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“I would like to convert your at-
tention to a history of mastering by
the mathematical fact. It always
history of slow and long collective
work...”

(From the letters H. Lebesgue).

THE FOREWORD

Almost all material was written by me as separate fragments still in 1987-
1988 years. under an impression of the several read books till mathematician and
papers from an enormous collective transactions under a title “the mathematical
encyclopedia”. In further, gaiing a speciality on a computer science and more
and more taking a great interest her, I did not discover time for systematization of
the obtained new mathematical facts and seriously was not engaged in develop-
ment of primary reasons... Nevertheless, some fragments have directed on publi-
cation. | count as the debt to thank the experts (as a rule, scientists with the world
name), rendering to me moral support by the kind letters). The professor John
Ewing (Editor-elect "The American Mathematical Monthly", Indiana University,
USA) marked (July 19, 1991): “...we find your papers quite interesting...”. Him
has joined (February 27, 1992) prof. J.H.Sampson (Editor "American Journal of
Mathematics", Johns Hopkins University, USA): “.. the referee found interesting
results in your manuscript... ” and offered to continue work. Large desire to un-
derstand all a material in whole have expressed the scientists: prof. E.M. Moskal
(Univ. of Waterloo, Canada), prof. M. Mignotte (Univ. L.Pasteur, France), prof.
V.S. Varadarajan (Univ. of California, USA), prof. Franco Tricerr1 (Italia), prof.
H. Wilf (Univ. of Pensylvania, USA), prof. Takasi Nagahara (Okayama Univer-
sity, Japan) and others.

From the Russian scientists most carefully material studied prof.
A.V. Cherniavski, prof. N.D. Vorobiev, prof. M.F. Caliagin, prof.
V.G. Sichenko. The last two are the official reviewers of the given monography.
A part of the notes, made by them, the author has taken into account at final
preparation of the manuscript for printing.

In 1993 I have visited Institute of mathematics in Strasbourg by the nvita-
tion of the director prof. M. Mignotte, and per 1994 was ivited to an Interna-
tional Congress of mathematicians (ICM 94), which passed in Zurich
(Switzerland). Has received the personal invitations from the President of a Con-
gress of the professor H. Carnal - Univ. Of Berne and term of Organizational
Committee of a Congress of the professor Erwin Bolthausen - Univ. Of Zurich.
Certainly, all this has sped up writing the monography. I shall notice, that already



after the publication in 1989 in a magazine “The cybernetics™ of the first fragment
has arisen necessity of more detailed illumination of a material.

At first was decided to write the manuscript in conventional mathematical
style, by explaining a material from more mature positions, carefully by process-
ing it. However, soon it has become obvious that to be guided it is necessary on a
wide circle of the readers interested by mathematics, as in the book the founda-
tions of mathematics are affected. The account should be availablis and nonstan-
dart. It has updated the purpose of the book: to wake in the reader desire of
creativity, for what 1t was required each chapter to complete by problematic ab-
stract. And whether 1t 1s unimportant the reader will engage in serious scientific
work on this or that problem or simple will execute amateurish exercise till
mathematician. Principal: process of creativity undoubtedly will bring sufficing ...

Concerning a content, I shall notice, that the spectrum of problems, af-
fected in the book, is rather extensive: since an axiomatics of numbers of a new
nature (A-numbers) and finishing (w-reflections of the whole sections of mathe-

matics. Naturally, are possible both local, and global objections and variances
with a position of the author. However, “The true — daughter of time” (“Temporis
filia veritas ) 1s known.

Constantin Rubtsov .



INTRODUCTION

In L. Euler in the letter to d'Alembert stated, that Inz has indefinitely

many values, which everyone are complex numbers, behind an elimination of a
case, when »n >0, then one of values is real. But the d'Alembert up to an extrem-
ity of the life (he, as well as L. Euler, has died in 1783) has not agreed with this

statement, assume, that ln(— 1) =0

%1:_11 O In(=1)=1In(+1)=1In(-1) O

0 20n(-1)=In(+1)=00 In(-1)=0).
This dispute 1s considered completed for the benefit of the Euler. However, ...
... In an outcome of a research of an operation “easier” than addition the
extension of a field R real numbers [51, 52, 55] is obtained. Actually, realizing
reflection of a field R concerning “improper” number (— 00) (negative “actual”

infinity), the reflexive image of a field R , designated as /A —field of numbers of
a new nature (A-numbers)' is generated. In the book the brief exposition of a set

A-numbers is given and is shown, that kAa = —(ka), where (a,k) R,
k#1, and ln(— 1) =A0 and 2 []]n(— 1) = ln(+ 1) =0. (To d'Alembert, to

some extent, was right!) ...
By entering representation about -spaces and -reflections of mathe-

matical objects, the author has received a lot of mathematical objects of a new
nature (MONN). In the book some outcomes of this research are reduced only. In
a fundamental principle it there was an attempt to synthesize methods of object-
oriented programming and analogies. In the total the common scheme of exposi-
tion of new objects 1s generated. And, as a individual example of this scheme, in
the book the separate fragments of modelling MONN are represented.

Research and the development MONN is realized at three adjacent levels:

a) immediate study MONN for interior development of mathematics and
rationalization of a solution some it of the tasks;

b) support of the first level with the purposes of the extension of areas of

' The supporters only of “potential” infinity should recollect, what still Newton did not recog-
nize negative numbers and, naturally, did not consider zero as number, as, till it to the estima-
tion, “number: a ratio of one magnitude to other that sorts accepted for unit”, and Leibnitz
supposed, that “the ratios, in which previous or succeedent less than zero are not true. ”

In the present book (—oo) is introduced as a intersection of sets /\ and R:

AoR :{— oo} .



admissible values of functions;
c) research of possibilities of a new method called reflexive in a plane of

deriving of concrete practical outcomes by modernizing of known methods of

searching of optimum solutions.

From MONN in work the mathematical spaces, operation, number, func-
tions, derivatives, integrals and some other are circumscribed. All of them have
grown out of elementary -reflections with an exponential function of connec-

tion.



CHAPTER 1. SPACES AND OPERATIONS

§ 1.1. Introductory notes

Mathematical space in the given work is understood as all set of mathe-
matical objects, connections and ratios between them. For example, if ) is a
n
well-known mathematical space, ¢ = kU ] k> where Dk —various sections of
=1
mathematics containing, in turn, final or infinite a set of mathematical objects.
Not only separate objects, ratio between them and different blocks? from objects
and ratios as the formulas, theorems, mathematical receptions, but also all in the

m
whole mathematical space GJy (or other space ¢y = U O D ), consisting from
p=1
these objects, ratios and blocks is considered too as mathematical object, i.e.

n
CA)O:%\,C,...,+,—,X,+,...,U,d(i, Idel"'”% where
E Xi r a
a"U
R, C —sets of real, complex and other numbers; U , o IU dx; ... —ac-
Xi r

Lan gy O
cordingly set of every possible functions (U ), derivatives %% integrals
Xi

IU dx; ... and other mathematical objects, ratios and blocks, is global mathe-
r

matical object. It 1s natural, that, in this case, it 1s expedient to investigate a
spectrum of enclosures of sets of objects and to describe their hierarchy. How-
ever, with the purpose of simplification of an account in work this problem is not
considered. At last, elementary are taken only from all ratios, 1.e. the algebraic
operations, operands and which outcomes are included into the same set. Some
algebraic operations of a new nature as components of infinite of a set of alge-
braic operations are considered below. Examples such are O-operations forming

* As the block we shall name logically connected final (compact set) or infinite (area) a set of
plants and ratios.



infinite a set A, —of operations easier of addition, and also set of reflexive op-
erations generated on a set of functions, underlying -reflection. In the present

work two reflexive operations obtained because of an exponential function
w-reflection are investigated only.

§ 1.2 Concepts - reflections

The world, enclosing us, consists of objects described by properties, which
allow to distinguish one object from others.

The properties of objects can be subdivided on two aspects:

1) Interior - connected with a structure of object;

2) Exterior - difiniendums a structure of other object, which constituent 1s
given.

In global understanding of the essence of object of its property too are ele-
mentary objects.

In the real world we deal with objects having infinite number of properties.
For work with these objects it is enough to be limited only to dominating proper-
ties, 1.e. what interest us or render influence to properties, interesting for us. The
passage from object with infinite number of properties to object with a final
package of properties is thus ensured. Let's mark, that such replacement is not
necessary means approximation: it is possible to realize absolutely exact, re-
placement, operating with a finite number of properties.

Let's explain earlier told in following simples theorems®. For the greater
clearness of the definitions the concept of the observer is introduced. The ob-
server 1s a “abstract” object (more often in it of a role the man appears), observ-
able (researched) not included in a property. The observer perceives observable
object, but any influence to its properties does not render.

The theorem 1. If two objects have a finite number of identical interior
and exterior properties, these objects are not than other, as the same object.

The theorem 2. If one object comprises another, the observer interested by
interior properties of the second (firmware) object, can not pay attention to exis-
tence of the first object.

> The proofs of these isolated theorems in the present book are absent. It is supposed to reduce
them in the common theory of objects. The indexing of the introductory theorems does not
correspond to uniform indexing of the theorems of the book.

10



Observer

The theorem 3. If there are two objects with identical interior properties
located inside third, they have various exterior properties. (If the exterior proper-
ties coincide, according to the theorem 1 it is the same object).

Observer

From reduced clearly, that the observer will not remark a difference be-
tween objects 1 and 2, as it is interested in their interior properties.

The observer, being interested interior properties of objects 1 and 2, ob-
serves also exterior properties of these objects concerning object 3, it will see
distinction (on exterior properties) between them.

The mnteresting effect can be received if to observe object 2 of object 1, i.e.
to reflection object 2 in object 1 in view of differences in exterior properties.

The theorem 4. If the objects 1 and 2 have identical interior properties, but
various exterior, concerning the observer from object of 1 interior property of
objects 1 and 2 are various.

Object 3

11



Observer

The theorem 5. For observation of object 2 of object 1 with identical inte-
rior properties, taking into account differences in exterior properties concerning
object 3, it 1s enough to know difference of one interior property of object 1 from
a similar observable property of object 2. All remaining displayed interior prop-
erties can be received from this difference.

Here it is necessary to notice restriction on the theorem 5. Completely to
reflection object 2 in object 1 it is possible only in the event that all reflections
interior properties of object 2 are available in interior properties of object 1. In
remaining cases we can speak about reflection of separate properties.

The theorem 6. If two objects have identical interior properties, but vari-
ous exterior and at reflection of the second object in first any mirror property of
object 2 coincides with any property of object 1, also remaining mirrors proper-
ties are available in object 1.

The above mentioned theorems were by a basis at shaping theoretical basis
w-reflection. Let's make some available explanations. 7he method

Object 3

w-reflections of any objects (material and abstract) is a system of operations
of separation of properties (functions) of objects and transformation of these
objects in an outcome of a modification of these properties (functions).

Orb of application of the above-stated method are all global space
(material and abstract), understood as infinite a set of objects and connections
between them.

