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< dgb]_ ^Zgu h[sb_ ijbgpbiu j_ne_dkb\gh]h f_lh^Z ω − hlh[jZ`_gbc

fZl_fZlbq_kdbo h[t_dlh\ b ij_^klZ\e_gh hibkZgb_ fZl_fZlbq_kdbo h[t_dlh\

gh\hc ijbjh^u� GZjy^m k djZldhc oZjZdl_jbklbdhc bgnbgblgh]h ki_dljZ gh�

\uo qbk_e � \ qZklghklb� ∆ − b / − qbk_e� �jZkiheh`_gguo� aZ � �−∞ �� ijb�

\_^_gu ω − h[jZau bgl_]jh�^bnn_j_gpbZevguo h[t_dlh\� Knhjfbjh\ZgZ dhg�

p_ipby h[jZah\Zgby ehdZevguo b ]eh[Zevguo ω − ki_dljh\ jZaebqguo

h[t_dlh\�

Dgb]Z jZkkqblZgZ gZ rbjhdbc djm] qblZl_e_c� bgl_j_kmxsboky fZl_fZ�

lbdhc� < g_c ^hklmigh baeh`_gZ ijh[e_fZlbdZ j_dhgkljmdpbb hkgh\Zgbc wlhc

gZmdb k ihabpbb l_hjbb h[t_dlh\� mdZaZgu hjb_glbju gh\uo l\hjq_kdbo j_r_�

gbc \ jZaebqguo jZa^_eZo fZl_fZlbdb� Dgb]Z hldju\Z_l [_af_jgh_ ihe_ ^ey

kZfhklhyl_evgh]h ihbkdZ b bkke_^h\Zgby�

J_p_ga_glu� dZg^� nba� � fZl� gZmd F� N� DZey]bg

�F<HDM� Fhkd\Z�

dZg^� nba� � fZl� gZmd <� =� Kus_gdh

�;=IM� ;_e]hjh^�
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³Y ohl_e [u h[jZlblv <Zr_

\gbfZgb_ gZ bklhjbx h\eZ^_gby

fZl_fZlbq_kdbf nZdlhf� Wlh

\k_]^Z bklhjby f_^e_gghc b ^he�

]hc dhee_dlb\ghc jZ[hlu«´

� Ba ibk_f =�E_[_]Z��

IJ?>BKEH<B?

Ihqlb \_kv fZl_jbZe [ue gZibkZg fghc \ \b^_ hl^_evguo njZ]f_g�

lh\ _sz \ ��������� ]�]� ih^ \i_qZle_gb_f hl g_kdhevdbo ijhqblZgguo

dgb] ih fZl_fZlbd_ b klZl_c ba dhehkkZevgh]h dhee_dlb\gh]h ljm^Z ih^ gZ�

a\Zgb_f ³FZl_fZlbq_kdZy wgpbdehi_^by´� < ^Zevg_cr_f� ijbh[j_lZy ki_�

pbZevghklv ih dhfivxl_jghc gZmd_ b \kz [he__ m\e_dZykv _x� y g_ gZoh^be

\j_f_gb ^ey kbkl_fZlbaZpbb ihemq_gguo gh\uo fZl_fZlbq_kdbo nZdlh\ b

k_jv_agh g_ aZgbfZeky jZa\blb_f bagZqZevguo khh[jZ`_gbc« L_f g_ f_�

g__� g_kdhevdh njZ]f_glh\ gZijZ\be gZ ^_ihgbjh\Zgb_ b im[ebdZpbx�

KqblZx k\hbf ^he]hf ih[eZ]h^Zjblv ki_pbZebklh\ �dZd ijZ\beh� mq_guo k

fbjh\uf bf_g_f�� hdZaZ\rbo fg_ fhjZevgmx ih^^_j`dm ^h[jufb ibkv�

fZfb�� Ijhn_kkhj -�+�6DPSVRQ �7KH -RKQV +RSNLQV 8QLYHUVLWH� 86$� hlf_�

qZe� qlh ³« fu gZreb \ jZ[hl_ \_kvfZ bgl_j_kg_crb_ j_amevlZlu«´ b

ij_^eZ]Ze ijh^he`blv jZ[hlm� D g_fm ijbkh_^bgbeky ijhn� -RKQ (ZLQJ

�,QGLDQD 8QLYHUVLWH� 86$�� ³«<ZrZ jZ[hlZ \_kvfZ bgl_j_kgZ«´� ;hevrh_

`_eZgb_ jZah[jZlvky \h \k_f fZl_jbZe_ \ p_ehf baty\beb mq_gu_� ijhn�

(�0�0RVNDO �8QLY� RI :DWHUORR� &DQDGD�� ijhn� 0�0LJQRWWH �8QLY� /�3DVWHXU�

)UDQFH�� ijhn� 9�6�9DUDGDUDMDQ �8QLY� RI &DOLIRUQLD� 86$�� ijhn� )UDQFR

7ULFHUUL �,WDOLD�� ijhn� +�:LOI �8QLY� RI 3HQV\OYDQLD� 86$�� ijhn� 7DNDVL

1DJDKDUD �2ND\DPD 8QLYHUVLW\� -DSDQ� b ^jm]b_�

Ba jhkkbckdbo mqzguo gZb[he__ lsZl_evgh fZl_jbZe bamqZeb ijhn�

:�<�Q_jgy\kdbc� ^hp� G�>�<hjh[v_\� ^hp� F�N�DZey]bg� ^hp� <�=�Kus_gdh�

Ihke_^gb_ ^\h_ y\eyxlky hnbpbZevgufb j_p_ga_glZfb ^Zgghc fhgh]jZ�

nbb� QZklv k^_eZgguo bfb aZf_qZgbc Z\lhj mqze ijb hdhgqZl_evghc ih^�

]hlh\db jmdhibkb d i_qZlb�

< ���� ]h^m y ihk_lbe Bgklblml fZl_fZlbdb \ ]� KljZk[mj]_ ih ijb�

]eZr_gbx ^bj_dlhjZ ijhn� 0�0LJQRWWH� Z \ ���� ]� [ue ijb]eZr_g gZ F_`�

^mgZjh^guc Dhg]j_kk fZl_fZlbdh\ �,&0 ���� dhlhjuc ijhoh^be \ ]� Px�

jbo_ �R\_cpZjby�� Ihemqbe i_jkhgZevgu_ ijb]eZr_gby hl Ij_ab^_glZ

Dhg]j_kkZ ijhn_kkhjZ +�&DUQDO ± 8QLY� RI %HUQH b qe_gZ Hj]ZgbaZpbhggh]h

Dhfbl_lZ Dhg]j_kkZ ijhn_kkhjZ (UZLQ %ROWKDXVHQ ± 8QLY� RI =�ULFK� JZamf_�

_lky� \kz wlh mkdhjbeh gZibkZgb_ fhgh]jZnbb� AZf_qm� qlh m`_ ihke_ im[�

ebdZpbb \ ���� ]h^m \ `mjgZe_ ³Db[_jg_lbdZ´ i_j\h]h njZ]f_glZ \hagbdeZ
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g_h[oh^bfhklv [he__ ih^jh[gh]h hk\_s_gby fZl_jbZeZ �gZ qlh� dklZlb�

iha^g__ mdZaZeb \k_ ki_pbZebklu� dhlhju_ k gbf hagZdhfbebkv��

KgZqZeZ [ueh j_r_gh gZibkZlv jmdhibkv \ h[s_ijbgylhf fZl_fZlb�

q_kdhf klbe_� baeh`b\ fZl_jbZe k [he__ aj_euo ihabpbc� lsZl_evgh i_j_�

jZ[hlZ\ b i_j_hkfukeb\ _]h� H^gZdh� \kdhj_ klZeh ykgh� qlh hjb_glbjh�

\Zlvky gZ^h gZ rbjhdbc djm] qblZl_e_c� bgl_j_kmxsboky fZl_fZlbdhc� lZd

dZd \ dgb]_ aZljZ]b\Zxlky hkgh\Zgby fZl_fZlbdb� Baeh`_gb_ ^he`gh

[ulv ^hklmiguf b g_klZg^Zjlguf� Wlh h[gh\beh p_ev dgb]b� ijh[m^blv \

qblZl_e_ `_eZgb_ l\hjq_kl\Z� ^ey q_]h ihlj_[h\Zehkv dZ`^mx ]eZ\m aZ�

\_jrZlv ijh[e_fZlbqguf j_axf_� B g_\Z`gh aZcfzlky eb qblZl_ev k_jv_a�

ghc gZmqghc jZ[hlhc ih lhc beb bghc ijh[e_f_ beb ijhklh \uihegbl ^b�

e_lZglkdh_ mijZ`g_gb_ ih fZl_fZlbd_� =eZ\gh_� kZf ijhp_kk l\hjq_kl\Z

g_khfg_ggh ijbg_k_l m^h\e_l\hj_gb_«

HklZ\eyy ijhklhc klbev baeh`_gby b g_ \u[jZku\Zy baebrg_ kf_eu_

ml\_j`^_gby� lj_[mxsb_ [he__ kljh]bo ^hdZaZl_evkl\� Z\lhj gZ^__lky� qlh

^ZggZy fhgh]jZnby [m^_l k\h_]h jh^Z p_gljhf djbklZeebaZpbb b^_c� dhlh�

ju_ khklZ\yl hkgh\m gh\hc dhee_dlb\ghc jZajZ[hldb� lZd dZd kh]eZkgh

=�E_[_]m bklhjby h\eZ^_gby fZl_fZlbq_kdbf nZdlhf ± wlh ³« bklhjby

f_^e_gghc b ^he]hc dhee_dlb\ghc jZ[hlu«´� Z ³BklbgZ kby_l lhevdh \

]eZaZo l_o� dlh _z ^he]h bkdZe� ^hklZlhqgh ^he]h� qlh[u aZkem`blv m\b^_lv

_z�´

DZkZykv kh^_j`Zgby� aZf_qm� qlh ki_dlj aZljZ]b\Z_fuo \ dgb]_ \h�

ijhkh\ \_kvfZ h[rbj_g� gZqbgZy k ZdkbhfZlbdb qbk_e gh\hc ijbjh^u

�∆ �qbk_e� b dhgqZy ω�hlh[jZ`_gbyfb p_euo jZa^_eh\ fZl_fZlbdb� ?kl_�

kl\_ggh� \hafh`gu dZd ehdZevgu_� lZd b ]eh[Zevgu_ \hajZ`_gby b g_kh�

]eZkby k ihabpb_c Z\lhjZ� H^gZdh� ba\_klgh� qlh ³BklbgZ ± ^hqv \j_f_gb´

�³7HPSRULV ILOLD YHULWDV´��
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< ���� ]� E�Wce_j \ ibkvf_ d @�>ZeZf[_jm ml\_j`^Ze� qlh OQQ bf_�

_l [_kdhg_qgh fgh]h agZq_gbc� dhlhju_ \k_ y\eyxlky dhfie_dkgufb qbk�

eZfb� aZ bkdexq_gb_f kemqZy� dh]^Z Q > � � lh]^Z h^gh ba agZq_gbc ^_ckl�

\bl_evgh� Gh >ZeZf[_j ^h dhgpZ k\h_c `bagb �hg� dZd b E�Wce_j� mf_j \

���� ]�� g_ kh]eZkbeky k wlbf ml\_j`^_gb_f� iheZ]Zy� qlh ( )OQ − =� �

( ) ( ) ( )− =
−


 ⇒ − = + − − ⇒�

�

�
� � �OQ OQ OQ

( ) ( ) ( ) )⇒ ⋅ − = + = ⇒ − =� � � � � �OQ OQ OQ �

Wlhl kihj kqblZ_lky aZdhgq_gguf \ ihevam Wce_jZ� H^gZdh� «

« < j_amevlZl_ bkke_^h\Zgby ^_ckl\by ³ijhs_´ keh`_gby ihemq_gh

jZkrbj_gb_ ihey 5 ^_ckl\bl_evguo qbk_e >��� ��� ��@� NZdlbq_kdb� j_Z�

ebamy hlh[jZ`_gb_ ihey 5 hlghkbl_evgh ³g_kh[kl\_ggh]h´ qbkeZ ( )− ∞
�hljbpZl_evghc ³ZdlmZevghc´ [_kdhg_qghklb�� knhjfbjh\Zg j_ne_dkb\guc

h[jZa ihey 5 � h[hagZq_gguc dZd �∆ −ihe_ qbk_e gh\hc ijbjh^u

�∆ �qbk_e��� < dgb]_ ^Zgh djZldh_ hibkZgb_ fgh`_kl\Z ∆ �qbk_e b ihdZaZgh�

qlh ( )∆D D
N N= − � ]^_ ( )D N� ∈5 � N ≠ �� Z ( )OQ − =� �∆ b

( ) ( )� � � �⋅ − = + =OQ OQ � �@� >ZeZf[_j� \ dZdhc�lh kl_i_gb� [ue ijZ\ � � «

<\_^y ij_^klZ\e_gb_ h[ ω�ijhkljZgkl\Zo b ω�hlh[jZ`_gbyo fZl_�

fZlbq_kdbo h[t_dlh\� Z\lhj ihemqbe p_euc jy^ fZl_fZlbq_kdbo h[t_dlh\

gh\hc ijbjh^u �FHGI�� < dgb]_ ijb\_^_gu lhevdh g_dhlhju_ j_amevlZlu

wlh]h bkke_^h\Zgby� < i_j\hhkgh\_ _]h [ueZ ihiuldZ kbgl_abjh\Zlv f_lh�

^u h[t_dlgh�hjb_glbjh\Zggh]h ijh]jZffbjh\Zgby b ZgZeh]bc� < blh]_

knhjfbjh\ZgZ h[sZy ko_fZ hibkZgby gh\uo h[t_dlh\� B� dZd qZklguc

ijbf_j wlhc ko_fu� \ dgb]_ ij_^klZ\e_gu hl^_evgu_ njZ]f_glu fh^_eb�

jh\Zgby FHGI� < dZq_kl\_ \\h^gh]h aZf_qZgby gZihfgbf qblZl_ex� qlh

ihgylb_ h[t_dlZ �REMHFW� \ HHI ^hihegy_lky hkgh\gufb _]h k\hckl\Zfb�

bgdZikmeypb_c� l�_� h[t_^bg_gb_f \ h^ghf h[t_dl_ ^Zgguo b ^_ckl\bc gZ^

� KlhjhggbdZf lhevdh ³ihl_gpbZevghc´ [_kdhg_qghklb ke_^m_l \kihfgblv� qlh _s_

B�Gvxlhg g_ ijbagZ\Ze hljbpZl_evgu_ qbkeZ b� _kl_kl\_ggh� g_ kqblZe gmev qbkehf�

lZd dZd� ih _]h fg_gbx� ³qbkeh� hlghr_gb_ h^ghc \_ebqbgu d ^jm]hc lh]h `_ jh^Z�

ijbgylhc aZ _^bgbpm´� Z =�E_c[gbp iheZ]Ze� qlh ³hlghr_gby� \ dhlhjuo ij_^u^msbc

beb ihke_^mxsbc qe_g f_gvr_ gmey g_ y\eyxlky bklbggufb�´

< gZklhys_c dgb]_ ( )−∞ \\h^blky dZd i_j_k_q_gb_ fgh`_kl\ �∆ b 5 �

{ }�∆ I 5 = −∞ �
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gbfb� gZke_^h\Zgb_f� iha\heyxsbf kha^Z\Zlv b_jZjobx h[t_dlh\ hl ijh�

