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Chapter 4
Transport Processes in a Multi-Component System

When more than one species (components) are presented in the system analyzed, i.e.,
there are composition variations within the system, a modified form of the governing
conservation equations as well as initial and boundary conditions is needed.

4.1 Governing Equations for a Multi-Component System

Prior to deriving the set of governing conservation equations as well as boundary
conditions needed to analyze a multi-component system, the following symbols are first

defined:
Pi \7')

n. mass flux of i relative to stationary coordinates (

N, {: %j molar flux of i relative to stationary coordinates

Vi velocity of i relative to stationary coordinates
) mass concentration of i (kg m™)

molar concentration of i (mol m™)

o mass fraction of i (: %j
ionof i | %/ |; c= ity (= 2/ -
X molar fraction of i (%) ¢ = total molar density (_ 4/' = zci)

M molecular weight of mixture = in M;

It is possible to further decompose njinto two parts:

Ni =p,V+j, =p Vi (4.1A)*
where,

— 3 Vi
v —ZL (4.1B)?

B zpi

! See also Tables 16.1-1 and 16.1-2 (Bird et al., 1960, p. 498) or Tables 17.7-1 and 17.7-2 (Bird et al., 2002, pp.
534-535); Table 16.1-3 (Bird et al., 1960, p. 499) or Table 17.8-1 (Bird et al., 2002, p. 537); and Table 16.2-1
(Bird et al., 1960, p. 502) or Table 17.8-2 (Bird et al., 2002, p. 537).

% This velocity is sometimes called “mass average velocity.”




Notes on Transport Phenomena in Chemical and Food Processing 59

and,

Sno= Spv+Yi, (4.1C)
since Snio= v+ lrp+ ) (4.1D)
therefore,

3§, =0 (4.1E)

So, for a two-component system (say, components A and B), ja = js.

When there are i species in the system, i-1 species balances and one overall balance
are normally written.

To derive the governing equations for multi-component systems, consider the system
shown in Figure 4.1,

S

Figure 4.1. A Multi-component system

- - >

in this figure, n- p;(vi—v)=n-j,.
A species balance equation can be written as:

{Rate of change of mass of i} + {Net rate of efflux of i} =

{Net rate of production of i} (4.1F)°
in mathematical terms:
ija)idv +n-j,da = [r"av (4.1G)
DtV A \Y
Doigy + [v.7 av=[r dv 4.1H
\J;PE \J; I —Jri (4.1H)

or,

® For an overall mass balance, the term on the right of this equation is zero.
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Py = (4.11)

This equation is similar to equation (18.3-1) in Bird et al. (1960) or equation (19.1-7a) in Bird

et al. (2002, p. 588).
Summation of equation (4.11) gives an overall mass balance:

zp_+zv [N WRED WSy (4.19)

Since > j, =0and ) r” =0, equation (4.1J) simplifies to equation (2.1C).
An alternate form of equation (4.11) can be written as:

op;

+V- n. =1 (4.1K)
ot

Equation (4.1K) is indeed similar to equation (18.1-6) in Bird et al. (1960) or equation (19.1-
6) in Bird et al. (2002).
For the momentum equation, a momentum balance is first written as:

{Rate of change of momentum} + {Net rate of efflux of momentum} =
{Sum of external forces} (4.1L)

or, in mathematical terms,
%jp;(orz,op VOV + [0 ] )VidA= [T Gidv + [(no)dA  (41M)
\% A \% A

or,
p—+2v j Vi = Zpi5i+v-g (4.1N)

where G; is the body force per unit mass for species i. The second term on the left of (4.1N)
is called momentum of diffusion and is normally neglected. In terms of viscous stress (see
section 2.2), this equation can be written as:

p—=>.pGi-Vp+V.z (4.10)