Global assigning of a method -reflection this selective separation and

modification of functions describing any object. Therefore the identification of

12



object and it transformation is realized. The method @-reflections is a most

known mode of interaction of “observer” and “object™.
Passing to the mathematical interpretation of a method -reflections, we

shall formulate dominating postulates of the mathematical concept
w-reflections:
— in similar on a structure abstract mathematical w-spaces the reflections

of objects are admissible one-to-one;

— the operation of reflection from one space in another reduces in transfor-
mation of object in the correspondence with some function of connection;

— exist infinite spectra (W-1images of mathematical objects.

Let's explain i1t on an actual material.
Let all known mathematical objects (number, functions, functionals, de-
rivatives, integrals etc.) belong to space ¢yg. As both objects and connections

between them it is possible to arrange on appropriate levels (for example, opera-
tion of multiplication to count the additions are higher an order, and the expo-
nentation accordingly is higher than multiplication), that, using conditionality and
relativity of any hierarchy, instead of ¢y we shall enter concept of some abstract

space (. It is identical ¢pgy on an interior structure, i.e. “observer” were in
1> will not remark any differences from ¢yq. However, all objects and connec-
tions between them are transformed at reflection them from ¢g; in ¢, that un-
derlines distinction of these spaces, despite of inferior analogy. Let function of

connections ( f c) between ¢y; and ¢y is exponential f o= Kk (k > 1). Any
number a (a DR) from ¢yp will be reflection in ¢y as k9, ie.

a\ey — wy\ k. where k — factor of image.
Image in ¢y operation of addition (+) will be multiplication:

(a+b)\w1 . C()O\ka-'-b:kagcb,

where k9 and kb —images in (Y numbers a and b, noted in w1 -

The multiplication is transformed to new operation " ® ", which we shall name as
reflexive multiplication:

1 b
alb\ey - a)o\kam :(ka) 08Kk =@ kb.

Similarly, (a — b) \ewp - wp k4 = k“/ i

13



a 1/log, k”
Do - a)o\k“/b=(ka)/ s g agh,
where A —reflexive division.

The exponentation too turns to new operation g~ b=a®a®...®a. An
(log kb)EZ

image in ¢y taking the logarithm in ¢ we shall designate ilog ab' Introduc-

ing labels (:a) =1/a and Aa = kAa, (k, a) OR, k9 0Z and k # 1, we shall
receive the identified label of numbers on W-factor. Really, let in ¢y the nega-

tive number —a, (a DR_,_) that is given

_ 1
_a\wl_’wo\kazﬁz:kaDRf:
where R s — set of fractional numbers of a type 1/b (: b).

(57 eon o KK = sk

At shaping space (g image in ¢ object from ¢y are noted with feature

1 ml 0
from below: g or it is simplis a % =q= ka% Then, obviously,

alb=
log

)

a+b), ad at a<b a/b=(a=b)=(-(b-a))=:(b=a).
=alb=a®b=b®a.

The theorem 1.1 Operations “® " is algebraic operation possessing properties al-
ternatively, commutability and associativity on a set R ;. K

I
IS

Proof. The fact of a membership of operation “®” to algebraic is quite obvious, as any

operands | X, and outcome log y enter into the same set (M), ie.
Y X

(x, y, xlog y) [IM. (For Example, if X > 0, and y< 0, how it will be clear from

1t is uneasy to prove the theorem 1.1. for (x , Y, Z) OR.

14



chapter 2, logy =Alog \y\, and xA10g|y| = —x10g|y| OR-, ie
(x,y, xlogy) R

a). We shall prove alternatively of operation “(®”:
Let x, y OR4,ie. x>0 and y>0. Then

(x®y)®y = (xlogk y)@y = (xlog k y)

On the other hand, x@(y@y) = x®(y10gk y) = xlogky

0%k Y _ log k()

logp v

2
= xlog k(») ,1.e. (x@y)@y = x@(y@y) , that proves right alternatively of operation
“@”,
1
(x@x)oy = (x'°%k *)oy = (xlogg ¥) "7 = yllogi x)llogk ). on  ihe
other hand, x@(x@y) = x@(xbgk J’) = xlogkxlogky — x(logk y)[(]ogk x)j e
(x@x)@ V= x® (x@ y), that proves left alternatively of operation “(®”.

b). We shall prove a commutability of operation “®”: x@y = xlogk Y ,

y@x = ylogk a . After a taking the logarithm of these expressions, we shall receive:
log, (x®y) = (logk y) EQlogk x),
log, (y®x) = (logk x) [Qlogk y),
ie. logk (x®y) = logk (y®x). Whence x®y = y®x, as was to be shown.

c). We shall prove an associativity of operation “®” at (x, v, Z) R4

1
(@)= = (losk Vo = (logg ) = yllogk y)ogk ). ang

®(®:z) = x@(legk Z) = logk %k % = (logs z){logg »), ie

(x@ y)@Z = x® (y@z), that proves an associativity of operation “®”.
In summary we shall remark, that by analogy with ¢y it is possible to
generate any space (y; . Moreover, thus it is possible to use other function of

connection. However, in the given monography, as already 1t was specified, the
exponential function of connection was applied more often.

15



§1.3 Relations because of operations ® and A

Let's reduce some relations, which follow from a sense of operations ®
and A: (: a)@(: b) =a®bh (a >1,b> 1) by analogy with (— a) [q— b) =
(a>0,b>0), a®k =a, a*k:a, a"IZk, a®wl=1,

a@0=0(a0), g b1@g-b2=4-01B2), ,~biag=br=4
Lk B .
(Cl_)kl) 2=y (h®k), Va =g~ (40), b\/a_’ =a,

o (kibka) = = R2 k| ilog,a~?=b, ilog,b=ailog,a.

: : . ilog k
ilog, (kl@ kz) =ilog ki 0log k;. ilog, (k1Ak2) =- Sq K1 :
ilog ko
ilog b~ k=@ ilog b, ilog(b)Ailog(a - k) =Ak®@ilog b, ilog b=
=ilog bAilog a, a®p=qc®b, a®(b[2) = (a®b) [{a®c),

a@%% AOb ()b = (ahb) Heab), an e = Yanb e

Let's reduce, part of proofs.
1. We shall prove a property (a_’ kl)qk2 = a*(kl@kZ): (a - kl)_)kz =
=(6®...©a2)®(a®...©a)®...®(d®...®a) = (a®a®...®q),
logyk1  loggki logy ki logy k1Tog; ko
log, k1Uog, k> =log, kllogk(k2) =log, (k1® k7). ie.

—~ k) -kl . ~kl k1 _ ~(k19k2)
@ﬁkg =g o, Ne.0, M=, |

log;{ ko

“1t is uneasy to notice similarity of operations ® multiplication, A and division if to realize a

replacement {+ ;—} - { O+ } :

16



At a proof the definition of operation g~ b is used only (look "Labels").

b ~b
2. We shall discover Ja , by designating Ja = a”". Then
(a_’x) =a, ie. (a_’x) :a—>(x©b)‘ Let (x@b):k. Whence
X =kAb = Ab. So,
=0 = aﬁ(Ab)‘

>b
3. For installation of equality Na~ b=a we shall designate
b —b
/Cl_) :a—>x H (Cl_)x) :aﬁ()@b):aﬁba ie (x@b):b

In an outcome, xlogkb =b O x=k and
a” =g~ % =u®a®.. . ®a=a.
log, k=1

4. We shall prove, that a_’(kIA]Q) = _)k%/a_’kl. Let's note a right

N -k
member as kz\/a_’klza_’x. Whence (a_’x) 2:a_’k1 H

H a_’(x®k2) =q ~kl je x® ko> = k1. Have received x = k1A >, as
was to be shown.
5. We shall prove, that iloga k1 [ﬂloga kor= iloga (kl ® kz) . As

a _)bl@ a B = (a@a@. . .@a)@(a@a@. ) .@a) =
log; b1 log, b
= a@a®...®a -~ biB2)

logkb1+10gkb2=logk(b1@2)

Whence pLhy = iloga (a -~b1® a” b2) . Let's designate g~ b1 = k1,

a -b)y = ko, ie b= ﬂogakl , by = iloga ko and iloga k1 Eﬂloga ko=

17



= iloga (kl ® kz) , as was to be shown.

The note. Similarly it 1s possible to prove relations

iloga k1
ilog, ky

a=b18g=b2= 4~ B12) and ilog, (k1 k) =

6. The equality ilog_p~ 7 =ilog, gb@b@...@b) reduces in a proof
log,(p)
of the important property ilog b~ F = p®ilog  b. Really,
ilog, (b®b®...®b) = (ilog,b)filog,,5) 0. ffilog , 5) =
loglvc(l?) \ log,;(p) j

= (ilogab)logk(p )= (ilog,, b)op = p@ilog,,b.

7.  We shall transform a_ (ﬂogab) =a” (kAﬂOgab) ]
b—»(ilogba) =g

8. We shall prove, that ﬂogab = ilogchilogca. As b=

: . ~(1log b . :
= a—»(llog ab) = ( Cq(llogca)) ( a ) :C_,(ﬂog a@ilog ab)’ ilog,.a®
® ﬂogab = ﬂogcb ,1.e. ilogch ilogca = ﬂogab , as was to be shown.

9. Extremely simpl to install equalites a®pc=,4®Hh,
a@(b @) = (a@b) [ﬂa@c), (a @)Ab = (aAb) [ﬂcAb), al p* = Jahb:

2) a® p° = 108 (b c) = (ac)logkb = (ac)@b ;

b) a®(b2) = o8 (P0) = gloggbtlogie = logbrlogc—

(a@ b) [ﬂa@ c) (Is similar, a® %%

a@ b
a@ c)

18



o) (a2)ab = (a@)l/ logib — Vlogub rgl/logyb = (anp) feas):

1/log, b
d) ah p© = a1/10gk(bc) = (a l/c)/ Sk Janb ete.
10. We shall prove, that iloga S p (b) = Ap® ilogab.

Let's transform a right member of equality:
Ap@ilog b= ApAilog,a = A(p@ ilog, a) = A@logg’ ﬁpgz ilog - p(b)-

as was to be shown.

§1.4 w-reflections of numbers and functions

Let's consider some aspects -reflections of numbers and functions. Let's
give the following introductory definitions:
The definition 1.1. The function y="k (k OR.k#1, xUZ, x> 0)5

k
1s named superexponential, if Yk = kkm [x. (By analogy with exponential

y=k*=k[k[l.[k), where x = var, k = const .
%/_/
X

The definition 1.2. The function y = slog PR (k R,k # 1) is named
superlogarithmic or superlogarithmic, if she 1s of an inverse superexponential
function, 1.e. from y = Slogkx follows x = Yk. According to the classical

definition this function can accept only whole values ( y DZ) .

