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Introduction

Notes for Macro. It would include EC750 and EC751 which is core for compre-
hensive examination of Economics Ph.D in Boston College.
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Chapter 1

Economic Growth

1.1 Introduction to Solow Model

Lecture Note: #1,#2,#3
Textbook: Romer ch.1,3; Acemoglu, ch.1,2,3,4

Neoclassical Production Function:

Assumptions:

1. Constant Return to Scale (CRS): F (aK,aLl) = aF (K, L)

(a) By Euler’s Theorem, this implies Fx K + FLL = F

(b) Under competitive market, factor payment exhausts all revenue as
Fx=Rand F, =W, RK+WL=F(K,L)=Y.

(¢) Intensive form: y =Y/L = F (K/L,1) = f (k) where k = K/L

Rmk: Technical convenience (macro rationale), Easy Aggregation (micro
rationale), increasing return or decreasing return globally is unattractive.

2. Positive diminishing Marginal Product

MPyg = Fg > 0and MP;, = F, > 0; 82F(K,L)/8K2 = Fgrg <0 and
92F (K,L) JOL? = F, <0

3. Inada Conditions:

Fi (0,L) = 00, Fy, (K,0) = 0o, Fx (00, L) = 0, Fy, (K, 00) = 0, F (0,0) =
0 and F (00, 0) = 0.

Cobb-Douglas production function is usually as standard equation form. be-
cause

1. a+p % 1 would represent the scale of return

3



4 CHAPTER 1. ECONOMIC GROWTH

2. linear in logs

3. shares of income is represented by a and 8 under CRS, which fits the
long-run data

Cambridge-Cambridge Debate over the problem of aggregation of single capital
stock K.

Solow Growth Model with constant population and tech-
nology

Central assumption: constant saving rate
Capital formation equation: capital adjustment is equal to investment reduced
by depreciation

K@) = dl;t(t) I(t) = 6K (1)
— SV (8)— 8K (1)

(
— SF[K (1), L(1)] - 6K (1)

Given stable technology and population,

k() = AK@) _ K@)

so that at steady state,
k=0=s[f (k)] = ok

Such steady state is stable because if ko > k*, then k < 0 and if ko > k*, then
k < 0. The existence of the steady state is confirmed by the Inada condition
limy o0 f' (k) = 0 and limy_,o f' (k) = oc.

For Cobb-Douglas example,y = f (k) = k%, so that

k¥ = §k* = k* = (;)1/(1—(1)

and hence

o)

This is not a proper growth model in steady state, at most growth during
transition.
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Solow Growth Model with constant population growth but
constant techonlogy

New assumption on population:

~-
=
I
S

~
—
o~
=

The equation of motion changes:

P dK/L KL-LK K L
- a2 L L
F(K,L) - 0K
— %—nk

= sf(k)—(n+0)k

which implies golden rule to be
Hi%XC* =f(Ek")—(n+0)k*

so that

0 0= (k) = (n+0)

ok*
This is still an improper growth model as aggregate Y, C and K grows but per
capita y, c and k remains constant in steady state which contradicts our recent

200 years data, showing growth in standard of living.

Solow Growth Model with constant population and techon-
logy growth

New assumption on production function by incorporating labor efficiency E:
Y(t) = F[K(t),E(t) L(t)]

and efficiency grows at exogenous rate g:

E =g
The equation of motion changes as production function now is Y = F (K, EL)
ak/pr  KBPL—(LEK +LEK)
at (EL)?
K LK EK

_ sF(K,EL) - 6K
= 7L —nk — gk

= sf(k)—(n+d+9)k
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which implies golden rule to be

nzaxc* =fk)—(n+d+g) k"
so that

ac*

ok*
This model can explain the growth in capita term but in an exogenous manner.

Though it is not complete but it does say that there is no multipler effect.
Different forms of technical change:

—0= /' (k)= (n+6+g)

1. Harrod-neutral: Y = F (K, AL) = &£« =constant
L 1K /Y =constant
2. Hicks-neutral: Y = AF (K,L) = £x =constant
L 1K /L=constant
3. Solow-neutral: Y = AF (K, L) = ZLL =constant
K 1L/Y=constant

Existence of steady state would require Harrod-neutral if production function
is not Cobb-Douglas.

Transitional Dynamics

Trying to explain cross-country income difference by transitional dynamics as
all countries grows at the same rate g if they are in the steady state even if they
have in different steady states.

There are two convergence concepts:

1. Absolute convergence: tendency of a poorer country to grow faster under
all circumstances.

2. Conditional convergence: If two countries has the same steady state k*,
then poorer countries grows faster.

Solow Model only has conditional convergence. From data, transitional dynam-
ics does explain convergence in OECD countries, which have similar economic
fundamentals.

By Cobb-Douglas example,

and

since growth rate of k is decreasing in transition, it implies if 2 countries have
same k*, poor country grows faster as it has greater v, as k/k is decreasing
function of |k — k*|.
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A more rigorous quantitative analysis can be done by log-linearlization around
steady state:

y " a%:a[ska_l—(n—i—g—i—&)]
= asexp[(a—1)Ink]—a(n+g+94)

a(a—1)sk** nk — Ink*]

(a=1)(n+g+9)[Iny —Iny”]

= v[ny* —Iny]

%

where v = (1 — «) (n + g + J) to be the speed of convergence. Now,

dlny(t)

o =y’ —Iny]
or, taking integrating factor e?*
de" Iny (t
€ dr;y():,ye'ytlny*
t t
de’V 1 .
/ ge mylw) ) dv = / ~ve" Iny*dv
0 dv 0

= 'lny(t)—Iny(0) = (" —1)Iny*
= Iny(t)=e¢"ny(0)+ (1-e ") Iny"*

which implies half life ¢ 5 is

exp (—7t12) = 1/2
or
t1/2 =In 2/’}/

Under reaonable estimates of « = 1/3, n = 0.01/year and g + § = 0.05/year,
t1/2 is 17 years, which is too fast to fit into actual-world data.

Adding Human captial

To explain to quick convergence, the production function becomes Y = F (K, EH)
where H (t) = L (t) G (e) is human capital, which is a function of year of edu-
ation e and raw labor L. The alegbra is the same but there is extra source of
cross-country variation in per-capita income.

% =y (s,n,d) EG (e)

The quantitative analysis would be to fit a regression equation:

Y = K“(EH)"™® =y =k~
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In steady state, for country i,
siy; = (ni+g+0)k;
or

k S;

y¥  (ni+g+9)

5 a/(l-a)
= o
v (ni+g+5)

* a/(l-a)
i\ 8 ‘
= (£) =(:525) cwro

For unknown A, one can do the regression based on ratio

Y:/L;
Yus/Lus

so that there is no need to find out A as A(t) is same all over the world.
Empirical result shows that the regression is not really good fit.

1.2 Cross-Country Income Difference

Lecture Note: #1,#2,#3
Textbook: Romer 3; Acemoglu ch.3,4,7;BSM chl0

Development Accounting
Assuming Cobb-Douglas production function, for each country 4,
Y = KO ()™

or
InY,=alnhK,+(1-a)lnE;+ (1 —a)lnH;

Using US as comparsion basis, we have

"gos 1w () o (s) o ()
n = n —aimn |\ ——— - —a)n
Eys 11—« Yus Kys Hys

Empirical regression shows R? = 0.8 which means productivity explains most
of variation. This also explains major puzzles:

1. high-human-capital people leave poor countries

2. relatively little physical capital flows to truly poor countries
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Interpretation of variation in productivity

1. Technology

Makiw argument: technology is knowledge and low capital/labor ratio
does not represent knowledge

Basu-Weil (1998), Acemoglu-Zilibotti (2001): most technologies developed
by rich countires and profit motive determine the type of technologies to
be produced. However, poor countries would eventually use those tech-
nologies.

2. Health
Weil (2005): Direct effect affect wage and indirect effect affect human
capital accumulation

3. Geography

Landes (1998), Saches, et al. (2000-2003): lattitude and development has
negative correlation, diseases and pests in tropical is difficult to kill

Diamond (1997): transmission of ideas easier in long East-West than
North-South.
4. Institutions

Acemogula-Johnson-Robinson: mortality rate of early colonialists as IV

Growth Accounting

Solow (1957) took Cobb-Douglas production function:
In(Y) = In[F (K, EL)]
and log-linearized

1. 1 . .
~ ZRK A+ P [ELJrEL}
RKK  F(EL)

F K F

<<

E, L
E L

+ E+L
K T ETL

_ (1, )EJF E+£
- S T T

Hence, contribution to per-capita growth is capital deepening and efficiency

improvement:
K L E
~(1-— e =
(1—sz) (K L) +er g

<=
SIS
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and contribution to technology is

BV KL
LET Yy SU R T

In either case, there is no regression is needed.
Rmk: Development is cross-country, cross-section exercise but growth account-
ing is within-country, time series regression.

1.3 Ramsey-Cass-Koopman Model

Lecture Note: #6,#7,#8,#9
Textbook: Romer ch.2; Acemoglu ch.8;BSM ch.2;Intriligator ch.16

Social Planner Ramsey Model without technological change

Relax exogenous constant saving assumption from Solow model to endogenous
optimal saving model.
Setup:

1. Neoclassical production function
2. Population growth at rate n and normalize L (0) = 1
3. Inada Type of utility: v’ > 0,4” < 0,4 (0) = co and v’ (c0) =0

4. social planner would discount future utility at rate p where p > n to
prevent unbounded utility

5. No technological change

Social planner is to maximizes sum of total discounted utility:

max A e P u (e (1)) L (1)) dt

s.t E(t)=f(k(t)—c(t)—(n+08)k(t)
k

Rewrite objective function

| erneanma -

The Hamiltonian would be

H=e""" {ule(®)] + A[f (k1) = c(t) — (n+8)k (1)}



1.3. RAMSEY-CASS-KOOPMAN MODEL 11

with F.O.C.s being

OH , B
de=(P=m)t) OH
— (p—mn)t _ —(p—m)ty — _ ,—(p—n)t / _
o o5 (D) = e A—(p—mn)e A e A @] — (n+9)]
A
= ST O+ (+9)
and TVC being
Jim e~ PTEN () k(1) =0

Combining two F.O.C.s, we have

Ce=2=—f K+ (p+9)

or

c 1 ,
where o (¢) = —u' (¢) / [eu” (¢)] is called coeflicient of relative risk aversion or

intertemporal elasticity of substitution.
At steady state,

¢ = 0=f(ky=p+6
i = 0=c(t)=f(k)—(n+0)k

so that the modified golden rule is

f/ (k]\/fGR) — p+ (5
> n+d6=f (k%)

which implies
kMGR < kGR

This is due to discounting effect so that saving is more expensive than before.
From ¢ equation, we can derive Ramsey-Keynes condition,

o)+ p=f (K -0

which means that if social planner is to invest current output rather than con-
suming it, the extra output f’ (k) — d should be enough to cover patience p and
curvature correction o (c) ¢/c.

