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Trees as Terms

Ranked alphabet ¥, Leaf alphabet X

Yo constants / X, m-ary functions

T(X, X) = set of trees with

node labels from X / leaf labels from ¥y U X

T(X, X) is the smallest set satisfying

» Yo UX CT(X, X), and
>t tm € T(E, X)&F X, = f(t, -, tm) € T(X, X).
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Example

¥° = {o/2}, X = {x,y}

x/ \0 = o(x,0(y,x)) € T(Z>,X)
N

x o (yox)
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Example (Words as Trees)

A=Ay ={a/1,b/1,...}, Y = {e}

= baa = a(a(b(€))) € T(\,Y)

N L—
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Example (Ground Trees)

F=TUTlo: r2={f7g}= r0={a7b}

N
SN

= f(g(b,b),a) € T(T,0) =Tr
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Contexts

Contexts C(X, X): (X, X U{&})-trees in which the new special
symbol £ appears exactly once.

Examples: F=TuUlp: T2={f,g}, To={a b}

/\ N /\
/\ /\

S C(F, @) =Cr
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Trees and Contexts

For context p and term or context s,
p|s] results from p by putting s in place of .

Write p = Aﬁ IfAis a tree, then p[t] = AA is a tree also,

and if g = A is another context, then p[q] = A is a context

as well.
g

<C(Z,X),o> is a monoid with p o g = p|[q]
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Tree Languages

Any T C T(X, X) is a X X-tree language.

Two trees t,s € T(X, X) are congruent w.r.t T (synonymous in
the language T) iff they appear in the same context (in T):
t~Ts &= YPeC(L,X){P[t]e T« P[s]c T}.

Also for contexts P, @ € C(X, X), monoid T-congruence is
P=TQ <—

VR e C(X, X)Vt € T(X,X) {R[P[t]] e T < R[Q[t]] € T}.

The syntactic monoid SM(T) of T is the monoid C(X, X)/~T.
The tree language T is recognizable (regular) iff SM(T) is finite.
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Example

I_=r2UI_O: r2={f7g}a r0={a7b}

T1 ={t € Tr | root(t) = f} (1-Definite tree langauge)
SM(T1) = {f,8,1}: 1= identity, fof=fog=f gof=gog=4.
f = {contexts with root f}; ¢ = {contexts with root g}; 1 = {{}.

To = {t € Tr | left-most leaf (t) = a} (non-definite)

SM(T3) = {a,b,1}: 1 = identity, aob=aoca=ga,boa=bob=0.
a = {contexts with left-most leaf a};  Left-most leaf left(t):

b = {contexts with left-most leaf b}; e left(c) =c, ceToUX;

1 = {contexts with left-most leaf £}. o left(f(ts,...,tn)) = left(t).

SM(T;7) =2 SM(T>) are isomorphic !
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Families of Tree Languages

For a fixed ¥, mapping X — 7(X)
v ={7(X)}, 7 (X) is a set of LX-tree languages for each X.

Generalized families of tree languages

W ={W (L, X)}, where # (¥, X) is a set of LX-tree languages
for each pair (X, X).

By considering syntactic monoids we loose track of the ranked
alphabets; so generalized families of tree languages are what can
be defined by varieties of monoids:
Variety of Finite Monoids M — {M*(X, X)}

MY(Z, X) ={T CT(X,X) | SM(T) € M}.
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Varieties of Tree Languages

A family {#(X)} of tree languages is a variety if for any
T, T € ¥(X)
» TNT,TUT, T e ¥(X);
» for P € C(X, X),
PYT)={tcT(L,X)|P[t]c T} € ¥(X);
» for morphism ¢ : T(X, Y) — T(X, X),
Tol={tcT(L,Y)]|toec T}ec7(Y).

A morphism ¢ : T(X, Y) — T(X, X) maps
- any y € Y to arbitrary yp € T(X, X),
-CE€Xptocp=c, and

- f(tla ) tm)@ = f(tlcp, Tt thO)-

L O S O
10
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Varieties of Finite Monoids

M < N: M is a sub-monoid of a quotient of N

Variety of finite monoids M: if My,..., M, € M and
ML M x---x M, then M € M.