Note 1. The definition 1.2 seemed contradicts the known theorem: “If the
function f is defined, is continuous and will increase (decreases) on gap I, set

it values is some gap J, on which there is a function g, the inverse function f

(is designated g = f _1) and possessing properties: g 1s continuous, will in-

* Though in the reduced classical definition the restriction on x (x HZ, x > O) is entered,

we in further shall use quite often extended range of definition of function y = xk, namely

x LR . It is connected to the new nonstandart approach and objects of a new nature, which
analysis in the book is absent.
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crease (or decreases) on gap J in an assotiation from increase (decrease) func-
tion f ongap [.”
Actually, if to expand a range of definition of an superexponential function

and to suppose x[1Q (g UQ, q:Z, where a,b Z), the existence

y= slog P does not contradict this theorem. Moreover, the further extension

of ranges of definition of superexponential and superlogarithmic functions is ob-
viously possible to us in connection with the extension of a field of real numbers,
about what will be told in chapter 2.
Note 2. In the definitions 1.1 and 1.2 the superfunctions of the first order
are represented. Obviously, there are superfunctions higher is ordinal. For exam-
k

ple, superexponential second order yzlk = mkk[}x superlogarithmic sec-

g

ond order y = sslogkx.

k
From y = sslogkx follows x = y[] K=Yk et

=

The definition 1.3. The function y:nx (n DZ) 1s named superdegree,

X[
if from y:nx follows y = xX'°° [, where n = const, x = var.
]

X
For example, y = 3 = xX .

The definition 1.4. The function y:nJ X (n DZ) 1s named as the su-
perradical n of a degree, if she 1s of inverse superdegree function, i.e. from

y:nJ} follows x:ny.
Expanding areas of admissible values of superdegree function and super-
radical according to anote 1 (n JQ, n R, n R etc.), it is possible to re-

ceive more global representation about a behaviour of the above-stated functions.
It is uneasy to notice, that the basic superlogarithmic identity 1s fair:

slo
Sk = (Slogka) *hk=a (1.2)
Really, let (slog r a) *k = x . Then from the definition 1.2. it is possible
to note slog 4= slog X Whence x = a . Besides it is useful to specify, that
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v = (B B T e (= 4B,

slogkak _ ké(—Hslogka)kED = ké(_l+510gka)k§|:| logka _ (_HSlnga)k.

In further, we shall take advantage of the obvious formulas:
1+
= B THH (1 + slogka)*k =%, (13)
(2 + slogka)Dk = ((1 + slogka)Dk)Dk = ik

(— 1+ slogka)Dk =log,a.
Not stopping on a research of various regularities originating in connection

with introduction of functions of a new nature (1.1; 1.2; 1.3; 1.4), we shall mark
as an example some of most elementary:

log[iiazjc_l[l]ogab; w(:a)::(J&) 6
log;il_’ = ;[; Hog,,b; (°°J :ijc_z) = :a);

2(a
logg = (3Ja)Eﬂogab; (1.4)

Ja
_1 .
logijg:n (”Ja) Hog,b:
nf, .
(nJa) —da; SlOga = n and others.

5'Jad
The theorem 1.2. The image of number a (a DR) at reflection
\@; — yp\ with factor of reflection k (k DR) is defined under the for-

-— (z' +slog k“)

k,ie.

® Let's remind to the reader, that J a — 1t is the superradical (instead of radical!).
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! i+slog,a
aEa\a)iqa)O\( Sk )kE(l'+Slogka)*k (1.5)
Proof. Applying a method of a mathematical induction, we shall consider a

series of special cases with factor of image £ :
0
a)Let i=0.Thena=g\gy —» wp\a = (O+ Slogka)*k (under the

formula 1.2 (slogka) *k=a)

1
b) At i =1 we shall receive a=g\e - wp\ k9= k(SInga)*k
1+s]
(under the formula 1.2). Whence k9= ( > nga)k (as (1 + Slogka)*k =

= k(SInga)*k = k“ under the formula 1.3).
¢) At i =2 accordingly under the formulas 1.3 we have:

(1 + Slng a) * f = k(1+slogka)*k — kk((slogka)*k) _ kka |

2
Really, a = g\ a)o\kka.
d)Let i = —1. Then
-1
a= g \w_l - wo\logka

It 1s uneasy for understanding if to reflection log 4 from space ¢y in

space on an order below, i.e. in ¢yy: logka \ep - wp klogka =a . By re-

placing indexes of spaces’ , we shall receive:
logka \wo - w-1\a. Whence a\¢y_| - a)O\lnga-

On the other hand, by designating (— 1+ slog k a) *k = x, we shall dis-
cover Slogkx =-1+ Slogka or 1+ slogkx = Slogka . In an outcome,

S - . : : : :
It is possible to show, that the reflection \wl. +1- wl.\ is equivalent to reflection

\wi - wi—l\ in connection with primary exposition (v —spaces and ( —reflection, i.e.
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a= (1 + Slogkx) *k or klogka = k(SIngx)*k =k*, e
X = logka . Is obtained

a\w-1 - a)o\(—1+slogka)*k.

Let's pass from special cases to common. Let equality 1.5 correctly, 1.e.
[

a=a\w; - a)o\(l'+slogka)*k.

Let's prove, that in this case correctly equality
i+1
a \wj+] ~ a)o\(1+i+slogka)*k

As, (1 + slogka) *k=kY, slogk (ka) =1+ Slogka. Let's image

number a from ¢y, ;1 In space () :

a\wl+1 — a)l\ka

At last, we shall image number ;¢ From w; In cy:
K9\ w; - 600\(" + slogkk“)*k, ie.
K9\, - a)o\(1+l'+slogka)*k.

So, a\@wi+1 = o (1 +i+ Slogka) *k , as was to be shown. There-

fore, the formula 1.5 is correct.

The lemma 1.1. Functions f(x1, XD sees ,xn), being in the object of

space Uy, at image in space (o Will be transformed to function

x/ Hogi! logj2.....logi"] (k DR, k #1), ic.

f(x1, XDseen ,xn)\a)l - wo\kf%ogil,logiz,...,log%ng (1.6)

if ;X — function of connection between spaces 1 and g -
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Proof. Let oy is connected with ¢gg function f i F(x) =i
(k OR, k # 1), where k —factor of image from ¢y in ¢y. Then number a
(a le) will be imaged in ¢y as F(a) =4 (a \er — wo ka), and the
function f (x) by virtue of identity of a structure® 1 and g Is transformed in
F( f (F'l(x))), where F'1 (x) — function inverse F(x) Really, in ¢y the num-
bers have other scale on a comparison with similar numbers in space ¢y and

consequently at passage \ ¢y — g\ the functions f (x) are necessary are to
changed by argument, taking into account a new scale, 1.e.

f(x) \w; — wo F(f(Fl(x))) or

f(xl,xz, ,xn)\wl R wo\kf%Og%I,log%l...,log%n%

as was to be shown.

Corollary. The function f (x) at reflection from some space ¢ I n any
space (y; is transformed in F( f (F'l(x))), 1.e.

f(x) \Ct)j - ;i\ F(f(Fl(x))) (1.7)
where F(x) —function connecting of number of spaces ¢ I and ¢; . If number
alw;.
a \60]' - a)i\F(a).

The theorem 1.3. Functions f (xl, XDseers xn), being in the object of
any space (y;, at image in space () will be transformed to function

¥ Identity of a structure of spaces W1 and wo Is understood inspatial as analogy of

mathematical objects and connections between them. All numbers, functions, integro-
differential objects, theorem etc. inside space ()1 same, as in (). The modification of ob-

jects is observed only at passage them from W1 in wWo (or from wWo in W1 ).
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(z‘+slogkf(((—z'+slogkx1)*k), ((—z'+slogkx2)*k), ,((—z'+slogkxn)*k)))*k,

if k* — function of connection between spaces w; and -
The note. It 1s reduced variant of an existence theorem and uniqueness
one-time (W —reflection.

Proof. Let's prove the theorem by a method of a mathematical induction.

a). Let i =0 . Then

f(x1, Xseee ,xn)\a)o - wo\Fo= (slogkf(((slogkxl)Dk),

((slogk xz) Dk), s ((slogk xn) Dk))) [k .

As (Slogk X j)*k: X (according to the formula 12), Fo=

= (Slogkf(xl, XDsee ,xn))*k = f(xl, XDs e ,xn). Really, imagining
function f from (g in that the space ¢y, we shall receive the same function

r.

b). Let i=1. Then f(xl,xz,-o-,xn)\wl - CUO\FIZ(1+

+slogkf(((—1+slogkx1)*k), ((—1+slogkx2)*k),..., ((—1+slogkxn)*k)))*k

Let's designate expression (— 1+slog i X j) *k for g Iz

aj:(_1+510gkx]')*k: slog,a,;=-1+slog, x ;0 slog, x ;=

=1+ Slogkaj U x;= (1 + slogkaj)*k = k((SIngaj)*k) = k4; (as according
slog,a ; :

to the formula 1.2 S]ogkaj*k:( k ])k :aj)' Whence Ingxj :a]., 1e

F1= (l+slogkf(logkx1, log;x»...., logkxn)) *k.

By designating slogkf(logkxl, log;x2, ..., logkxn) =S, we shall
receive: F1= (l—i-S) *k = k(S *k). From this expression follows:

25



F|= kf(logkxl, IngXZo R logkxn)

Fxts x200x0) \e0y - a)o\kf(logkxb logkxz,...,logkxn),

that coincides with an outcome of a lemma 1.1 (with the formula 1.6).
Is admissible, that the formula Fo= f(x1,x2,..xn) \j — o\ F;=
= (z' +slogkf(((—z' +slogkx1) *k), ((—z' +slogkx2) *k), : ..,((—z’ +slogkxn) *k))) *k

is correct. Let's prove, that the following image of function f* In this case will be
fulfilled:
f(xpxz,---,xn)\a)l'ﬂ - a)o\F,-+1=(1+i+slogkf(((—1—z'+

+slogkx1)*k), ((—1—1‘+slogkx2)*k),...,((—1—z'+slogkxn)*k)))*k
By designating expression (— 1-i+slog i X j) *k for p Iz
b]~:(—1—z'+slogkxj)*k, slogkbj: —1—z‘+slogkxj ]
] 1+z‘+slogkbj:slogkxj O xj:(1+z'+slogkbj)*k:
= k(i+legkb]~)*k 0 logk X = (i + S]ngbj) *k and i+ Slng bj =
=slog, log; x ;. Whence p ; = (— i+ slogklogkxj) *k,ie.
Fia]= (1+i+slogkf(b1, by ... bn))* k=

_ k(i+s]og S (b1 bz,--.,bn))*k _ kFi(logkxl, log;x7,--- :logkxn).

The obtained outcome testifies (according to a lemma 1.1 and it to a cor-
ollary) that has a place image of function F;:

F; (x1, XDsee ,xn) \a)l — a)o\ kFi(Ingxl’ Ingxz, e Ingxn)_

By virtue of identity of a structure W-spaces the last image 1s equivalent

to the following:
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Fl'(x1, XDsee ,xn) \a)o - a)_l\kFi(Ingxl’ logkx2’°°°°10gkxn).
Then f(x1,x2,...,xn)\a)l~ - a)O\Fl'(XI,xz,...,xn),

and £(x1, x25>xn) \ W} = -1\ kFi(logkxb logy x2. ... logkxn).