This equation is similar to equation (18.3-2) in Bird et al. (1960) or equation (C) of Table
19.2-3 of Bird et al. (2002, p. 588).
To derive an energy equation, an energy balance is first written as:
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{Rate of change of total energy} = {Net rate of heat addition} —
{Rate at which work is done by the system} —
{Net rate of efflux of total energy} (4.1P)

The term on the left of the balance can be expressed mathematically (where potential energy
is neglected) as:

2
D - P Vi

_ Ui+ Y 2 (dv 4.1
Dt > piuit > (4.1Q)

The first term on the right is:
[v -(— ajdv (4.1R)
\
The second term on the right can be written as:
[>pG, vidv - j(ﬁ-gj-CdA (4.15)
\Y A

where the work done by the body forces can be expressed as:

S p, G- Vel av =(X g v-Gi+ 3G J, )V 4.17)
p.

The last term of the balance can be expressed as:

2
[>v. Hi+v7‘ . av (4.1U)
\Y

in which the kinetic energy term is normally neglected.
After some manipulation the energy equation becomes:

2
N

p% Zwi6i+v7i =V Qg VAV g+ VY p Gt Y | G- Y V- B (4.1V)

If one takes the dot product of the momentum equation with v and subtracts the resulted
product from equation (4.1V), one will have (see section 2.3):
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(T L I Te S R

with two extra terms as compared with equation (2.3E). Equation (4.1W) is the energy
equation for multi-component systems in terms of the internal energy u. In terms of the
enthalpy h:

p[[))_T:—V-(a—i—z_j)iﬁij#-%*‘l:V\_/)‘*‘z_j)i'é)i (4.1X)

or,

Dh DT
— =pC 1 TB + E hi p 4.1Y
Dt " Dt ( )

Since ZHip% - Zﬁ(n’"—v'?j,

DT b o o Dp < 2
Py =V 02 1 Vhi - Yhirt g VV-I—T,BFF;-i-ZJi-Gi (4.12)

Equation (4.1Z) is the energy equation in terms of the temperature T. This equation is similar
to equation (F) of Table 19.2-4 of Bird et al. (2002).

With the assumptions that the fluid density is constant, all G;and heat capacities are
identical and that the solution is ideal, equation (4.1Z) can be simplified to:

DT

P or =-V. q dohr +z Vv (4.1AA)

where the second term on the right represents the heat of reactions. This equation is similar to
equation (F) in Table 18.3-1 of Bird et al. (1960).

In such cases where thermal and pressure diffusion is neglected and the solution under
consideration is assumed to be ideal, it is possible to express the mass flux as:

i, = -pDVo, (4.1AB)

or,

N

Ji = -cDVx (4.1AC)*

Equations (4.1AB) and (4.1AC) are just different forms of Fick’s first law of diffusion
(written in terms of mass and molar diffusion fluxes, respectively). Other forms are also

* Equation (4.1AC) is the most frequently used form of Fick’s first law of diffusion.
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available (see, for example, Table 16.2-1 in Bird et al., 1960; or Table 17.8-2 in Bird et al.,
2002). From equation (4.11) it is therefore possible to write other forms of species balance
equation as:

9% DV, = " 4.1AD

Py ~ POV @ . ( )
b _pyvip = pr (41AE)
Dt 1 1 1 "

D% _pv - R (4.1AF)
Dt

Our next task is to derive the interface boundary conditions for a multi-component system.
4.2 Interface Boundary Conditions for a Multi-Component System

Consider first the pillbox control volume in Figure 4.2.