TVC implies there is nothing-left over condition in present value. Given perfect
foresight, TVC excludes all but one transition path, which is saddle-point-stable
path(SSP) equilibrium.
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Elasticity of intertemporal tradeoff o (c)
' (c)
cu (c)
c(tr)/c(ta)  du'[c(t)]/u'[c(ts)]
u'fe(t)] /u' e (t2)]  dle(ty) /e(t2)]
Itwould affect the path of transition as it represents the elasticity of intertem-
poral tradeoff. If o is bigger, the elasticity goes down, which implies people are

willing to sacrifice present consumption for that of the future.
Comparative Dynamics:

o) = -

1. Anticipated permanent shock
2. Anticipated temporary shock

3. Unanticipated permanent shock
4

. Unanticipated temporary shock

Social Planner Ramsey Model without technological change
Requires utility in form constant elasticity of substituion (CES):

= —1

u(c) = 1-o
In (¢)

for o #1
foroc=1

The revised planner problem is
max / Pt [u (& (8)) L (£)] dt
c(t) 0
s.t E(t)=f (k@) —c(t)— (n+08)k(t)
k(0) = ko
where ¢ = C//L. Rewrite the objective function,

00 o) l1—0
| ermewitone = [Terroed P
0 0

1—0

> 1—0o
= / e PL(0)e™E (0)' 77 egt(lfa)%dt
0 1—0o
oo l1—0o
— L) E(0) / o—lr-n—g—one ¢ 7
0 1—0

Normalize L (0) E (0)' 77 = 1 and letting 8 = p—n — g (1 — o), we have
00 l1—0o
max / e‘Bt%dt
c(t) 0 l1—0
s.t E(t)=f (k) —c(t)—(n+08)k(t)
k
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so that the equation of motion becomes
1
= (R =(p+3d+0o9)
= f(k)—c—(p+d+og)k
so the new golden rule would implies
f(EMOR) = p+6+og

and per worker result would be

0l o

¢ A e e

: - AtTCTITS
= é[f’(k)—(p+6+og)]+g
_ fTk)—p—9
a g

Hence, the steady state is just like Solow model as steady state ¢ = 0 and k=0
so that ¢ and k grows at rate g. Therefore, saving rate cannot affect long-run
growth rate.

Competitive Equilibrium Ramsey Model

To justify infinite horizon planning for finite life consumer, caring parents could
justify this. Barro (1974) supposed everyone lives just one period/generation:

Vi = ulc1) +7Viga

00
t

= v'u(er)
t=0
Setup:
1. Continuum of dynasties growing at rate of n
2. Members of dynamsties would inherit his own share in the family
3. No new household
4. Identical household implies representative agent
5

. Production would be equipped with neoclassical production function

Household: For each household 7,

o0 . 1—0o
max / eiﬁticl *) dt
ci(t) 0 1—0

Ay (t) = (8) Bi (8) + W (1) Li (8) + R () K; (t) — C; (t) — 0K, (t)
A; (0) = 4q
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Given identical household, and taking R — § = r, we have only to track on A
but not separate B and K,

AR)y=rt)A@t)+W (t)L(t) — C (t)

and no-Ponzi-game condition (NPG):

—/OTT(S)dS

Rewrite the constraint into per-household term:

lim exp

T—o0

A(T) >0

oy - 4 AW _E(t)L(t)A(t)—A(t)[E(t)L(t)-i—E(t)L(t)]
Y= WEGL® EO LT
_ AW+ OLO-CH] AWM |E® L
E(t) L(t) E(t)L(t) |E(®t)  L(t)

= rt)at)+w(t)—c(t)—al(t)(g+n)

where w (t) = W (t) /E (¢) is the efficiency wage.
The Hamiltonian is

1—0

H:e—ﬂt{cl_g +A[r@®)at)+w(t)—c(t)—al(t) (g—l—n)]}

with F.O.C.s being

OH
— =0 = ¢ 7=2A
Oc ¢
de=Pt\ OH A
@ ok oA mremfer
Hence, the equations of motion are
r-n-g-p

o
= ratw—c—(n+g)a

Q- la-

Firm: Since each time is a static problem, maximization of profit in each point
of time is same as maxizimation of sume of discounted profit over time:

max F (K, FL) — RK — WL
K,L

with F.O.C.s being

Fr =
Fr, = W

=
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Now, write the firm F.O.C. in per capita term:

P dF(é(I;EL) _ dELfd(I[((/EL) _BLp (};) ﬁ _ )
po - A SEMRED _pp(57) - Bragd (3p) = B G =k (0]
s0 that
ro= f'(k)-0
w - %_ E[f(k);kf’( L p k)= k' ()
Equilibrium:
¢ _ r—n-g-p
c o
_ K —n-—g-[p—n-(1=-0)g
_ f’(k)—5—p—;g

and since all households are identical, B = b =0,

k= a=ra+w—c—(n+g)a
rk+w—c—(n+g)k

[ (k) — 6]k + [f () — kf (K)] — c — (n+g)
fk)—c—(n+g+k)

so the result is same as the social planner’s outcome. The modified golden rule
would be
r*=p+og

but in practice, Fed uses

¢
r:a;—kp—i—o’g

Consumption Function (Ramsey Type)

Assumption:
1. No population and technology growth: n = 0and g = 0sothat L = F = 1.
2. Allow variation in interest rate

From budget constraint:

A)y=rt)A@)+W (t)L(t) — C(t)
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or

ARy=r(®)A@)+W (t)—C ()
and taking integrating factor R (¢, s) = exp [ ft ] we have

dR (t,s) A(s)

> = R(t,s)[W (s) — C(s)]

and taking ¢t = 0 and integrating s from 0 to oo,

/0 dR(OS d_/ R(0,s) [W (s) — C(s)]ds

by TVC, limp_,o, R(0,T) A(T) = 0, hence,

/OOOR(O,s)C(s)ds:A(O)—s—/OOOR(O,s)W(s)ds

Taking r = p = 7, so that
c 1
—_ = - — = O
c= 57

implies C (t) = C and
/ e”"Cdt = A(0) +/ e "W (t) dt
0 0

(7/ e*”dt:A(OH/ e "W (t) dt

0 0

or

so that
C=r [A (0)+/Ooo W (1) dt} _

where C' is the annuity value of lifetime wealth and is called permanent income.
Therefore, only permanent shock would have larege effect on consumption, and
temporary shcok would only have little effect over time as consumer would
smooth consumption overtime.

1.4 Fiscal Policy, Ricardian Equivalence

Lecture Note: #10,#11
Textbook: Romer ch.11; Acemoglu ch.8;BSM ch.2.1,3.1;
Paper: Elmendorf & Mankiw, NBER wp 6470
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Ricardian Equivalence
Assumption:
1. No population growth n =0
2. No technology change g =0

Household: When government levies lump-sum tax, household budget con-
straint becomes

Aty = r)AD+Y @) —C@1t)-T(1)
A(0) = A
Jim Rt T)AT) = 0

Using integrating factor R (¢,T"), we have

/°° dA (v) R (t,v)

dv :/tOOR(t’U)[Y(U)_C(U)—T(v)]dv

which implies
IJEIIOOR(t’T)A(T) —At) = /tOOR(t,v) [Y (v) = C(v) =T (v)]dv

and so that we have
/tooR(t,v)C(v)dv+/tOOR(t,v)T(v)dv:A(t)+/tOOR(t,v)Y(v)dv

Government: budget depends on real expenditure G (¢), tax T (¢) and debt
D (t),

D) = r({t)D({t)+G(t)—T(t)
D) = Dy
ThgoR(t,T)D(T) = 0

Similarly, using integrating factor R (¢,7"), we have

/toodD(”)dvR(t’”) :/tooR(m)) G (v) =T (v)] dv

which implies

lim R(t,T)D(T) - D (%) /tOOR(t,v) (G (v) — T (v)] dv

T—o0

and so that we have
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This implies debt is present value of future surpluses. Note that Primary Surplus
(T > G) is consistent with consolidated deficit (T' < G + rD).

Unified Budget constraint:

Now the household assets would include governmetn debt D (t) and capital A (t):

/tooR(t,v)C(v)dv+/tooR(t,v)T(v)dv / R(t0)Y (v)dv

which implies

/fOOR(t,v)C(v)dU:A(t)—i—/tooR(t,U) Y (v) — G (v)]dv

which is precise statement of Ricardian equivalence that a change in the timing
of taexs holding constant the time path of real government expenditure has no
real effects.

The arugement does not rely on

1. form of preference as the arguement works through budget constraint, and

2. infinite horizon as it only requires no economic disconnection between debt
buying and tax paying

However, the argument relies on

1. lump-sum taxes,

2. people being forward-looking in consumption and obey permanent income
hypothesis (PIH), and

3. those who hold government debt are also those people who have to pay

later taxes.

Optimal Debt Management

Barro (1979) proposed that since in Ricardian equivalence requires lump-sum
tax but actual most tax are distortionary, there may be optimal tax policy to
minimize the distortion, which is the problem he created in 1974!

Assumption: welfare cost is convex in tax rate. C' = f (T;/Yz), £ (0) =0, f' >0

and f” < 0.

Government objective:
o) 1 t 00 1 t
.t. T, =D G
s 2<m)t o+§(m) t

e B
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The Lagrangian is

e 1\’ T,
5 () e (B)

with F.O.C. being

so that for all ¢,

or
Ty Tiyr o Tiyk

Y, Y Y

From empirical work, large expenditure of government occurs usually during
war time and usually most war are funded by debt rather than tax.