It is obvious, that the image \(u;4+1 — (u;\ is similar to image
\@; — ;1\ in connection with the above-stated identity (w-spaces (and ref-

erence 8 ), 1.e.

Flx1sx200xm) N = wo\ Filxrs x2.xn) Voo -
- o) kF,'(IngxplngxQ,...,logkxn) u

O fxt>x20ee020) N0y - w_l\sz'(Ingxblngxza---alngxn),

This expression can be copied, by replacing image \¢y; - ¢u—1\ on identical

F(x1. %22 x0) \wi+1 = o kFi(logkxlalogkxza---:logkxn)’

= (1+i+slogkf(b1, by,... ,b]', e ,bn)) *k,
where bj= (—z' + slogklogkxj)* k , as was to be shown.

The theorem is proved.
In summary we shall remark, that, if function of connection between spaces

; and @, f = k. the function y =Ilog ;X is invariant of rather these

spaces. Really,
log, x\w; -~ w;\ jlogilog,x = log, x,

ie ilog, x=log, x.
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The properties of function y = log ;X are saved at image \wi - W, \.
For example, let ¢v; = cu-1, and /= o Then

log, a og, k7L
\ew-1 — wp\log =log, a-log, B
log, B k ogkkﬁg g g
If ¢v; = ¢vy - and W; = W
IngInga
logka logklogkﬁ
\er - wo\ k = (logk a)A(logk ,B) and T.1..

log, B
log, a

log, B
placement of operation of division on appropriate (W-1mage of this operation.

at w-reflection 1s saved under condition of a re-

So, the ratio

§1.5 Problems of a common subject (W-reflections

Summarizing above-stated, we shall mark some problems originating at a
realization -reflections:

1. Searching common regularities -reflections of objects for various

functions of connection. Exposition of precise restrictions superimposed on func-
tion of connection between (V- spaces.

2. Reduction of examples -reflections with other functions of connection
(in the present work 1s represented, as one exponential function of connection
k. was specified, only).

3. Definition of quotients and universal criterions describing
w-transformation of the graphs of functions. For example, installation of factor

w-modification of the elements of length of an arc (in case of function of one

variable), square (for function two variable) and hypersquare (for function three
and more variables) at \ ¢y; — (0 ) \,where i, jUZ and i % j.

4. Deepening of development (W-images because of exponential functions

k* . In particular, research of function y = *k and y= slog X Searching of

regularities at an operation with superdegrees and superlogs.
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Certainly, other problems are possible also, at study of a common problem
about -1mages of functions.

CHAPTER 2. THE EXTENSION OF A FIELD OF REAL NUMBERS
[50; 52; 55; 56]

§ 2.1. Common notes

Analyzing properties of well-known algebraic operations on N, Z, Q, R -
sets natural, whole, rational and real numbers accordingly and considering these
operations as ingredients common infinite of a set of operations, the series of the
formulas, invariant rather these operations is uneasy to receive. Partially they are
reduced in a table 1. Invariant concerning operation of the formula have an inde-
pendent value, as are regularities in a set of operations, which are mathematical
objects and create specific infinite a set. Besides these formulas are carriers of
applied orientation. In the present work not accent attention on it, as an invari-
ance - subject of a special research. Let's mark only that fact, what exactly the es-
sence of this research has allowed to open operations of a type " o " and "A".

Last place in a basis of representation about A-numbers, which set R has
given premises for shaping concept of the extension of a field of real numbers.

§ 2.2 Invariant formulas

We shall reduce examples of the invariant formulas.

221 (a,p) OR, i {1,2,3}.
[] —lx
%F2D§13Da%
0 1= a

n—-1—0
§D§~”%D2 2.1)

I

The formula (2.1) is a compact entry of a method of iterations (for n = 3,

+ —
i=2: \/E:c/az a; for n=4, i=2: 2~/c=4/a[ﬂ0gac,
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3JZ’ = \/a2 El]ogalogac etc., where ¢>0, a # {O, 1} , a —first approximate

value of the superradical).
Note. At an analytical operation with the superradicals it is expedient to use
obvious regularities of a type:

2 A
1 a— 1 |

%bn_ = 2Ja Hog b, 08 b 5——og,, b etc.
log “/a loga Vb
222 (a,b) OR, a#{0,1}, nON, n=1at a<b:
%{"anb % n—1 k b
10, 3 at= 10y 2.2)

where k —number of repeated operations (k DZ).

a+b, log,,b=(-1)+log,(aB).

Example 2.1. a) b/a = (— 1) +

slog, b=(~1)+slog,a’: 6) b/a:1+b;a, log,,b=1+log (b/a).
a
slog b =1+slog_log b etc.

Because of above-stated it 1s possible to place a series of useful relations.
In particular,

lim * (%):e.

p—>+00

223.a0R, az{0,1}, nOZ:

— nt
r0e =ntng (2.3)
ExampleZ.Z.i:x—x, oox:E, OOJ)_c:xx etc.
+ 00 X
224 N5 =y
2.4. 14 =4 (2.4)
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b
2.2.5. %EICEB a4 %

For n = —1 the formulas are fair:

(2.5)

a—

10 ,=a+l, 0,=a+2, O,=nt+l, (n>a).

-1 19 —laa —lna

Because of them, as it was specified, the new operations (in particular,
operation " o " and inverse to her "A") are defined.

Definition 2.1. The operation of an order zero " o ' names such op-
eration (n=0) between operands a and b, that from aob=c follows
c=a+l at a>b, c=a+2=b+2 at a=b and c=h+1 at a<b,
ao(-o)=a and (— 00) ob=b. This operation is commutative

(aObeoa).

Definition 2.2. The solutions of an equation xoa = (— 00) (a DR)
are named A-numbers (by analogy x+a =0, a >0 follows x = (— a) -
negative numbers; x[d =1, a LIN, a Z 1 follows x = (2 a) — fractional).

Exists infinite a spectrum A, -numbers, an origin and which hierarchy

easier additions are connected to operations at observance of a duality principle
and condition

AW mAn+1 :{Vn}= Vn:ng'

§ 2.3 Axiomaticses A-numbers

We shall consider some axioms A-numbers. Thus alongside with well-
known arithmetical operations the operations " o " and "A" are taken into ac-

count. Actually, represented axioms is a system of axioms of real numbers inter-
preted by existence of a set A-numbers (AO) and new operations " o "and "A".

Therefore is lower the attempt of generalization of sets A-numbers (AO) and

real numbers R, i.e. shaping of a set Ry = AgUR =RpAUR is made.
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1. For anyone's Aa, Ab [/ the relation of the order is defined:
Ab>(Aa) at b<a, Ab:(Aa) at b=a and Ab<(Aa) At b>a, and, if
Aa < (Ab) and Ab< (AC) , Aa< (AC) (transitivity  order), where
(a,b, c) [R.

2. For anyone's Aa,AbLAy the unique number
Ac=Nao (Ab), Ac U/, and Ac = A(a o b) is defined.
The axiom 1 agrees the definitions is correct for a,b IR .

Note 1. Let's explain, that immediately from the definition of operation
"o " follows

Ab+1, Ab<Aa, b>a
Aao(Ab):EAb+2, Ab=Da, b=a
Eﬂa+1, Na<Ab, b<a

3. For anyone's a,bUR( has a place a relation aob=boa
(commutability of zero operation).
4. An axiom of signs. For anyone a [IR(y has a place of an identity

M=o (A(Aa)=a), Do=A and oA=A (Aloa)=Da, o(Da)=Aa),
co=o (o (oa) = a). Similarly, —(—a) =a, —(+ a) = —a etc.

5. For anyone's a,b [UJR(y The unique(sole) number a + b, called by a
sum of numbers @ and b is defined. For anyone's a,b LIR has a place equality
Aa+Ab=Ab+Aa (commutability of addition A-numbers), and also
Aa + (Db + Ac) = (Aa + Ab) + Ac (associativity of addition A-numbers).

Note2. For anyone's a,b[JR  Aa+Ab=a+b DNa+b=
= A(a + b) =a+ (Ab) (rule of signs), Aa+ (Ab o (Ac)) =a+ (b o c) =
=Aa+Abo (Aa + Ac) =a+boa+c (distributivity of addition A-numbers con-

cerning operation of an order zero) etc.
The rule of signs " o "and "A" :

oto=o
A+o=A
o+A=A
A+A=o
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similar (+)[(+) = (+), (5){+)= (=), (})T-)=(-). ()U-)=(#), cor-

rectly is real: Ab + (Ac) (( )Ab) ( ):
= (- 0)+(Ac)A(0b) + Ac = (A(= w))A(A(D +¢)) = (- w0)A(A(b +c)) =

:(A(A(b+c)))=b+c:o(b+c), ie. A+A=o, and Ab+OC:((—00)Ab)+
+c:(—00)+cAb+c:(—OO)Ab+c:A(b+c), te. A+o=A or
Aa+Ab—0(a+b) a+b_b+a20(b+a)_Ab+Aa (is comparable:
(-a){-b)=+(aB)=ab=bla=+(bld)=(-b){-a)). Da+(ab+
+Ac)=Da+o(b+c)=A(a+b+c)=o(a+b)+Ac=(La+Ab)+Ac;

Da+(Dbolc)=Da+A(boc)=a+(boc) (is comparable: (—a)[ﬂ(—b)+(—c))=
=(-a) [Q— (b+c))=a[Qb+c)) etc. It is necessary to pay attention to the ele-

mentary regularities in a hierarchy of operations. For example, Aa+Ab =

=a+b, (— a) [ﬂ— b) =alb, (: a)@(: b) =a®h, (Aa)(Ab) =aXb etc’

On a rule of signs it is possible to note, that Ab+1=Ab+ (o 1) =
= A(b + 1) etc., 1.e. Aao (Ab) = A(a o b), that confirms an axiom 2.
Note 3.
a) U (a,b,c) Ry (aOb)—c —a—cob—c;
b) O(a,b) ORq (aob)—a=(bo2[d)-a
c) U (a,b,c,d) LRy (aOb) + (coa’) = (a +coq +a’)o
o(b+cob+d);
6. For anyone's a,bJR( has a place a relation a+b=b+a
(commutability of addition).
7. For anyone's a,b,c IR has a place a relation a+ (b + c) =
= (a + b) + ¢ (associativity of addition).

8. There is a number AO LA such, that AO+Aa =a (a DR) and for
anyone Aa UAg, Aa#A0 there is bR such, that Aa+b=A0, and
b= (— a).