klh]h �ij_^dZ� ^h keh`guo �ihlhfdh\� kh k\hckl\Zfb ij_^r_kl\mxsbo

we_f_glh\ �\ qZklghklb� ± dhgkljmbjh\Zlv ^j_\h\b^gmx kljmdlmjm k ^hfb�

gbjmxsbf nZdlhjhf khq_lZgby gZke_^h\Zgby m ij_^dh\ oZjZdl_jbklbd b

jZa\blb_f kh[kl\_gguo k\hckl\� b� gZdhg_p� ihebfhjnbafsf� hagZqZx�

sbf� qlh ^ey jZaebqguo jh^kl\_gguo h[t_dlh\ fh`gh aZ^Zlv _^bguc deZkk

^_ckl\bc� <kz wlh \ kh\hdmighklb k f_lh^hf ZgZeh]bc ihjh^beh gh\uc fZ�

l_fZlbq_kdbc ZiiZjZl� dhlhjuc g_ba[_`gh �_kl_kl\_ggh� ijb\ze d hldju�

lbx b hibkZgbx FHGI� �DZd [m^_l hlf_q_gh \ ����� ijbzfu gh\h]h ZiiZ�

jZlZ bkihevah\Zebkv \kx^m b \k_]^Z��

BaukdZgb_ b jZajZ[hldZ FHGI j_Zebah\ZgZ gZ ljzo kf_`guo mjh\�

gyo�

Z� g_ihkj_^kl\_ggh_ bamq_gb_ FHGI ^ey \gmlj_gg_]h jZa\blby fZ�

l_fZlbdb b jZpbhgZebaZpbb j_r_gby g_dhlhjuo _z aZ^Zq�

[� ih^^_j`dZ i_j\h]h mjh\gy \ p_eyo jZkrbj_gby h[eZkl_c ^himklb�

fuo agZq_gbc nmgdpbc�

\� bkke_^h\Zgb_ \hafh`ghkl_c gh\h]h f_lh^Z� gZa\Zggh]h j_ne_d�

kb\guf \ iehkdhklb ihemq_gby dhgdj_lguo ijZdlbq_kdbo j_amevlZlh\ im�

l_f fh^_jgbaZpbb ba\_klguo f_lh^h\ ihbkdZ hilbfZevguo j_r_gbc�

Ba FHGI \ jZ[hl_ hibkZgu fZl_fZlbq_kdb_ ijhkljZgkl\Z� hi_jZ�

pbb� qbkeZ� nmgdpbb� ijhba\h^gu_� bgl_]jZeu b g_dhlhju_ ^jm]b_� <k_ hgb

y\bebkv j_amevlZlhf ijhkl_crbo ω�hlh[jZ`_gbc k ihdZaZl_evghc nmgd�

pb_c k\yab�

< dgb]_ ijb\_^_gh fgh]h jZaebqguo ^hdZaZl_evkl\� dhlhju_ fh`gh

h[t_^bgblv \ h^bg pbde ijbf_jh\� beexkljbjmxsbo b ihykgyxsbo j_n�

e_dkb\guc f_lh^ ω�hlh[jZ`_gbc� JZkrbj_gb_ beb ehdZebaZpby baeZ]Z_�

fh]h fZl_jbZeZ \iheg_ ^himklbfu� K wlhc ihabpbb hl^_evgu_ ^hdZaZl_ev�

kl\Z hli_qZlZgu f_edbf rjbnlhf� HldZa hl kljh]hklb ^hdZaZl_evkl\�

^_deZjZlb\ghklv hk\_s_gby nZdlh\ k\yaZgu k ihiuldhc mijhklblv l_dkl b

h]jZgbqblvky p_evx� mdZaZlv qblZl_ex gZ \hafh`ghklv kZfhklhyl_ev�

gh]h l\hjq_kdh]h ihbkdZ \ ijh[e_fZlbd_ baeh`_ggh]h fZl_jbZeZ� Zdp_g�

lbjmy \gbfZgb_ gZ ^hfbgbjmxsbo ihklmeZlZo dhgp_ipbb hibkZgguo gb`_

ω�hlh[jZ`_gbc�

± \ ZgZeh]bqguo ih kljmdlmj_ Z[kljZdlguo fZl_fZlbq_kdbo

ω�ijhkljZgkl\Zo ^himklbfu \aZbfgh h^ghagZqgu_ hlh[jZ`_gby h[t_d�

lh\�

± hi_jZpby hlh[jZ`_gby ba Lω \ Mω ( )L M≠ ijb\h^bl d ljZgknhj�

fZpbb h[t_dlZ \ khhl\_lkl\bb k g_dhlhjhc nmgdpb_c k\yab�

± kms_kl\mxl bgnbgblgu_ ki_dlju ω�h[jZah\ fZl_fZlbq_kdbo h[t�

_dlh\�
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����� <\h^gu_ aZf_qZgby

Ih^ fZl_fZlbq_kdbf ijhkljZgkl\hf \ ^Zgghc jZ[hl_ ihgbfZ_lky \k_

fgh`_kl\h fZl_fZlbq_kdbo h[t_dlh\� k\ya_c b hlghr_gbc f_`^m gbfb�

GZijbf_j� _keb ω� ± wlh h[s_ba\_klgh_ fZl_fZlbq_kdh_ ijhkljZgkl\h� lh

�
�

ω = ℑ
=
�
N

Q

N � ]^_ ℑ −N jZaebqgu_ fZl_fZlbq_kdb_ ZiiZjZlu� kh^_j`Z�

sb_� \ k\hx hq_j_^v� dhg_qgh_ beb bgnbgblgh_ fgh`_kl\h fZl_fZlbq_�

kdbo h[t_dlh\� G_ lhevdh hl^_evgu_ h[t_dlu� hlghr_gby f_`^m gbfb b

jZagu_ [ehdb� ba h[t_dlh\ b hlghr_gbc \ \b^_ nhjfme� l_hj_f� fZl_fZlb�

q_kdbo ZiiZjZlh\� gh b \kz \ p_ehf fZl_fZlbq_kdh_ ijhkljZgkl\h ω�

�beb ^jm]h_ ijhkljZgkl\h M
S

P

Sω = ℑ
=
�
�

�� khklhys__ ba wlbo h[t_dlh\� hl�

ghr_gbc b [ehdh\ kqblZ_lky lh`_ fZl_fZlbq_kdbf h[t_dlhf� l�_� �ω =

= + − × ÷
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5 &� −fgh`_kl\Z ^_ckl\bl_evguo� dhfie_dkguo b ^jm]bo qbk_e�
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Q

