use wavelets to represent a function of one or more variables,
which can be either an infinite seriesor an approximating finite sum. Therole of Calculus
in computing derivatives and solving D.E’s cannot be over-emphasized, in modeling the
physical world. Against this background, the question before usis. How can one compute
efficiently derivatives of functions in terms of wavelet expansion coefficients? How can
they be used in solving D.E’s numerically? The answer to these can be given, using the
concept of Connection coefficients. We will illustrate witha special and useful case,
which will ultimately lead to the general case. We are going to show that the knowledge
of connection coefficients is an essential ingredient in the Algebra and Calculus of
wavelet expansions.

To begin with, consider awavelet systemW ={f,y 1. Let f be asmoothL* function,

whose derivative f ¢tisaso L* (i.e, f isan element of Sobolev space H* ([ )). Represent f
in awavelet series and differentiate:

f(x)=a ff(X)+a f.y «
fx)=a f {x)+a fy ¢ (x)
Expandf $(x) andy ¢ (x); again in wavelet series in the form:
f () :él’lGLf, +;i3|1 Gy,
y $(x)=Q G+ é- Gl i
The formulas for é- S, are unlll quely determined (using orthogonality):
G, = @ Hx)f, (x)dx G =FHx)y, (x)dx
G =@y k(XN (X)dx Gy = (X i (x)x

We call these expressions connection coefficients for W.
We state some useful properties and theorems [5] which show that, all these C.C’'s can
easily be computed as linear combinations of the Fundamental C.C’'s

{G'g};k =1,- - 2g- 2,9 being the genus of the wavelet system:
) G"=-G, 2 G"= G, 3 G=-G,
-17 -



Theorem: If j >0, then1) G* = § a bG*" 2) G =23 a Gk
k|l

3 Gy =v2a hG™
|
First, we look at the specia cases of Haar and Daubechi€’ s wavelets.

D G=(- %0%) 021 2G=(},2.02%.- %) 9=2

The Wavelet-Galerkin Approximation:
We want to formulate a wavel et-Gal erkin approximation to the solution of the problem:

Let W be an open set in [J >with Lipschitz boundary W.

Givenfl L*(W),and g1 HY?(W)find afunctionul H*(W):

-Du+u=finW; u=g onfw.
Let us consider an approximation solution to the actual solution;
U given by;

W(xy)= a udf,

(pafiLp
where; L | :{( p,q)T 0" [,:sup p(f ;f;)}
The goal is to apply Galerkin method to obtain a linear system for the unknowns urj)q
We use the connection coefficientsG,, = ¢§ { x)f ,, (x) dx.
0

Then using the orthonormality of the wavelet basis and the properties of connection

coefficients, the desired linear system for unknown u,’)q 'sfollows. We call the solution of

this linear system the wavelet- Galerkin approximation to the actual solutionof the
Dirichlet problem.

Wavelets can be used as basis functions for Galerkin method, as already
mentioned above. If we just do this at one level, they have no particular advantage over
other types of functions. Their real power lies in the multiresol ution/scale approach.

Multiscale Representation

e.g. Jiuigx? = 1
Expand as

u-= ; ¢, 0(x — k) +,ib; d; w2 x-k)

Galerkin gives a system

- —— -
Ku = f f_p:‘\:\h"‘“---.:hm‘m"
thl . “"*\x“.“hmﬁ
with typical entries AN\ s
- AR -
K = 28] Zxw(x - n)w(x-m)dx "'E’a VA N
| B |" \
. HL ::‘ -‘-...\ ] ] }-
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Effect of Preconditioner

« Multiscale equations: (WKWTHWu) = WT
+ Preconditioned matrix: K.. = DWKWTD

Simple diagonal preconditioner

5.7 Waveletsin I ntegral equations:
Recently wavelet based methods have been devel oped for the numerical solution of linear and
non-linear integral equations of both Volterra and Fredholm types.

Let us first make a general observation about the representation of a linear operator 1" and wavelets. Suppose
that f has the representation

flz)

ST F i) Yialz).

ik
Then,

Tf(z) = Y (frbjn) Topulz),
ik

and, using the wavelet representation of the function 7', (), this equals

1
3.5

DL wik) Do AT e ia) ia(z) = D (Z { Tk, i) ‘:f-'t.'-‘.j,k)) ii(2).
i,d

Ak id

In other words, the action of the operator 7" on the function f 1s directly translated into the action of the
infinite matrix A = { { Tk, 050} Yig gk on the sequence { { f, 454} }j4 This representation of T as
the matrix Ay is often referred to as the “standard representation”™ of 7' [15]. There 1s also a “nonstandard
representation”. For virtually all linear operators there is a function (or, more generally, a distribution) i’
such that

Tfz) = ] K{z,y)f(y)dy.

