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Chapter 6
Analytical Solution Techniques for Transport Problems II: Integral Solution

In the previous chapter the approximate method, i.e., the scale analysis or scaling, for
obtaining the order-of-magnitude solution of various transport problems has been outlined.
Scale analysis indicates the manner in which various parameters affect the quantities of
interest, e.g., friction and heat transfer rate, but makes no prediction of the numerical
coefficients, which are needed if the less approximate (or more exact) solution is needed.

In this chapter another “approximate” method for obtaining the solution of various
transport problems, i.e., the integral method, is discussed. The method was introduced by T.
von Karman and developed by K. Pohlhausen in the early 1920’s (Kakac and Yener, 1995).
The integral method allows an engineer to obtain approximate analytical solutions, which are
less crude than those obtained using the scale analysis when the complete equations cannot be
solved exactly by analytical means.

6.1 Integral Method and Heat Conduction

The basic idea of the integral method is to convert a partial differential equation
(PDE), which may take the form 0),(1 =yxF , into an ordinary differential equation (ODE)
F2(x) or even an algebraic equation. Note again that the solution obtained is just an
approximate solution – not an exact solution.1

Consider, for example, a transient, one-dimensional heat conduction of Figure 6.1.
Initially, the temperature is everywhere equals to Ti. At t = 0, the wall temperature has been
raised and maintained at T0.

Figure 6.1. An illustrated example of the use of the integral method

                                                
1 There are indeed two basic ways to covert a PDE into an ODE, i.e., the similarity method and the integral
method. The former gives an exact solution while the latter gives an approximate solution.
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In this case, the energy equation can be written as:
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subject to the following initial and boundary conditions:

iTtxT =),( , 0=t , 0≥x (6.1B)

0),( TtxT = , x = 0, 0>t (6.1C)

iTtxT =),( , ∞→x , 0>t (6.1D)

The following steps are followed in order to obtain an integral solution of the above equation.

1. Integrate the PDE over the whole domain thus obtaining the energy integral equation.
2. Select a suitable temperature profile that fits the actual given boundary conditions.

If the first step is followed, equation (6.1A) can be integrated and becomes:
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The following rule is found useful in integrating the last term in equation (6.1F):
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In this case α = 0, β = δ and y = t. Thus,
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Substituting equation (6.1I) into (6.1F) yields:
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Designating the first term in the bracket as θ yields:
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Equation (6.1K) is the energy integral equation. The problem is now to find the appropriate
expression of the temperature profile. Assuming, for example, the cubic (3rd order
polynomial) temperature profile:

T(x,t) = a + bx + cx2 + dx3 (6.1M)

Four boundary conditions are needed to solve for all constants in (6.1M). The following
conditions are then listed:

T = T0 at x = 0; T = Ti at x = δ(t) (6.1N)
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Using these four conditions, the temperature profile (6.1M) becomes:
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which satisfies the four boundary conditions given. Substituting this profile into the energy
integral equation (6.1K) yields a simple ODE:

dt

dδδα =4  (at t = 0, δ = 0) (6.1Q)

or,
tαδ 8= (6.1R)

The final (approximate) temperature profile is obtained by substituting this result into the
assumed temperature profile (6.1M).

If higher degree of accuracy is sought, a temperature profile of higher degree can be
used. For example, if a 4th order temperature profile was used the final profile would take the
following form:
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and,

tαδ
3
40

= (6.1T)

Comparing these simple solutions with the following exact solution:
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The cubic profile yields a solution with 6% error compared with the exact solution while the
4th order profile yields the solution with only 3% error.

If a problem of interest is in cylindrical coordinates, the assumed profile should take
the form:

T(r,t) = 
ln(r)

r in Polynomial (6.1V)

If spherical coordinates are used, the assumed profile should take the following form:

T(r,t) = 
r

r in Polynomial (6.1W)

Considering next a steady state, two-dimensional heat conduction in a semi-infinite
slab shown in Figure 6.2.

T 8

T 8

T 8

y = l

y = -l

0

Figure 6.2. Steady state, two-dimensional heat conduction in a slab
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subject to the following boundary conditions:
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The energy integral equation is obtained by integrating equation (6.1X) over the whole
domain:
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The next step is to assume a temperature profile. Here, the Ritz profile is assumed:
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To find the value of B, substitute A from equation (6.1AD) into equation (6.1AB) and
integrate it:
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So, the value of B is:
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If how the temperature variation in x (or in y ) is not known, the following profile may be
chosen:

( ) )(),( 22 xXylyx −=θ (6.1AI)

or,
)(),( xYeyx Bx−=θ (6.1AJ)

The derivation of the final temperature profiles is left to the student as an exercise. 