9. For anyone's a,b,cUR( has a place a relation a+ (b o c) =

=a+ boaqa+c (distributivity of addition concerning operation of an order zero).
10. For anyone's @, B R and Aa,Ab (1A the following relations are

fair:

° The proof is reduced in the theorem 2.11.
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a+0a=0a +a) 00,
(aoB)+Da=a+N0aoB+Na;
a+(Dao(Ab))=a+Daca +Ab;
a+(B+0a)=(a+B)+0a; 0+Aa=Aa;

a +(0a+(0b)) = (a +(Aa)) +(Lb) = Aa +(a + Ab)

Note 4. The axiom 10 will be coordinated with the previous axioms.
Really: (aoB)+Da=B+1+Da=A(B+1+a) at B>a,
a+A0aoB+0a=Aa+a)o(A(B+a))=A(B+a)+1=A(B+1+a), at
B>a; a+(bao(Bb))=a+Mb+1=A(a+1+b) at Ab<Aa;
a+(Da)oa+Bb=a+bb+1=0(a+1+b) At Ab<Da;, a+(B+Na)=
=a+A(B+a)=A0a+B+a)=(a+B)+0a; 0+La=A(0+a)=Aa;
a+(Ba+(Db))=a+(a+b);  (a+(8a))+(Ab)=NA(a +a)+0b=
=a+a+b, Ma+(a+Db)=Da+A(a+b)=a+a+b.

Note 5. If by two binary operations to consider operation of an order zero
and addition (i.e. to reduce a conventional order of operations of addition and
multiplication on 1), the set A is a ring in the new interpretation last. Moreover,

A is algebra above a field of real numbers R in view of lowering about opera-
tions accordingly on 1. A — the ring is associative-commutative. Certainly, it is
expedient to not separate A from R, as it and is made in the present text

(RO =7y UR), and to consider A-numbers as real, but possessing the speci-

fity (as fractional or negative in relation to whole and positive).
Note 6. Concerning "zero" for A-numbers it is possible to note:

Aa+0=Aa (compare a+0=aqa), (— 00) oa=a,ie. at a UR( the relations
a+0=a and (—Oo)oa = q are fair.

11. For anyone's Aa,Ab 1A the unique number Aa [Ab, called by a
product of numbers Aa and Ab, AalDNb# Ab[DNa is defined. And,
(Da)b=ald (HON;), (Aa)Bb=A(aB)=0(aB) (Aa)Bb=A(alb)
(6 ONy), al{Ab) = A(a ), ba Db = A((Aa) B),

ZICi [{pa)=a D%@ Ci)

Y (Ba) ;= 0ally ;.
i=1 i=1

1

Note 7. The apparent commutability of multiplication A-numbers is false:
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Na Db = Na Db) ={A(a B); a B},
AbDa = A(Ab ) ={A(b )b [} .

The reason of a paradox that in the first case an outcome depends on parity
of number b, and in the second case - from parity of number a .

12. For anyone Aa LA there is unit (Aa = Aa), i.e. for any number
a LR there is unit (a = a).

13. For anyone alJRg, a# {O;AO} there is b [JR( such, that
alb=1.

14. For anyone's a,b,c IR has a place a relation a [Qb Q?) = (a |]>) (¢
(associativity of multiplication).

Note 8. Let's remark, that

[
(ACZ mb) [Ac = (A(Aa m))) e = %A(a m7) [A¢ for b N>
O(@@)e for pON,

AN(aBe) for bON,, cON>

=EI.S(AA(QD?)DCDC) fforbbD[lNz = Eaﬂb@c for bUON»>, cON;
0 Ma) for bON H  Aab@) for bON,

Da (Db D) = Da T{A(DD (7)) = Patpb ) for ¢ONy _

AaE{ch) for ¢ N,

0 Adadp)), cON, (N(a &), ¢ON,, foranyones b,
=[] Cl%gf, CDN] bDNz =% Cl%gf, CDN]: bDNz,
NabE), cONy, bON; H A@DhE), cON; bON,.

15. For (a,b) [JR the equalities aAb:—(ab), log(—a) LA, and
Aloga Ulog (— a), and (AO//Z) [Jlogi take place. The formula
aAb = —(ab) has a deep sense (by analogy a_b ::(ab), where (a,b) OR .

16. For anyone's Aa,Ab[JAy and a R has a place a relation
+(Aa+0b)=a Da+a Db
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Note 9. The axiom 15 will be coordinated with the previous axioms:
a Aa+Ab)=a [a +b), o [Da +a b = Ao &) + Ao [b) =
=ala+ab=ala+b).

Note 10a. Let's consider the following paradox: 6A2 =-36 and
6A2 = (2)A2 = 2A2 @A2 = (— 4) [q— 9) = +36. The essence of a paradox

consists in HekomMMmyTaTuBHOCTH of operation of multiplication on a set
A —numbers. Really, taking the logarithm, we shall receive

log (23)" = (log (23)) 2 = (log2 +log3) 2 #
# (log2) 2 + (log3) 2.

This expression a special case of the formula:

(a + b) [Ac # (a mc) + (b mc)
Let's consider deriving this association for real numbers. Really, if
(a,b,c) [JR and (a,b,c) 07,
(a+b)=(a+b)+(a+b)+...+(a+b)=ale+b[d

'l

c

and Ac[ﬂa+b):Ac+Ac+...+Ac:Ach+AcM>, Aca +b) =

a+b

= AcLd + Ac b . However, by virtue of noncommutative of multiplication (since
¢ and (a + b) —number of recurrings being real  numbers)
(a+b)Dc # (alhc)+ (b TAc).

Note 10b. Let's consider a paradox:
(Aa+0b)Dc=(a+b)De=albe+bDe=Aale)+AbE)=ale+bE=
= (a + b) [¢. Whence follows Ac = c. Essence of a paradox in that, as in the
note 10a.

Corollaries from axioms

1). For two numbers a,b [IR(y there is one number x LIR( such, that
a—b|>1 number x = bAa.

aox =b and in case ‘a—b‘iZ,
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2). For operation "A" some axioms of operation " o " are fair. For exam-
ple, (aAb) +c= (a + C)A(b + c) etc.
So, for two numbers a,b LURy there is one number x [JR(y such, that
alx=b
Example. Let aAx=b and b>a+1. Then x= A(b - 1), as
ab(A(b-1))=b.
3). For anyone allRy we have a= —(— a). In particular, if
a=0b0OAy, Ab=—(-0b)=~(A(-5)).
4). For anyone's a,b,c,d URg b—a=d-c is equivalent
atd=b+c.
5). For two numbers a,b IR, where a ¢{O,AO} there is unique
x LR such, that alX =5, and, in case a [UNy, there is an additional value
x UAg.

Note 11. The division A-numbers is carried out on the following funda-
mentals:

a)  OabOR Aa/Ab={a/b;N(a/b)}

b) OaOR and 50N, Aa/b=a/Db=N(a/b).

We shall prove a): Aag/Ab=x0OR0O Aa=x[Db. If x[OR,
DNa=N(x[) - x=(a/b) » Da/Db=a/b. ¥ x=0y0hy, yOR,
Aa =Ay[Nb = A(Ay %). The equality is feasible, if H[IN»y;
Na=NA(yB) > y=alb.

We shall prove b): Aa/b=0z — Da=0zb=AAz0) - z=afb, if
bONy, ie.  Da/b=NA(a/b).  Similally  a/Db=Dz — a=
= Az (Db =A(AzB) = A(A(z B)) = z[B, at b ONy, ie. a/Ab = A(a/b).

6). For a LUR () we have ? =a.
a
Note 12. Let a=Ab0Ay. Then 1/Ab=A(1/b) for bON,,
1/1/8b=Ax O 1=Ax[{1/Ab) = Ax[A(1/6) = A(Ax O/b) -
— AxO/b=Al,ie Ax=A1[b=Ab for bONy,ie. 1/1/Ab=N7b.
7). For anyone's Aa,Ab 1Ay and Ac LA \{AO, Nz}
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Aa N Ab _at b
Ac Ac c

Note 13. a). Aa/Ac+Ab/Ac ={a/c; A(a/c)} +{b/c; A(b/c)} =(a+b)/c,
since Aa/c)+A(b/c)=alc+b/c.

If Aa,Ab OAq, and ¢ OR, Aa/c+Ab/c=(a+b)/c only at ¢ #N»,
since Aajc+0b/c=N(a/c)+A(b/c)=(a+b)/c. Is similar, if a,bOR,
and Ac 00 \{AO, Ny}, Aajc+Dbjc=(a+b)/c.

8). For anyone a IRy the equality —a = (— 1) [dr is fair.

9). For anyone's a,b IR the equality — (a |]7) = (— a |];) is fulfilled.

Note 14. Let Aa, Ab OA. Then —(Aa [Db) =
= ~(A(0a B)) = A(- (8a) ), —(Aa) (Db =A(-a) Db = A(A(-a)B) =
=A(-(Aa) ).

10). For a,b,c R all axioms of the order and corollary from them,
formulated for a,b,c IR are fulfilled.

11). A principle of a continuity Dedekind. Let set Ry is divided into two
classes Kj and K> so, that: a) classes Ky and K> are not empty; b) each num-
ber a LUR(y concerns only to one class; ¢) from a condition a UKj and b <a
follows, that b [JKj. Then there is a sole number s LIR(y such, that all numbers
a LR, satisfying to an inequality a =a’ <s, belong K7, and all numbers sat-
isfying to an inequality a =a" > s, belong to a class K>. The number § is
named as a cut of a set Ryy.

Note 15. In the whole set R has an algebraic structure of a field

(commutative skew field) adjusted for specifity of axioms.

Note 16. In summary we shall remark, that a series of sentences referred to
axioms and corollaries them, are proved from the appropriate definitions and
other axioms.

§ 2.4 Exponentations A-numbers

It is uneasy to place regularities at a realization of exponentation. Let's
consider the elementary case, when a and b —whole positive numbers. Then

Ab

a_b - fractional, 4~ - negative number etc., 1.e. the outcome of exponentation
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1s number on a class above, than exponent. The more detailed information can be
received, analyzing situations with various classes of numbers @ and b :

Na
2). b ON, (Aa)’ = : E/’ ,)aaDDNTz, bON; (Aa)' =a(a?).

ie. (Aa)b = A(ab),

b
except for a case, when @ [N and 6 LIN5 . Then (Aa) = ab.

b if (a,b) ON,
01 010

b). Na)” =
B

For negative numbers (a < O) the equalities are fair:

b b Ba? bON,
- =(—1) &= _ :
o= aef o

Not stopping on a research various cases'’, numbers, connected to expo-
nentation, we shall make such conclusion: the negative number in a degree
A-number is a real number, and positive in a degree A-number is a negative

number (by analogy (:a) —ab [Z., and a_b ( )DR f» le. outcome
fractional number, if (a,b) 0Z).

The full research of the extension of a field of real numbers goes out for
frameworks of the present book. However, above mentioned axiomatics
A-numbers and their properties allow to generate representation about this exten-
sion.

' Such research is submitted to the reader to do independently: it simply and it is enough fasci-
nating, as contains a series of interesting conclusions and paradoxical outcomes (last arise in
case of violation of rules of multiplication /A —numbers and inaccurate reversion with them).
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We shall be limited to two small examples, which will help, to some extent
to understand a reality A-numbers.