1.5 Overlapping Generations Model

Lecture Note: #12,#13,#14,#15,#16
Textbook: Romer ch.2; BSM ch.3;

2-period OLG Model (Decentralized Version)
Setup:

1. Compared to Ramsey Model, it includes

(a) finite horizon/no altruism

(b) retirement.
2. OLG consumer has

(a) no initial endowment of wealth
(b) lives two period
(c¢) die without bequest

3. Population grows at rate n > 0
4. No technology progress g =0

Household:
Life cycle:
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1. Born at time ¢ without endowment.

2. Supply 1 unit of labor inelasticity and work in competitive labor market,
and earns wage w; and then retires.

3. Saving/consumption decision to split wages into ¢; consumption of period
t and saving si.

4. receive principle plus interest s; (1 + 7:41) and consumes all of the saving
and die without any bequest.

Hecne, the budget constraint is

1-6 1-6
_ Cu I e
max U; =
C1t,C2t41 1-40 1+p1—0
s.t. cit + S¢ = wy

cotp1 = (14 7e41) 5t
with Lagrangian being

1-6 1 1-6

c c ¢
= ‘i 2041 4y . Can
T—6 " T4p1—6 ™ 1,
and F.0O.C.s being
OL 0
= = 0=cy =2
aclt C1¢
oL 1, 1
= 0= ——cy 11 =A——m
Ocoi41 1402 T+7re
so that »
Cop1 _ _1+p
o T+7re
Rmk:

ny

In (cat+1) — In(e1e) = 7 In(1+p)—In(14riq)]

Under approximation, In (1 + x) ~ = when z is small, so that

1 1
In(eze41) —In(ere) m =5 (p = 1e41) = 5 (141 = p)

which is the F.O.C. in Ramsey model.
From the budget constraint, we have

—1/6
Wt — C1t — ! L+p /CltZO
1+rgr (14741

or
(L )" o (14 ) O

(1+p)"°

Cit = Wy
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so that .
(1+ P)l/ Wy

L+ + (14100
Define saving rate be s (r+41) = 1 — ¢1¢/ws. Then
1+p)"°
1407+ 1+ )0
(1+ re) 0
(L )7 o (1) O

Saving rate and interest rate depends on parameter 6:

Fs(ris1) (=000 +re )" 1-0) /00 +re )" (14 )T

a 6 —6)/6 _ 2
Ore (L4 )7 (1) ] (L4 ) (1) ]

Cit =

S(’rt+1) = 1-—

(1=0)/0 (1 +7e) " (19 (1 7))
(14 )M 4 (1 ) 0] i
(1=0)/0(1+r0)" 7 14 p)"*
(A4 4 () ]

so that

05 (ri41) >

8T‘t+1 <

The reason is when interest rate rises, relative price future consumption drops in
terms of present value, which increases saving(substitution effect) and effective
income has goes up, which reduces saving(income effect). § = 1 implies inocme
and substitution effects cancel each other and # > 1 implies income effect is
less than substitution effect, and 6§ < 1 implies income effect is greater than
substitution effect.
Note that interest rate does have unambiguous effect on grwoth rate of ¢ but
only ambiguous effect on the level of c.
Firm: Being standard, neoclassical, the result is standard that

B, = fl(k)=r=f (k-9
Fp o= w=f(k)—kf (k)

. <
Olffgil

Equilibrium:
Further assumes that:

1. Saving at ¢ accounts for entire capital stocks at ¢ + 1:
Li 151 =K;
or by ¢; = (1 +7¢) s¢-1,
Liiee=(1+m)K,
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2. Saving rate affects y and w through k; and affect r by k1 through MPK
From National income identity,

Y, =Ci+ I
F (K, L) = Cy + (K1 — Ky +0Ky)
weLy + Ry Ky = Lyciy + Li—qcor + (K1 — Ky + 0Ky)

vy

= Kip1 — Kt = wily + 1Ky — Lyciy — L1024
Recall
Cit = W¢— S¢
= [L=s(repn)]we
and

Li1coe = (14 1) Ky

so we have

Ki1 — Ky =weLy + 1Ky — Ly [1 — 5 (re1) ] we — (1 +74) K

or
Kit1 = s(ree) wely
1
= L
1+n5(7’t+1)’wt t+1
and hence

ki1 =

S (o) — 01 1F (k) — K (k)

However, this equation has different kinds of strange dynamics, so we will ana-
lyze under two canonical assumptions:

1. Log utility (implies # = 1). Since

(14 i)
(L4 p) Y 4 (1 + repq) 1790

s (rep1) =

when 6 = 1, we have
1

5(ree1) = m

2. Cobb-Douglas Utility (implies f (k) = k¢)
Therefore, the equation would simplify into

11
k = — [k — kpak?

t+1 1+n2+p[t ki)
11

= — (1—a)ky

T3 nzg, -k
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which has steady state as

1 1 a(n—1)
ktyn — kiyn—1 = Ton2+p (1-a) ki [kepr — 1]
which goes to zero as n goes to infinity.
For steady state, we have
1 1

fa— 71_ *Q
M=y, ek

or
Bt l-«o
(I+n)(2+p)
which implies no growth by only accumulating capital, same as neoclassical
growth model.

}1/(1—04)

2-period OLG Model (Social Planner Version)

Social planner is to maximize weighted sum of utility across generation: (as in
Acemogolu P351)

[e’e] 1 . es} 1 t |: 1
max — Ule) = — Inecyy +
ferehfea) ; <1+p) (er) ; (1+p> Y1y

s.t. F(Kt,Lt) :It—i—Ct :Kt+1 —Kt+6Kt+Ct

In co 41
P

where the capital accumulation can be rewritten as

f(ke) Ly = Lyg1kipr — Liky + 0Lyky + (Lycry + Li—1c9t)

or
Cot
k) = (1 ki1 — ke + 0k
fke) = (14+n)ker — ke + t+C1t+1+n
so that F.O.C.s are
oL 1 \'1
— = 0=>(—] —=X=0
Jciy (1+P> e
oL 1 \'1 1
— = 0= (—] — = =0
Ocoy (H—p) Cot 1+n
oL y
Ok 1

so that we have

t
)+ (-] A (&) & 14pen
B t+1 =
M e () e
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or
1 1, 1
— = [fk)+(1—6
- 1+p[f(t) ( )]c%+1

so that in steady state, we have

ki1 =k
or
C1t = C1t+1; C2t = C2t41

and hence 1

Cot+1 Caot ’

——===14+n=— k) +(1—-46

= T U () + (1= )

so that

1+n:17ip[f’(kt)+(1—5)]

or under Cobb-Douglas production function

o [p it p) 8]0

a(l+p)(1+n)

which is different from decentralized version of the model. Also, we have

Cot

k") =(1 k* —k* ok*
P = (U m)k =k 4o+ 1o
or .
* % 02 _ *) * *
c —C1+1+n*f(k) nk* — o0k
Hence 9+
C o
8k*_f(k) n—2a

implies golden rule would be
f/ (kGR) =d+n

ForCobb-Douglas function, we have

1/(1-a)
o
For = (5 + n)

Hence, to gether with log-utility, we have k* > kgpg if

11—« < «
1+n)(2+p)  d+n

so that competitive equilibrium is not necessarily Pareto Efficient. The source
of problem is due to the saving for retirement.

Inefficiency lead to the justification of government action: unfunded social se-
curity or rolling over her debt at interest rate r.
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Since golden rule implies
f/ (kGR) =0+n

the test for inefficiency would be

k*gch < f/(k*)gf/(kGR)

=
& n+6;r+6

& nir
>
Empirical studies show dynamic inefficiency requires o < 0.32 for standard
parameter. Abel-Mankiw-Summers-Zeckhauser (1989) shows that under uncer-
tainty the economy is dynamically efficient if capital income exceeds investment
expenditure, which is not satisfied by data. Therefore, modern economies is
unlikely to be dynamically inefficient. Hence, there should not be any rational
bubble for which government would not repay her debt.

Blanchard Finite-Horizon Model without Government

Another finite horizon version of Ramsey but more tractable than OLG. Com-
pared to OLG, it has no retirement, or more precisely, its wage remains non-zero
level throughout the lifetime of worker.

Setup:

1. Continuum of agents
2. Continuous time

3. Constant probability of death p (capture no literal death, but economic
disconnection from the future; e.g. a family with no children or parents
are no longer altruistic)

4. Population size is always 1 (BSM has treatment with n > 0)

This implies same fraction of p of new population is born
5. Expected remaining life always 1/p.

6. Perfect insurance market with zero profit competition environment:

Everyone signs annuity contract with insurance company: Insurance com-
pany pays p-(expected wealth) if alive and gets wealth if dead so the
company would expect to pay 1/p-p-w = w but is expected to get w so
it is actuarially fair. In real life, this is similar to reverse mortgage (refer
to appendix for detailed explanation)

7. No bequest so that anyone would start with zero wealth (key different
from Ramsey; same as OLG)
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Individual: For each cohort s, they maximize lifetime utility: (refer to appen-
dix for detailed explanation for objective function)

max L, [/ In [c(s,v)] e—e(v—t)dv} :/ In [c (s, v)] e~ @R =1 gy
¢ t

{e(s,0) 302,

s.t. W =[r)+plw(s,v)+y(s,v)—c(s,v)
Ugngow(s,v)exp{—/tu [T(u)—i—p]du} =0

The Hamiltonian would be
H = e 0P8 fn e (s,0) + A[(r (v) + p)w (s,0) +y (s,0) — ¢ (s,0)]}

and the corresponding F.O.C.s are

OH 1
dc (s,v) =0 = c(s,v) =A
de—(0+p)(v=1) \ OH d\
e . (LR OP S GTOROP
so that (5.0)
de (s,v
LCED )~ o)e(s,0)

Taking integrating factor, exp [— /. tv [r (u) — 0] du], we have

dc;‘z’”) exp [/t [r(u) a]du}[r(v) — 0] exp {/t [r (u) O]du] c(s,0) =0

or, by Leibniz rule

;}{c(s,v)exp [—/t [r(u)—G]du}}ZO

so that by integrating v from ¢ to z, we have

c(s,2)exp [—/ [r (u) —G]du} —c(s,t)=0
t
or
c(s,z) =c(s,t)exp [/ [r(u) — 0] du}
t
From the budget constraint, taking integrating factor exp [— ftU [r (u) + p] du],

%Z’v) = [r(v) +plw (S,U)] exp [_ /tv [r (v) + p) du] [y (s,0) — ¢ (5,0)] exp [_ /tu S du}
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so that