@
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Figure 4.2. Pillbox control volume for a multi-component system

If a chemical reaction is allowed to take place at the interface it is possible to write a species
balance (for component i) as:

AN ) ) - 4299

ni

where 1, is the rate of reaction (rate of production of i) per unit surface area. Using a jump
operator, equation (4.2A) can be written as:

Hmﬂzw' (4.2B)

If there is no chemical reaction, the jump balance in equation (4.2B) equals to zero and the
species balance reduces to:

o1 (v = v, ) =0 (4.2C)
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Since rﬁi = PV, — PV, OF Mi =N, — PV,
n® —n" = (pi‘” —p )vs +r” (4.2D)
Dividing both sides of equation (4.2D) by M,; yields:
N =NO = (e —¢O v, +R! (4.2E)

For jJump energy balance, recalling first the simplified jump energy balance (see section 3.3,
p. 38):

Hmh+qn:o (4.2F)

modifying equation (4.2F) to serve a system with multi components yields:
||Z mlﬁl + qn

where h_iis the partial mass enthalpy of i. Since m, =n, — p,v,, equation (4.2G) can be
rewritten as:

=0 (4.2G)

3 _ (+) (-)
Z(ni(ﬂ _pi(+)vs)hi(+) _z(ni—) _pi(—)vs)hi(f) — k™ %_ k() % (4.2H)

or in terms of molar fluxes:

) “)
Z (N 4 _ Oy, )|_—|i(+) _ Z(N O _cOy, )qi(f) - kW % _k© % (4.21)

Thermodynamic equilibrium at the interface can also be written for a multi-component
system:

4 = 4O (4.23)

or in terms of the so-called distribution coefficient K;, which is a function of temperature,
pressure and compositions:

P =Kp? (4.2K)

For a system with chemical reactions, it is more convenient to use equations (4.2E) and (4.21)
than their respective mass fluxes forms.

If it is desirable to make the species balance equation (4.1AD) dimensionless, it is
necessary to define dimensionless variables (in addition to those defined in Chapter 2) as:
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"

v W, — @ - — :
. R and R*=-, where U, w;, 4w and r, are characteristics velocity,

u Aw !
mass fraction, mass fraction difference and reaction rate, respectively. Using these newly
defined dimensionless variables, the dimensionless species balance can be written as:

* " L2
SLCME N VAL B Y (4.2L)
Dt ReSc pPD, Ao
" 2
where Sc = —~— is the Schmidt number and —°— is the so-called Damkshler Group Il for
pD, pD, Ao

homogeneous reaction.
In summary, for constant physical properties (in each phase) fluids with no thermal
and pressure diffusion, a complete set of governing conservation equations is:

Overall continuity: V-; =0
Species continuity: p% =D,\Vip, +r,
Momentum equation: ﬂ:(E—EVersz v
Dt P
Energy equation: DT _ av°eT —LZhi r +Ld§v
Dt PCy Cp

Interface boundary conditions (jump balances) are:

Species mass balance: | i (v =v)|=1"
” N — PV ” =r
| Ni —cv [ =R"
Simplified energy balance: || z mh +q,[=0

where m; = p, (v, -v,)
Thermodynamic equilibrium: | ]=0

Example 1 Methyl alcohol is contained in a cylindrical container of cross sectional area A,
fitted with a movable, frictionless piston of mass M. The cylinder and piston are perfectly
insulated. Above the liquid is a gas phase, which is initially pure oxygen at a temperature of
150°C. The pressure above the piston is constant at one atmosphere. Methyl alcohol is
originally at a uniform temperature corresponding to saturation at the prevailing temperature
(roughly 65°C). At time t = 0, heat transfer and vaporization begin. The initial liquid height is
Ap and the initial height of the piston is &. It is also assumed that:

e Oxygen is insoluble in the liquid
e The properties are constant in each phase (but not equal)
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e Only concentration diffusion occurs
e The simplified jump balances apply

Set up the differential equations, initial and boundary conditions, which describe this
situation and which allow the calculation of the final positions of 4 and &.