6.2 Integral Solution of Convection-Type Problem

Consider, for example, a laminar flow over a flat plate of Figure 6.3. For simplicity,
assuming first that the fluid has very low Prandtl number, hence δ << δt and only the energy
equation is required since the velocity is uniform at ∞U  (Arpaci and Larsen, 1984).

In this case the energy integral equation will be derived using a control volume
analysis. For the derivation of the energy integral equation by direct integration of the
governing conservation equation, see Bejan (1984) or Kakac and Yener (1995).

Figure 6.3. Control volume used to derive the energy integral equation
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An energy balance of a control volume yields the required energy integral equation:
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where ∞T  is the free-stream temperature. The next step is, again, to assume a temperature
profile. For simplicity, consider a simple quadratic profile:
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Three boundary conditions are needed to obtain the values of a, b and c:
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Here, the values of a, b and c are: a = 0, b = 2 and c = -1. The assumed temperature profile
thus becomes:
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The final temperature profile is obtained once Tδ is known. This is obtained by inserting the
obtained temperature profile back into the energy integral equation (6.2A), which becomes:
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where α is the thermal diffusivity. Equation (6.2G) is solved subject to the boundary
condition 0,0 == Tx δ , which yields:

2
1

12
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∞U

x
T

αδ (6.2H)2

The next step in the analysis of the convection-type problem is to derive a momentum
integral equation. Recall that for steady, two-dimensional, incompressible, laminar boundary
layer flow of constant physical property and constant free-stream temperature fluid, the
energy integral equation is:

                                                
2 Keeping in mind that the solution obtained is only an approximate solution that fits the given boundary
conditions.
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To derive the momentum integral equation for the same type of problem, the law of
conservation of linear momentum is written for the control volume of Figure 6.4a.3 The net
efflux of momentum in x-direction is:
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If all body forces are neglected, the forces acting on the control volume are just
pressure forces and shear forces (Figure 6.4b). Net forces acting in x-direction is thus:
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The law of conservation of linear momentum (for steady state process) requires that the net
rate of change of momentum in one coordinate direction be equal to the summation of all
forces in the same coordinate direction. Thus,
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Since the flow is incompressible and
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Equation (6.2K) may be rearranged as:
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Equation (6.2M) is the momentum integral equation in x-direction. Momentum integral
equations in y- and z-direction can be derived using similar momentum and force balances in
respective coordinate directions.

                                                
3 For the derivation of the momentum integral equation by direct integration of the momentum equation see, for
example, Bejan (1984).
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 Figure 6.4. Control volume used to derive the momentum integral equation

6.3 Applications of the Integral Equations

First, consider a problem of the steady, two-dimensional laminar boundary layer flow
over a flat plate. Assuming that the pressure gradient is zero and that ∞U = constant. In this
case the momentum integral equation simplifies to:
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Assuming that a linear velocity profile is used:

byau += (6.3C)

Two boundary conditions are needed to obtain the values of a and b: at y = 0, u = 0; and at y
= δ, u = ∞U . The final profile is thus:

η=u (6.3D)

Substituting the above profile into the momentum integral equation (6.3B) yields:



Notes on Transport Phenomena in Chemical and Food Processing 108

( )
δ

νηηηδ
∞

=⎥
⎦

⎤
⎢
⎣

⎡
−∫ U

d
dx

d 1

0

1 (6.3E)

which reduces to:
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which can be solved, subject to the following boundary condition: δ(0) = 0, to yield the
following solution:
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and the friction coefficient, fC , is given by:
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which can be averaged over the whole length of the plate L:
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The value of δ in equation (6.2G) is about 30% lower than that of the exact solution.
If the following cubic (3rd order) velocity profile is used:
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subject to the following boundary conditions: at y = 0, u = 0; at y = δ, u = ∞U ; at y = δ,
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Finally,
 

x
x Re

64.4
=

δ (6.3N)

which is only 7% lower than that of the exact solution. The wall shear stress and the average
friction coefficient are:
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For the next example, consider thermal boundary layer over a flat plate shown in
Figure 6.5. The plate is heated and maintained at a temperature To only beyond the distance x0