/tooc(s,v)exp [/tv[r(vu)+p}du} dv = /toocz){w(s,v)exp {[U[T(u)+p}du:|}dt+
/

then, by TVC,

/tOOC(s,v)exp [/tv [T(U)er]du] ey

where
h(s,8) :/tooy(s,v)exp [—/t [r(u)—l—p]du] dv

is defined to be present value of labor income. Note that

/tooc(sm)exp [—/t [r(u)+p]du} dv

- c(s,t)/tooexp[/tv(9+p)du] dv

- c(s,w/fexp[—mp)(v—t)]dv

c(s,t)
0+p

and hence
c(s,t) = (0+p)[w(st)+h(st)

The reason for the indepedent of r is due to log utility and MPC is indepednet
of age is due to constant mortality.
Aggregation:

t
W) = / w (s,t) pe P ds

— 00

¢
H((t) = / h(s,t) pe Pt ds

— 00
so that under equilibrium,

t
cit) = / c(s,t) pe Pt ds

— 00

/_ (04 p) [w (s,t) + h (s, t)] pe P ds

= (@+p)[W () +H (@)

/tooc(syt)exp [/tv [r(u)—H]du} exp [—/tv [r(u)+p]du] dv
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h(s,t) pe Pt=%)ds

too {/tooy 5,V) exp [ /t“ [ (u) + p] du] dv}pe—p(t—s)ds

(o) v
/ y (s,v) exp [ / [r (u) + p) du] pe P duds
t t

v
/ y (s,v) pe P~ exp [ / [r (u) + p] du} dsdv
e8] t
(o) v v
= / y (s,v) pe P dsexp [ / [r (u) + p) du} dv
oo t
= Y

(v)exp{ / r (u)—&—p}du} dv

so that, by Leibniz rule, assuming doo/dt = 0,

/Y exp[ /[(u)—#p]du}[r(t)%—p]dv

= [r (t) + p

H (1)

Non-human wealth would be
t
W (t) = / w (s,t) pe P9 ds
—00
so that, by Lebniz rule, assuming doo/dt = 0,

W (t)

t
d t
pw (t,1) +/ [wg’)pe—l’(t—s) — pw (s,t) pe Pt | ds

t
pw (t, t) — pW (¢) +/ Wpe‘p(t_s)ds

as w (t,t) = 0, and substitute the budget constraint,

W) —pW(t / {Ir w(s,t) +y (s,) — c(s,1)} pe P~ ds
—pW () +[r (&) +plW () +Y (t) - C(t)

= T(t)W()+Y()—C(t)

Now, we have the following system of differential equations:
Ct) = (O+p)[W()+H(t)

Ht) = =Y +H@) () +p]
W) = r)W () +Y (t)—C(t)
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Differentiate C (¢) with respect to time, taking away H (),
Ct) = O+p) |W(t)+H @)
= O+p{r®OW ) +Y () -
oo {rowo-co+|f2
= [r®)-01CE)—p@+p)W(t)
For steady state, we have W = K and neoclassical production function implies
F(K(t),L(t)) F(K(t),1)
= FrK(t)+FL
RA)K(t)+Y (t)
[r(t) = 6] K (1) + Y (2)

OO+ () + HOF 0 +])
C(“—W@] [r<t>+p1}

so that
Ct) = [F&)-0CH)—pO+p)W (1)
= [F'(K(#),1)-0-0C(t)—p(p+0) K
and
K@) = r@®)K@)+Y(t)-C()
= [R() =K () +Y () -
= F[K(({)]—-0K()-C
Therefore, we have
- _ . pl+oK"
ct) = 0=C = (K =00
K({t) = 0=C*=F[K']—-dK*

Non-negativity implies F’ (K*) —§ — 6 > 0 so that
F/ (K*) _ f/ (k*) > 6+ 0 = f/ (kMGR) — F/ (KMGR)
so that

Moreover, when p goes up, C* goes up as consumers are more patient so that
more capitals are accumulated for more production.

Blanchard Finite-Horizon Model With Government

Similar to Ricardian equivalence model, government Budget constraints would
be

D(t) = r(t)D@t)+G({t)-T(t)
D(0) = Dy
lim R(0,T7)D(T) = 0

T— o0
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or more compactly,

D(t)

/R( ds—/Rts s)ds

/Rts (s) —G(s)]ds

The only change in condition is that W (t) = K (¢) is no longer true as debt D (t)
would be one part of wealth and tax 7 (¢) would reduce wealth accumulation
W (), so

C@t) = (0+p)[W(t)+H(t)
W) = D(t)+K ()
Wi(t) = r)W@E)+Y () —C(@t)—T(t)
and
0= ["vweo [—/ [r<u>+p]du} ao- [T e [—/ [r<u>+p1du] v
H(t) ==Y (t)+ T (t)+ H (t) [r (t) + p]
Also,
W) = D)+ K (%)
_ /t R(t,8)[C (s) + T (s) — Y (s)] ds
so that

K t):/tooR(t,s) (€ (5) + G (s) - Y ()] ds

which is standard Ricardian result tha timing of taxes would not affect the
financial wealth.
Taxing timing without changing the real government spending, (see appendix)

dT; = =R (t,t + 7)dTy1,
so that
t+1
dH = —dT; — dT,,, exp [— / [ (s) + p] dé’}
t

or

dHt = —th (1 — €_p7—)

and this implies when p = 0 (Ramsey model), has Ricardian equivalence. The
reason why non-ricardian result is that people discount Y and T at rate r + p
but government only discounts at 7.
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Suppose T = G + 7D, the new system becomes (see appendix)
C [F'(K)—6—0]C—p(p+6)(D+K)
K = F(K)-C-46K-G
rD = T-G
Therefore, this implies the effect of debt on C' would depends on when the later

tax is levied. The steady state effect is negative impact on capital accumulation
as income would need to devote to new tax for those new born.

1.6 Endogenous Growth Model

Lecture Note: #17,#18,#19,#20,#21
Textbook: Romer ch.3; BSM ch.1,4;Acemoglu ch.11,
Paper: Jones, “Growth and Ideas” (2004)

Three main problems of exogenous growth model
1. No explanation of growth (which means the theory is far from complete)
2. Too large implied interest rate differential

3. cross-country non-convergence

Solow Ak model

1. Assuming raw labor L is not necessary in production
2. Capital K includes physical capital and human capital

Then Production function becomes Y = AK or in per captia term y = Ak.
Now, capital accumulation equation:

ko= sf(k)—(n+0)k
= sAk—(n+9)k
or i
k
EZVAZSA—(”‘H;)
When sA > n + 0, we have

k
E:7A>0

Compare with the exogenous-growth model, the three problems are addressed:

1. This capital accumulation would promote growth, which also implies sav-
ing rate s would change growth rate!

2. Every country has same interest rate as r = f' (k) —d = A — 4.

3. convergence problem can be explain by no convergence as different in n
and s as difference in n and s would imply different long-term growth rate
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Sobelo Model

Include transitional dynamics so that convergence between OECD countries
could be included.

Rebelo (1991) suggests the production function could be Y = AK + BK*L1~
or in per capita terms, y = Ak + Bk®.

The positive growth rate will fall with & but asymptotically same as the Ak
model yet it remains non-zero to represent a source of growth.

Ramsey Ak model

Consumption:
o0 1—0o
max / o= "
c(t) 0 1—0
s.t a(t)=r{t)a(t)+w(t)—c(t)—na(t)
A(0) = A

Since it is unrelated to production function, the optimal conditions remains
unchanged

et) 1
@—;(r(t)—p)
a(t)=r)a(t)+w(t)—-c(t)—na(t)

T
Tlgnooexp{—/o [r(s) —n] ds}a(T) =0

Production:

so that we have

R = Fx(K,L)=A
W = Fp,=0
By settingr=R—-90=A -9, w=0 and a = k, we have
O
% = U(A §—p)
E(t) = (A=8)k(t)—c(t) —nk(t)

Ak () — c(t) — (n+6) k (t)

Assuming A > p+6 > (A —0) (1 — o) +on—+46 (1st inequalty is for growth and
2nd is for finite utility), we have
¢

08 = 76:3(,4*5*,0»0
A0 ()
0] Yk A—m—( +9)
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We would like to show 7y, = 7, using the fact that ¢ (£) = ¢ (0) exp [2 (A — 6 — p) t]
E(t)—(A—n—20)k(t)=—c(t)
dk (t)exp[— (A —n —0)t]

= e =—c(t)exp[—(A—n—19)t

Ydk(v)exp[—(A—n—8)v] [
= /0 e dv—/o —c(v)exp[— (A —n—9)v]dv

i(A—(S—p)U}exp[—(A—n—(S)v}dv
(A-0)0—-1) p

= k(t)exp[—(A—n—d)t]—k(O):/Ot—c(O)exp[
P U+a_n)4mm

= k(t)exp[—(A—n—é)t]—k(())_((A_J)(Uig?:_p_n) [epr(Aa)U(la)_PjLn)t}_l]
so that
E(t) = k(0)exp(A—n—6)t
+(A527(001()0)+§nexp[(A—n—5)ﬂ{epr(‘4_(SL(1_U)—g—&-n)t]—1}
= k(O)exp(A—n—d)t+ (A_(s)(”fl()o)_i_p_n{exp [(A5p)t]exp[(An5)t]}
_ {Mm+[“’5§“” Un]ldm}mMAnat
+c(0)[(A5)U(U1)+p—n]_lexp[i(/1—5—p)t]
By Ve lim_exp[ (A~ 8 —n) T]k(T) =0
50 we have
k(0)+[exp<(’4_6)g(1_a)—g+nﬂlc(O):o
and hence
k() = 0(0)[(A_‘S)U(“_l)+§—n]_1exp[;(A—5—p)t]
- k:(O)eXp[i(A—(S—p)t]

which also implies the optimal initial consumption

(A—§)(U—1)+p_n}

g

0(0)=k(0)[
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Implication is the similar as Solow Ak that change in patience p would change
the long-run growth rate. This key property is due Ak techonology of non-
diminishing return to capital and violation inada condition.

Beyond Neoclassical: Increasing return models

Increasing return implies AC' > MC as for a cost-minimizing firm, return to
scale vy = AC/MC. See proof in appendix.

Hence, for increasing return, if we set P = M C, then firm would have perpetual
losses as AC > MC = P. To have zero profit, we need to have P > AC > MC
but we need imperfect competition models if we are to model internal IRS. To
retain perfect competition, we are to augment increasing return by externality.