Solution Based on the aforementioned statements and assumptions the simplified
governing conservation equations for both phases (liquid and gas) can be written as:

Liquid phase (prime phase)

Continuity agz =0 (E41A)
z
op’ !
Momentum y =-pg (E41B)
z
or’ o’
Ener 't — =k’ E41C
gy P P ( )
Gas phase
- ov
Overall continuity 5 £=0 (E41D)
z
2
Methanol balance oo, +V, oo, =D 2 wzm (E41E)
ot 0z oz
Momentum P ¥, = _p_ £9 (E41F)
ot oz
oT oT o°T
Ener —+Vv,— | =K E41G
a9y pcp( ot 62) 0z° ( )

A total of 4 initial conditions and 9 boundary conditions are needed to solve the above
two sets of equations. The initial conditions are: att=0, v, =0, T'=65°C, T = 150°C, and
am = 0. The boundary conditions are derived by performing the following balances at the
interface (z = A):

Overall mass balance:

”,O(Vn — Vs 1| =0
or,

p(v, —v,)=p'(v, —v,), where v, :z—?; att=0, A= 4,

Henceat z=4, v, = 1-2 a4 (E41H)
p ) dt
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Species (methanol) balance:
[ = £vs] =0
or, after simplification,
Ny = (on = P Vs Where p, =@, p

d4

Henceatz =4, - pD —
dt

O pl-,) (E411)

0z

Jump momentum balance:
[p[=00rp=p (E4L))
Jump energy balance:

=0

Hzmlﬁl +qn

or,

m,h, +mghg +q, =m,h, +m'eh; +q, (A =methanol; B = oxygen)
or, after simplification,

mAAhA:kg—T—k'%
VA VA

Since from an interface mass balance:

m, =—p,Vv. and v —d—A
A pAs S dt

Thus, at z=A4,

dA oT'’ oT
A, —=k'=———k— E41K
Pa A dt 0z 0z ( )

Thermodynamic equilibrium states that, at the interface:
T[=0o0rT =T (E41L)

and,
| = 00" 1 = 11, (E41M)
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Other boundary conditions include: atz =0, ar_ 0;atz= ¢, a _ 0 and Oy
0z 0z 0z
andat z=¢&, p=p,. To determine p., Newton’s second law of motion is written for the

piston:

d
E(Mv):—Mg — P A+ P A

where v = ds (atz=<¢)andat t=0,& =¢&,. Hence,

dt
d [de
M2 |- Mg - p, A+ p.A
dt {dt} 97 PRt
or,
1 d[de
=—<M——=|+M E41IN
Pe A{ at {dt }"‘ g}"' Pa ( )

Example 2 Consider a solid sphere of radius a, and temperature T, situated in an infinite
volume of gas. The gas consists of two components, A and B, which can undergo a reversible

transformation: A <> B. The kinetics of the reaction are described by R, =k,C, —k.C;,
where k, and k, are functions of temperature only.

Defining the constant K = k,/k, and K = f(T) yields R, :k?“[(l+ K)X, -1]c,

where C = total mass concentration and X, = mole fraction of A.

Far from sphere the gas temperature is T_ and the mole fraction of Ais X, . Analyze
the situation under the following assumptions: steady state, the gas phase is ideal, the values
of ¢y, k and x are the same for A and B, there is no natural convection and only concentration
diffusion is important.

(@) Give the differential equation and boundary conditions describing the steady state
velocity, composition, etc.

(b) Show that the velocity is zero.

(c) Does the presence of the homogeneous reaction change the heat flux from the sphere
from the value it would be if there were no homogeneous reaction?

Solution

Based on the above-mentioned problem statement and assumptions the governing
conservation equations (for the gas phase) can be written as:



Notes on Transport Phenomena in Chemical and Food Processing 69

Overall continuity: %ai(przvr)z 0 (E42A)
reor
- 1 0( ,0Cq (¢4
B” balance: 0=Djpg| —|r"—= | |+—=|1+K)x, -1
ol 2 || e -
or,
1 0 ( _,0Xg (¢4
O0=Dpg| =—|r"—||[+—=|Ll+k)x, -1 E42B
: op
Momentum: 0= i 09, (E42C)
r
0o L2 (20|
reor or
Energy: (E42D)

pci{ﬁA[k;'(u K)xg —1]+ H,y [k7(1+ K)x, —1]ic
p

Subject to the following boundary conditions: at r > oo, T =T_, p=p,, Xz = X, (Or
equals to 1-x,_ ). In addition, the following interface boundary conditions (at r = a) are
used:

Species (component “B”) balance:
Ing = pgVs|=ra (E42E)
or,sinceatr=a, ry =0,

nB — PgVs = nI; _IOI;VS (E42F)

— -
Finally, ng = j;, =0 > A similar information can also be derived using the molar fluxes:

[¥s PV, =V, )+ 3 5] = Ry (E42G)
or,

XBIO(Vr _Vs)+ ‘]rB _XI’BIO’(V; _Vs)+‘]r’B = Rg’ (E42H)

Finally, Je = 0.°

> Why does the convective part of this mass flux equal to zero?
® The reason for the absence of the convective part here is the same as for the mass flux term.



Notes on Transport Phenomena in Chemical and Food Processing 70

Jump energy balance:

|>mh, +q,| =ry (E421)
butat r=a, ry'=0 then:
[ rmh, +a,] =0
andsinceat r=a, m=0";
|| =0
or,
KT (E42))
or or

Finally, from the thermodynamic equilibrium,at r=a, T =T'=T,.

4.3 Free Convection due to Concentration Gradient

Similar to that discussed in Chapter 2 free convective currents can be developed when
concentration gradient is presented in the system. In that case,

p="1(T,p,w) (4.3A)
Using Taylor’s series expansion,
op op 8,0)
=pp+| = | (T-T)+| £ —pg)+| — - 4.3B
P = Pr (GTJM,( R) (apl‘m(p Pr ) (aa) T'p(a) Wg ) ( )
and since f; :—i[a—pjp,a) and S, :i(a—pj , Where g is the quantity defined
r \OT Pr\OD J1 4

analogously to S (so-called concentration expansion coefficient) and is normally neglected.?
p=pell=fr (T -To)+ B, (0 -wg)] (4.3C)

Thus, our momentum equation becomes (taking o = py ):

" The information is derived from the overall (jump) mass balance at the interface.
8 This quantity is symbolized ¢ in Bird et al. (1960, p. 563).
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Dv > 2
P o =~VP=PBr (T =To)G+ pf, (0= 07) Gt 4V -y (4.3D)

where P = p+pa

In dimensionless form,

*

v P~ _)* * A L _)* * * '*
DV* - VP = 'BTA—-I;GL G T + M G o +| v -y (4.3E)
Dt U U L) L

where the terms in the first, second and third brackets on the right-hand side of the equation
are heat-transfer Grashof number Gry, mass-transfer Grashof number Gr,, and the reciprocal
of the Reynolds number, respectively.
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Problems

1. In the food processing industry, many products are separated from their original natural
structure by a process called leaching. Examples of this process are the production of
soluble instant coffee, where ground roasted coffee is leached with fresh water, as well as
the leaching of oils from various seeds using organic solvents. In studying the rate of
leaching of a substance A from solid particles by a solvent B, it is postulated that the rate-
controlling step is the diffusion of A from the particle surface through a stagnant liquid
film of thickness 6 out into the main stream (see Figure P4.1). The molar solubility of A in
B is cao, and the concentration of A in the main stream is Cas.

(a) Write a differential equation for ca as a function of z. Assume that Dag is constant and
that A is only slightly soluble in B. Neglect the curvature of the particle.

(b) Show that, in the absence of chemical reaction in the liquid phase, the concentration
profile is linear.

(c) Show that the rate of leaching is given by Na; = Dag(Cao — Cas)/J .
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Figure P4.1. Leaching of A by diffusion into a stagnant liquid film of B

2. A layer of pure carbon deposited on a solid surface burns with oxygen according to the
following reaction:

2C(s)+0, — 2CO(g)

The reaction occurs only at the gas/solid interface. The carbon is consumed and the
thickness of the layer o6 decreases (see Figure P4.2).