from the leading edge. The flow is assumed to be steady, two-dimensional, laminar and that
the fluid has constant thermophysical properties. Viscous dissipation is also neglected. Since
the velocity distribution becomes independent of the temperature distribution when the fluid
properties are constant the velocity profile obtained earlier can be readily applied here.
Starting from the energy integral equation:
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Figure 6.5. A flat plate with an unheated section
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Substituting this profile and a cubic velocity profile (6.3L) into the energy integral equation
(6.3Q) yields:
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Since 1<<ξ  (since δδ <<T ), the second term in the bracket can be neglected. Thus,
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xνδ 64.4 , equation (6.3U) becomes:
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 subject to the boundary condition at x0 = 0, 0=ξ  ( 0=Tδ ). The solution of equation (6.3V)
is thus:
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If x0 = 0, i.e., there is no unheated section, equation (6.3W) reduces to:
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The local heat flux at the surface of the plate can be determined as:
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The local heat transfer coefficient is thus:
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and the Nusselt number is:
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In the case where δδ >T , it is necessary to write the energy integral equation in two parts
viz. one from 0=y δ=y  and the other from δ=y   Ty δ= :
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If the plate is heated at a constant heat flux the energy integral equation can be written
as (assuming that δδ <<T ):

w
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q
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Assuming a cubic temperature profile:
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subject to the following boundary conditions: at y = 0, 
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and using also the cubic velocity profile 
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and temperature profiles into the energy integral equation (6.3AD) yields:
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where 
T

y

δ
η = , 

δ
δξ T= , and 
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ρ
α = . Since 1<<ξ  ( δδ <<T ), it is reasonable to neglect
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and since  
∞
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U

xνδ 64.4 ,
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The local surface temperature can be calculated by setting y = 0 in equation (6.3AF):
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Thus,
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The local heat transfer coefficient along the plate is calculated from:
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and the local Nusselt number is:
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The above result for the local Nusselt number is about 10% lower than that of exact
result. It is interesting to note that the Nusselt number for a plate with uniform heat flux
exceeds the Nusselt number for an isothermal plate by about 25%.

For a plate with varying temperature profiles the principles of superposition can be
applied (but only for constant-property fluids).

Example 1 A flat plate, 100 cm in length and 30 cm in width, is used as a heating element.
Air at 20oC and atmospheric pressure flows over the plate with a velocity of 6 m/s. The plate
has unheated sections at both ends, each 25 cm in length, and the heated section is maintained
at 140oC. Calculate the total heat transfer rate from the plate to the air.

Solution First, the properties of air should be evaluated at the film temperature, which is:

80
2
14020

=
+

=fT oC



Notes on Transport Phenomena in Chemical and Food Processing 114

At this temperature the air properties are as follows: k = 0.0299 W m-1 K-1, v  = 20.94×

10-6 m2 s-1, Pr  = 0.708. At 75.0=x m:
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Thus, the flow is laminar and δδ <T  at 75.0=x m. The local heat transfer coefficient in

the region where 25.0  m 75.0<< x m is then given by:
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or,
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where 25.00 =x m. The average heat transfer coefficient can now be calculated as:
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Let 43
0

43 xxz −= , then dxxdz 41

4
3 −= . Therefore, the average heat transfer coefficient

becomes:

13.11)452.0(89.1859.12 32452.0

0

31 =×== ∫ − dzzh  W m-2 K-1 (E61E)
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Hence, the total rate of heat transfer is:

( )∞−= TTAhq w  = 200.34 W (E61F)

The final example of the use of the integral method is the analysis of the flow in
parallel plates channel. Consider a laminar flow of a constant physical properties fluid
through a channel shown in Figure 6.6.

Figure 6.6. Laminar flow in parallel plates channel

The following conditions are assumed: the flow is laminar, all fluid properties are constant,
viscous dissipation is neglected, temperature of the fluid outside the thermal boundary layer
is at iT  and 0=Tδ  at 0=x . The velocity profile is assumed to be fully developed at x = 0.
Therefore, the heated (or cooled) section starts from x = 0 and the thermal boundary layer
grows in thickness along the length of the duct until it reaches the center line where it meets
the boundary layer from the other wall of the channel.

