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® Abstract

Abstract

The fragment of Peano Arithmetic with bounded
induction is denoted by IAg. The functions
wm, m > 0, are defined by wg(z) = z2, and
Wmn41(x) = 2wm(l09Z)  gnd the axiom €, ex-
presses the totality of w,,. For a theory T,
Hcon(T') denotes the Herbrand Consistency of
T, see [1,2,3].

For theories T' D I/A\g, the question T +? Hcon(T)
had been of interest for some time, see [1,2,3,4,5].
Here, a model-theoretic proof of IAg 4+ OQ2m F/
Hcon(IAg + 2.n) for m > 2 presented in [1]

is modified for IAg + €21, so we get a model-
theoretic proof of IAg+Q1 I/ Hcon(IApg+21).



®Earlier results

The cut log™ consists of the elements x whose
m-th exponential power, exp™(x), exists.

Theorem 1.1 of [1] states that for any natural
n,m, there is a bounded formula 6(xz) such that

(A) IAg+ 2, + Iz € 109 0(x) is consistent,
while IAg + Qpn + 3z € log™T10(2) is not.

A formula Hcon(T) is introduced in [1] that
expresses the Herbrand Consistency of a theory
T, and satisfies the following for m > 2:

(B) For any bounded formula 8(x), if

INAG + Qm + 3z € log™T10(2) + Hecon(IAg + Q)
IS consistent, then so is

INAG + 2 + Fz € log™T20(2).



®Earlier results

The proof of IAg+ Q2m tf Hcon(IAg+ 2m) for
m > 2, in [1], is as follows:

By (A), there is a bounded 6(xz) such that

ING + S2m + Fz € log™T19(z) is consistent,
while IAg 4+ Qm + 3z € log™T20(x) is not.

Then

IAG + Qm + 3z € log™T10(z) + Hecon(IAg + Q)
is inconsistent, since otherwise by (B),

INAG + U + Fz € log™T20(2)

should have been consistent, contradiction.

By consistency of IAg+$2m+3z € logmt1o(2),
it follows that

IAg+ Q2m t/ Hcon(IAg + Q2m). Q.E.D



®New results

A new formula Hcon(T) expressing the Her-
brand Consistency of a theory T' can be con-
structed in such a way that (B) holds for the
theory IAg 4 2.

That is, for any bounded formula 6(x), if
INAg + Q1+ 3z €10920(z) + Hcon(IAg + Q1)
IS consistent, then so is

INAg+ Q1 + 3z € log30(z).

This supplies the necessary tools for a model-
theoretic proof of IAG+Q1 I/ Hcon(IApg+21).



®Further works

Moreover, a formalized version of (B) can be
proved (cf. [2,4]). Let the formula Hcon'ogz(T)
denote the Herbrand Consistency of a theory
T relativized to the cut log2. The following
implication is provable in IAg 4+ $21 for every
bounded 0(x):

(Hcon(IAo + Q1) A3z € log? 9(513)) —

Hcon!9% (I A + €21 + 3z € 10g3 6(x)).

The reader is invited to consult [4] for the his-
torical remarks and technical details.
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