Example 1. To find solutions of an equation

9B -18@* -22* +4=0, (1)
If x DRO:RURA-

Solution. a). Let x [IR ,i.e. x —real number. Then x = {— 1,0849626; 1} :

b). Let x URA, i.e. X —A-number. Then, by designating y = 27

(y <0, since x UR A) , from (1) we shall receive
9037 +1807° -2 +4 =0, )

Really, if xURA, 4% =92 = (— 2x) = _(2x)2 = —yz,
8x :23x :2X|3 :y3

Solving the equation (2), we shall discover y = —2,1936608 (radical
v =0,0968304 +0,43976781 does not satisfy to a condition y <0). Whence,
x =log,(~1) +10g,2,1936608 = A0 +1,1333404 = A1,1333404.

So, x = {— 1,0849626:1; A1,1333404} :
By check it is easy to be convinced, that all radicals satisfy to the equation
(D.

Example 2a. (—2)3 = 2(10g2(—2)) = 2((10g2(—1))+1) = 2(AO+1) =

:2(A1):2A3:_8_
/2 201//2) 2/)2
Example 26. Ji=4"7=, [(]1// ):2// = »{ALol} = »{ALT} =
:{—2;2}, since 20152, and 2A1:—2. (We shall remark, that
de=ab asit Yab =x, a=x¢ O log,a"=log,x* O b=

:(logax)@ [] logax:b//c ] x:ab//c;see§5.2).
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§ 2.5. Examples of proofs in (W-symbolics

In the present paragraph the examples of some proofs which have been car-
ried spent in (W-symbolics, i.e. proofs of lemmas and theorems connected with

w-reflections of operations and numbers are considered. It is necessary to no-

tice, that the package, offered to the reader, of proofs is a not full cycle of state-
ments on the given problem. Moreover, part of reduced lemmas are not used in
the theorems, that, naturally, creates a field for searching and analysis, which, in
case of desire, can independent lead the reader.

It would be necessary especially to underline, that is primary A -numbers

are obtained from operation "o" (operation easier than addition): from
p p

Xoqg = —00 (a DR) Jfollows x = (— OO)Aa =Aa (by analogy, 0—a =—a
and 1/a =1:a =:a). Thus the reflexivity of image of numbers is observed both

at algebraic, and at geometric expression.
On the other hand, the set R A-numbers can be obtained for one act

w-reflection. Really, as (:a) \ewpy — i \log (: a) = (— loga) OR_- ata>1
(the number a does not enter into a set R - a OR f ), (— a) \CUO -

— a)l\log(— a) = (Aloga) ORA (a UR-, the number a does not enter
into a set R— negative numbers). Thus, all field R A-numbers can be ob-
tained from a set R — negative numbers for one act of image \ ¢py — vy \-

lim log —la|= lim Alogja| = Ae,

lim log —|a| = lim Alogla| = A(= ) = —o,

|a|—>0 |a|—>0

a). If \a\ >1, w—image of number —‘a , hits in an interval ]AO; AOO[
(- 1\ ey — ooy \log(-1) = A0, ~la| \ e

- @y \log (— \a\) =Alog|d| D]AO; AOO[ ) ie.  lim log (— \a\) = Aoo,
o

lim log (— \a\) =A0.

la] -1

b). If 0< ‘a‘ <1, an outcome (v —reflection Alog‘a‘ ] I:I]— 00; AO[ ,1.e.
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—(:lo) \ oo — c0y\ log (— (|b|)) = Alog (:|p)) = A(-log3).

b| >1,and |lim A(— log (|b|)) = A(— oo) = —o0
pve

where |b| = |i,
a

and 1im A(=log|p)) = A(=0)= AO.
b1

In this case, the reflexivity of image 1s breaked, and the upgraded numeri-
cal axes looks so:

Bn A ’(A ”) B’ A B
I = —+—
oo A0 —00 -1 0 1 +oo

Fig. 1. An image of a upgraded numerical axes with the instruc-
tion(indication) of boundary points (- reflection

\Q)O - W \. The segment |AB| is reverberate at
\a)o - a)l\ in an interval 4'B’, and interval AB" — in an
interval A" B" .

Lemma 2.1. The image of a set R Real numbers \wi - \'"is bijection at
k>0 k#£1,i0z.

Proof. Let any element (pre-image) a'[JR and a’l]a)i, is reverberate in

[ ¢ N

%ﬁl' \ Wi — ) \a % at \wi - Wy \, ie is transformed to an image
=1 — Na' [ ' ¢ 4+ l a' * k .

a=Im¢ = {¢(a )‘a a)l} . In our case, {a} —\|! TSlog, . According to

the definition of function y = slogz to each value X >0 there corresponds a unique value

¥R, and at x <O - the sole value y LA (at x =0, y =—00), i.e. each value a'Ugy;

"' Under Wi and Wy is implied only components of these spaces as a set R of real numbers,

ie. a)lE{a',a'DR} and set wOE{(l’+slogka')*k, i0Z,k>0, k;tl}.
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is compared one element ¢ = gi + sloglcé') * k%[l (o or a= ¢(a') DO()()~ And, on the

contrary, each value y[] Ro there corresponds a unique value X, equal

k
=Yk = kk"' SIV , under the definition of an exponential function. Moreover, image ¢

. . _1 . 12 - . . .
and inverse to it ¢ are continuous *, i.e. are homeomorphic. The homeomorphism of image

@ proves to be true by a series of the facts. For example, for a special case
R\ - R" we shal recive if @,b0R and a#b, tha
a+b\a)1—>a)0\kaﬂcb:ka+b DR*, k#1; a@b=a10gkb OR
alb\ew; - o\ k'® ;b = pab DR*, i.e. exists one-to-one the correspondence,

at which for anyones d, b O R and for their images ka, kb OR toasum (a + b) and
product (a |]7) there correspond sole values k¢ ucb and f9® kb ( LJ® = accord-

ingly product and reflexive product). It proves isomorphism ¢ The continuity of functions

* and log™ proves a homeomorphism @ .
Sk

. -1 .
In view of above-stated ¢ and ¢ are epimorphic. Thus, the given image ¢ repre-
sents an injection (as from ¢(a’) = ¢(a") follows a@'=a'') and surjection. Whence is
concluded, that @) - bijection.

Corollary. As ¢ — bijection, for everyone a’Da)i exists ¢_1(a'), where
o' =id gy id gy d' — a"
From ¢_1(a') = {a'Dwi‘qﬁ(a') = a} O ¢_1(a') = gslog/qz = l') * k%

Theorem 2.1. The system of mathematical objects O= <O ] R+, °, ®, k >,
generated in an outcome of image \ W] — Wy \ on a set R+ will derivate a field at any-
one k>0, k#1.

Proof. Let objects @, b [] R+. From the theorem 1.1 follows, that the operation

"(®" is alternative, is commutative and is associative. Let's prove a distributivity of operation
"(® " rather ordinary multiplication (" ® "):

2Tt is not necessary to confuse a continuity of reflection and continuity of functions. It is natu-

ral, that functions y = *k and y =slog ey in their classical definition having rupture, as

x UZ.
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a@(b |]‘) = alogk(bm) - alogkb Qzlogkc = (a@ b) [ﬂa@c) . On the other hand,
(b 2)®a = (bm)logk“ = plogg (glogrd = (b®a) c®a) = (a®b) {u® ).
The unit element of a system O is equal k: a®k = alogkk = a . The inverse ele-

1 _
ment a_l is equal ngil/% (a_lzkAa). Really, l@a:kl/logka@aZ

loga
= (kl/ Inga) k= k . The system O is group, as the binary operation ( 0 @) is de-
fined which to each pair of objects d, b 0O puts in the correspondence some outcome of

operation @ d b, a®b = alogkb. Thus all requirements showed to group are fulfilled:
alb O, a@b:alogkb 0O, e O —is closed (a>0, b>00

H alog kb > O), O —is associative (a@(b@ C) = a@(blogkc) =
lo [
= alogkc{[bgkb = (alogkb) ke = (a@b)@cﬁ; O contains left and right unit

for everyone @ from O (k@a = loga =g = a@k); for all @ JO in O thereis a
left and right inverse element a"l ®a=k ad a® a"l =k, as
a'®a= (kl/ logk“)@a = (kl/ logka)logka =k, and also
a® a_l = a@(kl/logka) = al/logka =k.

From the theorem 1.1 follows, that O —is commutative.
The group O is commutative, additive with distributive operation " ®". The group @)

is additive, as the operation ([)] is defined which is an image of operation (++ at image
\a)l - a)o\, ie. O —rthe ring, and, is associative - commutative that an image of multipli-

cation in a ring O is the operation "® ", which is associative and is commutative.
In view of above-stated and lemma 2.1 systems O —multiplicate group (ring with

eliminated zero equal our case 1, as a®1 = alogkl =1).
The note 1. The deviders of zero do not exist. Really, for any elements X, y Hl R+

and X Z1, y#Z1 x®y Z1 (“1” plays a role of zero in case of operation "®").

The set of all nonzero elements of a ring will be a groupoid concerning operation "® ",
And the ring will be a skew field, as the set will derivate it of the nonzero elements group
rather "® "

The system O- field (is associative - commutative a ring with the single element &,

1

element ;;  and eliminated zero).
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The note 2. The set R positive numbers comprises a series of classes on

- reflections, which include such global groups as fractional numbers ( R f) and infinities a

spectrum of classes of irrationals ( le )

Corollary. Outcomes of image \ ¢p; — (g \ Set positive (R+) Makes a subgroup

A Group R+ Concerning operation " ®".
Proof. The operation "®" is defined on a set R,. Let

a,b,c,dURy, k>0, k#1. Then a\g), - wo\gi+slog/a{)*k%DA,
b\w; - wo\gi+slogi)*k%DA, Ri\w; » wp\ 4. (a@b)\wi .

- o\ P = gz' + slogZ)* k%«i + slogkb)*k) = gz‘ + slogi)*k%DA,

that proves a closure of a system A. (" ®" -image of operation "®" at image

\a)i — a)o\). Let's discover C: (SlOgII;_l)*k :CDR+ (at SlOg%,

slog/[z, [R,). For  anyone a'llA4 inverse  element ‘a ' ‘_1 A
%Cl ' ‘_1 = kl/logka' DA% Let's equate kl/logka = (i + slogi) * k. Whence

kl/ lOg ka)
d= %10g - Q* k . Let's remark, that all mathematical calculations is pro-

duce in Ry, 1 UZ. So, ALIR,; A —group rather " ® "; for anyones a,blA4

a®bJA; forall a'l1A there is (a ')_1 A, ie. A —a subgroup of group R+ Ac-

tually, A consists of all elements R+ but transformed on the known law:

a \Ol)i N 0)0\ gi + slogZ) * k% that in the classical definition of function y = slog P
x UZ, and, signifies, @ [1Z.. And, to each index “7 ” there corresponds a unique value “k”,
i.e. there is a series of subgroups inserted and filled of sets R,: AjLIR "y AHUR Lo
where 1,2,...—index equal I. The extension of a range of definition of function
y =slog pX up to X [JR Carries on to full filling of a set Ry indicated series of sub-

groups.
Thus, the set R can be represented by any set 4;. Last (the sets 4;) can be consid-

ered as the transformed aspects R, i.e. W-reflection allows from one element (in this case
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sets R ) to receive infinities a spectrum of the transformed elements identified with first (i.e.
the pre-image).
Lemma 2.2. The operation " ® " is commutative on a set R —negative numbers.