Learning-by-doing models

Each producer 4, production function Y; = F (K;, EL;).

By small firm assumption, F is taken as given. However, E is endogenous for
whole economy.

Learning-by-doing implies productivity A would be proportional to discounted
sum of past output:

_ o t—r+1 — 2 c
E=) BT =Y+ Y+ e +
However, by assuming fixed saving rate, we have

K = L+ (1—08) K,
= S}/t + (1 - (5) (It—l + Kt_g)
= Y, +(1-68)sY; 1 +(1—-0)s*Y; o+---

Therefore, the production function could be rewritten as Y; = F (K;, KL;) so
that F is HD 1 in K; and K.

Key assumption is that new knowledge is costlessly and immediately available
to all firms.

Assumptions:

1. Standard Ramsey Consumer
2. No exogenous technical change g =0

3. No population growth n =0

Firms’ problem:
Every firm ¢ would maximize his own profit:
= L;[F (ki,K) — W — REk;]
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so that the first order condition would be

8771 1 1
= L; |Fy, (i, K) — —R—| =
oK, 0 = L;|Fy (ki, )Li RLJ 0
= Fp (ki,K)=R=1r+494
67ri Ki Ki .
oL, =0 = [F (ki K) =W — Rk + L {Fki (ki, K) (—L%>—R<—L$>} =0

= F(k‘“K)—Rk‘, =W

Since all firms are identical, so that k; = k = K/L and that we can define

K 1 1
f(Ly=F(Q,L)=F (1, K_/L> = %F(k,K) = k—iF(ki,K)
and that f' (L) > 0 and f” (L) since
(L) =Fp(1,L)

which, under neoclassical production function assumption would have decreasing
positive marginal return of labor. Note that average product capital APK is
invariant to K and increasing in L as

_ F(K,KL) _ K \ K\ B
APKi_Ki_F<1’K¢/Li) —F(l,K/L) = f(L)= APK

so that K has no role in the average product.
Now rewrite the first order conditions by f (L):

0 0 K 0 K
) = g = g (1 )] =g [ (1)
= F(,kK)-F(LkkK)K/k=F(1,L)— F(1,L)L
= f(L)-Lf (L)
In equilibrium:
c 1
P ;(7"—,0)

= (D) - Lf (D)5

and

K = Y, F(Ki,KL)-C-6%,K;
= Y, LiF (kj,K) — C — 6K
= F(k,K)Y,L —C—0K
= F(k,K)L—cL— 0Lk
= LI[F(kK)—c— 6k
Lkf (L) —c— k]



36 CHAPTER 1. ECONOMIC GROWTH

so that .
k=kf(L)—c—dk

Hence, consumption grows at rate [f (L) — Lf’' (L) — 6 — p] /o. It can be shown
(detailed in appendix) that in the case of social planner, the consumption would
grow at [f (L) — & — p] /o because the social marginal product of labor is f (L)
as

0 0

instead of the private one f (L) — Lf’ (L). This is due to the fact that the
private firms would ignore the positive externality by accumulation of capital.
The inefficiency could be reduced by government subsidy through lump sum
tax. (There are various way to do this — work on this later)

There is scale effect on the growth rate as consumption would grow with the
population. This originates from the fact that more people can have more idea
and idea is non-rival so that every one would be more efficient.

Simple Idea-Based Growth Model

Basic principle is that idea is non-rival.
Setup:

1. Solow-style exogenous saving without explicit optimization
2. 2 sectors: final good sector and knowledge sector
3. No captial is needed in production (To keep economies in one good world)

4. Production function for output: Y; = A{ Ly, where o > 0. A is knowledge
and idea and Ly, is labor force working on final goods sector. Y; is CRS
in Ly, but IRS in A; and Ly,.

5. Production function for ideas: A; = La,v (A;) = vLa, A? where ¢ > 0.
L4, is labor force allocated to generating new ideas and A is number of
idea existence. A, (change in A;, which in fact the quantitative measure of
output of the research) is CRS in L but IRS in L and A. ¢ catches effect
of “standing on shoulder effect” (¢ > 1) and “fishing out effect” (¢ < 1).

6. Labor force growth: Ly = L, + Ly, = Loe™

Steady State:
By having Solow-style of saving, L4, = sL; and Ly, = (1 — s) L, we have

Y, = A7Ly, = (1 — 5) A7L,

or v
t o
ytEEZ(l—S)At
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so that

At l/SLt
A =
g Ay A%ﬂb
so that ) )
. vsLy vsLy A;
= — (1= lal2
ga Atl,(r/) ( ?) A% A
In steady state, g4 = 0, implies
_on
ga = 1—6
and
_on
9y =1_ p

As the growth rate is not related to L but n, it only has weak scale effect.

Richer idea-based growth model
Setup:
1. 3-sector economy

(a) competitive firms produce final output using differentiated capital
goods and labor

(b) R&D sector produces new ideas, blueprints for new types of capital
goods and sells patents

(¢) Monoplist buy patent and retn differentiated capital goods to final
output producing firms

2. Production function for output:

A, 1/67 ¢
Y, = ( / xftdi> Ly ©
0

which is generalized version of Cobb-Douglas and known as “Love for
variety” as raising A postpone diminishing returns.

3. Production function for ideas:
At = VL1A4t Af

and A\ captures the effect of “Stepping on Toes”: duplication of research
at point of time
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4. Capital Accumulation: K, =Y, —C, - K,
5. Resources Constraints:

(a) Sum of different capital goods would be equal to existing K

Ay
/ .Titdi = Kt
0

(b) Labor force constraint: L4, + Ly, = L; = Loe™

Equilibrium:

Rule of thumb method: Fix ratio at exogenous level (as true in steady state
if it exists), and solved for implied growth rate. The process is correct if growth
rate is inedpendent of assumed number.

1. Constant saving rate for investment of capital: 5x =1 — C;/Y;
2. Constant saving rate for investment of ideas: 54 = La,/L;
3. Full uniform use of all varities of capital: x;; = & = K;/A;

With the above rules, we write the production function final goods as:

Y

I
7N
c\
>
N
Bt
U
~.
~
-
~
)
Q
~
=7
Q

I
7 N
ks
N—

Q

o

R
~
S~

h

=7

Q

= ATKPLL"
where 0 = « (% — 1). Simplify it to our usual Solow format,
11—«
Vi = K[y
= Kta [EtLYt]l_a
where B, = A7/17) | g0 that
_ Y K\
Yt = =
EiLy, E;Ly,

Note that for y; = kf* the steady state would be

s a/(l1-a)
. K
vy = <n+gE+5>
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and now that

* a/(l-a)
Y _ E*y* _ A*a/(lfa) <SK>

or
o Y= Y _
= I = LY* (]_ — SA)
e Sk a/(1-a)
_ 1 —354) A*e/(1—a ___°K
(1=54) (n Tgp+o )

Second, consider the idea production,
A = VLI/\% A?
and denote g4 = A/A would result in
ga = (AN uIA.
or

A* — [V (4L 09
ga
by settting steady state g4 = 0, we have

ga=vALY AT Ay v (¢ - 1) LY TTAY TP A =0

}1/(1@

or ) .
)\f:: +(p—1) % =0
Now, given constant saving rate rule, LAt/LAt =L, =L, = n,
An
ga=1_ P
As in solow technology augmented model,
o Ano

9@29;;:9132l_agA=(1_¢)(l_a)

Now since ga is independent of s4 and gy, g; are indpedent of sx so that our
procedure is correct.
This model has only weak scale effect as

_An

=15

is independent of population but proportional to growth rate of labor. Taking
¢ =1, we have a strong skill effect as in the simple model:

ga

A:VLi‘lAégAzgzuLi“

Full Derivation: (See appendix)
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Conclusion on Endogenous Growth Model

1. First-generation endogenous growth models (learning-by-doing, simple idea-
based model) are inconsistent with R&D/TFP evidence

2. Second generation endogenous growth models (rich idea-based model)
show that TFP growth can arise from economic decisions taken by in-
diviudals and firms

3. Policy only has level effect but not growth effect; long-run growth rate
depends on parameters

Kremer’s Test on Population on growth

Basic model:
1. Production function with fixed supply of land T: Y; = T'* (AtLt)lfa

2. Idead production function: Ay = BLtA::ZS

3. Malthus assumption:

v,
ft =Y
Equilibrium:
. T (A;Ly)' ™
Ly
or

so that when we assume ¢ = 1,

Lt ].—CkAt 11—«
= = — = BL
Lt « At [0 t

Kremer’s (1993) finding strongly supports the scale effect but not fully decides
the issue of scale effect.



Chapter 2

Elements of Aggregate
Demand

2.1 Fixed Investment

Lecture Note: #22,#23,#24,#25
Textbook: Romer ch.3,8;BSM ch.3;B-F,ch.2.4

Tobin’s q
Tobin (1969) proposed I = I (q) against Keyesnian assumption of I = I (r)

value of the firm

= replacement cost of capital

Reasoning:

> 1 = issue stock to buy capital
= 1 = no investment

< 1 = selling capital

Investment model with adjustment costs:
Assumption:
1. Adjustment cost C (I, K¢) is high when investment is high 9C,/01; > 0
2. Symmetric cost: cost incurred for installation or removal
3. Cost form: convex (usually assumed to be function of I, /K;)
4. Interest rate r is constant for simplicity
5

. Neoclassical firm: CRS, competitive in output and factor markets

41
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6. Firm acts to maximize shareholder value (no agency problem)

Firm’s Problem:

maxVO = /OO 67” {F(Kt,Lt) —WtLt —It |:1+¢ (It>:|}dt
0

Ly, Iy K;

s.t. Kt = It - 6Kt
Ky is given
with assmption that ¢' > 0,¢” > 0 and ¢ (0) = 0. (Note this is the convex

assumption)
The currrent-value Hamiltonian would be

H=¢T {F(Ktth) — Wil — I [1+¢ ([I(ttﬂ +qi (I 5Kt)}

where the F.O.C.s are

OH
87[/15:0 = FL(Kt,Lt):W
O0H It It / It
97 1 )yt () =
al, - +¢(Kt>+Kt¢ k)~
and
de_rtqt oH —rt —rt —rt Iy ’ !
7 = _8Kt = —re qt +e qe = —e FK (Kt,Lt) + E ¢