The analysis starts with the energy integral equation (written in terms of the heat
flux):

( )dyTTuc
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d
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ρ
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'' (6.3AP)

where the parabolic velocity profile is an obvious choice here. A cubic temperature profile is
again chosen:
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Four boundary conditions are thus needed: at 0,,0 2
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Substituting the velocity and temperature profiles into the energy integral equation yields:
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where 
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y

δ
η =  and 

d
Tδξ = . Performing the integral in equation (6.3AS) yields:
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where the higher-order terms in ξ  have been neglected since ξ < 1. Solving this equation
leads to:
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Since ξ = 0 at x = 0, the solution for ξ  becomes:
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or,
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Tw – Ti 3
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The heat transfer coefficient based on Tw – Ti is given by:
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and the local Nusselt number is given by:
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If the bulk temperature, Tm, is used instead of the wall temperature, Tw, the temperature
profile becomes:4
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Hence, the heat transfer coefficient based on Tw – Tm can be written as:
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and the expression for the local Nusselt number is thus:
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For the case of the constant wall temperature, the temperature profile can be expressed as:
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Substituting the velocity and temperature profiles into the energy integral equation and
performing the required integral yields:

                                                
4 The derivation of the subsequent equations is left as an exercise to the student.
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The local Nusselt numbers based on Tw – Ti and Tw – Tm are:
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Problems

1. In a food processing operation, 100oF oil flows over a wide, 20-ft long, heated plate at 0.2
ft/s. For a surface temperature of 200oF, determine:

(a) Hydrodynamic boundary layer thickness δ at the end of the plate.
(b) Thermal boundary layer thickness δT at the end of the plate.
(c) Local heat transfer coefficient hx at the end of the plate.
(d) Total heat flux from the surface per unit width.

Hint: The average heat transfer coefficient required in evaluating the total heat flux equals
to two times the local heat transfer coefficient at x = L.

Assume the thermal diffusivity α of the oil to be 3108.2 −× ft2 h-1, the kinematic viscosity ν
to be 4107 −× ft2 s-1, and the thermal conductivity k to be 0.123 Btu h-1 ft-1 oF-1 at the film
temperature.

2. Consider a two-dimensional steady and laminar boundary-layer flow of a constant property
fluid over a flat plate with a constant and uniform free-stream velocity ∞U and temperature

∞T . Let the heat flux from the plate to the fluid be prescribed as:

''
wq = 0, when 0 < x < x0
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''
wq = mx, when x > x0

where m is a given constant and x denotes the distance from the leading edge of the plate.
Assuming linear velocity and temperature profiles in the respective boundary layers and
neglecting viscous dissipation, develop an expression for the local heat transfer coefficient
applicable for those x > x0 where δT > δ .

3. With a smooth horizontal flow of air over a flat plate of length L and width W, a laminar
boundary layer is developed on the plate surface. The expression for the velocity profile in
the boundary layer is:

⎟
⎠
⎞

⎜
⎝
⎛=

∞ δ
π y

U

u sin

Assuming an incompressible flow of air and that the free stream velocity ∞U is constant,
develop relationships for:

(a) The boundary layer thickness δ in terms of the coordinate location x and the Reynolds
number at any point x downstream of the leading edge.

(b) The resistance to the flow of air offered by the plate surface.

4. Consider the steady and two-dimensional laminar boundary-layer flow of a constant-
property fluid over a flat plate with a constant and uniform free-stream velocity ∞U and
temperature ∞T . The plate is maintained isothermally at Tw. Assuming that the velocity
and temperature profiles in the respective boundary layers at any x from the leading edge
of the plate can be approximated as a function of the distance y normal to the plate by the
following relations:

δ
y

U

u
=

∞

 and 
Tw

w y

TT

TT

δ
=

−
−

∞

where δ and δT are the velocity and thermal boundary layer thicknesses, respectively.

(a) Develop an expression for δ.
(b) It is estimated that Tδδ / = 10. Develop an expression for the local heat transfer

coefficient, hx.
(c) Estimate the Prandtl number of the fluid.

5. Consider the laminar flow of a two-dimensional liquid film on a flat wall inclined at an
angle α relative to the horizontal direction. The film flow is driven by the gravitational
acceleration component gsinα acting parallel to the wall. Attach the Cartesian system of
coordinates (x,y) and (u,v) to the wall, such that x and u point in the flow direction. In this
notation derive the terminal velocity distribution in the liquid film u(y); in other words,
determine the flow in the limit where the film inertia is negligible and the x-momentum
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equation expresses a balance between the film weight and the wall friction. Let U be the
undetermined free-surface velocity at y = δ, where δ is the film thickness.