Proof. Let a,bOR_, k#1 Then (-la))®(-2))

:(_‘a‘)logk( ) _ = (~|a ‘)Alogk|b| a ) 10gk|b|é (- B)®(-ldl)

log;|a
= —a—‘b‘ gk | % After a taking the logarithm of these expressions we shall receive:

A=log, % %—\a )logkv"%: Alog, (—\a\)logk|b| = Alog,, (~|a]) x
X logk\b\) = A( );
B =tog, B )<= Hom, (b)) "4 B= a(otog, b1~

X logk\a\).
If logi, log/a{ ON5, that at k>0 A=B= A(log|a| EI]og|b|)

(~l)o -) = (- (-la). 1 1o

X log}ih .

That A=B=

If 10g| k“b‘ and 10g| kMa\ simultaneously do not belong to a set \/» or set N1,

the operation "® " is commutative at £ <0.

[] []
1 _ a0 1 0. |1

10g|a| EA 10g|a| ‘k‘E 10g|a| ‘k‘

Really, A10g|a| =A

 logy |k
Substituting these values in 4 and B, we shall discover:

D

[]
1 5|0
A=AE E]]og Eog HE% =
§Og|a|‘k‘ k |k| 10g|b|‘k‘EH
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= Agg(log| ylal tog k|\b\)§: logylal Dog 5

[ [ 1
Similarly, B = AD D]O |a|D_ AD

Hog|b|\ | okH Eogy,ﬂk\

0, [

X
Eﬁlogwk@
(

- ‘b‘)@ (— \a\) , as was to be shown.

= 10g|k|‘b‘ []]0g|k|\a\, ie. A=B and (— \a\)@(— ‘b‘) -

In view of the theorems 1.1 and 1.2 it is possible to make a conclusion, that the opera-
tion "® " is commutative on all a set R real numbers.

Though the theorems 1.1, 1.2 and lemma 2.2 prove a commutability of operation "® "
on R, we shall show a commutability of this operation on a set of fractional numbers, as they
will derivate independent (W-a class of numbers Let @, b LJR . Then

0g
a)®(:b) = %% k (logkb) = 1021b = y@p .
(. b)@ a =bp®a = a@b as was to be shown.

Lemma 2.3. The operation " ® " is associative on a set J_ negative numbers.

proof. o) Let (a.b,c)OR_, logf TNy, k%1 k>0, Then
=)o) (1) = i) B G - ) = (o)
x(Blog,|d) = (—\a\)A((Along")mng'C") = (—\a\)ﬂ((long')mogk'C').

O the ater hand, 5 = (- ) o((- ) (-Id)) = (~ll)o b2 =

_ (_‘a‘)(Alog el)fnlogld) _ (_‘a‘)A((Alog () Tog lel) _ (_‘a‘)A(log (Joltog k|c|)j
ie A=B
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b). Let 10g|,f| [ N1 Then
e (_‘a‘)A((Alog 4/bl)Tog k|c|) _ (_‘a‘)log JolTog |

( a Dlog 1blTog k|c|

e. A= B, as was to be shown.

The theorems 1.1, 2.1 and lemma 2.3 allow to make a conclusion, that the operation
"® " s associative on all a field R real numbers.
The note. The associativity of operation "® " is obvious to fractional numbers. Really,

%@ log i bog kc)

l@%@ l%z a—l@blogkc — a—(logkb[]bgkc).
a c

Lemma 2.4. The operation "® " on a set R _ negative numbers has left and right unit,

and also left and right inverse element a_l.

Proof. a). As k@(— \a\) = klogk(_|a|) = kAlng|a| =
— _(klogk|a|) = —\a\ for anyone kK Z 1.

(~[af)@ = (~|a])/ %" = -l

ie. kK — Leftand right unit.

b). We shall prove existence of a /left-inverse of the element a_l. As it we shall select

i Vlog 5(-1)) Then
V102 () = (1102l g 2 = 4 @ = ()™ @ (- ) =

= 1A(1/logyal) o(~la)) = 1 B(1/og lal)Tog  (-lal) =
= ¢ 2(110ga {log fal) =  {(8(110g al)iog )
If logk\a\ DN]: X = kA(A(l/logk|a|)ﬂbgk|a|) = k., as was to be shown. If

logglal DN, (<la)) ™ ==V 102¢ () = ga(110ggle) agame & <0,
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we shall discover |k|1/10gk|a|:|k|A@%Og|a||k|%:|k|1/10g|k||a| and x:a_l@a:

= | k|1/log|k||a|@(_| a|) - | k|%/log| k||a|@logk|a|§: _| k| %0g| a||k|@%/log| a||k|%: r

as was to be shown.

-1
c¢). We shall prove equality (— |a|)@(— |a|) =k, ie. existence of a right inverse
of the element:

(-la)®(-[a) " = (- )® k" 1ogk{Hd) = (<|a Dlogkkl/ logy (-al) _
:(_‘a‘)l/logk(—|a|):( 1/ logk|“| ﬁ | a‘ l/logkIaE

Lt x =~ (~Jal) 12K pen

log; =log, F-(~a)! 8 B= alog, (<) "4 = A(1og, (~1a)

[ DAlogk|a| log, |4
logk|a|% glogk|a|% logk|a|

case X =k, as was to be shown.

:l,if10g|];| LN at k>0 Inthis

. . [] 1 []
If 10g|a| ONp. k<0 and logy = A%m [€A10g|a||k|)§:
a

10g|a||k||]
% =1,ie x= k as was to be shown.
log, |k H

Separately we shall consider appropriate operations on a set R 7 (a , kU R_,_):

k0(.a)= €192k = (a). ( @)@k = (:a) K" = ()
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(:a)_l@(:a) = kl/Ing(:a)@(:a) = k—(l/logka)[lbgka_l =k;

(2 a)@ (:a)_l = (; a)@ kl/logk(:a) — (a_l)logkk_(l/Inga) _

— al/logka =

So, the operation "® " has left and right units, and also left and right inverse element

a_l on all a set R real numbers.

Lemma 2.5. The operation " ® " is distributive concerning multiplication on a set R _

negative numbers.

Proof. Let k>0, k#1 then A=(-a)®((-[5) {~|c) =
- (- )“gk D= (oot ) \)k’gk( D= (-lao(- )
(-la)®(=[c)): on the other hana, A-'=((~[5){~|c))®(~|a]) =
=((

-y ECH )/ < (pesCial - H)k’gk ) < (- i) ()
(( c|)®(- \a\)).By virtue of a lemma 234" = ((~la))®(~ b)) (- ) ®(~ |e]))-

as was to be shown, i.e. 4 = 4 . Omitting a proof of a distributivity of operation "®" on a

X

set R f fractional numbers, from the theorem 2.1 and lemma 2.5 we shall conclude, that the
operation "® " is distributive on all a set R real numbers.

Lemma 2.6. The system O = <O OR_.*.® k. k# 1>, generated on a set R_

negative numbers by reflection \wl' - \, is closed.
Proof. Let's prove a closure of a system O. Let k>0. Then

4= (-Ja)o(- ) = () ) = (i) O = - o2

{10g|a| 10g|£|} ON 9 the system is closed, as A U R_ . By virtue of a commutabil-

ity A it is possible to note \a\ ‘b‘ a ‘b‘ logk|a|%

o - 1
k A10g|a|‘k‘

10g|]?| DNQ AUOR_. In case k<0, log
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H H H D O
—_ AD [] 10 |k| - AD A= —%—‘a‘)A%/log‘ka‘%:
E0g|a|\ H Eog|b|\k\E’

- (- B (ot = (o |

10g| k|‘b‘} O N 1 the system is closed. It is uneasy to prove, that the case {10g|]?| L] sz
10g|£| L] N 1} can be eliminated from reviewing. Really, ]0g|]?| =1 [] sz

bl _ : — N — N
10g|k|—n1|:]N1,1.e. \a\ = k"2 and ‘b‘—k 1,
Let £ <0O. Then ‘a‘ —exists, as "2 >0, and ‘b‘ — does not exist. The choice X is
arbitrary (k [IR), i.e. the last case should be eliminated from reviewing.

So, the system O —is closed.

Theorem 2.2. The system () = <0 OR,J® k,k#1, ]0g|k||0| [|Z>, generated

in an outcome of image \wl - a)o\ set R real numbers, will form a field.

Not stopping on a proof of the theorem 2.2, we shall remark, that according to lemmas
2-6 and theorem 2.1 systems O —is associative, is commutative and is distributive of rather

reflexive multiplication (@), has left and right unit, left and right inverse element. At an elemi-
nation of zero equal, in our case, 1 (a@l = alogkl = l), we shall receive a system O, being

a field.
Thus, immediately from lemmas 2-6 and theorems 2.2 follows, that on all a set R real
numbers the system O is a field.

Corollary. The ordered pair (O*, p), where O* —nonempty subset obtained by im-

age R\ o1 - g\ O*, and p —ratio "®" on a field R, is a serially ordered set.
Really, in case of an elemination from a set O Operations (0) and (@), we shall re-
ceive a nonempty subset of values of outcomes (U-reflections to ourselves of all set R real

numbers, and from d@ — a' follows a' — a.
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The operation "®" is reflexive ((a,a)0p for anyone @R  and
apa = (a®a)OR); is antisymmerric, as i (a,b)0p and (b,a)Op, a=b, and if
apb and bpa, a = b; s wransitive, as (a,b) Op and (b, ¢) Op follows (a,c) Op. and
if aqpb and bpc, apc. If a®b :alogkb and b@c:blogkc, a@c:alogkc, as
A=gloggd p=plogee o= loge g A= (log ka) [Qlog kb);

log, B= (logkb)[@ogk c).

log, B _log,c _

Whence =
log, 4 log,a

x; x=log B

log, c=x0og,a=log ,Bog,a
C = alogkc = a(logka)[tlogAB) = plogAB R (p - alogk“),

If (a,b,c,k) [JR and k& # 1, as was to be shown.
Theorem 2.3. Outcomes of reflections \ ¢y — o\ fields Rp A -numbers and
R - —negative numbers are the accordingly fields R _ negative numbers and R f frac-

tional numbers.
Proof. By eliminating from ¢, all mathematical objects, except for A -numbers and

operations given it a field, we shall receive ¢y; = { Ra.+.4... } . Is realizable isomorphic

reflection \ ¢y; — (g \ operations:

(+.0\wi ~ wo\(0®).
a). Let (a,b,k) OR+., k#1, (logkb, Inga) [JZ, . Then Aa\ @y -

. CU()\kAa — _(ka) OR_: (Aa +Ab)\0)] . wo\kAa+Ab — kAa u(Ab —

=(h) - a) DR AaO\y — kAR = (24) =

ie. at reflection

Ab bg O-pdBop_ bON,
—[—=70Q =—M-74 =
(k) ﬁk)g DkBOR,. bON,

\a)l - a)o\ A -numbers are transformed in negative, and, the magnitude (module) them

kAa‘ =k, a\w; - a)o\k").

varies (\a\ =-da,
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0 0
as Da+Ab=(a+b)OR, Aamb:%("”’) Ra. bUNo.