Gas
y=0
Carbon
y=20
Solid

Figure P4.2. Carbon deposition layer of Problem 2

In the gas phase at y = ¢, denote the molar fluxes (with respect to fixed coordinates) of
oxygen and carbon monoxide as N, and N, and the molar concentrations of the

respective components as ¢, and c.,. Derive the equation relating the molar fluxes,
concentrations and the velocity of the interface of the reaction is instantaneous.

3. A droplet of water, initially having a radius a; and a temperature Ty, is suspended in air,
which is initially at a temperature T_. At time t = O the droplet is exposed to the air.
Assume the following:

The pressure in the gas phase at the surface of the droplet is one atmospheric.
Far from the droplet the gas is motionless.

Constant properties (no natural convection); no dissipation.

Radial flow only

Air is insoluble in the droplet



Notes on Transport Phenomena in Chemical and Food Processing 73

e The diffusion flux is T: —pDVw (i.e., neglect thermal and pressure diffusions)
e The simplified jump (interface) balances apply.

(a) Set up the equations governing this situation.
(b) Give the required initial and boundary conditions to solve the set of equations
proposed in (a).

4. The process of chemical vapor deposition (CVD) is used to grow thin solid films on solid
substrates. The film is deposited from the gas phase by reaction at the surface. An
example of this process is the growth of solid silicon (Si) from the decomposition of
silane (SiH,) gas according to the following reaction:

SiH,(g) — Si(s) + 2H,(9g)
where gaseous hydrogen is produced.

A silicon film is grown on a motionless substrate exposed to a two-dimensional stagnation
flow. At z = L the gas consists of a mixture of SiH, at low concentration (say, mass
fraction equals to @) in hydrogen. Also at this point the flow is directed toward the
surface with a uniform velocity V. The substrate is assumed to be infinite in extent and the
film thickness is assumed to be uniform so that the velocity, temperature and composition
fields are two-dimensional. The substrate is at a uniform temperature Ty and the gas at z =
L is at a temperature T, and a pressure P The situation is sketched in Figure P4.4.

snbheate
i ) il s — 2=0
B o e e 1 e 3:A
l *
secelerpkion :

of T)""H'é

:/V rb.lnt 0,( Sﬁhmﬂ'ﬂa

Figure P4.4. Chemical vapor deposition of solid silicon on a solid substrate

The proposed reaction occurs only on the surface of the film, or, initially, on the surface of
the substrate. It can also be assumed that silicon is non-volatile and the energy dissipation,
thermal diffusion® and pressure diffusion may be neglected. In addition, it can be assumed
that the gases form an ideal solution and follow the ideal gas law.

Assume that the fluid properties are constant and that the rate of the above reaction may be
written as:

® This assumption is indeed not realistic but is made here only for the sake of simplicity.
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"
Rg = KCSiH4

where Rg is the rate of deposition of Si per unit area, cg,, is the molar concentration of

SiH, in the gas phase at y = 4, and K is the reaction rate constant, which is a strong
function of temperature.

(@) Give the differential equations governing the flow, thermal and concentration fields in
the solid and gas phases.

(b) Give the boundary conditions needed for a complete mathematical specification of the
process.

5. A droplet of substance A is suspended in a stream of gas B. The droplet radius is ry. Itis
also postulated that there is a spherical stagnant gas film of radius r, around the droplet.
The concentration of A in the gas phase is xa1 at r =ry and Xap at r = ro.

(a) Show that, for steady state diffusion, r*Na,, where Np, is the molar flux of A in the
radial direction, is a constant and set this constant equal to r’N,,, the value at the

droplet interface.
(b) Show that the result in (a) lead to the following equation for xa (mole fraction of A):

CD g 2 dx,

2
"N, =—
AT 1ox, dr

6. Consider a spherical cell (organism) of radius r, within which respiration occurs at a
uniform volumetric rate of r," = -ko; in other words, oxygen (species A) consumption is
governed by a zero-order, homogeneous chemical reaction within the cell.