2
= G =(+0)q — Frx (K L) — (;{i) @ <It)

with TVC being
tlim e " K =0

Interpreatation:
By FOC of I;, we can write

1,

?tt =h(q) where h' >0
and in steady state so that K =0 os that I, = 0Ky, we have

@ =1+¢(0)+d5¢' (8) >1

From the ¢; equation we have

Fyg (K, L I\ (1) § j
w (K, t)+(Kt> @ (Kt>—(7"+ )ar — G
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or
2
Fr (K, Ly) + (;%’) ¢’ (;I?’) ;
t t + % Y -
qt qt

so that when there is no adjustemet cost (¢; = 1,4; = 0 and ¢ = 0,9 = 0), we
get the usual rental cost equation r = Fg — 6.
It means that the real interest rate would be equal to the rate of marginal return

2
of captial Fx (K¢, Li) + (1%)
Gt/q: minus depreciation § so that the firm is indifferent between investing in

2
K and buying bonds. The reason for (%) ¢ (I%) is due to the saving in

! (%) plus change in shadow value of captial

adjustment cost due to having more capital.
Moreover, from the ¢; equation,

— [t — (r +0) qt] = Fx (Ky, Lt) + <II<1>2¢/ (é)

or
%0 de—(r+9)(v=1), 0 I, \2 I
_ —”d _ —(r+8)(v—t) F Ku Lv v 1 tv d
/t 7 v /t e K (Ky, Ly) + X, ¢ % )|
so that
> L\ (L
g = [ lim =0, — ] = / e~ | B (K, L) + () ¢ <>] dv
V—00 t KU KU

where TVC implies lim, o e~ ("t g = 0. Therefore, this implies that
shadow value of capital would be marginal product of capital discounnt for
interest r and depreciation 4.

Transitional dynamics and steady state:

The system is characterized by

Kt = I, -0K, = h(‘]t) K, — 0K,

In steady state, we have K, =0and ¢ = 0:

qs

. L\? (1
G = 0:>(T+5)qt:FK(Kt’Lt)+<Ktt) ¢’ (KZ)

Note that

gy B It2 e IE) u o It
aiKt— FKK(KtaLt)2<[(§ ¢ E 7K7;1¢ E <0
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Neoclassical Interpretation of Tobin’s q

Tobin’s average concept ¢; = V;/K;

However, neoclassical implies ¢, = 0V;/0K; which is marginal concept.
Only when V is linear then V; = K} so that V;/K; = a = 9V, /OK.
Hayashi Theorem

Marginal ¢ equal to average q. (Neoclassical ¢ is Tobin’s q.)
Assumptions:

1. Need 7 (K) = maxy, F' (K, L) — WL be linear in K (implies zero profit)
2. Constant return in investment: C (I, K) is HD1 in [ and K

3. Capital goods needs to be homogenous
4

. Stock market must be efficient with symmetric information between mar-
ket and manager

Proof:
d d
%Vt = % (q: K+)
= K+ Kiqy
[ L\? /1,
= K |(r+0)q — Fx (K, Ly) — (K) ¢’ (K) + (I — 0Ky)
t t

I, \? I
- K rqt—FK(Kt,Lt)—<I;t> ¢ <Ktt>

I, \? I
= K;|rq— Fx (Kt,Lt)—<Ktt> ¢ <Ktt>

+ 1zq;

cnfiro(B) (2o (£)]

I
= 1Ky — KiFg (K, Ly) + I + I1d (Kt>
t

By Euler’s Thm, we have Fx (K¢, L) K¢ + Fr, (K¢, Ly) Ly = F (K¢, Lt), so
d

I
pr (qiKy) = rqi Ky + Fr, (Ky, L) Ly — F (K4, Ly) + I {1 +¢ (Ktﬂ
¢
d —rt —rt It
= —(thte ) =€ WLt—F(Kt,Lt)+It 1+¢ ey
dt K;

N / 9 (quEe) dt = */ e {F (K, Le) = Wi = I [1 o (It)] } “
o di 0 "

= tlim @Ke ™ — qoKo =V
= qo = Vo/Ko
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Empirical Result
Method I: Taking

cu-sss(£)1 =0 () (3]

we have optimal condition: (the differentiation is made w.r.t to I;)

If, It / It
1 _— —_— —_— =
+¢<Kt>+Kt¢ (Kt> a

I? I I
= l4+a-t+-—2a—=¢q
K2 "KCOK "

It 1 1/2 1/2
K \3a (@ —1)
Method II:Taking

C(I,K):I+¢<[I(>K and ¢<[I(> :a(;{f

so that the optimal condition:

I
= 1+2a<t)qt

= —=5(a-1)

Hence, ¢ is sufficient statisitcs.

In empirical studies, firm cash flow is found to be significiant in the regression
I;/K; on V;/K;. One explanation is that credit market imperfection makes
external borrowing more expensive than interal funds and other interpretation
could be cash flow is proxying some omitted fundamental factor.

Interpretation

If there is no adjustment cost, investment would adjust immediately when there
is shock in productivity. However, in real world, we have such cost so that the
adjustment would be made overtime. The reason for such huge magnitude is
that K/Y =~ 3 but I/Y =~ 0.2 so that little adjustment in K would result in
huge adjustment in I.

Tobin’s ¢ is found from valuation of firm, which usually comes from stock mar-
ket. Is pricing from stock market useful for manager to make decision? It would
depend on whether the valuation is based on fundamentals or bubbles. (See
Blanchard,Rhee & Summers 1993)
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Extension to fixed cost

Simple fixed adjustment cost model:

C (L, Ky) :{ PR+ 11+ 0(h/K)] 10

The result is we have region of inaction which fits the empirical data. Moreover,
region of inaction implies policy would be state dependent. (See Adda-Copper,
“Balladurette & Juppette”, JPE 2002)

To model irreversible investment, we might model it as resale price < purchase
price.

Aggregating over heterogeneous firms smooths out sharp implications of fixed-
cost model. This implies convex adjustment costs may be a good approximation
for industry data. (Cooper-Willis, 2003)

Bubbles

No arbitrage equation:

E; (pt+1 + dis1)

=1+4r
Dt
implies
o= Ei (pe1 + digr)
t 1+7r
_ Eidyi 1 > Eiv1 (ptao + dit2)
1+7r 1+7r ¢ 1+7r
_ Bidiyy | EiBrpidigs | EiErapiyo
L+r (1+47r)? (147r)?
_ Eidi n Eidiio Eiptio
L+r  (1+47r)° (1+7)7
o~ diys . Ewpegr
= F s + lim ——
t§(1+r) T 560 (1+T)T
Assumption:

1. dividend do not grows faster than interest rate

2. present value of terminal price is zero

These two implies no bubbles.If we drops, the second assumption, we can define
price to be sum of fundamentals and bubble term:

pe=p; +b
where Ey (by41 | It) = (1 + ) b;. Examples of bubble includes:



2.1. FIXED INVESTMENT 47

1. non-stochastic bubble:
bt+1 = (].‘l—'l")bt

2. bursting bubble:

1+7r

b +eir1 with probability ¢

bey1 = with probability 1 — q

€141

Tirole (1982, 1985) proved that:

1. There cannot be bubble for a economy with finite number of infinitely
living agents.

2. There can be bubble for a economy with infinite number of infinitely living
agents only if the economy is dynamically inefficient.

Shiller’s Volatility Test

If markets are fully efficient, then (1) non-bubble and (2) rational expectation.
Define ex-post optimal price p*:

e}
p: = Z (1 + ’/‘)_s dt—i—s
s=1

with no bubble assumption,

Di =P+ Uy

and rational expectation
E (ut | pt) = 0= cov(pt,ur) =0

so we have
Var (p;) = Var (pt) + Var (ut) > Var (pt)

Shiller (1981) asserted that measurement error of estimated p* would be biased
towards null hypothesis as it would only increase the variance of p; so it does not
affect the result. Marsh-Merton (1983) denied the test by the claim that p and d
has unit roots. Campbell-Shhiller (1987) allowed time-varying r, still rejecting
null but less dramatic. Kleidon (1986) quoted “peso problems”, which means
stock price factoring improbable events in the stock price, but Shiller replied
that implied crash would have to be greater than Great Depression. Overall,
this is a strong blow to to Efficient Market Hypothesis (EMH).
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Small Open Economy

This is de facto a partial equilibrium analysis.
Setup:

1. Open implies free movement of capital (consumer can lend and borrow
without bounded by local investment opportunity)

2. small implies interest rate is exogenous (consumer can lend and borrow at
fixed rate)

3. Consumer: Ramsey
4. Producer: g-theory

Representaive Firm problem:

max Vy = / e " I,dt
Ky, Ly 0
I
st. I, = F(Ky,L)—WiL—1I {1 + ¢ (Ktﬂ
t
Kt = It - 5Kt
K(0) = K,

with F.O.C.s being

I .
ft = h(q),h >0= K, =h(q) K, — 0K,
t
. L% (1
q = (7’+5)QtFKt[KJ ¢ X,
tlim e "y K, = 0

Household problem: (with n =0, g =0)

max /OO efptﬂdt
c(t) 0 1—0
s.t D(t)=rD(t) +C(t) — W (t) — I1(t)
D (0) = D,
Jim. e I'D(T) <0

with F.O.C.s being
1

C
c ;(T—P)
D(t) = rD@t)+C@{t)—W(t)—I(¢t)
lim e "X\(T)D(T) = 0

T—o0



2.1. FIXED INVESTMENT 49

Now assume r = p so that C (t) = C' > 0 for all ¢. This implies A (T') < oo, so
we can simplify TVC into

lim e "'D(T)=0

T—o0
Equilibrium:
Define trade surplus be NX =X — M
NX = Y-C-I[1+¢(I/K)
S—1(1+9)
and then current account deficit is change in D:
CA = rD-NX

= rD—-[S—1(1+9¢)]

= rD-Y+CH+I(1+9)

= rD-M-WL-I(1+¢)+C+1I1(1+¢)

= rD+C-WL-1I

= D
Household consumption could be found by integrate budget constraint from 0
to oo by integrating facotr e="t:

/O°° de%tD(t)dt - /OOO e " [C () = W () - 1 (#)] dt

-D(0) = C/Ooo e”dt—/ooo e "t {F(Kt,Lt) -1 (1+¢ (é))] dt

so that

C—r{/oooe” [F(Kt,Lt)—It <1+¢<II(Z>>} dt—D(O)}

Steady State: Open economy separates consumption and investment. By bor-
rowing and lending throught international perfect credit market, consumption
can immediately reach the steady state but capital adjustment needs time as
there is cost associated with that. Therefore, the reactions to shocks are com-
pletely different from other models.