Q
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8

[

∂
∂

8 L
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G[∫ �� ± khhl\_lkl\_ggh fgh`_kl\Z \k_\hafh`guo nmgd�

pbc ( )8 � ijhba\h^guo
Q

Q
L

8

[

∂
∂









 � bgl_]jZeh\ 8 L

U

G[∫ �� b ^jm]bo fZl_fZ�

lbq_kdbo h[t_dlh\� hlghr_gbc b [ehdh\� y\ey_lky ]eh[Zevguf fZl_fZlb�

q_kdbf h[t_dlhf� ?kl_kl\_ggh� qlh� \ ^Zgghf kemqZ_� p_e_khh[jZagh

bkke_^h\Zlv ki_dlj \eh`_gbc fgh`_kl\ h[t_dlh\ b hibkZlv bo b_jZjobx�

H^gZdh� k p_evx mijhs_gby baeh`_gby \ jZ[hl_ wlhl \hijhk g_ jZkkfZljb�

\Z_lky� GZdhg_p� ba \k_o hlghr_gbc \aylu lhevdh ijhkl_crb_� l�_� Ze]_[�

jZbq_kdb_ hi_jZpbb� hi_jZg^u b j_amevlZlu dhlhjuo \oh^yl \ h^gh b lh `_

�
;ehdhf gZah\zf eh]bq_kdb k\yaZggh_ dhg_qgh_ �dhfiZdl� beb bgnbgblgh_ �h[eZklv�

fgh`_kl\h h[t_dlh\ b hlghr_gbc�



�

fgh`_kl\h� Gb`_ jZkkfhlj_gu g_dhlhju_ Ze]_[jZbq_kdb_ hi_jZpbb gh\hc

ijbjh^u dZd bg]j_^b_glu bgnbgblgh]h fgh`_kl\Z Ze]_[jZbq_kdbo hi_jZ�

pbc� Ijbf_jZfb lZdbo y\eyxlky δ �hi_jZpbb� h[jZamxsb_ bgnbgblgh_

fgh`_kl\h ∆Q − hi_jZpbc ijhs_ keh`_gby� Z lZd`_ fgh`_kl\h j_ne_d�

kb\guo hi_jZpbc� knhjfbjh\Zgguo gZ fgh`_kl\_ nmgdpbc� e_`Zsbo \ hk�

gh\_ ω�hlh[jZ`_gbc� < gZklhys_c jZ[hl_ bamq_gu lhevdh ^\_ j_ne_dkb\�

gu_ hi_jZpbb� ihemq_ggu_ gZ hkgh\_ ihdZaZl_evghc nmgdpbb

ω�hlh[jZ`_gby�

���� Dhgp_ipby ω�hlh[jZ`_gbc

Hdjm`Zxsbc gZk fbj khklhbl ba h[t_dlh\� oZjZdl_jbamxsboky

k\hckl\Zfb� dhlhju_ iha\heyxl hlebqZlv h^bg h[t_dl hl ^jm]bo�

K\hckl\Z h[t_dlh\ fh`gh ih^jZa^_eblv gZ ^\Z \b^Z�

�� \gmlj_ggb_ ± k\yaZggu_ kh kljh_gb_f h[t_dlZ�

�� \g_rgb_ ± hij_^_ey_fu_ kljmdlmjhc ^jm]h]h h[t_dlZ� khklZ\ghc

qZklvx dhlhjh]h y\ey_lky ^Zgguc�

< ]eh[Zevghf ihgbfZgbb kmlb h[t_dlZ _]h k\hckl\Z lh`_ y\eyxlky

we_f_glZjgufb h[t_dlZfb�

< j_Zevghf fbj_ fu bf__f ^_eh k h[t_dlZfb� bf_xsbfb [_kdhg_q�

gh_ qbkeh k\hckl\� >ey jZ[hlu k wlbfb h[t_dlZfb ^hklZlhqgh h]jZgbqblv�

ky lhevdh ^hfbgbjmxsbfb k\hckl\Zfb� l�_� l_fb� dhlhju_ gZk bgl_j_kmxl

eb[h hdZau\Zxl \ebygb_ gZ bgl_j_kmxsb_ gZk k\hckl\Z� L_f kZfuf h[_k�

i_qb\Z_lky i_j_oh^ hl h[t_dlZ k [_kdhg_qguf qbkehf k\hckl\ d h[t_dlm k

dhg_qguf iZd_lhf k\hckl\� Hlf_lbf� qlh lZdZy aZf_gZ g_ h[yaZl_evgh

hagZqZ_l ZiijhdkbfZpbx� fh`gh j_Zebah\Zlv Z[khexlgh lhqgmx� aZf_�

gm� hi_jbjmy k dhg_qguf qbkehf k\hckl\�

Ihykgbf \ur_kdZaZggh_ \ ke_^mxsbo ijhkluo l_hj_fZo� � >ey

[hevr_c ykghklb hij_^_e_gbc \\h^blky ihgylb_ gZ[ex^Zl_ey� GZ[ex^Z�

l_ev ± wlh ³Z[kljZdlguc´ h[t_dl �qZs_ \k_]h \ _]h jheb \uklmiZ_l q_eh�

\_d�� g_ \oh^ysbc \ k\hckl\Z gZ[ex^Z_fh]h �bkke_^m_fh]h� h[t_dlZ� GZ�

[ex^Zl_ev \hkijbgbfZ_l gZ[ex^Z_fuc h[t_dl� gh gbdZdh]h \ebygby gZ _]h

k\hckl\Z g_ hdZau\Z_l�

L_hj_fZ �� ?keb ^\Z h[t_dlZ bf_xl dhg_qgh_ qbkeh h^bgZdh\uo

\gmlj_ggbo b \g_rgbo k\hckl\� lh wlb h[t_dlu y\eyxlky g_ q_f bguf� dZd

h^gbf b l_f `_ h[t_dlhf�

� >hdZaZl_evkl\Z wlbo h[hkh[e_gguo l_hj_f \ gZklhys_c dgb]_ hlkmlkl\mxl� Ij_^ih�

eZ]Z_lky ijb\_klb bo \ h[s_c l_hjbb h[t_dlh\� Gmf_jZpby \\h^guo l_hj_f g_ khhl�

\_lkl\m_l _^bghc gmf_jZpbb l_hj_f dgb]b�



�

L_hj_fZ �� ?keb h^bg h[t_dl kh^_j`bl \ k_[_ ^jm]hc� lh gZ[ex^Z�

l_ev� bgl_j_kmxsbcky \gmlj_ggbfb k\hckl\Zfb \lhjh]h �\kljh_ggh]h�

h[t_dlZ� fh`_l g_ h[jZsZlv \gbfZgby gZ kms_kl\h\Zgb_ i_j\h]h h[t_dlZ�

sÈ­ã
�È�Ëã	

|­�Ë}� �

|­�Ë}� �

L_hj_fZ �� ?keb bf_xlky ^\Z h[t_dlZ k h^bgZdh\ufb \gmlj_ggbfb

k\hckl\Zfb� jZkiheh`_ggu_ \gmljb lj_lv_]h� lh hgb bf_xl jZaebqgu_

\g_rgb_ k\hckl\Z� �?keb `_ \g_rgb_ k\hckl\Z kh\iZ^Zxl� lh kh]eZkgh l_h�

j_f_ � wlh h^bg b lhl `_ h[t_dl��

sÈ­ã
�È�Ëã	

|­�Ë}� �

|­�Ë}� �

|­�Ë}� �

Ba ijb\_^_ggh]h ykgh� qlh gZ[ex^Zl_ev g_ aZf_lbl jZagbpu f_`^m

h[t_dlZfb � b �� ihkdhevdm hg bgl_j_km_lky bo \gmlj_ggbfb k\hckl\Zfb�

|­�Ë}� �

sÈ­ã
�È�Ëã	
|­�Ë}� �

|­�Ë}� �

GZ[ex^Zl_ev� bgl_j_kmykv \gmlj_ggbfb k\hckl\Zfb h[t_dlh\ � b ��

gZ[ex^Z_l b \g_rgb_ k\hckl\Z wlbo h[t_dlh\ hlghkbl_evgh h[t_dlZ �� lh

hg m\b^bl jZaebqb_ �ih \g_rgbf k\hckl\Zf� f_`^m gbfb�

Bgl_j_kguc wnn_dl fh`gh ihemqblv� _keb gZ[ex^Zlv h[t_dl � ba

h[t_dlZ �� l�_� hlh[jZablv h[t_dl � \ h[t_dl � k mq_lhf hlebqbc \h \g_rgbo

k\hckl\Zo�



��

L_hj_fZ �� ?keb h[t_dlu � b � bf_xl h^bgZdh\u_ \gmlj_ggb_ k\hc�

kl\Z� gh jZaebqgu_ \g_rgb_� lh hlghkbl_evgh gZ[ex^Zl_ey ba h[t_dlZ �

\gmlj_ggb_ k\hckl\Z h[t_dlh\ � b � jZaebqgu�

sÈ­ã
�È�Ëã	

|­�Ë}� �

|­�Ë}� �

|­�Ë}� �

L_hj_fZ �� >ey gZ[ex^_gby h[t_dlZ � ba h[t_dlZ � k h^bgZdh\ufb

\gmlj_ggbfb k\hckl\Zfb� mqblu\Zy hlebqby \h \g_rgbo k\hckl\Zo hlghkb�

l_evgh h[t_dlZ �� ^hklZlhqgh agZlv hlebqb_ h^gh]h \gmlj_gg_]h k\hckl\Z

h[t_dlZ � hl ZgZeh]bqgh]h gZ[ex^Z_fh]h k\hckl\Z h[t_dlZ �� <k_ hklZev�

gu_ hlh[jZ`_ggu_ \gmlj_ggb_ k\hckl\Z fh`gh ihemqblv ba wlh]h hlebqby�

|­�Ë}� �

sÈ­ã
�È�Ëã	|­�Ë}� � |­�Ë}� �

A^_kv ke_^m_l aZf_lblv h]jZgbq_gb_ gZ l_hj_fm �� Iheghklvx hlh�

[jZablv h[t_dl � \ h[t_dl � fh`gh lhevdh \ lhf kemqZ_� _keb \k_ hlh�

[jZ`Z_fu_ \gmlj_ggb_ k\hckl\Z h[t_dlZ � bf_xlky \h \gmlj_ggbo k\hc�

kl\Zo h[t_dlZ �� < hklZevguo kemqZyo fu fh`_f ]h\hjblv h[

hlh[jZ`_gbb hl^_evguo k\hckl\�

L_hj_fZ �� ?keb ^\Z h[t_dlZ bf_xl h^bgZdh\u_ \gmlj_ggb_ k\hckl�

\Z� gh jZaebqgu_ \g_rgb_ b ijb hlh[jZ`_gbb \lhjh]h h[t_dlZ \ i_j\uc

dZdh_�eb[h hlh[jZ`_ggh_ k\hckl\h h[t_dlZ � kh\iZ^Z_l k dZdbf�eb[h k\hc�

kl\hf h[t_dlZ �� lh b hklZevgu_ hlh[jZ`_ggu_ k\hckl\Z bf_xlky \ h[t_dl_

��

Ijb\_^_ggu_ l_hj_fu y\bebkv hkgh\hiheZ]Zxsbfb \_oZfb \ ijh�

p_kk_ nhjfbjh\Zgby l_hj_lbq_kdhc [Zau dhgp_ipbb ω�hlh[jZ`_gbc�

K^_eZ_f g_kdhevdh h[s_^hklmiguo ihykg_gbc� :iiZjZl ω�hlh[jZ`_gbc

ex[uo h[t_dlh\ �fZl_jbZevguo b Z[kljZdlguo� ± wlh kbkl_fZ hi_jZpbc

jZa^_e_gby k\hckl\ �nmgdpbc� h[t_dlh\ b ljZgknhjfZpbb wlbo h[t_d�

lh\ \ j_amevlZl_ aZdhghf_jgh]h baf_g_gby wlbo k\hckl\ �nmgdpbc��



��

Kn_jZ ijbf_g_gby \ur_mdZaZggh]h ZiiZjZlZ ± wlh \kz ]eh[Zevgh_

ijhkljZgkl\h �fZl_jbZevgh_ b Z[kljZdlgh_�� ihgbfZ_fh_ dZd bgnbgblgh_

fgh`_kl\h \k_\hafh`guo h[t_dlh\ b k\ya_c f_`^m gbfb� Wlhl ZiiZjZl bk�

ihevam_lky ba^j_\e_ b j_Zebam_lky gug_� >_ckl\bl_evgh� \havfzf ex[u_

^\Z ij_^f_lZ �gZijbf_j� ^\Z gh`Z� jZagu_ ih dhgnb]mjZpbb �nhjf_�� gh

h^bgZdh\u_ ih nmgdpbb ijbgZ^e_`ghklb beb gZagZq_gby �kh^_j`Zgbx��

?keb khh[sblv �g_ ihdZau\Zy�� gZ[ex^Zl_ex� qlh \ klhe_ gZoh^ylky ^\Z lZ�

dbo�lh ij_^f_lZ� lh m g_]h \hagbdg_l Zkkhpbbjh\Zgguc h[jZa ij_^f_lZ�

knhjfbjh\Zgguc \ j_amevlZl_ kbgl_aZ nmgdpbc ijbgZ^e_`ghklb b ba]h�

lh\e_gby �ih^ nmgdpb_c ba]hlh\e_gby ihgbfZ_f hkgh\gu_ we_f_glu� ba

dhlhjuo khklhbl ij_^f_l� gZijbf_j� e_a\b_ b jmqdZ m gh`Z�� JZamf__lky�

h[yaZl_evguf mkeh\b_f wlh]h y\ey_lky gZebqb_ \ iZfylb bgnhjfZpbb h

ij_^f_l_� l�_� gZ[ex^Zl_ev ^he`_g [ulv agZdhf k ij_^f_lhf� �QZs_ \k_]h

gbdZdh]h h[jZaZ \hh[s_ g_ ihy\ey_lky� Z jhev h[jZaZ \uihegy_l bglmblb\�

gh_ ihgbfZgb_ ijbgZ^e_`ghklb ij_^f_lZ�� Qzldh_ ij_^klZ\e_gb_ h[ h[t�

_dlZo \hafh`gh ebrv ijb ihklmie_gbb ^hihegbl_evghc bgnhjfZpbb h

jZaf_jZo� nhjf_� p\_l_ b ^jm]bo dZq_kl\Zo ij_^f_lh\ b we_f_glh\� ba dh�

lhjuo hgb khklhyl�

<hagbdgh\_gb_ fZl_fZlbdb lh`_ k\yaZgh k j_ZebaZpb_c ZiiZjZlZ

ω�hlh[jZ`_gbc� GZijbf_j� \u^_eyy \ k_jbb ij_^f_lh\ lhevdh bo dhebq_�

kl\h b hl[jZku\Zy \k_ hklZevgu_ k\hckl\Z �oZjZdl_jbklbdb�� kha^Zeb qbkeZ

b ^_ckl\by gZ^ gbfb� Z bamqZy h[sb_ k\hckl\Z [_kdhg_qgh fZeuo \_ebqbg�

kdhgkljmbjh\Zeb ^bnn_j_gpbZevgh_ b bgl_]jZevgh_ bkqbke_gby�

LZdbf h[jZahf� ]eh[Zevgh_ gZagZq_gb_ ZiiZjZlZ ω�hlh[jZ`_gbc wlh

k_e_dlb\gh_ jZa^_e_gb_ b baf_g_gb_ nmgdpbc� oZjZdl_jbamxsbo ex[hc

h[t_dl� < j_amevlZl_ q_]h j_Zebam_lky hihagZgb_ h[t_dlZ b _]h ljZgknhj�

fZpby� :iiZjZl ω�hlh[jZ`_gbc ± wlh gZb[he__ ba\_klguc f_lh^ \aZbfh�

^_ckl\by ³gZ[ex^Zl_ey´ b ³h[t_dlZ´�

I_j_oh^y d fZl_fZlbq_kdhc bgl_jij_lZpbb ZiiZjZlZ ω�hlh[�

jZ`_gbc� knhjfmebjm_f ^hfbgbjmxsb_ ihklmeZlu fZl_fZlbq_kdhc dhg�

p_ipbb ω�hlh[jZ`_gbc� ijb\_^_ggu_ \h \\_^_gbb�

± \ ZgZeh]bqguo ih kljmdlmj_ Z[kljZdlguo fZl_fZlbq_kdbo

ω�ijhkljZgkl\Zo ^himklbfu \aZbfgh h^ghagZqgu_ hlh[jZ`_gby h[t_d�

lh\�

± hi_jZpby hlh[jZ`_gby ba h^gh]h ijhkljZgkl\Z \ ^jm]h_ ijb\h^bl d

ljZgknhjfZpbb h[t_dlZ \ khhl\_lkl\bb k g_dhlhjhc nmgdpb_c k\yab�

± kms_kl\mxl bgnbgblgu_ ki_dlju ω�h[jZah\ fZl_fZlbq_kdbo h[t�

_dlh\�

Ihykgbf wlh gZ nZdlbq_kdhf fZl_jbZe_�



��

Imklv \k_ ba\_klgu_ fZl_fZlbq_kdb_ h[t_dlu �qbkeZ� nmgdpbb�

nmgdpbhgZeu� ijhba\h^gu_� bgl_]jZeu b l�^�� ijbgZ^e_`Zl ijhkljZgkl\m

�ω � LZd dZd b h[t_dlu b k\yab f_`^m gbfb fh`gh jZg`bjh\Zlv

�gZijbf_j� hi_jZpbx mfgh`_gby kqblZlv gZ ihjy^hd \ur_ keh`_gby� Z

\ha\_^_gb_ \ kl_i_gv khhl\_lkl\_ggh \ur_ mfgh`_gby�� lh� bkihevamy mk�

eh\ghklv b hlghkbl_evghklv ex[hc b_jZjobb� \f_klh �ω \\_^zf ihgylb_

g_dhlhjh]h Z[kljZdlgh]h ijhkljZgkl\Z �ω � Hgh b^_glbqgh �ω ih \gml�

j_gg_fm kljh_gbx� l�_� ³gZ[ex^Zl_ev´� gZoh^ysbcky \ �ω � g_ aZf_lbl gb�

dZdbo hlebqbc hl �ω � H^gZdh� \k_ h[t_dlu b k\yab f_`^m gbfb ljZgknhj�

fbjmxlky ijb hlh[jZ`_gbb bo ba �ω \ �ω � qlh ih^qzjdb\Z_l jZaebqb_

wlbo ijhkljZgkl\� g_kfhljy gZ \gmlj_ggxx ZgZeh]bx� Imklv nmgdpby k\y�

a_c ( )FI f_`^m �ω b �ω y\ey_lky ihdZaZl_evghc
F
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b N ≠ �� ihemqbf b^_glbnbpbjh\Zggh_ h[hagZq_gb_ qbk_e ih ω�nZdlhjm�
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hi_jZpbc k ^\mfy hi_jZg^Zfb � dhgklZlbjm_f nZdl kms_kl\h\Zgby

bgnbgblgh]h ki_dljZ wlbo hi_jZpbc �
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<iheg_ hq_\b^_g nZdl ijh^he`_gby pbdeZ hij_^_e_gbc hi_jZpbc \

klhjhgm m\_ebq_gby Q ( )Q > � � Ijbq_f� \ wlhf bgnbgblghklv hi_jZpbc
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Q < � lh`_ ^he`gh \_klb d bgnbgblghklb hi_jZpbc � ohly wlm kblmZpbx

^hklZlhqgh ljm^gh fZl_fZlbq_kdb hibkZlv � Ke_^m_l lZd`_ aZf_lblv � qlh

ijb Q ∉= � \hafh`gh� kms_kl\mxl hi_jZpbb � hibkZgb_ dhlhjuo hkgh\Zgh

gZ ^jm]hf ijbgpbi_ �ijb Q ∈= hi_jZpbb nhjfbjh\Zebkv ih f_lh^m ZgZ�

eh]bc��

DZd \b^gh ba lZ[ebpu � \ bgnbgblghf fgh`_kl\_ hi_jZpbc j_Zebam�

_lky ljZgkihabpby hlghr_gbc bg\_jkbb ( )L = � �� �

WdkljZiheypby hi_jZpbc \ klhjhgm m\_ebq_gby bo bg^_dkZ ( )Q > �

hkeh`gy_lky� k h^ghc klhjhgu � \ k\yab k g_h[oh^bfhklvx hi_jbjh\Zlv k

fgh`_kl\Zfb � h[eZ^Zxsbfb ki_pbnbqgufb b fZehbamq_ggufb k\hckl\Z�

fb� k ^jm]hc klhjhgu � k \hagbdgh\_gb_f jy^Z Zevl_jgZlb\guo b iZjZ^hd�

kZevguo kblmZpbc � dhlhju_ lhevdh qZklbqgh fh]ml [ulv jZaj_rbfu f_lh�

^Zfb ^_kdjbilb\ghc l_hjbb fgh`_kl\ b iml_f bgt_dlbjh\Zgby \

ba\_klgu_ ZdkbhfZlbdb �I_Zgh� P_jf_eh�Nj_gd_ey b ^j�� ^hihegyxsbo

mlhqg_gbc ^ey h[eZkl_c ^hklZlhqgh [hevrbo \_ebqbg b klj_fysboky d

[_kdhg_qghklb � Ke_^m_l aZf_lblv � qlh ihemq_gb_ j_amevlZlh\ hi_jZpbc

ijb Q = � g_ ij_^klZ\ey_l [hevrhc keh`ghklb �

>ZggZy deZkkbnbdZpby hi_jZpbc g_ _^bgkl\_ggZy � JZkkfhljbf deZk�

kbnbdZpbx hi_jZpbc b qbk_e ih ω�nZdlhjm� DZd ke_^m_l ba e_ffu �����

ex[h_ fgh`_kl\h ba { }∆5 5 5 5� � �− I LU gZ fgh`_kl\_ �5 − wlh j_�

amevlZl ihke_^h\Zl_evghc p_ib h^ghjh^guo ω�hlh[jZ`_gbc � lZd dZd

∆5 5 5 5? ? ? ? ? ?� � � � � �ω ω ω ω ω ω→ → →− I LU

Wlm p_iv fh`gh ijh^he`blv \e_\h beb \ijZ\h ^h [_kdhg_qghklb �
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dZd mdZau\Zehkv � ij_^klZ\ey_l kh[hc bgnbgblguc ki_dlj bgnbgblguo