(@) If a molar concentration of Ca(r,) = Ca, is maintained at the surface of the cell, obtain
an expression for the steady radial distribution of oxygen, Ca(r), within the cell by
writing an appropriate differential equation and solving it subject to the suitable
boundary conditions. A radial symmetry can be assumed at the center of the cell.

(b) Obtain an expression for the rate of oxygen consumption (in mole/s) within the cell,
I.e., the rate at which oxygen must be transferred to the cell through its surface. Fick’s
first law of diffusion can be used to obtain the required expression.

7. Consider a system where a gas is confined between two large parallel plates as shown in
Figure P4.7. The gas is initially binary, i.e., some species A that is diluted in species B; the
initial concentration of A is Cao. The planar surfaces at y = + B are coated with a catalyst
that promotes a first-order heterogeneous reaction:

A— P (P41A)
with a rate:

R, =kC, (P41B)

where Ra represents the rate of the surface reaction and P is any arbitrary component in
the system. At the time t > 0 the catalytic reaction is switched on and A disappears through
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this heterogeneous reaction. Note that there is no accumulation of any species on the
catalytic surfaces.

(a) Write the differential equation (species balance equation) that can be solved (but do
not attempt to solve the equation!) for the transient distributions of A in the gas phase.

(b) Give the initial and boundary conditions necessary to completely solve the above
equation.

Hint: A symmetry can be assumed along the centerline (y = 0) of the system.

y [ y=8

Reaction on these surfaces

y=-B

Figure P4.7. A schematic diagram of the diffusion with surface reaction

8. Consider a situation involving a gaseous mixture of A and B for which A is chemically
consumed at the catalytic surface (see Figure P4.8).

Flow of A in gas mixture A + B

é
X=L— — —  — - —  — - — - — - —
Diffusion of A to the
lcatalytic surface
X Catalytic surface for
the consumption of A
x = 0] |

Figure P4.8. A schematic sketch of the catalytic surface

The reaction is known to be first order and its rate per unit area of the surface may be
expressed as r, =—k, C, where k; is the reaction rate constant and Ca is the local molar
concentration of A. Although bulk motion influences the transfer of A through the system,
it is reasonable to assume, as a first estimate, that the effect of bulk motion is negligible. It
is also assumed that A arrives the surface as a result of one-dimensional diffusion through
a thin stagnant film of thickness L within which there is no reaction. At steady state the
molar concentration of A at x = L is fixed at Ca 1, Which corresponds to the condition in the
mainstream of the mixture. Write the differential equation, along with appropriate
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boundary conditions, and show that the variation of Ca with distance x, C,(x), is given by
Ca(X) _ (Dpg + XKy)
CA,L (DAB + Lkl)

9. A simple scheme for desalination involves maintaining a thin film of salt water on the
lower surface of two infinite parallel plates that are separated by a distance L as shown in
Figure P4.9. A low-speed incompressible, fully developed, laminar flow of constant
property air is applied between the plates. Evaporation occurs from the liquid film on the
lower surface, which is maintained at a temperature Ty, while condensation occurs at the
upper surface, which is maintained at T,.. The corresponding molar concentrations of water
vapor at the lower and upper surfaces are Cag and Ca L, respectively.

(a) Write the differential equations, along with appropriate boundary conditions, which
enable one to obtain a steady state expression for the distribution of the water vapor
molar concentration in the air.

(b) Write an additional boundary condition at the lower interface to obtain a steady state
expression for the rate at which heat must be supplied to this surface to maintain its
temperature at T.

Hint: Recall the definition of fully developed flow when simplifying the governing
conservation equations. The use of infinite plates also implies that the temperature and
species concentration may be assumed to be independent of x and z.

Air flow L Condensate (T.)

—_—

e

—_— Thin flim of salt
ly 7 water (To)

Figure P4.9. A schematic sketch of a simple desalination process
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