Shocks:

Suppose producitn function is Y = AF (K,L) + B

or

1. Additive permanent shock

Suppose B increases permanently, it implies the production Y goes up
permenantly. From C equation, C' would also follows. As ¢ equation has
no change, there is no change in K, I and ¢. As there is no change in I, so
Anet output = AF (K,L) — AI (1+ ¢) = AY implies AC = AB =AY
and AD = 0. Hence, NX =Y — C — I (1 + ¢) should have no change and
CA =rD — NX should also have no change.
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2. Additive temporary shock
The shock would be in the form of

By=aB; 1+e,0<a<1

Suppose B; increase temporarily, it implies that production Y would goes
up for a while and return to original level eventually. Since C' would adjust
to smooth consumption, the change of C' would be less than change of
Y, that is AC < AY initally but AC > AY after some time because
consumer is to save transitory boost of income and spread it over time,
so AD < 0 initially and eventually AD > 0. Again, note that ¢ equation
remains unchange so that K, I and ¢ stay the same. Now, that NX =
Y —-C—1(1+¢), ANX should be positive at the beginning but negative
later. Moreover, CA = rD — N X, so that AC A should be negative at the
beginning but positive later.

3. Multiplicative permanent shock

Increase in A would change M Pk so that ¢ equation is changed so that
steady state K* increased. In transition, ¢ would first goes up and then
go back to original state while I is increasing. Since M Pk goes up, with
increasing captial stock, Y is increasing. Since Anet output = AF (K, L)—
AI(1+ ¢) would depends on the relative size of two changes during the
transition but would be strictly positive as I would be zero in steady
state, AC would be increasing as net output should have overall increase
in presevent value term. Since NX =Y —C —1I (1 + ¢), the initial change
in NX is ambigous so that the final result is also ambiguous which reverses
the beginning movement. C'A also have the same ambiguity as rD and
NX are uncertain.

Extension:

Borrowing country has strong incentive to default when NX turns. If lenders
know this, they won’t lend. Institutions can easily force a private firm to repay
but not the government. By Barro, Mankiw & Sala-i-Martin (1995), it may be
easier to enforce repayment for physical capital than human capital.

Kehoe & Perri (2002) adopted endogenous borrowing constraint by assuming
no exernal agency enforces repayment. Lenders can threaten not to lend agian
if borrower defaults. Threat would make sense if ther is uncertainty or business
cycle.
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Chapter 3

Real-Business Cycle Theory
(Romer Ch.4)

3.1 Facts about fluctuations

1. Fluctuations do not exhibit any simple regular or cyclical pattern

2. Fluctuations are distributed very unevenly over the components of output:

Investment is the major factor!

3. Asymmetry in output movement

(a) there are no large asymmetries between rises and falls in output;
that is, output growth is distributed roughly symmetrically around
its mean

(b) output seems to be characterized by relatively long periods when it
is slightly above its usual path, interrupted by brief periods when it
is relatively far below

4. Okun’s law: shortfalll in GDP of 3 percent relative to normal growth
produces 1 percentage-point rise in unemployment rate

3.2 Theoris of Fluctuation

Traditionally, two major schools of thought: Classical v.s. Keynesian.

1. Classical school: Walarisan equilibrium, micro-foundation, flexible price,
optimizing behaviour, fluctuation are result of shocks from technology,
real business cycle model(RBC model)

2. Keyneisan school: behavior are assumed, rigidity in real variable adjust-
ment (sticky price, wage)

53
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3.3 Baseline RBC Model

Setup:

1. large number of identical price-taking firms

2. large number of identical price-taking households
3. Infinitely lived household
4

. Each household has to decide houeshold consumption ¢ and lesiure 1 — £
with maximization on lifetime utility:

S N,
max U = tho e Pluy (ct, lr) Ft

where w (-) is assumed to be

w(c, b)) =Ilnc +bln (1 —4;)

5. Production function:

V= K¢ (AL)' ™™, 0<a<1

6. Capital accumulation:

Kiywy = Ki+ 1 — 0K,
= Ki+Y,—-C,—Gy— 6K,

7. Population Growth: In N; = N + nt which implies N; = exp {N + nt}.

8. Technology growth: - ~
IHAt :A+gt+At
where in the absence of shock In A; = A + gt and the shock A, takes the
AR(1) process:
Ay = pAAtfl tear, —1<pyu<l1
9. Government’s purchases are financed by lump-sum taxes that are assumed
to equal to purchases each period. Hence, G should grow as the same rate

as Ay in steady state: B y
hth :G+gt+Gt

and R R
Gt = peGi-1 +ear, —1<pg<l1

Firms: Given perfect competition,

wy = Fr(KyL)=(1-a)k

-«
Ty = FK(Kt,Lt)(SO[<AtLt> )

K
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3.4 Household Behavior

Casel: One Period Life and No initial Wealth
Household maximization becomes

max u(c, b)) =Ine +bln (1 — 4;)
s.t. Ct S wtét

so that the Lagrangian would be
L= lnct + bln (1 — gt) + A (wtét — Ct)

with FOCs being

oL 1
0 S A=0
8Ct Ct
= )\:c;l
oL —b
b Wt
:7:€
= 1—&5 Ct ¢
1
b= —
T T
so that
Ct = e
T 1+b

Rmk: The reason for the independence between ¢; and w; is log-linear cancel
the income and substitution effect.

Case2: Two period life and no endowment
Household maximization becomes

max u (ct,ct+1,€t,€t+1) =1In ct + bln (]. — gt) + e f [lnctH +bln (1 — €t+1)]

ctyCt+1,Le,le 41

s.t. c + st < wily

Ci1 < Wiprlepr + (14 7e41) 8¢
so that the Lagrangian would be

L = Inc+bIn(1—4)+e P [lncgyr +bln (1 — lgq)]

+A (wtgt + W1 li41 — ¢ — Ct+1>

1
L+ri
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with FOCs being

1
% =0 = —=)X=0
8Ct Ct
oL e’ A
8Ct+1 Ci+1 1+ Tt4+1
oL -b
o~ _ A=0
agt 0 = 1 gt + wy
oL —e~Pb W1 A
=0 = + =0
0041 1=l 147

which implies Euler equation to be

c

= e (1 +7e41)
Ct

and intertemporal substitution equation would be

1-— gt 1 W41

1-— ét—&-l o e~P (]. —+ rt—&-l) Wt

which implies relative labor supply depends on real interest rate and real wage.
Case3: Infinite life and no endowment with uncertainty
ousehold maximization becomes

0o N,
= —rt bln (1 — 4,)] =
{Ct};él;?{)li};’io Zt:Oe [lnc + bln( t)] i
[e'e] 1 _
_ —pt +nt
= thoe Pilnes +bln (1 — ¢;)] e
st o+ sie" <wly + (14 1) se-1
Define maximum function to be
61\7
V (st—1,7) = — max Inc, +bln(1—4) + e PEV (s¢,7441)
st sy < e wily + (14 14) $¢-1 — ¢4
or
€N
14 (St—h Tt) = ﬁ m%X In Ct—|—b In (1 — Kt)—ke_pEtV [’LUtEt + (1 + T't) St—1 — C¢y Ti41
Ct bt

By Maximum principle, the FOC are

1 _
¢ 1 o—=e PE: Vi (5¢,7841)]
t

b

b 1— ¢

= e PE [Vi (8¢, 7e41)] we
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which implies consumption and lesiure tradeoff follows:

Ct Wt

1—4 b
By envelop theorem,
Vi (st—1,7¢) = € PE¢ [V (54, 7641) (1 4+ 7))

Now note that

=e PE1 Vi (s, 7i41)]

Ct+1
SO
1 _
E: [01 1+ Tt+1):| = Ey[e "Eu1 [Vi (s6,me41)] (1 + 7e41)]
t+
= Ei[Vi(st,7e41)]
1,
Ct
or

1 1
—=e¢PE |—(1
S € t l:Ct+1 ( +T‘t+1)

which is special case of Euler’s equation.

3.5 Special case of the model
Additional Assumption:

1. Full depreciation § = 1

2. No government Gy = 0
By these two conditions, we have

Kiynw = 1 —-C

AtLt e’ B E

@ X, =« X,

Rule of thumb method: Assume for all ¢,

Cy ct Ny
=l-—==1-
o Y, Y

1+7“t

then as Ct = (1 — St) }/t/Nf and l/Ct = BipEt [(1 + T’t+1) /Ct+1], we have

—In[(1 =) Yi/Ni] = —p+IE;[(1+47141) /cesa]
(1 +re41)

—p+InFE
r ‘ (1 —s¢)Yip1/Nesa
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or
—In(1—s)—InY;+InN, :_w+m&:MJZTZ%£?MH]
= —p+Ink; A Ofsit/;}lt+1/Nt+J
= —p+hnkE; stYOf(\fﬂr—lst)}
Hence

1
—In(l—s)-nY;+In Ny, = —p+Ilna+lnN;+n—Ins;—InY;+1n E; [(1 . )}
— St

or

1
Ins; —In(l—s;)=—p+n+na+InkE {(1 s)]
— St

In equailibrium, s; = §, so we have

1
ln§—ln(1—§):—p—i—n—l—lna—i—ln(lié)
or

Ins§=-p+n+ha

and hence

§=ae""’
which confirms the correctness of rule of thumb as saving rate is constant.
From consumption-lesiure tradee-off expression,

Ct Wt

1—4 b

we have
Ine;, —In(1—4;) =lnws —Inb;

Now by ¢; = (1 — 8) Y3 /Ny and wy = (1 — «) Y3 /€, Ny, we have
In(1-8)+nY;—InN,—In(1—-4¢)=In(l—a)+InY; —Inl; —In NV,
or
Inl; —In(1—4)=In(l—-a)—In(1—-3) —1Ind

and hence

11—«
S l-a+b(1-3)
where independence is again from log-linear utility.
Time series of shock variables:
From production function Y; = K (AtLt)l_U‘, we have

l, /

InY;=alnK;+ (1 —a)(Ind;+1InL;)
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As K, =58Y; 4, Ly :€AN, InA; = fl—i—gt—i—flt and In L, = N + nt, we have
InY;=alns+alny;, 1+ (1 —«a) (A—&-gt—&—flt—i—]v—i—nt)

Define Y; = lnY, — E, InY;, we have
Y/t :aYt—l +(1_O[)At

or

_ 1 /. .
Ay = —— (Yt—1 + OéYt—2>
11—«

Now, given At = pAzth,l + €4, we have

V, = aViq+(1-a) (pAfltq + EA,t)

aYi1+py (57271 - aﬁ,2> +(1—a)eay

(Oé + pAY/t—l) —ap Yo+ (1—a)eay

so that Y; is AR(2) process.