fgh`_kl\ lbiZ�
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b qbk_e� knhjfbjh\Zggmx ih ω�nZdlhjm� AZf_lbf� qlh \ur_mdZaZggZy

p_iv hi_jZpbc b qbk_e iha\hey_l gZf \u^_eblv \h fgh`_kl\_

iheh`bl_evguo qbk_e +5 fgh`_kl\Z qbk_e� dhlhju_ ih agZqbfhklb
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< aZdexq_gb_ aZf_lbf� qlh \ ]eZ\_ ³JZagh_´ �ijbeh`_gby � d hkgh\�

ghfm l_dklm dgb]b baeh`_gu g_dhlhju_ ^hihegbl_evgu_ nZdlu h qbkeZo

gh\hc ijbjh^u �

���� Ijh[e_fZlbdZ qbk_e gh\hc ijbjh^u

Ij_^klZ\e_ggu_ \ur_ j_amevlZlu fZl_fZlbq_kdh]h ihbkdZ qbk_e gh�

\hc ijbjh^u �qbk_e lbiZ / ' - ,5 5 5 5 5� � � �∆ b ^jm]bo� y\eyxlky

ebrv gZqZevghc ihiuldhc djmigh]h fZl_fZlbq_kdh]h bkke_^h\Zgby � JZam�

f__lky� \ g_[hevrhc jZ[hl_ g_\hafh`gh ^Z`_ i_j_qbkeblv \k_ fgh`_kl\h

\hagbdZxsbo \ wlhf gZijZ\e_gbb ijh[e_f� ;he__ lh]h� g_dhlhju_ \hijh�

ku� dhlhju_ m`_ [ueb j_r_gu Z\lhjhf g_ \dexq_gu \ l_dkl dgb]b � Gb`_

i_j_qbkey_lky lhevdh qZklv ijh[e_f� dhlhju_� ih fg_gbx Z\lhjZ� \hagb�

dZxl \ wlhf bkke_^h\Zgbb �

��� G_h[oh^bfh fZl_fZlbq_kdb h[hkgh\Zlv b ijhZgZebabjh\Zlv \k_

fgh`_kl\h hi_jZpbc ³ijhs_´ keh`_gby� GZclb h[sb_ aZdhghf_jghklb \

wlbo hi_jZpbyo � Z lZd`_ baukdZlv b ^hdZaZlv gh\u_ bg\ZjbZglgu_ nhjfm�

eu�

��� Bamqblv ki_dlj qbk_e� jZkiheh`_gguo gZ qbkeh\hc ijyfhc aZ

( )− ∞ � GZclb ^beZlZpbhggu_ k\hckl\Z b ^Zlv ZdkbhfZlbdm qbk_e lbiZ

/5 5� ∆ b l�i�� Kha^Zlv h[smx l_hjbx ∆ �Ze]_[j� < qZklghklb � ihdZaZlv

^_ckl\by gZ^ qbkeZfb \h fgh`_kl\_ ∆ �Ze]_[j�
��� Mlhqgblv b jZkrbjblv ijbf_ju ^hdZaZl_evkl\ \ ω�kbf\hebd_ �

Ijb wlhf ijh\_klb pbde ^hdZaZl_evkl\ k lhqdb aj_gby \ukr_c Ze]_[ju \

iehkdhklb kljh]h]h l_hj_lbdh�fgh`_kl\_ggh]h hibkZgby�

Bkke_^h\Zlv lhiheh]bx ω�ijhkljZgkl\ �
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gZ^ wlbfb qbkeZfb�

Kha^Zlv Ze]hjblfu \uqbke_gby wlbo qbk_e k \ukhdhc lhqghklvx b

hij_^_e_gby � d dZdhfm ω�deZkkm ijbgZ^e_`bl lh beb bgh_ bjjZpbhgZev�

gh_ qbkeh� l�_� j_rblv h[jZlgmx aZ^Zqm ih kjZ\g_gbx k lhc� qlh j_r_gZ \

^Zgghc jZ[hl_���
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jZpbhgZevgufb � GZclb bjjZpbhgZevgu_ qbkeZ� g_ ijbgZ^e_`Zsb_ fgh`_�

kl\m ω�deZkkh\�

��� >Zlv deZkkbnbdZpbx \k_fm bgnbgblghfm fgh`_kl\m qbk_e � ijb�

gZ^e_`Zsbo bgnbgblghfm jZkrbj_gbx ihey ^_ckl\bl_evguo qbk_e � l�_�

kbkl_fZlbabjh\Zlv \kx bgnhjfZpbx h gZ^iheyo� ^ey dhlhjuo ihe_ 5 ^_c�

kl\bl_evguo qbk_e y\ey_lky ihe_f�

��� H[tykgblv k`Zlb_ ihe_c ijb ω�i_j_oh^Zo �gZijbf_j �

∆5 5? ?� �ω ω→ − � − →5 5? ?� �ω ω I � l�_� \ jy^m I5 5� �−

/5 5� ∆ b l�^� ke_\Z gZijZ\h bgnbgblghklv ³\hajZklZ_l´� lZd dZd −5
\dexqZ_l \ k_[y \k_ hljbpZl_evgu_ ^jh[gu_ qbkeZ dZd hl^_evguc h[t_dl �

ZgZeh]bqgh � ∆5 kh^_j`bl h[t_dl� khklhysbc ba fgh`_kl\Z ( )∆ −5 b

l�^���

��� DhfiZdlbabjh\Zlv \_kv fZl_jbZe b \ukdZaZlv khh[jZ`_gby h

ijZdlbq_kdhf _]h ijbeh`_gbb �

��� Bkke_^h\Zlv nmgdpbb gZ ∆ �iheyo ( )/5 5� �∆ � �

��� Hibku\Zy hi_jZpbb Q > � � baukdZlv qbkeZ gh\hc ijbjh^u �

>Z`_ g_iheguc i_j_q_gv \hagbdZxsbo ijh[e_f gZ\h^bl gZ fukev

h bo g_jZaj_rbfhklb � ;he__ lh]h� fh`_l ihy\blvky `_eZgb_ \hh[s_ hldZ�

aZlvky hl ij_^eZ]Z_fhc \ ^Zgghc dgb]_ l_hjbb jZkrbj_gby ihey ^_ckl\b�

l_evguo qbk_e� H^gZdh� wlh jZkrbj_gb_ ± h[t_dlb\gZy j_Zevghklv� < qZ�

klghklb� \hagbdgh\_gb_ fgh`_kl\Z ^jh[guo qbk_e iml_f ω�hlh[jZ`_gbc

hljbpZl_evguo qbk_e − →5 5? ?� �ω ω I _kl_kl\_ggh klZ\bl \hijhk h

kms_kl\h\Zgbb qbk_e� ba dhlhjuo ih^h[guf `_ kihkh[hf fh`gh ihem�

qblv hljbpZl_evgu_ qbkeZ� l�_� − →5 5? ?� �ω ω ∆ b l�^�� Fh`_l kha�

�� GZijbf_j� Z\lhjm g_ m^Zehkv ^hdZaZlv ijbgZ^e_`ghklv qbk_e π � H � d dZdhfm�gb[m^v

ba ω − deZkkh\ bjjZpbhgZevguo qbk_e� ohly lZdbo deZkkh\ [_kdhg_qgh fgh]h�
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^Zlvky \i_qZle_gb_ h[ bkdmkkl\_gghklb ω�ij_h[jZah\Zgbc � lZd dZd \k_

j_amevlZlu ω�hlh[jZ`_gbc gZoh^ylky gZ h^ghc qbkeh\hc hkb� K_jv_agh_

`_ bamq_gb_ ^Zggh]h \hijhkZ k\b^_l_evkl\m_l h lhf� qlh lZdZy ]_hf_ljb�

q_kdZy bgl_jij_lZpby ω�hlh[jZ`_gbc qbkeh\uo ihe_c ebrv ih^q_jdb�

\Z_l kljmdlmjgh_ _^bgkl\h wlbo ij_h[jZah\Zgbc � < lh `_ \j_fy jZaebqb_

\ j_amevlZlZo ω�i_j_oh^h\ qbk_e b khhl\_lkl\_ggh hi_jZpbc ]h\hjbl h[

ω�b_jZjobb qbk_e b hi_jZpbc � Ih fg_gbx Z\lhjZ� ij_^eZ]Z_fuc \ ]eZ�

\_ � fZl_jbZe ± wlh ]eh[ZevgZy h[eZklv ^ey jZafure_gby b l\hjq_kl\Z �

Ijb wlhf ihe_agu dZd imlv� ij_^eZ]Z_fuc Z\lhjhf� lZd b Zevl_jgZlb\guc

imlv ± ihiuldZ jZajmrblv l_hjbx jZkrbj_gby ihey ^_ckl\bl_evguo qb�

k_e� Imlv hljbpZgby gh\h]h� g_klZg^Zjlgh]h � g_ljZ^bpbhggh]h ± wlh

\iheg_ _kl_kl\_ggh_ \ujZ`_gb_ g_kh]eZkby k aZjh`^Zxs_cky bklbghc�

DZd ijZ\beh � wlhl imlv ebrv mdj_iey_l b kihkh[kl\m_l _z klZgh\e_gbx b

ijbagZgbx �
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lmjm d\ZabfZl_jbb��� dhlhjZy oZjZdl_jbam_lky lZdbfb dZl_]hjbyfb� dZd

\hafh`ghklv kms_kl\h\Zgby �l�_� g_h[yaZl_evghklv _z j_Zevgh]h hsms_�

gby�� gh\bagZ b g_ba\_klghklv wlhc j_Zevghklb� hkh[_gghklv nhjfu b kh�

^_j`Zgby _z b l�^�� ;he__ lh]h� hgZ fh`_l h[eZ^Zlv dZq_kl\hf g_h[gZjm�

`_gby �ih djZcg_ f_j_� bf_xsbfbky b i_jki_dlb\gufb kj_^kl\Zfb��

H^gZdh� \hafh`ghklv l_hj_lbq_kdh]h bkke_^h\Zgby ± wlh imlv d _z ihagZ�

gbx b bamq_gbx�

������ ω�hlh[jZ`_gby l_jfh^bgZfbq_kdbo \_ebqbg

< l_jfh^bgZfbd_ ba\_klgu �>��@� klj� �������� ^_kylv hkgh\guo \_�

ebqbg� ^Z\e_gb_ ( )S � h[tzf ( )Y � l_fi_jZlmjZ ( )7 � wgljhiby ( )6 � \gml�

j_ggyy wg_j]by ( )8 � wglZeviby ( )+ � k\h[h^gZy wg_j]by ( )) � l_jfh^bgZ�

fbq_kdbc ihl_gpbZe ( )= � dhebq_kl\h l_ieZ ( )4 b kh\_jrZ_fZy

l_jfh^bgZfbq_kdhc kbkl_fhc jZ[hlZ ( )$ � DZ`^Zy ba wlbo \_ebqbg fh`_l

[ulv \u\_^_gZ dZd nmgdpby ^\mo ^jm]bo� >ey aZibkb wlbo khhlghr_gbc

\\h^blky ihgylb_ ydh[bZgZ�
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Nhjfmeu ������b ������iha\heyxl iheghklvx hibkZlv bgnbgblguc
ki_dlj l_jfh^bgZfbq_kdbo d\Zabihe_c�
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����� Dhgp_ipby j_Zevghklb d\Zabihey�

Bamq_gb_ kfukeZ b kh^_j`Zgby ω�h[jZah\ nbabq_kdbo h[t_dlh\

ijh\h^blky iZjZee_evgh \ ^\mo gZijZ\e_gbyo� f_lh^Zfb h[s_c l_hjbb

h[t_dlh\ b deZkkbq_kdbfb h[s_ba\_klgufb kj_^kl\Zfb� l�_� f_lh^Zfb fZ�

l_fZlbdb� nbabdb b nbehkhnbb� G_h[oh^bfh ijbagZlv� qlh \lhjh_ gZijZ\�

e_gb_ ihdZ gZoh^blky \ wf[jbhgZevghc� ijbqzf� \_kvfZ ijh[e_fZlbq_kdhc

�^Z`_ iZjZ^hdkZevghc� klZ^bb� L_f g_ f_g__� gb`_ baeZ]Z_lky dhgp_ipby

j_Zevghklb d\Zabihey� k\yaZggZy bf_ggh k wlbf gZijZ\e_gb_f� lZd dZd gZ�

klhysZy dgb]Z gZibkZgZ \ iehkdhklb ^hklmiguo f_lh^h\ b y\ey_lky i_j_�

oh^guf a\_ghf hl h[s_ba\_klgh]h d l_hjbb h[t_dlh\�

Ihwlhfm fZl_jbZe ^Zggh]h iZjZ]jZnZ ke_^m_l \hkijbgbfZlv dZd

h^bg ba \hafh`guo ]bihl_lbq_kdbo \a]ey^h\ gZ j_Zevghklv d\Zabihey�

:\lhj jZkiheZ]Z_l� jZamf__lky� b Zevl_jgZlb\gufb fg_gbyfb h nbabq_�

kdhc bgl_jij_lZpbb d\Zabh[t_dlb\ghklb�

Keh`ghklv \hijhkZ k\yaZgZ dZd k g_ijb\uqghc� wdahlbq_kdhc

³kmi_jnjZdlZevghc´ jZaf_jghklvx ex[hc d\Zabkm[klZgpbb �beb d\Zabh[t�

_dlZ�� lZd b k ijhlb\hj_qb\hklvx ihgbfZgby gh\hc nbabq_kdhc j_Zevghklb

ijb h[uqghf kihkh[_ _z jZkkfhlj_gby beb bkke_^h\Zgby� Ihke_^gyy ijb�

gbfZ_lky aZ ^hklh\_jgmx lhevdh ijb ke_^mxsbo mkeh\byo�

Z� hgZ \ibku\Z_lky \ ijhkljZgkl\h gZr_]h fbjhhsms_gby b fbjhih�

gbfZgby�

[� _keb bf__lky m[_^bl_evguc wdki_jbf_glZevguc nZdl� ih^l\_j�

`^Zxsbc _z kms_kl\h\Zgb_� D kh`Ze_gbx� gb h^gh ba wlbo mkeh\bc \ ^Zg�

ghf kemqZ_ ihdZ g_ \uiheg_gh� H^gZdh� \hij_db wlhfm ihiulZ_fky \ukdZ�

aZlv g_dhlhju_ kZfu_ h[sb_ khh[jZ`_gby h j_Zevghklb d\Zabihey«

«DZ`msZyky ijhklhlZ k\ya_c f_`^m h^ghjh^gufb d\Zabiheyfb�

\hafh`ghklv ex[hc ljZgknhjfZpbb fZl_fZlbq_kdhc fh^_eb d\Zabihey im�

lzf ih^klZgh\db gZ\h^bl gZ fukev� qlh ij_^eZ]Z_fuc qblZl_ex fZl_jbZe

h d\Zab\_dlhjghf ZgZeba_ ± wlh ebrv kihkh[ hibkZgby h^ghc b lhc `_ fh�

ghh[jZaghc h[t_dlb\ghc j_Zevghklb� dhlhjZy fh^_ebjm_lky ZiiZjZlhf

\_dlhjgh]h ZgZebaZ� Ml\_j`^_gb_ h[ bgnbgblghf ki_dlj_ lhevdh fZl_fZ�

lbq_kdbo hibkZgbc h^ghc b lhc `_ h[t_dlb\ghc j_Zevghklb b hlkmlkl\bb

bgnbgblghklb _z nbabq_kdbo h[jZah\� \ dZdhc�lh kl_i_gb hijh\_j]Z_lky

jy^hf nZdlh\�

�� < ]eZ\_ � gZklhys_c fhgh]jZnbb [ueZ ihdZaZgZ \hafh`ghklv jZk�

rbj_gby ihey ^_ckl\bl_evguo qbk_e imlzf ω�hlh[jZ`_gbc� GZijbf_j� ba

^jh[guo qbk_e I5 g_ljm^gh ihemqblv hljbpZl_evgu_ −5

( ) ( )( � � � �D D 5D D
N

= → = ∈ −� ? ? �ORJω ω � ]^_ ( )D N 5� ∈ + � ( )N D� > ��
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{ } ( ){ })I N5 5D D= → =−� ? ? �ORJ� �ω ω � ba hljbpZl_evguo ± ∆ �qbkeZ

∆5 ( � � � � �D D D 5N
? ? ORJω ω→ = ∈ ∆ � N ≠ �� N 5∈ � �D 5∈ − �

{ } ( ){ }− = = →5 D N
D� �ORJ � ?ω

{ } ( ){ })→ = =
� �ω ? �ORJ ORJ ORJ∆5 DN N N

D � ba ∆ �qbk_e ± / −qbkeZ

/5 ( � � � � �D D D 5N
? ? ORJω ω→ = ∈

/ � N ≠ �� N 5∈ � �D 5∈ ∆ �

{ } ( ){ })∆5 5 DN N N N
D? ? �ORJ ORJ ORJ ORJ� � �ω ω→ = =/ �

b l�^� Hq_\b^gh� qlh qbkeZ D�� D� � D� � D� b l�^� ± hlebqZ_lky ih \_ebqb�

g_ �nhjf_� b ih ijbgZ^e_`ghklb lhfm beb bghfm fgh`_kl\m

�kh^_j`Zgbx�� gh k\yaZgu dZd h^gbf kihkh[hf hlh[jZ`_gby

( )? ?
� �ω ω→ � lZd b hkgh\hc �y^jhf�� ih^ dhlhjuf [m^_f ihgbfZlv qbkeh

( )D D D5∈ >+ � � � Ml\_j`^_gb_� qlh hljbpZl_evgu_ qbkeZ ± wlh l_ `_

^jh[gu_� gh bgZq_ aZibkZggu_ ± Z[kmj^gh b g_khklhyl_evgh

�h[s_ba\_klgh� qlh \ j_r_gbyo mjZ\g_gbc� hibku\Zxsbo j_Zevgu_ ijh�

p_kku� \klj_qZxlky h^gh\j_f_ggh hljbpZl_evgu_ b ^jh[gu_ qbkeZ b hgb

hljZ`Zxl jZaebqgu_ agZq_gby nbabq_kdhc \_ebqbgu �beb ijhp_kkZ��

Ihimlgh aZf_lbf� qlh bgnbgblguc ki_dlj ihe_c jZaebqguo ∆ �qbk_e

( )∆ ∆5 5 5 L� � �/ � � i_j\hgZqZevgh kdhgkljmbjh\Zgguc imlzf j_ne_d�

kb\gh]h hlh[jZ`_gby ihey ^_ckl\bl_evguo qbke_ 5 hlghkbl_evgh ( )− ∞ �

gZ^ihe_c �gZijbf_j� gZ^ihey � �5 5= ∆ � hlghkbl_evgh ( ))∆∞ � h[jZah\

nmgdpbc� knhjfbjh\Zgguo gZ fgh`_kl\Zo ∆ �Zj]mf_glh\� b l�^� hagZqZ_l�

qlh g_dbc h[t_dl ZgZeh]bqguc wlhc p_ihqd_ h[t_dlh\� GZijbf_j� d\Zabih�

e_ p_e_khh[jZagh \hkijbgbfZlv g_ lhevdh dZd Z[kljZdlgmx kihkh[ghklv

nbabq_kdh]h h[t_dlZ d bgnbgblghklb �\ ijhkljZgkl\_ d\Zabnbabqghklb � ��

gh b dZd \hafh`ghklv kms_kl\h\Zgby bgnbgblghklb �\ k\yab k bgnbgbl�

guf jZkrbj_gb_f ihe_c g_ba[_`gZ bgnbgblghklv h[jZah\ ex[hc nmgd�

pbhgZevghc beb dhjj_eypbhgghc aZ\bkbfhklb� l�_� nbabq_kdbc h[t_dl� aZ�

dexqzgguc \ fZl_fZlbq_kdmx nhjfm� bf__l bgnbgblguc ki_dlj

d\Zabnbabq_kdbo ω�h[jZah\��

BlZd� wdkljZihebjmy ω�jZkrbj_gby qbkeh\uo ihe_c gZ nbabq_kdb_

h[t_dlu� dhgklZlbjm_f nZdl� qlh bgnbgblgu_ ki_dlju d\Zabihe_c� kh^_j�

`Zsb_ \ dZq_kl\_ y^_j h[s_ba\_klgu_ dhfihg_glu� h[h[s_gu \ _^bguc

dhg]ehf_jZl ± ij_^klZ\eyxsbc ihebf_jguc dhfie_dk bgnbgblguo ki_d�

ljh\ d\Zabihe_c� K lhqdb aj_gby fZl_fZlbq_kdh]h fh^_ebjh\Zgby� ]bi_j�
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ihe_ \hagbdZ_l \ j_amevlZl_ ω�hlh[jZ`_gbc gZ [Za_ jZaebqguo nmgdpbc

k\yab� Ijb wlhf kh[ex^Zxlky \k_ k\hckl\Z� ijbkmsb_ ω�ijhkljZgkl\Zf�

dZd�lh� bgnbgblghklv \eh`_gbc kmi_jki_dljh\ \ ]eh[Zevgu_ kmi_jki_d�

lju� b_jZjoby kljmdlmj kmi_jki_dljh\� b^_glbqghklv bo kljh_gby b l�^�

DZd b \ qbkeh\uo iheyo� ]^_ aZ gZqZeh hlkqzlZ fh`_l [ulv \u[jZg ex[hc

we_f_gl� lZd b \ d\Zabiheyo� kh[ex^Z_lky jZ\ghagZqghklv \u[hjZ ]eZ\gh]h

dhfihg_glZ �y^jZ� b jZ\ghijZ\ghklv kihkh[Z bo ij_^klZ\e_gby� Wlh iha\h�

ey_l mklZgZ\eb\Zlv g_dhlhjmx Z^_d\Zlghklv kljmdlmju qbkeh\uo ihe_c b

d\Zabihe_c� BamqZy k\hckl\Z qbkeh\uo ihe_c� fu hihkj_^kl\_ggh bkke_^m�

_f kljh_gb_ ki_dljh\ d\Zabihe_c� Fgh]hh[jZab_ nhjf qbkeh\uo ihe_c b

d\Zabihe_c dZd j_amevlZl fgh]hh[jZaby ω�hlh[jZ`_gbc� ijhy\eyxsboky�

\ hkgh\ghf� ijb \u[hj_ jZaebqguo nmgdpbc k\yab f_`^m

ω�ijhkljZgkl\Zfb ih^qzjdb\Z_l jh^kl\_gghklv l_o b ^jm]bo ihe_c k

h[t_dlb\ghc j_Zevghklvx�

�� < ]eZ\_ � lZdZy `_ kblmZpby [ueZ ijhbeexkljbjh\ZgZ k bgl_]jh�

^bnn_j_gpbZevgufb h[t_dlZfb� Ijhba\h^gZy bf__l [_kqbke_ggh_ fgh`_�

kl\h ω�h[jZah\ \ ijhkljZgkl\_
�ω � l�_� kms_kl\m_l bgnbgblguc ki_dlj

ω�h[jZah\ ex[h]h ^bnn_j_gpbZevgh]h mjZ\g_gby� Z ke_^h\Zl_evgh� b bg�

nbgblguc ki_dlj _]h j_r_gbc� dZ`^h_ ba dhlhjuo fh^_ebjm_l g_dhlhjmx

h[t_dlb\gmx j_Zevghklv� Ihke_^gyy� hq_\b^gh� g_ kms_kl\m_l \ \b^_ nhjf

fZl_jbb� mdeZ^u\Zxsboky \ gZr_f ij_^klZ\e_gbb h g_c� IjbagZ\Zy� qlh \

hdjm`Zxs_f gZk fbj_ fh`_l gZoh^blky h[t_dlb\gZy j_Zevghklv� dhlhjmx

fu g_ \hkijbgbfZ_f b ^Z`_ g_ kfh`_f gbdh]^Z \hkijbgylv� fu jZkrbjy�

_f ij_^klZ\e_gb_ h ^_ckl\bl_evghklb� Km[klZgpbhgZevguf fhf_glhf \

ihgbfZgbb ihebf_ljbb fZl_jbb \ kemqZ_ ij_\jZs_gby _z \ d\ZabfZl_jbx��

ijb ω�hlh[jZ`_gbyo y\ey_lky ml\_j`^_gb_� qlh \kydh_ eh]bq_kdb \_jgh_

fZl_fZlbq_kdh_ \ujZ`_gb_� \dexqZxs__ nbabq_kdb_ \_ebqbgu� b^_glb�

nbpbjm_l g_dhlhjmx nbabq_kdmx �beb d\Zabnbabq_kdmx� j_Zevghklv�

H^gZdh� ihebf_ljby nbabq_kdbo �k d\Zabnbabq_kdbf jZkrbj_gb_f�

h[t_dlh\ bf__l ]hjZa^h [he__ keh`gmx ijbjh^m�

JZkkfhljbf kZfuc ijhkl_crbc ijbf_j� Imklv \ ijhkljZgkl\_
�ω

^Zg hlj_ahd $% � jZa^_ezgguc lhqdhc & gZ ^\_ qZklb� Hlh[jZabf _]h \

ijhkljZgkl\h
�ω � _keb $& D= �� &% D= � � $% D= ( )D D D= +� � � Z

j_amevlZl hlh[jZ`_gby
�ω \

�ω ^ebgu hlj_adZ $% [m^_l iehsZ^v ijy�

fhm]hevgbdZ &$$ %� �jbk� ���

�� Ih^ d\ZabfZl_jbZevghklvx a^_kv ihgbfZ_lky j_amevlZl ω − hlh[jZ`_gbc fZl_jb�

Zevgh]h� < jZkrbj_gghf ij_^klZ\e_gbb \ d\ZabfZl_jbZevghklv \dexqZxlky \k_ Z[kl�

jZdlgu_ h[t_dlu�
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Jbk� �� Dhfihg_glgu_ ω�hlh[jZ`_gby ( )? ?
� �ω ω→ hlj_adZ $% � jZa�

^_ezggh]h gZ ^\_ qZklb� ba ijhkljZgkl\Z
�ω \ ijhkljZgkl\h

�ω �\ kem�

qZ_ jZa[b_gby hlj_adZ $% gZ ^\_ qZklb �D b �D

( )DE D D D= = +� � ��

JZa^_ebf hlj_ahd $% gZ Q jZ\guo qZkl_c� $& & &� � �= = =�
= =−& % DQ � ∆ � ]^_ ∆D D Q= � Hlh[jZabf hlj_ahd $% ba

�ω \
�ω ijb

mkeh\bb jZa[b_gby _]h \ ijhkljZgkl\_
�ω � G_ljm^gh ihdZaZlv� qlh ijb ^_�

e_gbb hlj_adZ $% ( )$% D= gZ ljb b [he__ qZkl_c ihemqbf l_eh �ijb

)Q = � b ]bi_jl_eZ �ijb )Q > � k h^bgZdh\ufb klhjhgZfb jZkiheh`_ggu�

fb ih hkyf dhhj^bgZl� IjbgbfZy ^ebgm we_f_glZjgh]h hlj_adZ klj_fy�

smxky d gmex ( )∆D → � � Z h[s__ qbkeh hlj_adh\ d [_kdhg_qghklb

( )Q→ ∞ � ihemqZ_f ^ebgm dZ`^h]h hlh[jZ`_ggh]h hlj_adZ jZ\ghc _^bgbp_

( )� �N = � LZd ijh_dpby gZ iehkdhklv ;2< [m^_l ij_^klZ\eylv kh[hc

d\Z^jZl� Z \ lj_of_jgh_ ijhkljZgkl\h ± dm[ kh klhjhghc]jZgb� jZ\ghc _^b�
gbp_ �iehsZ^vnb]mju� y\eyxs_ckyijh_dpb_c]bi_jl_e� jZ\gZ ���

AZf_lbf� qlh� hlh[jZ`Zy \
�ω ba

�ω ³hlj_ahd´ gme_\hc ^ebgu ( )$% = � �

ihemqbf _^bgbqguc ω�h[jZa� l�_� ijb i_j_oh^_ ba Lω ( )L ≠ � \
�ω ]_hf_ljbq_�

kdb_ h[t_dlu b� hq_\b^gh� nbabq_kdb_ km[klZgpbb� jZ\gu_ gmex� ijbh[j_lZxl dhg_q�
gu_ j_Zevgh ³hsmlbfu_´� l�_� g_ jZ\gu_ gmex� agZq_gby �gZijbf_j� ijb hlh[jZ`_gbb