The nonstandard representation of T 1s now simply the decomposition one gets by considering A as an
image and calculate the 2D wavelet transform.

5.8 Conclusion:

There are several procedures that come under the banner of numerical methods. The
usual procedures employed to find the numerical solutions of DE’, as noted above, are
FDM, FEM, SM, CM, FVM, AGM and Galerkin methods.Spectral methods are
preferred, for very regular geometries and smooth functions. They converge more rapidly
than FDM’s and FEM'’s, but they do not work well, for problems with discontinuities.
The philosophical view-point that runs through out all these methods, has been to view

the PDE as an operator equation L (u) = f . The next step is, to identify the solution
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subspaces S, S,-- onwhich L is continuous. From this point of view, it is taken as an

‘article of faith’ in Numerical Analysis that, continuous operators can be approximately
discretised, to yield stable and convergent schemes. The strategy to achieve stability and
convergence is either to approximate the solution by replacing DE’s by a system of
algebraic equations or to approximate the solution spaces involved, by finite dimensiona
gpaces. Solving algebraic equations, in turn amounts to minimizing the condition number
of the underlying matrix, using properties of basis elements. Constructing finite
dimensional spaces, on the other hand, involves the use of exponential functions, B-
splines or wavelets as basis functions. Well, the crucial question is: How accurate are the
approximate solutions? The situation with FDM and FEM is not bad. But, the problem of
tracking down singularities of the solutions still looms large over numerical-analysts.
This is the proverbia “tough nut to crack”. Once, thisis resolved, refinement of the mesh
in and around the localities of singularities can be performed. This results in minimal
increase in the dimension, guaranteeing, at the same time, an enhanced accuracy of the
approximate solution and reducing CPU time. In recent years, several advanced
techniques have been devel oped, to take advantage of the high-speed computing
machinery coupled with enormous storage capacity. Added to this, in view of the
widespread accessibility of today’ s computing techniques, numerical methods are
becoming increasingly popular. However, the fact remains that, the availability of
powerful computersis gradually shifting the focus away from the analytical solution and
towards both numerical analysis and the qualitative theory. Non-linear problemsin Fluid-
Mechanics are being solved today, that were not even considered, ten years ago.
Interestingly, many equations modeling the rich variety of physical phenomena are non-
linear. It has been realized that, numerical methods with strong stability are economic
and trustworthy from computational view-point. Infact, to obtain accurate numerical
solutions to DE’s governing the physical systems, has always beenan important problem
engaging the minds of scientists and engineers.

Turning our attention, to the solution of PDE’s it must be pointed out that, there is no
general theory concerning the solvability of al PDE’s. Such atheory isunlikely to exist,
given virtually endless variety of physical, geometrical and probabilistic phenomena
which can be modeled by PDE’s. However, the localization property of wavelets comes
to our rescue, in resolving many of the difficulties encountered in the traditional methods.
Secondly, the fact that a wavelet system nearly diagonalizes a very broad class of
continuous operators is one of the key properties of wavelets. Normally, in FE
approaches to aBVP, afinite element grid must be adapted to the boundary. But, this not
necessary for the wavelet approach, which givesit great flexibility in applications. Can
one, then develop a nonlinear Galerkin method based on wavel ets? There are numerical
evidences and mathematical justifications, for answering this in affirmative. By using, for
instance, connection coefficients a nonlinear equation can be reduced to a system of non
linear algebraic equations, which can be solved iteratively. Moreover, the inherent
wavelet structure permits for a natural multigrid solution, of the corresponding algebraic
equations. This s, perhaps, one of the major issues confronting the scientific community,
in the foreseeable future. All said and done, the use and subsequent effect of wavelets for
differential and for integral equations. For differential equations, finite element matrices
are already sparse, but they tend to be ill- conditioned. Integral equations, on other hand
lead to dense matrices. However, these matrices tend to be well-conditioned. The focus of
the current researchis, on the discovery of ways and means to solve differential and
integral equations of all sorts, within and outside the realm of mathematics.
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