3.6 Solving model in general case
Log-linearize around steady state:
Ci ~ ackKi+acaA; + accGy
Ly ~ apgKi+apaAs +apcGe

Method of Undetermined coefficient:
From Intratemporal FOCs, ¢;/ (1 — ¢;) = w;/band wy; = (1 — ) (K¢ /A L) Ay,
we have

11—«

lnctln(lét)1n< >+(1a)lnAt+aantalnLt
By first-order Taylor series approximation around steady state, we have

*

T (Inl; —In¢*)=(1—-a)A;+alnK, —alnL,

(In¢; —Inc*) —

AN ~ - -
= 5t—W€t=(1—a)At+aant—alnLt
In steady state, ¢; = C~’t and th = it, we have

*

1= + a) (aLKfQ +apad; + aLGét>

aCKf(t + CLCA/L + accét + <1 —

= 1-a)4d+ahk,
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Hence,
+ a + =
ack [ T)ux = a
+ a + =1
ac A 1—0* alarAa = 07
acg+<1_£*+a>aLG =0

From intertemporal FOC, 1/¢c; = e P Ey [(1 + 7¢41) /ct41], Cy ~ acx Ki+aca A+
acgGy and Ky = Ky + Y, — Cy — Gy — 0Ky, we have

Ki ~brgK; +braAs + braGy

3.7 Implication

Numerical analysis results.

3.8 Empirical Application: The Persistence of
Output Fluctuations

Shocks in RBC model are driven by technology type. However, technological
shcok should have permanent component.
Nelson and Plosser Test is find whether there is persistence of output fluctuation.

Alny, =a+b{lny, — [a+ B (t —1)] + &}

where Hj is unit root and H; is trend stationary. The empirical result is cannot
reject using Dicky-Fuller unit root test.

Campell and Mankiw Test is to find out the size of the persistence of shock.
However, these tests subject to two problems:

1. Statistical problem: due to short horizon of data, it is hardly easy to define
what is temporary

2. theoretical problem: provide little information about driving forces of the
fluctuation

3.9 Emprical Application: Calibrating RBC Model

To choose parameter values on the basis of microeconomic evidence and then
to compare the model’s predictions concerning the variances and covariance of
various series with those data.



3.10. EXTENSION AND LIMITION

3.10 Extension and Limition
Extension:

1. Indivisble labor

2. distortionary tax

3. multiple secotrs and sector specific shocks
Objections:

1. size of technology shocks

2. intertemporal substitution of labor

3. omission of monetary disturbance

4. no significant propagation mechanism of shocks
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Appendix A

Appendix I EC750

A.1 Annuity Payment in Blanhard Model

Why annuity payment is equal to probability of death times the assets?
Simple proof: Insurance company is paying cohort s per living person at rate
pw (s,t) so the annuity payment must be same.

Rigorous proof: Insurance company collects w (s,t) from person of cohort s if
he dies at time ¢ and has to make annuity payment at proportion « of w (s,t)
for cohort s if he is living at time ¢. Therefore, the expected inflow should be

: 1 _
I Jo e ™ aw (s, u) du—e PV dv
p
1
= [ g e M aw (s,u) —e P dudv
p

. 1 _
= [ [T e M aw (s,u) —e P dvdu
p

L

1 _
= [Je Maw (s, u) [ =e P dvudu
p

= Z% Oooe_"'“w(s,u)e_p“du

and the expected inflow would be

oS 1
Jo e Mw (s, v) —e Pdv
p

1
= = Oooe*”’w (s,v) e P?dv

p
Since insurance market is competitive so that all annuity contract is actuarial
fair, the expected inflow should be same as expected outflow at the time of
issuance, so we have
Q oo _py —pu 1 o0 —rv —pv

e "Mw (s,u) e Prdu = = [Te M w (s,v) e PUdv
p

n2J0 0
p
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which implies
a=p

Hence, the insurance annuity payment would be pw (s, t).

A.2 Social Planner’s Learning-by-doing Model

The social planner is going to maximize C (t) over time period, however, as
population is constant, L (t) = L for all ¢, it is same to maximize ¢ (t) over the
same horizon:

0o 1—0 _
maX/ efptc(t)ildt
c(t) Ji—1 1—0
s.t. K=F(K,KL)-C - K
where the constraint can be rewritten as
k= F(kK)—c—0k

= kF(1,L)—c— 9k

= kf(L)—c— 9k
Now the Hamiltonian would be

1—0o
H= efptc(t)i_l +e PA[f (L) k — ¢ — K]

1—0

with F.O.C.s are

OH Y
% =0 = c =
dedt A = 88—];’ = —pe PIA4ePA=ePIN[f (L) — 4]
= A=A[f(L)—p-9
so that . L
c= W) -p-d]
A.3 Complete Derivation of Rich Idea-Based Growth
Model

Environment:

1/67¢
1. Final good production function: Y; = {(fOAt mftdi) } Hll,;o‘

2. Captial accumulation equation: K, =Y, - C, — K,
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3. Idea produciton function: A; = VHthf
Capital good constraint: fOAt ripdi = Ky
Human captial constraint: H4, + Hy, = H;
Labor force: Ly = (1 — £,) N,

Human capital: H, = h;L;

Mincerian human capital accumulation: hy = e¥r

© o N e

Population growth: N; = Nye™

Household problems:

max / Nt 7ptdt
('t7€h,7£t
s.t. t ’I" — n) v+ wthtét — Ct
hy = e¥ln,
]. = ght + ét
Nt Noent

t
tlim Vs €Xp {/ (rs —m) ds} >0
—00 0

which can be simplify to the case that

oo l1—e¢
c -1 _,
max e A—— L
ct ln, 0 1—¢

st vy = (r—n)v+we?r (1-10,)—c

with Hamiltonian

1—e _ 1

so that the F.O.C.s are

OH
- -

8Ct

_%Z =S (g — ) (o
OH

o6, ~°

where the first two imply the standard condition

¢ 1
E—E(T—P)
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and the last condition implies
[t ¥ (1) 4] =0

or

1
ghﬁ:l_@

Final good problem:

Ay /0 Ay
max ;= / 28, di H}l/t_a — Hy,w; — / PitTitdi
{wit}, Hy, 0 0

with F.O.C.s

a/l
om; -0 = /Atxedi H;® —w; =0
OHy, , Vi L
Y;
= (I-a) = wy
Hyt
a/0—1
a’ﬂ'i « A 9 ;- —an 60—
e =0 = pi= 7 (/0 xitdz> Hxl/t O, 1
1/(1-0)
o
= Tt [ A, y9 1
Jo " abdiDi
so that
1/(1-0)—1
dripy _ 1 | ay 1 ay <_1> pir
dpit st 1-0 fOAt x%,di Pi fOAt x%,di P/ Tt
_ 1
o 1-0

Capital good problem:

max (pit — 7 — 0) it (Pit)
it

with F.O.C.s is

dxst (pit)

=0
dpss

Tyt (pit) + (pie — 7 — 0)

Tyt (Pit) Dit ATy (pit):l
= —— |pu+Pp—r—>~¢ =0
Dit -p ¢+ (i ) Zit (Pir)  dpie
zit (pie) [ ‘ o 1 _
= Dit -pzt + (pzt r 5) ( 1— 0>:| =0
zit (pit) [ ‘ —0 1 _
RS _p”<1—9>+("+5)<1—9)}_0
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so that since x;; (pir) # 0, we have

1

it = — 1)

Dit 0 (T+ )
which also implies

Tit = Ty
Now, consider
a/0—1
_ G« A 9d< Hlfaa 0—1
pie = g ) Zjat v, U

SE A g
= aa?f‘_lAa/Gle%/t_“
= aKpTl A/ e
Xt
K
so that combine with the fact that p;y = (r 4 ) /6, we have

Y;
=af—— -6
r=a« ,
Therefore, going back to the household condition:
¢ 1
cz (r—p)
or in per capita terms

1
=-(r—p-eg)

ol O

and in steady state ¢ = 0 and r = af — Y;*/K; — &, we have

1 vy
o=t 354) oo

or
Ky af
Y S+p+teg
and since ~
Kf @ _n+d+yg
Yooy SK
we have
. _af(n+d+g)
K= d+p+eg
Research:

maxpa, VH a, —weHy,
Ha,
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where
v=uvH\ A
V=0t 4y A

is given value of productivity of research with researcher production function
Ap = veH g

The F.O.C. is

PA YV = Wy

From firms problem, w; = (1 — «) Y;/Hy,,

Ay Y,
e S R el 20
PAE, (1-a) Ty,
or .
Hy, _ s% Hy _ 5% _ paA;
Hy, 1-s4H, 1-5% (1-a)Y;

By arbitrage condition, interest rate differential between bonds and purchase
capital should be the same:
Tt pAt

Tt = — +
pa, bA,

and taking pa, = 7w/ (r — m) where my = pa, /pa,,
1
T = (0—1) (r—&—é)xit

1 Y, _

Y: K; Y
KA %A
so that we have
* af ﬁA
SA r—mg Ay

1-s% (1-a)Y

A.4 Proof for return of scale equal to AC/MC

Suppose the firm has production function F (K, L) and production objective
Q@ facing labor cost w and captial cost r. Production function has ¢ degree of
returns implies

F(aK,al)=o'F(K,L)

Differentiate both sides with respect to «, and then set o = 1, we have

KFy + LF, =tF (K, L)
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and
_ KFg+ LFp

F(K,L)

Now, consider the cost minimizing problem,

min wL +rK

s.t. F(K,L)>Q
Using Lagrangaing multipler A, we have F.O.C.s

w+ A, = 0
r+ Mg =
FK,I)-Q =

By envelop theorem, the marginal cost would be

MC =\
and average cost is
wL +rK
AC = ——
Q
so that the ratio is
AC  wL+rK
MC QX
_ LFp +KFg
- F(K.L)
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