���

? ?
� �ω ω→ wlh agZq_gb_ ± _^bgbpZ� b� gZh[hjhl� dhg_qgh_ fh`_l ljZgknhjfb�

jh\Zlvky \ gme_\h_�

< j_amevlZl_ ω�hlh[jZ`_gby ( )? ?
� �ω ω→ hlj_adZ $% ba

�ω \

�ω � nhjfbjm_lky ihebh[jZa $% �

IhimlghaZf_lbf� qlh jZaf_jghklv ijhkljZgkl\Z \oh^bl \ ihgbfZgb_
ihke_^g_]h k ihabpbb ω�hlh[jZ`_gbc� Ijb wlhf ijhkljZgkl\h fh`_l

bf_lv ex[mx jZaf_jghklv hl gmey ^h [_kdhg_qghklb� Ijbqzf� dhgdj_lgZy
jZaf_jghklv _]h aZ\bkbl� hl mkljhckl\Z bgl_ee_dlmZevgh�ikboheh]bq_kdh]h
ZiiZjZlZ gZ[ex^Zl_ey� l�_� hl _]h kihkh[ghklb \b^_gby �\hkijbylby� ^_ckl�
\bl_evghklb«

BlZd� j_axfbjmy� fh`gh hlf_lblv ke_^mxsb_]bihl_lbq_kdb_ Zki_d�
lu �ihklmeZlu� dhgp_ipbbω�h[jZah\ j_Zevghklb�

�� J_Zevgh_ ijhkljZgkl\h ^himkdZ_l kms_kl\h\Zgb_ ex[h]h
ω�ijhkljZgkl\Z� l�_� _]h fh`gh jZkkfZljb\Zlv dZd bgnbgblguc ki_dlj

kh\f_szgguo �\eh`_gguo� ω�ijhkljZgkl\� Wlhl ki_dlj ihjh`^Z_l iheb�

h[jZa h[t_dlZ �ihebh[t_dl� b h[tykgy_l� \ dZdhc�lh kl_i_gb� ijbqm^eb�
\hklv �wdahlbqghklv� nhjfuj_Zevguoh[t_dlh\�

Ijbf_qZgb_� IhklmeZl � g_ihkj_^kl\_ggh k\yaZg k lZdbf ml\_j`^_�
gb_f� fZl_jby ± i_j\bqgZ� ihwlhfm hgZ \ \b^_ h[t_dlh\ bf__l ijhba\hev�

gu_ nhjfu b jZaf_ju� Z ijhkljZgkl\_ggh�\j_f_gghc dhglbgmmf ± \lhjb�

q_g b� dZd g_hlt_fe_fuc dhfihg_gl j_Zevghklb h[t_dlh\�

ij_^hij_^_ey_l hlghr_gby b k\yab f_`^m ihke_^gbfb� Z aZh^gh kh[kl�

\_ggmx bgnbgblgh�ihebfhjngmx ω�kljmdlmjm�

�� DZ`^h_ ω�ijhkljZgkl\h fh`gh jZkkfZljb\Zlv dZd
�ω

�ijhba\hevghklv \u[hjZ gmey�� lZd dZd \k_ ω�ijhkljZgkl\Z jh^kl\_ggu ih

\gmlj_ggbf k\yayf�
�� J_amevlZlhf fgh]hZdlgh]h ω�hlh[jZ`_gby gmey fh`_l [ulv ex�

[h_ qbkeh (� �
�

�
� �

? ? ? ?L L L LN Nω ω ω ω→ = →− − − b l�^���

:gZeh]bqgh� ijb ω�i_j_oh^Zo g_dhc nbabq_kdhckm[klZgpbc ^himk�

lbfZ ljZgknhjfZpbyba gme_\h]h _z agZq_gby \ ex[h_ ^jm]h_ �ijb baf_g_�
gbb _z kmlb�� l�_� dZ`ms__ky ihy\e_gb_ ba ³gbq_]h´ aZeh`_gh \
ω�kljmdlmj_ ijhkljZgkl\Z b kms_kl\mxsboaZdhghf_jghklyo hlh[jZ`_�

gbch[t_dlh\\ wlhf ijhkljZgkl\_�
��IhgbfZgb_ �beb ijhklh \hkijbylb_� h[t_dlZ aZ\bkbl hl kh\_jr_g�

kl\Z bgl_ee_dlmZevgh�ikboheh]bq_kdh]hZiiZjZlZ gZ[ex^Zl_ey�
AZf_lbf� h^gZdh� qlh jZkijhkljZg_gb_ l_hjbb ω�hlh[jZ`_gbc gZ

nbabq_kdb_ h[t_dlu gZ ^Zgghf wlZi_ ihdZ \_kvfZ ijh[e_fZlbqgh� Ijb
wlhf g_ bkdexq_gZ \hafh`ghklv bkihevah\Zgby dhgp_ipbb



���

ω�hlh[jZ`_gbc^ey h[tykg_gby jy^Z iZjZ^hdkZevguokblmZpbc� g_ykghklv

k\ya_c ^bkdj_lgh]h b g_ij_ju\gh]h� dhg_qgh]h b [_kdhg_qgh]h� kms_kl\h�
\Zgb_ bgnbgblgh]hbgnhjfZpbhggh]hihey \ ex[hf h[t_dl_� \hagbdgh\_�
gb_ fZl_jbb ba ³gbq_]h´ b l�^���

< aZdexq_gb_� hlf_lbf� qlh \ gZklhys_cjZ[hl_ ^Zgu lhevdh hl^_ev�
gu_ njZ]f_glu ijbgpbibZevgh gh\h]h km`^_gby h[ h[t_dlZo� k\yaZggu_
dhgp_ipbbj_Zevghklb d\Zabihe_c� Ihke_^gb_ kh^_j`Zl \k_ _^bgkl\Z� lb�
ibqgu_ ^ey ex[hc h[t_dlb\ghc j_Zevghklb� ihklhyggh]h �y^jZ� b baf_g�

qb\h]h �d\Zabihey�� dhg_qgh]h y^jZ b [_kdhg_qgh]h �d\Zabihey�� jh^kl\_g�
gh]h �ih ijbgpbim ω�hlh[jZ`_gby� b jZaebqgh]h �ih j_amevlZlm

ω�hlh[jZ`_gby�� g_ij_ju\gh]h �ih ijbagZdm N � b ^bkdj_lgh]h �ih ijb�

agZdm L �� ^_ckl\bl_evgh]h �nbabq_kdb_ b d\Zabnbabq_kdb_ h[t_dlu� b Z[�

kljZdlgh]h �b^_glbnbpbjh\Zggu_fZl_fZlbq_kdb_ h[t_dlu�� Z[khexlgh�
]h �dhgdj_lguc ki_dlj hkgh\gh]h d\Zabihey� b hlghkbl_evgh]h

�ijhba\h^gu_ ki_dlju h[jZah\Zggu_ iml_f jZaebqguo ω�hlh[jZ`_gbc��

ijhklh]h �ijbgpbi hf_]Z hlh[jZ`_gbc b nmgdpby k\yab� b keh`gh]h

�j_amevlZl ω�hlh[jZ`_gbc� b l�^�

����� Ijh[e_fZlbdZ d\Zab\_dlhjgh]h ZgZebaZ

< k\yab k h[rbjghklvx^Zggh]h \hijhkZ mdZ`_f lhevdh hkgh\gu_

ijh[e_fu� \hagbdZxsb_ijb dhgkljmbjh\Zgbb b bamq_gbb d\Zab\_dlhjgh]h
ZgZebaZ �l_f [he__� qlh \ ij_^u^ms_f �����m`_ [ueb aZljhgmlu ijh[e_fu
h[hkgh\Zgby j_Zevghklb d\Zabihe_c��

�� G_h[oh^bfh [he__ lsZl_evgh ijhjZ[hlZlv f_oZgbaf
ω�hlh[jZ`_gbc kdZeyjguo b \_dlhjguonmgdpbc� Ijb wlhf ke_^m_l ^hdZ�

aZlv hkgh\hiheZ]Zxsb_ fhf_glu� l�_�� jZkkfhlj_\ jZaebqgu_ ω�h[jZau

\_dlhjh\ b kdZeyjh\ � \ kf_`gu_ ω�ijhkljZgkl\Z b ijhkljZgkl\Z jZaguo

jZg]h\�� ^hdZaZlv h[sb_l_hj_fu d\Zab\_dlhjgh]h ZgZebaZ�
�� J_Zebah\Zlv ω�hlh[jZ`_gby l_gahjgh]h ZgZebaZ� knhjfbjh\Zlv

d\Zabl_gahjguc ZgZeba b ijh\_klb \k_ ^hdZaZl_evkl\Z kh]eZkgh j_dhf_g�
^Zpbyf� ^Zgguf \ i��� Ijbqzf� `_eZl_evgh ihemqblv nhjfmeu ^ey
Q �f_jgh]h ijhkljZgkl\Z �\ gZklhys_cjZ[hl_ Z\lhj h]jZgbqb\Zeky bgh]^Z
lhevdhlj_of_jgufijhkljZgkl\hf��

�� >Zlv ]_hf_ljbq_kdmx bgl_jij_lZpbx ω�ljZgknhjfZpbb h[t_d�

lh\� aZibkZgguo \ \b^_ nhjfme� Bkke_^h\Zlv ω�hlh[jZ`_gby jZaebqguo

bgl_]jZevguoh[t_dlh\hl \_dlhjguonmgdpbcb bo dhf[bgZpbc�



���

�� M\_ebqblv qbkeh ijbf_jh\ lbiZ ijbf_jh\� ijb\_^_gguo \ i� ����

GZclb ω�h[jZau ZiiZjZlZ d\Zglh\hc f_oZgbdb� <k_ \u\h^u g_h[oh^bfh

^Z\Zlv \ d\Zab\_dlhjghc �beb d\Zabl_gahjghc� l_jfbgheh]bb� H[tykgblv

nbabq_kdmx kmlv �ijbjh^m� d\Zabh[t_dlh\� ;he__ q_ldh h[hkgh\Zlv bgnb�

gblghklv h[jZah\ h[t_dlh\ aZ kq_l jZkrbj_gby ihey ^_ckl\bl_evguo qbk_e

�kf� i� ������

�� Ijh\_klb ω�hlh[jZ`_gby ij_h[jZah\Zgbc \_dlhjh\ ijb jZaebq�

guo baf_g_gbyo kbkl_f dhhj^bgZl� Bkke_^h\Zlv ω�ljZgknhjfZpbx \_d�

lhjh\ \ djb\hebg_cguo kbkl_fZo dhhj^bgZl� Ijbf_gblv d\Zab\_dlhjgu_

ij_h[jZah\Zgby \ b^_glbnbpbjh\Zgghc d\ZabfZljbqghc nhjf_�

�� BaukdZlv jZpbhgZevgmx aZibkv �kbf\hebdm� d\Zabl_gahjguo \_eb�

qbg ijb jZaebqguo ω�hlh[jZ`_gbyo�

�� JZajZ[hlZlv h[hkgh\Zggmx l_hjbx ki_pjZaf_jghkl_c nbabq_kdbo

h[t_dlh\ b d\Zabh[t_dlh\ �ω�h[jZah\��

�� Knhjfbjh\Zlv l_hjbx d\Zabh[t_dlh\ \ l_hjbb DZjlZgZ� < qZklgh�

klb� l_hjbx d\Zabih\_joghkl_c ihemqZ_fuo \ j_amevlZl_ ^\b`_gby d\Zab�

j_i_jZ�

�� GZclb ω�hlh[jZ`_gby hkgh\guo ihgylbc ^bnn_j_gpbZevghc

]_hf_ljbb� BamqZlv kljmdlmjm ]eh[Zevgh]h ijhkljZgkl\Z dZd kmi_jihabpbx

\k_\hafh`guo nbabq_kdbo ω�ijhkljZgkl\�

��� >Zlv fZl_fZlbq_kdh_ hibkZgb_ bgnbgblguo ki_dlhjh\ b kmi_j�

ki_dljZ d\Zabihe_c k ihfhsvx \hegh\uo nmgdpbc� mqblu\Zy g_ij_ju\�

ghklv ki_dljh\ ih ijbagZdm N b ^bkdj_lghklv bo ih ijbagZdm L � Z lZd`_
gZebqb_ y^jZ �hkgh\ghc nhjfu aZibkb h[t_dlZ��

>Zlv ]eh[Zevgh_ fZl_fZlbq_kdh_ hibkZgb_ ih ^Zgghfm imgdlm k mqz�

lhf jZaebqguo nmgdpbc k\yab� Ijb wlhf \\_klb h[h[sZxsb_ iheh`_gby

�oZjZdl_jbklbdb b djbl_jbb��

��� JZah[jZlv \hijhku ijhkljZgkl\_ggh]h \j_f_ggh]h dhglbgmmfZ \

k\_l_ ij_^klZ\e_gbc ω�h[jZah\ h[s_c b ki_pbZevghc l_hjbc hlghkbl_ev�

ghklb�

GZijbf_j� ihiulZlvky iml_f ω�h[jZah\ hibkZlv bkdjb\ezggu_ ih�

\_joghklb� ^ey dhlhjuo \hh[s_ g_ kms_kl\mxl dhhj^bgZlgu_ kbkl_fu�

k\h[h^gu_ hl lZdbo ^_n_dlh\� dZd ^\_ dZaZehkv [u [ebae_`Zsb_ lhqdb jZk�

iheh`_ggu_ gZ hq_gv ^Zezdhf jZkklhygbb ^jm] hl ^jm]Z� < ijhkl_cr_f

\ZjbZgl_� ω�hlh[jZ`_gb_ ba\_klgh]h g_w\deb^h\h]h khhlghr_gby fh`gh

aZibkZlv lZd�
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]^_ \_ebqbgu kh a\za^hqdhc ± ω�h[jZau ^bnn_j_gpbZeh\ b� ihke_ eh]Z�

jbnfbjh\Zgby fh`gh gZclb khhlghr_gb_ ^ey f_ljbq_kdh]h d\Zabl_gahjZ

α β* ijhkljZgkl\Z� dhlhjuc oZjZdl_jbam_l bkdjb\ezgghklv

�^_nhjfZpbx� d\Zabih\_joghklb�

<\_^zf \f_klh h[hagZq_gby dhhj^bgZl ; � < � = b \j_f_gb W h[h�

agZq_gby �[ � �[ � �[ b �[ ( )�[ F W= ⋅ � Lh]^Z ba\_klguc bgl_j\Ze GV hl�

\_qZ_l khhlghr_gbx�
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]^_ M b P ijh[_]Zxl agZq_gby hl � ^h � b ih \k_f wlbf agZq_gbyf ijh\h�

^blky kmffbjh\Zgb_� Z
LPJ − wlh nmgdpbb dhhj^bgZl� oZjZdl_jbamxsb_

bkdjb\e_gb_ ijhkljZgkl\Z�\j_f_gb \ ^Zgghc lhqd_�
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< j_amevlZl_ gZreb \ujZ`_gb_� hibku\Zxs__ bkdjb\ezgghklv d\Z�

abih\_joghklb�

BamqZy \hijhku ω�hlh[jZ`_gbc HLH b ki_pbZevghc l_hjbb hlghkb�

l_evghklb� p_e_khh[jZagh wlh bkke_^h\Zgb_ m\yaZlv k \hijhkZfb i�i� ��

J_Zebamy jZaebqgu_ ω�hlh[jZ`_gby b nmgdpbb k\yab� ke_^m_l ih�

iulZlvky knhjfbjh\Zlv h[smx dhgp_ipbx bkdjb\ezgguo ih\_joghkl_c�

GZdhg_p� g_l khfg_gbc� qlh ω�hlh[jZ`_gby l_hjbc� hkgh\Zgguo gZ

ihgylbyo ]_h^_abq_kdZy ebgby� djb\bagZ� ihlhd b l�i� ^Z^ml dZq_kl\_ggh

gh\mx bgnhjfZpbx h kljmdlmj_ ijhkljZgkl\_ggh�\j_f_ggh]h dhglbgmmfZ�

=E:<: �� J:AGH? �IJBEH@?GBY�

����� H[sb_ iheh`_gby

< gZklhys_c ]eZ\_ jZkkfhlj_gu ijbf_ju ijbeh`_gbc fZl_jbZeZ�

baeh`_ggh]h \ ij_^u^msbo ]eZ\Zo� P_ev _z ^hihegblv ihke_^gb_ nZdlZfb�

iha\heyxsbfb [he__ ]em[hdh ihgylv ijh[e_fZlbdm \k_c fhgh]jZnbb�

>bZiZahg jZkkfZljb\Z_fuo a^_kv \hijhkh\ ^hklZlhqgh rbjhd� < k\yab k

njZ]f_glZjghklvx bkke_^h\Zgby fZl_jbZe wlhc ]eZ\u j_r_gh [ueh \u^_�

eblv ih^ gZa\Zgb_f ³JZagh_´� L_fZlbdZ hl^_evguo iZjZ]jZnh\ ih^h[jZgZ

lZd� qlh[u \ ]eZ\_ � gZjy^m k j_r_gb_f jZaebqguo \hijhkh\ \ _^bghf

dexq_ ω�hlh[jZ`_gbc [ueZ j_Zebah\ZgZ bg^b\b^mZebaZpby iZjZ]jZnh\�

dZ`^uc ba dhlhjuo fh`_l [ulv bamq_g hl^_evgh [_a hagZdhfe_gby k ^jm�

]bfb�



���

����� H ^_e_gbb \lhjhc h[jZlghklb

< h[s_f bgnbgblghf fgh`_kl\_ Ze]_[jZbq_kdbo hi_jZpbc� h dhlh�

jhf j_qv reZ \ur_� ^_e_gb_� dZd b ex[Zy h[jZlgZy hi_jZpby� ^he`gh [ulv

g_h^ghagZqguf� JZkkfhljbf g_dhlhju_ Zki_dlu wlh]h gh\h]h ^_ckl\by�

H[hagZqbf _]h ^\hcghc dhkhc q_jlhc ³��´ (E D F= ⇒ )E F D⋅ = � Ijb�

f_jhf wlh]h ^_ckl\by fh`_l [ulv hi_jZpby f_`^m ihdZaZl_eyfb kl_i_gb

ijb ba\e_q_gbb dhjgy� EF E F
G G= �

E_ffZ ���� >_ckl\b_ f_`^m ihdZaZl_eyfb kl_i_gb ijb ba\e_q_gbb

dhjgy y\ey_lky ^_e_gb_f \lhjhc h[jZlghklb�

EF E F
G G= � �����

]^_ { }E F G� � ∈5 � ( )F ≠ � �� �

>hdZaZl_evkl\h� Imklv E F [= � ( )E F� ∈5 � Lh]^Z� kh]eZkgh k\hc�

kl\Zf ∆ �qbk_e� ijb F ∈1� [ bf__l ^\Z agZq_gby� h^gh ba dhlhjuo ^_ckl�

\bl_evgh� Z \lhjh_ ± y\ey_lky ∆ �qbkehf� ?keb E F P= ∈5 � lh

EF
G O= + � Z ijb P∈ �∆ ihemqbf P

G O= − � lZd dZd ( )∆S S
G G= − �� ih

k\hckl\Zf ∆ �qbk_e ( )S P S∈ =5� ∆ �

<kz wlh ^hdZau\Z_l� qlh ^_e_gb_ E F y\ey_lky ^_e_gb_f \lhjhc h[�

jZlghklb� �< hlebqb_ hl g_]h ^_e_gb_ i_j\hc h[jZlghklb bf__l h^gh agZ�

q_gb_��

Ijbf_qZgb_� Fh`gh ijb\_klb g_kdhevdh bgh_ ^hdZaZl_evkl\h e_f�

fu� H[hagZqbf EF
D [= � Lh]^Z E F

D [= � Ihke_ eh]Zjbnfbjh\Zgby ihem�

qbf ( ) ( )D
E

D
F

D [ORJ ORJ= � Hldm^Z ( )E [ F
D

= ⋅ORJ ��� l�_�
D
[ E FORJ = b

[ E F
D= �

�� JZ\_gkl\h ( )∆S S
G G= − ke_^m_l ba k\hckl\Z ∆ − qbk_e� ( )N GORJ − =
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Z�� Ijb m\_ebq_gbb ( )S S → ∞ lj_m]hevgbd $%& klj_fblky d