6. From Problem 5, consider next the heat transfer from the wall to the liquid film, in the
case where the film and wall temperature is T0 everywhere upstream of x = 0, and where
the wall temperature alone is raised to T0 + ∆T downstream of x = 0. Let δT be the thermal
boundary layer thickness of the thin liquid region in which the wall heating effect is felt.
Based on scale analysis, demonstrate that immediately downstream from x = 0 (where δT

is much smaller than δ), the thermal boundary layer thickness δT scales as 
3/1

⎟
⎠
⎞

⎜
⎝
⎛

U

xαδ . Also

determine the temperature distribution in the film based on an integral method, assuming
the following temperature profile:
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Note that this integral analysis is valid as long as δδ ≤)(xT . At what distance x = x1 will
the free surface feel the heating effect of the wall (i.e., at what x will δT equal δ)? Devise
also an integral analysis to determine the film temperature field T(x,y) downstream from
the point x = x1.

7 Consider hydrodynamically fully developed steady laminar flow of a constant-property
fluid between two parallel plates separated by a distance L.  Let the plates at y = 0 and y =
L be maintained at constant temperatures Tw1 and Tw2, respectively, for x > 0, and the fluid
be at a constant temperature Ti at x = 0. Assuming uniform velocity profile across the
entire flow area (i.e., slug flow) and neglecting axial conduction of heat. Obtain an
expression for the temperature distribution T(x,y) in the thermal entrance region

8. Consider the laminar boundary layer flow where the mass is being swept away from a wall
surface of concentration C0 by a uniform stream containing none of the species released by
the wall (or ∞C = 0). Analyze this problem according to the following steps:

• Start with a concentration integral equation:
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where δc is the concentration boundary layer thickness, D is the mass diffusivity, kc is the

mass transfer coefficient, 
0

,
C

C

U

u
u ==

∞

ω  and 
c

c

y

δ
η = .

• Assume the following velocity and concentration profiles:

∞= Uu  and ⎥
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⎡
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10 x

y
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cδ cy δ≤≤0

These choices imply that the fluid of interest has low Schmidt number (Sc = 
D

ν ) or

cδδ << .

Determine the following:

(a) The concentration boundary layer thickness, in terms of Rex and Sc.

(b) The local Sherwood number, defined as Shx = 
D

xkc , in terms of Rex and Sc.

9. A water stream is heated in fully developed flow through a parallel-plates channel with

uniform heat flux at the walls. The mass flowrate of water is 
.

m = 10 g/s, the heat flux q// =
0.1 W/cm2, and the spacing between the two plates is 1 cm. Based on the results of an
integral analysis of this type of problem (using a parabolic velocity profile and a cubic
temperature profile), calculate:

(a) The Reynolds number based on the channel hydraulic diameter and the mean fluid
velocity.

(b) The difference between the wall temperature and the mean (bulk) fluid temperature.
(c) The heat transfer coefficient based on the difference between the wall temperature and

the mean fluid temperature.

Use the following fluid properties in your calculation: ρ = 0.9971 g/cm3, µ = 0.00891 g/cm
s, ν = 0.00894 cm2/s, k = 0.60 W/m K, Cp = 4.179 kJ/kg K.

10. A kitchen in a restaurant has a large, flat burner plate for frying. Since a great deal of heat
rises from the plate the chef decides to let a small fan blow over the burner, which is 1.2
m long and positioned some 1.5 m down a flat smooth counter from the fan (the total
length is 2.7 m). If 30o C air blows at 2.0 m/s and the plate is at 120o C what is the heat
transfer rate per square meter at x = 2.7 m? Use the following properties of air in the
calculation: ν = 2.079×10-5 m2 s-1, k = 0.030 W m-1K-1, and Pr = 0.697.

11. Using the parabolic velocity profile in the momentum integral equation when assuming
that the pressure gradient is zero and the free stream velocity is constant, determine the
following quantities for steady, two-dimensional laminar boundary layer flow over a flat
plate:
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(a) Boundary layer thickness, in terms of the local Reynolds number, Rex.

(b) Local skin friction coefficient Cf, which is defined as 
2

2
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C w
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τ
, in terms of Rex,

where )(xwτ  is the wall shear stress and is determined from the Newton’s law of

viscosity,
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