» SM(T N T'),SM(TUT’) < SM(T) x SM(T');
» SM(TC) =~ SM(T);
> SM(P~L(T)),SM(Tpt) < SM(T).
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Tree Homomorphisms

Tree Homomorphism ¢ : T(Q2, Y) — T(X, X)
new variables &1,&o,. ...
-y Y = T(L, X)
- m:Qm— T(E,XU{&,...,&n}) (m>0)
> Yo =Yypy,
> cp = po(c);
> f(t17 MR tm)(P = SOm(f)[[ §1 — t1907 A 7§m — thD ]]

Regular Tree Homomorphism:
each &; appears exactly once in o,(f) for each m >0, f € Qp,.
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Example

rerUFO: r2:{f7g}a I_O:{a7b}

Define v : Tr — T by
- Po(f) = f(a,f(£1,82)),  2(g) = g(b,g(61,€2));
- ¢o(a) = g(b, b), Yo(b) = b.

1 is a regular tree homomorphism; e.g.
g(b, b)’(/f = g(bvg(b’ b))'
f(g(ba b)'a)w = f(av f(g(b’g(bv b))'g(b7 b)))

Also, Toyp~1 = Ty. [left (ty) = a < root(t) = f].
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Regular Tree Homomorphisms

¢ :T(Q,Y) — T(X, X) can be extended to contexts
@« 1 C(Q,Y) — C(X, X) by putting ¢.(¢) = &.

In the above example:
f(a,§)¢ = f(av f(g(b, b),ﬁ));
g(f(a, &),b)ib. = g(b, g(f(a. f(g(b, b), €)),b)).
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Regular Tree Homomorphisms and Syntactic Monoids

0:T(Q,Y) = T(X,X) ¢.:C(Q2,Y) — C(X, X)
is full with respect to T C T(X, X) if

for any t € T(X, X) and P € C(X, X) there are
se€T(Q,Y) and Q € C(, Y) such that

sp~Tt and Q. ~T P.

In other words, ¢ and ¢, are surjective up to T.
For any such ¢ : T(Q,Y) — T(X,X) and T C T(X, X)

> SM(Ty™1) < SM(T).
» If pis full wrt T, then SM(Tp1) = SM(T).
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A Variety Theorem for Monoids

A generalized family # = {#'(X, X)} is M-variety if for any
T, T"e W(X,X)
» TNT,TUT, T e w/(, X);
» for any P € C(Z, X), P~Y(T) € # (L, X);
» for any regular tree homomorphism ¢ : T(Q2, Y) — T(XZ, X),
T lew(QY)
» for any regular tree homomorphism ¢ : T(€, Y) — T(X, X)
full with respect to U C T(X, X), if Up~t € #(Q, Y) then
Ue? (%, X);
» for any unary A = Ay, if Y C Y then # (A, Y) C # (AN, Y').
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A Variety Theorem for Monoids
For any variety of finite monoids M, the family Mt = {M*(Z, X)}
where MY(X, X) = {T C T(X, X) | SM(T) € M} is an M-variety;

and conversely, any M-variety #  is definable by monoids, i.e.,
there is a variety of finite monoids M such that # = M®.

Example

Semilattice Monoids: commutative and idempotent;
a,feM): a.b=0F.a & a.a=qa.
Semilattice Tree Languages: T C T(X, X) > t, t/
teT &c(t)=c(t') = t' €T,
c(t) = {set of symbols from ¥ U X appearing in t}.
[Unions of {T(Z/, X’)}z/glegx]
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(non-)Example

1-Definite tree languages are finite unions of languages of the form
{t | root(t) = f} foran f € XU X.
(If f € XoUX then {t|root(t) = f} = {f}. )

The family Def; of 1-definite tree languages is a generalized variety
of tree languages, not definable by monoids (nor by semigroups).
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(non-)Example

In our example we have Toyp~t = Ty € Defy (I, () and ¢ is a
regular tree homomorphism full w.r.t Ty, but Ty & Defy(I, 0).

a~T"2f(b,b)y; b~T"2 by;
a2 £(b,E)¢s; =T g(b,&)hs; 1=72 £y

Indeed T, is not a definite tree language;
but SM(T,) = SM(T1) for a definite T;.

This refutes a statement claimed in 1989.

Saeed Salehi: Characterizing Families of Tree Languages by Syntactic Monoids, Szeged 2006 19



*® Thank  Bou ! ®
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