jZ\gh[_^j_gghfm� lZd dZd ijb S→ ∞ fgh`_kl\h kf_`guo ijhkljZgkl\

{ }�ω ′ ij_\jZsZ_lky \ ω�ijhkljZgkl\h [he__ \ukhdh]h jZg]Z
�ω �

[�� < kemqZ_ jZ\_gkl\Z [ b \ g_aZ\bkbfh hl bo \_ebqbgu p_euc jy^

oZjZdl_jbklbd kn_jbq_kdh]h lj_m]hevgbdZ $%& klZgh\blky ihklhygguf�

GZijbf_j� kn_jbq_kdbc wdkp_kk �^ey S = � ε ≈ � ������� �� hlghr_gb_

N
V

V
= �

�

�^ey S = � N ≈ ������� �� [ \O O+ �^ey S = �� [ \O O+ = � �����

jZ^bZg�� [ \ ]O O O+ + �^ey S = �� [ \ ]O O O+ + = ������ jZ^bZg� b l�^��

\�� AZf_gZ [ b \ gZ P[ b P\ ( )P FRQVW P P= ∈ ∈+� �5 = ijb\h�

^bl d khhl\_lkl\mxs_fm baf_g_gbx jZ^bmkZ kn_ju� l�_� jZ^bmk klZgh\blky

jZ\guf P5 �gZijbf_j� ^ey S = � ijb [ = �� � \ = ��� 5 = ������� � ijb

[ = ��� � \ = ���� 5 = ��� ���� � ijb [ = ���� � \ = ����� 5 = ���� ��� ��

]�� Kms_kl\mxl q_ldb_ aZ\bkbfhklb \k_o oZjZdl_jbklbd kn_jbq_kdh�

]h lj_m]hevgbdZ $%& hl \_ebqbgu S�

« Fh`gh ijb\_klb b ^jm]b_ \u\h^u� ij_^klZ\eyxsb_ bgl_j_k� H^�

gZdh� \k_ jZkqzlu \ ^Zgghf ijbf_j_ \_kvfZ g_keh`gu_ b bo k mki_ohf

fh`_l ijh\_klb kZfhklhyl_evgh qblZl_ev b ihemqblv gh\u_ j_amevlZlu�

baukdZ\ aZdhghf_jghklb \ k\yayo f_`^m oZjZdl_jbklbdZfb kn_jbq_kdbo b

iehkdbo lj_m]hevgbdh\�

< aZdexq_gb_� aZf_lbf� qlh dZd ghjfZ \_dlhjZ [ [ L[
L

Q

=










=
∑ �

�

�

lZd b ki_dljZevguc jZ^bmk [
S

SS
[=

→∞
OLP

�

\ ; −[ZgZoh\hc Ze]_[j_ gZ^

&� y\eyxsbcky ihemghjfhc �beb ij_^ghjfhc�� _keb hg jZ\ghf_jgh g_ij_�

ju\_g gZ ; �wlh mkeh\b_ jZ\ghkbevgh dhffmlZlb\ghklb nZdlhjZe]_[ju ih

jZ^bdZem�� k\yaZgu k ω�hlh[jZ`_gbyfb \ kf_`guo ijhkljZgkl\Zo b ij_�

^_evguf i_j_oh^hf ijb S→ ∞ fgh`_kl\Z kf_`guo ijhkljZgkl\ { }�ω ′

\ ijhkljZgkl\h [he__ \ukhdh]h jZg]Z
�ω �ijbq_f� wlhl i_j_oh^ j_Zebam_l�

ky jZ\ghf_jgh g_ij_ju\gh��

Hlf_lbf lZd`_ g_dhlhju_ nZdlu� dhlhju_ fh]ml [ulv bkihevah\Zgu

ijb j_r_gbb ijZdlbq_kdbo aZ^Zq�



���

�� <k_ nbabq_kdb_ aZdhgu bf_xl bgnbgblgh_ fgh`_kl\h

ω�h[jZah\� dhlhju_ y\eyxlky kZfhklhyl_evgufb aZdhgZfb�

GZijbf_j� ba\_klgu ihey l_fi_jZlmj� gZijy`_gghklb b ihl_gpbZeZ

we_dljbq_kdh]h ihey� kdhjhklb l_q_gby `b^dhklb �]ZaZ� b l�^� f_`^m ^\mfy

iZjZee_evgufb ieZklbgZfb �
� � �I D [ E \= ⋅ + ⋅ �

�
I = = ⋅ + ⋅D [ E \� � ��

_keb ba\_klgu khhl\_lkl\mxsb_ ]jZgbqgu_ mkeh\by� Iheh]Zy� qlh ieZklb�

gu jZkiheh`_gu \ �ω ′ � hlh[jZabf bo \ ijhkljZgkl\h
�ω � Ihemqbf dhgm�

ku
� �

�
�

�

I D [ E \= ⋅ + ⋅

 �
� �

�
�

�

I D [ E \= ⋅ + ⋅ 

 � G_ljm^gh aZib�

kZlv ω�h[jZau ihe_c nbabq_kdbo \_ebqbg� ba\_klguo \ ijhkljZgkl\_

f_`^m iZjZee_evgufb ieZklbgZfb� Ihemq_ggu_ ω�h[jZau [m^ml hibku�

\Zlv d\Zabihey f_`^m ^\mfy dhgbq_kdbfb ih\_joghklyfb�

�� >ey dZ`^h]h ijhp_kkZ kms_kl\m_l lZdh_ ω�ijhkljZgkl\h� ih�

ke_ hlh[jZ`_gby ba dhlhjh]h \
�ω fZl_fZlbq_kdZy fh^_ev ijh�

p_kkZ ^hklZlhqgh [ebadZ d l_hj_lbq_kdhfm hibkZgbx�

Wlh k\yaZgh k l_f� qlh gZ p_e_\mx nmgdpbx �nmgdpbx hldebdZ�

\eby_l fgh`_kl\h nZdlhjh\� Ijb ω�hlh[jZ`_gbyo fh`gh ^hklbqv kblmZ�

pbb� dh]^Z hkgh\gu_ nZdlhju [m^ml ³kmi_j^hfbgbjmxsbfb´� Z ^jm]b_ ±

bgnbgbl_abfZevgufb� l�_� mkbeblv ijb[eb`_gb_ l_hjbb d ijZdlbd_�

�� Kms_kl\m_l bgnbgblgh_ fgh`_kl\h fZl_fZlbq_kdbo ZiiZjZ�

lh\� b^_glbnbpbjh\Zgguo h[s_ba\_klguf� Wlh fgh`_kl\h hi�

j_^_ey_l bgnbgblghklv fZl_fZlbq_kdbo hibkZgbc ex[h]h h[t�

_dlZ�

GZijbf_j� fh`gh ih^h[jZlv lZdhc ω�h[jZa f_lh^Z eb[fZgZ� dhlh�

juc agZqbl_evgh memqrZ_l bagZqZevguc�

������ Ijh[e_fZlbdZ ijbeh`_gby ω�hlh[jZ`_gbc

< k\yab k jZaghjh^ghklvx fZl_jbZeZ ]eZ\u � b� dZd mdZau\Zehkv�

^bkdmkkbhgghklvx baeZ]Z_fuo \hijhkh\ \ky ]eZ\Z � \ p_ehf bf__l ijh�

[e_fZlbqguc oZjZdl_j� L_f g_ f_g__� knhdmkbjm_f \gbfZgb_ gZ gZb[he__

\Z`guo fhf_glZo�

�� G_h[oh^bfh kh[jZlv� kbkl_fZlbabjh\Zlv b h[tykgblv \klj_qZx�

sb_ky \ l_hjbb ω�hlh[jZ`_gbc iZjZ^hdku� g_m\yadb� dZ`msb_ky hrb[db�

GZijbf_j� iZjZ^hdk ( )∆ ∆ ∆F F FD E D E⋅ ≠ ⋅ � ijb D > �� E > ��



���

( ) ( ) ( )∆ ∆ ∆ ∆� � � � � � �
� � � � � � � ��� ��⋅ = = − = − ⋅ = − ⋅ − =



� g_�

ljm^gh h[tykgblv ba iZjZ^hdkZ ijb\_^_ggh]h \ ���� �³Ijbf_qZgb_ ��´��

( ) ( ) ( ) ( ) ( )OJ OJ OJ OJ OJ
∆ ∆ ∆ ∆F

D E D E F D F E F⋅ ≠ + ⋅ = ⋅ + ⋅ �

( ) ( ) ( ) ( )∗ ∗ ∗ ∗ ∗ ∗ ∗+ ⋅ ≠ ⋅ + ⋅D E F D F E F∆ ∆ ∆ �

�� DeZkkbnbpbjh\Zlv b hibkZlv hkh[u_ hi_jZpbb b qbkeZ gh\hc ijb�

jh^u� ih^h[gh ij_^klZ\e_gguf \ ^Zgghc ]eZ\_�

�� Knhjfbjh\Zlv l_hjbx nmgdpbc M − i_j_f_gghc�

�� Ijbf_gblv l_hjbx ω�hlh[jZ`_gbc ijb j_r_gbb jZaebqguo ijZd�

lbq_kdbo aZ^Zq�

�� J_rblv ijyfmx aZ^Zqm \ i������ l�_� jZajZ[hlZlv Ze]hjblf gZoh`^_�

gby ω�ijhkljZgkl\Z� ]^_ ex[h_ ^bnn_j_gpbZevgh_ mjZ\g_gb_ j_rZ_lky

m`_ ba\_klgufb ijbzfZfb�

�� Bkke_^h\Zlv ijbf_g_gb_ ω�hlh[jZ`_gbc g_ lhevdh \ kn_jbq_�

kdhc ljb]hghf_ljbb� gh b \ ljb]hghf_ljbb� hkgh\Zgghc gZ h^ghihehklghf

]bi_j[hehb^_ beb ^jm]hc ih\_joghklb� IhiulZlvky ^hdZaZlv \_ebdmx l_h�

j_fm N_jfZ�

�� Bamqblv h]jZgbq_gby� gZdeZ^u\Z_fu_ gZ ^bnn_j_gpbZevgu_ mjZ\�

g_gby b bo kbkl_fu� dhlhju_ fh`gh j_rZlv fh^_jgbabjh\Zggufb qbke_g�

gufb f_lh^Zfb k ihfhsvx ω�hlh[jZ`_gbc�

�� GZclb ω�h[jZau jZaebqguo f_lh^h\ ihbkdZ hilbfmfZ

�wdklj_fmfh\� nmgdpbc g_kdhevdbo i_j_f_gguo�

�� GZ hkgh\_ ZgZebaZ l_hjbb ω�hlh[jZ`_gbc ihiulZlvky kha^Zlv gh�

\mx dhgp_ipbx kljmdlmju ijhkljZgkl\_ggh�\j_f_ggh]h dhglbgmmfZ� H[t�

ykgblv b h[hkgh\Zlv bgnbgblguc ki_dlj ijhkljZgkl\ b _]h k\yav k bgnb�

gblguf ki_dljhf fZl_jbZevguo h[t_dlh\� JZamf__lky� dZd mdZau\Zehkv�

]em[hdh_ ihgbfZgb_ ijbjh^u b kljmdlmju ijhkljZgkl\_ggh�\j_f_gguo

dZl_]hjbc \hafh`gh lhevdh q_j_a ijbafm h[s_c l_hjbb h[t_dlh\� H^gZdh

m`_ gZ ^Zgghf wlZi_ ihiuldZ nhjfbjh\Zgby dhgp_ipbb kljh_gby j_Zevgh�

]h nbabq_kdh]h ijhkljZgkl\Z \iheg_ jZamfgZ b ^himklbfZ� Ijb wlhf� dklZ�

lb� g_ ke_^m_l hldZau\Zlvky hl dhgp_ipbb E_c[gbpZ�Wcgrl_cgZ� lZd dZd

bf_ggh wlZ dhgp_ipby [Zabjm_lky gZ k\yab Z[kljZdlgh]h b fZl_jbZevgh]h�

G_h[oh^bfh jZa\blv b ^hihegblv _z k ihabpbb ij_^klZ\e_gby h[

ω�hlh[jZ`_gbyo� GZijbf_j� ]bihl_lbq_kdb_ jZkkm`^_gby fh`gh ijh\h�

^blv ih ke_^mxs_c eh]bq_kdhc ko_f_� MklZgh\e_gh kms_kl\h\Zgb_ bgnb�

gblgh]h ki_dljZ b^_glbqguo ih kljmdlmj_ ω�ijhkljZgkl\� Wlhl nZdl ih^�

l\_j`^Z_lky gZebqb_f \ h[s_ba\_klghf ijhkljZgkl\_ bgnbgblgh]h



���

ki_dljZ ω�h[jZah\ ex[h]h h[t_dlZ ijb mkeh\bb� qlh wlhl h[t_dl jZkiheh�

`_g \ ^jm]hf ijhkljZgkl\_� KZfb ih k_[_ wlb ijhkljZgkl\Z ijbh[j_lZxl

j_Zevghklv ebrv ijb mkeh\bb gZoh`^_gby \ gbo h[t_dlh\� Z jZaebqb_ f_`�

^m gbfb h[gZjm`b\Zxlky lhevdh ijb i_j_oh^_ h[t_dlZ �beb h[t_dlh\� ba

h^gh]h ijhkljZgkl\Z \ ^jm]h_� lZd dZd ijb wlhf ijhbkoh^bl

ω�ljZgknhjfZpby h[t_dlZ �beb h[t_dlh\�� < j_amevlZl_ nbabq_kdh_ ijh�

kljZgkl\h fh`gh ij_^klZ\blv \ \b^_ ³fgh]hkehcgh]h´ \eh`_gby [_kqbk�

e_ggh]h fgh`_kl\Z Z[khexlgh h^ghjh^guo ih kljmdlmj_ ijhkljZgkl\� <

j_amevlZl_ \hafh`guo kbgl_aZ b ^bkkhpbZpbb ω�ijhkljZgkl\ ihy\eyxlky

[_kqbke_ggu_ fgh`_kl\Z fZl_jbZevguo h[t_dlh\ \k_\hafh`guo nhjf b

k\hckl\� Wlh k\yaZgh k gZebqb_f ω�h[jZah\ jZaebqgh]h mjh\gy� ihemq_g�

guo ijb ω�hlh[jZ`_gbyo k bkihevah\Zgb_f bgnbgblgh]h fgh`_kl\Z

nmgdpbc k\yab� ?kl_kl\_ggh� qlh wg_j]by lh`_ y\ey_lky h[t_dlhf b k g_c

ijhbkoh^bl ijb ω�i_j_oh^Zo lZ `_ ljZgknhjfZpby� qlh b k ex[uf Z[kl�

jZdlguf beb j_Zevguf h[t_dlhf� Ijb nhjfbjh\Zgbb dhgp_ipbb ijh�

kljZgkl\_ggh�\j_f_ggh]h dhglbgmmfZ g_h[oh^bfh ihfgblv� dZd mdZau\Z�

ehkv \ur_� qlh g_l gb gZqZevgh]h� gb dhg_qgh]h ω�ijhkljZgkl\Z� Z lZd`_

ijhkljZgkl\_ggh�\j_f_ggmx j_Zevghklv ke_^m_l m\yau\Zlv lhevdh k gZ�

ebqb_f \ g_c fZl_jbZevguo h[t_dlh\� Ijbqzf ]eh[Zevgh_ ]bi_jijhkljZg�

kl\h ex[h]h jZg]Z �lZd dZd kms_kl\m_l bgnbgblguc ki_dlj ]bi_jijh�

kljZgkl\ � � dZd ³dhg]ehf_jZl´ ehdZevguo ijhkljZgkl\ ± wlh lh`_ h[t_dl�

ih^\_j`_gguc \k_f k\hckl\Zf ω�hlh[jZ`_gbc b wlhl ijhp_kk [_kdhg_q�

guc�

AZf_lbf� qlh \hijhk h ijbjh^_ b kljmdlmj_ ijhkljZgkl\Z� l�_� \hijhk

h[ hdjm`Zxs_c gZk ^_ckl\bl_evghklb� h[ h[t_dlZo� \ dZdhc�lh kl_i_gb�

fh`_l [ulv ijhykg_g ZiiZjZlhf ω�hlh[jZ`_gbc� H^gZdh� \kz `_ bklbgZ

h[t_dlZ jZkdju\Z_lky lhevdh ijb mkeh\bb [_kdhg_qgh]h ijhp_kkZ bkke_�

^h\Zgby� ijh\h^bfh]h \ fhf_gl \j_f_gb� jZ\guc gmex«

< aZdexq_gb_ ijb\_^zf keh\Z K�<b\_dZgZg^Z� ³G_\_`_kl\h gZr_ ba�

aZ lh]h� qlh fu klj_fbfky ijh\h^blv jZaebqby ih \b^Zf� ijbagZdZf� f_k�

lm« ?keb ^\Z ij_^f_lZ kh\_jr_ggh h^bgZdh\u� lh bo jZaebqZxl ih f_klm

\ ijhkljZgkl\_« < kemqZ_ `_� dh]^Z h[t_dlu i_j_f_s_gu« jZaebqb_ bo

i_j_klZzl [ulv \hafh`guf« KiZkbl_evgh_ agZgb_ _klv agZgb_ jZaebqbc�

h^gh\j_f_ggh ho\Zlu\Zxs__ \k_ h[t_dlu \ bo fgh]hh[jZabb« Wlh agZgb_

ho\Zlu\Z_l kh[hc \kx ijbjh^m \h \k_o _z khklhygbyo� b ]jm[uo� b lhgdbo�

Ijb wlhf agZgbb ihke_^h\Zl_evghklv \hkijbylby bkq_aZ_l� \kz ihagZzlky

h^gh\j_f_ggh b kjZam´�

Fh`gh� dhg_qgh� kh]eZrZlvky beb g_ kh]eZrZlvky k wlbf fg_gb_f�

h^gZdh g_ mqblu\Zlv _]h g_evay dZd \ \hijhkZo ihgbfZgby h[t_dlgh�

ijhkljZgkl\_ggh�\j_f_gghc kljmdlmju hdjm`Zxs_]h gZk fbjZ� lZd b ijb
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kha^Zgbb bkdmkkl\_ggh]h bgl_ee_dlZ� imlv d dhlhjhfm b^zl q_j_a h[smx

l_hjbx h[t_dlh\�

AZdexq_gb_

Ba\_klgu_ fZl_fZlbq_kdb_ kj_^kl\Z hibkZgby nbabq_kdbo h[t_dlh\

]jhfha^db� g_ jZpbhgZevgu b� dZd ijZ\beh� g_ h[_ki_qb\Zxl ZgZeblbqgh�

klb j_r_gby ijZdlbq_kdbo aZ^Zq� JZkijhkljZgzggu_ f_lh^u ZiijhdkbfZ�

pbb ijb qbke_gghf j_r_gbb ^bnn_j_gpbZevguo b bgl_]jZevguo mjZ\g_�

gbc iha\heyxl k hij_^_ezgguf ijb[eb`_gb_f km^blv h dhg_qghf

j_amevlZl_� gh g_ m^h\e_l\hjyxl `_eZgby ihagZlv \ iheghc f_j_ nbabq_�

kdbc h[t_dl� Imlv h[gh\e_gby fZl_fZlbq_kdbo ZiiZjZlh\ bo kh\_jr_gkl�

\h\Zgby� \hh[s_ ]h\hjy� ± g_ emqrbc kihkh[ fh^_jgbaZpbb lZdh]h hibkZ�

gby�

< ihke_^g__ \j_fy \ ebl_jZlmj_ ijhkfZljb\Zxlky ihiuldb baukdZ�

gby gh\h]h nmg^Zf_glZevgh]h ih^oh^Z d bamq_gbx hdjm`Zxs_]h gZk fbjZ�

Wlh g_ dhj_ggZy ehfdZ b hljbpZgb_ gZjZ[hlZggh]h fZl_fZlbdhc b nbabdhc

fZl_jbZeZ� Z klj_fe_gb_ gZ [Za_ ^hklb]gmlh]h kdhgkljmbjh\Zlv gh\uc f_�

lh^ bkke_^h\Zgby Z[kljZdlguo b j_Zevguo h[t_dlh\� :\lhj� jZa^_eyy wlb

ihiuldb b \hkijbgbfZy bo dZd jZamfgh_ j_r_gb_ ]eh[Zevghc ijh[e_fu

fh^_ebjh\Zgby ^_ckl\bl_evghklb ih ZgZeh]bb k aZeh`_ggufb ijbjh^hc

ijbgpbiZfb _z \hkijbylby� ijbkh_^bgbeky d ihbkdm mgb\_jkZevgh]h kih�

kh[Z bamq_gby h[t_dlb\ghc j_Zevghklb� Baeh`_gguc \ ^Zgghc dgb]_ fZ�

l_jbZe y\ey_lky ebrv g_[hevrbf ijbf_jhf beb qZklguf kemqZ_f \ jZajZ�

[Zlu\Z_fhc f_lh^bd_� D g_^hklZldZf wlh]h ijbf_jZ fh`gh hlg_klb

ijb\_j`_gghklv Z\lhjZ d nhjfZevghc kbkl_f_� ljZ^bpbhggh_ nhjfmevgh_

\ujZ`_gb_ aZeh`_gghc b^_b� bkihevah\Zgb_ klZjuo h[s_ba\_klguo ihgy�

lbc ijb j_r_gbb gh\hc ijh[e_fu� L_f g_ f_g__� Z\lhj gZ^__lky� qlh ij_^�

eh`_ggu_ \ dgb]_ fZl_jbZe iha\hebl g_ lhevdh ijb\e_qv iuleb\h]h qblZ�

l_ey d l\hjq_kl\m b gh\Zlhjkl\m� gh b ^Zkl _fm i_j\bqgu_ gZ\udb ^ey

ihgbfZgby h[s_c l_hjbb h[t_dlh\� jZ[hlZ gZ^ dhlhjhc ^Ze_dh g_ aZ\_j�

r_gZ� Z i_j\u_ j_amevlZlu ij_^iheZ]Z_lky him[ebdh\Zlv \ \b^_ g_[hevrhc

gZmqgh�ihimeyjghc [jhrxj_ \ [eb`Zcr__ \j_fy «
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H;HAG:Q?GBY�

1�� 1� − khhl\_lkl\_ggh� fgh`_kl\Z q_lguo b g_qzlguo qbk_e�

5 � +5 � I5 � LU5 � − −5 khhl\_lkl\_ggh fgh`_kl\Z ^_ckl\bl_ev�

guo iheh`bl_evguo� ^jh[guo� bjjZpbhgZevguo b hljbpZl_evguo qbk_e�

�∆ beb ( )∆ ∆ ∆5 5 ≡ −� fgh`_kl\h ∆ −qbk_e� y\eyxsboky dhj�

gyfb mjZ\g_gby ( )[ D$ = − ∞ � D ∈5 �

� $ � � hi_jZpby gme_\h]h ihjy^dZ ( )Q = � ijhs_ keh`_gby� Z �∆ � �

hi_jZpby h[jZlgZy �$� �ijb wlhf keh`_gb_ bf__l ihjy^hd Q = ���

� �5 5 5 5= ≡� �∆ ∆ �

∆D −h[hagZq_gb_ ∆ −qbkeZ ( )D ∈5 �

/5 −fgh`_kl\h / −qbk_e� ]^_ / −hi_jZpby ( )Q = −� � l�_� \lhjZy

hi_jZpby ijhs_ keh`_gby b i_j\Zy hi_jZpby ijhs_ ^_ckl\by �$��

/D −h[hagZq_gb_ / −qbkeZ�
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