] G%DR, bDN]

till analogs (in view of a raise of a rank of operations) we shall note (—a') [G—b') =a'f'>0,
((Cl‘@‘) DR+); x= (_av)®(_bv) — (_a 1)10gk(_b') — (_av)AIngb' —

' log bh' Dngb'DNz, x<0 (XD _)
= —(~a')o%" = | R

Thus, the image of operations {+, [} \wr ~ wo \{ D@} and A -numbers in nega-
tive numbers (A \a)l - Ol)O\ R_) logically is justified by a rule of signs and compression

of ranges of outcomes of binary operations. So the outcome addition A-numbers is a real
number obtained by reflexive reflection of appropriate its value (geometrically - of length

d= ‘Aa + Ab‘ = ‘a +b‘ of a segment direct) concerning the element (— oo). The product

A -numbers is A-number (if the second multiplicand - even number), or real number (if the
second multiplicand - odd number). Similarly to addition A-numbers a product of negative
numbers any more negative number, and positive. The reflexive multiplication " ®" negative
numbers is or negative number (if second “a reflexive multiplicand” log kb'—even number),

or positive (if second “a reflexive multiplicand” 10g, »'—odd number).
Bk

b) Let k#1 and (a,b,k,logkb,logka) 0Z. Then (-a)\ey -
= k= (k) 0rs. (@) +(-8))\eor - e\ kTP = (k—a) y
W) or s
= g\ D) = () i) = ki Ry i atimage \gy — ao) the

negative numbers are reflection fractional. The theorem is proved.

The note. Let's remark, that (— a) + (— b) = —(a + b) OR_, (— a) [q— b)
=albUOR,; (:a) [ﬂ:b) = :(a |]>) DRf, (; a)@(; b) — (:a)logk(ib) —
=alo%" OR ;.
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Above-stated allows to make a conclusion, that R _ Da)l, and R 7 DOL)O (at ap-

propriate eleminations)."
Lemma 2.7. Anyone (V- reflection of numbers \ ¢y, — v i \ is isomorphic.

Proof. From a lemma 2.1 follows, that (- reflection \ ¢y, — g\ set R is bijec-

tion. The lemma 2.7 generalizes earlier explained outcomes of a research.
Let a'lley; and a'>0. Then there is in (y; a unique image a'

%g' \CUZ' = CUO\ (i + SIngl a' )* k1. k1% 1, k1> O%. And, on the contrary: for eve-
ryone a”DOl)O there is a sole element x DO();‘: and x = (Slogkla"_i)*k1~ It follows
from the definition of function y = slo g, X Similarly, reverberate any number C' (C' > O)

from (D j in (Jg, we shall receive unique it an image ( Jj+ slog kzc' )* ko, ko Zz1,

k>0 Let %/ + slogkzc' %* ko = % + slogkla' %* k1 - Whence

1 :
c'=I=slo % +slog, a' %* %— ‘[7* k~. Have received an outcome
%ﬂ Sk) 8,4 B AiIEH/H A2
of reflections of number @' from ; n W i a' \wl' - j \ ¢', where ¢'—image of

number @' in space W (c' Heo j)’ and, this image sole by virtue of the definition of func-
tion y = slogkx.
Let a',b' DC();’ . Then their images in () j will be accordingly ¢' and

H (0] i H
d' 'L, b S Jd'Ll and the images of a product p'=a'lh' and reflexive product

Ot)j Ot)j
r'=a'®p' can be noted so:

P \w; - a)j\ %logkz%-mlogk](a'%')%* kI%—jQ* ko,

' Certainly, the theorem 2.3 can be proved easier and laconic. The proof, reduced in the text,
had the purposes:
a) to explain some facts about connections in plants at reflection \wl . wo\;

b) to illustrate a possibility of study  —reflection, using the elementary plants - num-
bers,

c) to pay attention to a classification of numbers at (v —reflections on related isomor-
phic groups (thus the justified passage of operations in the strict correspondence with their
hierarchy) is automatically realized logically.
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r' \w; - a)j\ %logkz%-mlogkl(a'@b')%* kI%—jQ* ko,

i.e. the image \ ¢p; — j\ is isomorphic.

This proof can be lead and on a set R —negative numbers. Thus (C ' d ') [OR A-
Lemma 2.8. The isomorphic image of a set R negative numbers \ ¢gy — ¢py\ con-
cerning the element (— oo) is bijectionat k >0, k# 1.

Proof. Using lemmas 2.1, 2.7 we shall mark the following fact: if to each element
ai (ai DR_) to compare one element p,; (bi [OR A), on a property of uniqueness of

reflection (R_ - RA) image Im¢@ = ¢(R) :{(p(ai)‘ai [IR}, ¢(R) =Rp> 3s
ai \w-1 ~ wo\ 10g;(~|a) TRA. and RANR-={-}.

Above-stated testifies, that the indicated reflection a surjection and injection (from
¢(a) = ¢(a') Follows @ = a'), i.e. bijection."

Theorem 2.4. The system O= <O DR, D ®, k % 1, {01 > 07> logk al-

lng az} DZ> is Abelian group.

Proof. According to a lemma 2.2 and lemma 2.4 systems O are commutative group
with left and right unit, and also with the left and right inverse by the element a_l.

For a system O and operation " ®" the conservation law is fair:

®a = clogka’ c®h= clogkb . Let's take the logarithm obtained expressions and
we shall equate them: logk (c@ a) = logk c []]()gk a= logk c [llogk b . Whence follows,

that a=>b. Similarly, a®c= alogkc and bh®c= blogkc, ie. from

a®vc=pb®cl] a=bh.

In group O the right and left division is univalently defined.
At last, from ¢c®x =h or x®c=5h the unique solution of these equations

X = klogcb follows.

All above-stated in view of a lemma 2.8 testifies that the system O is Abelian group.

Lemma 2.9. The operation (+) is alternative, is commutative and is associative on a
set AA-numbers.

Let's prove alternative:

(Aa +Db)+ Db =(a+b)+0b =Aa+20B),

Tt is uneasy to prove, that the isomorphic reflection of a set R of real numbers concerning
the element (—oo) is bijection at k > 0, k # 1. However, it will not (v —reflection and the

proof is based on properties of operation " 0" .
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Na+(Db+0b)=Da+2h=Na+20B),ie
(Aa + Ab) +Ab=ANAa+ (Ab + Ab), that  proves right  alternative;
(Aa +Da)+ Db =AW +b), Aa+(Da+D0b) = A2 +b),ie
(Aa + Aa) +Ab=NAa + (Aa + Ab), that proves left alternative. The operation (+) is

commutative, as Aa+Ab=a+b and Ab+ANa=b+a,buta+tb=b+a.
Let's prove, that the operation (+) is associative, ie. Aa + (Ab + AC) =

:(Aa+Ab)+Ac. Really, Aa+(Ab+AC):Aa+(b+c):A(a+b+c), and
(Aa+Ab)+Ac:(a+b)+Ac:A(a+b+c).

Lemma 2.10. The operation (+) is distributive concerning operation “©” on a set R

numbers.

Proof. a). Let (a, b, C) OR

(u+b+1, c<b (u+b+1, c<b
a+(boc)DR:E]a+c+1, c>b,(boc)+a:E]a+c+1, c>b,
%1+c+2, c=b %1+c+2, c=b

b). Let (Aa, Ab, Ac) OA

Da+(Ab+1)=Da+Ab+1)=a+b+1, Ab<Ac;
Aa+(Abo(Ac)):E Aa+(Ac+1)=a+c+]l, Ac<Ab;

H Da+(Dc+2)=a+c+2, Dc=Ab.

(+b+1, Ab<Ac;
(AboAc)+Aa:E]a+c+1, Ac<Ab;
Hi+c+2, Ac=Db,

As was to be shown, as at all (a, b, c) [JR o the operation “+” is distributive con-
cerning operation “0”.

Lemma 2.11. The operation (+) Onaset R A -numbers has left and right unit, and
also left and right inverse element.

Proof. As Aa+0=A(a+0)=Aa and 0+ Aa=A(0+a)=Aa, "0" - it is left
and right unit. Let's remark, that (+) — “the identified multiplication” plays a role of multipli-
cationona set R -

A(— a ) — is the left and right inverse by the element:
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Aa+A(—a):a—a:Oand A(—a)+Aa:—a+a=O.

Theorem 2.5. ("o"."A"—field). 7The system of mathematical —objects
O= <O R A»©,T,— 00 ,O>, generated in an outcome of reflection on a set [\-numbers
\q — o\ will derivate a field.

Proof. The system O is an algebraic system, as she represents a set with defined on
him by operations (“©” and “+”) and ratioes (for example, >, <, =). A role of operation of

multiplication, as already it was marked, in the given system plays ordinary addition (+) oper-

ands.
Though the system 1is not closed concerning operation “+” (Aa +Ab =

= (Cl + b) DA) according to lemmas 2, 8, 9, 10, 2.8, 2.9, 2.10, 2.11 all remaining conditions

for group are carried out, as: an associativity, presence of unit and inverse of the element. By
virtue of a commutability of operation, identified to addition

(h+1, a>b
aOb:boa:%b+1, b>a;
%1+2, a=b

has a place a property of an additivity, i.e. considered system - Abelian group. From lemmas
2.10, 2.11 is concluded, that this system is associative - commutative a ring with identity, sets
of which nonempty elements will derivate group concerning operation identified to multiplica-
tion, i.e. the researched system a field (under condition of an elemination * of zero ”, with
which is the element (—00)).

Corollary 1. The groups O and R are isomorphic. a). Really, Ilet
Aa,Ab 0O (Da,MbORp), k>0,k#1 and Aa\gy - wo\ k2 =-k%0

OR-OR, Ab\ ¢y — a)o\kAb =-k".
Then  (Da+Db)\eyy — cop\ k1B9H0D) = g Ba [ bb = (_ k“) [q_ kb)
:ka+b. As DNa+DAb=a+b, (Aa+Ab)\a)1 - a)()\k(Aa+Ab)

= (a + b) \a)l - a)o\ ka+b, i.e. the groups O and R are isomorphic on the identi-

fied multiplication (ordinary addition).
b). We shall check isomorphism O and R on ordinary multiplication:

(Aa D)\ oy — o\ £(29RD),
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b, b0 aB  p[
parnp =0 0% PON2 Lt 00N,

-
AaB), bON, " g Ael) = —(geB). pOyy

On the other hand, alb\ ¢y — a)o\ka, where ka OR;+ at a>0 both
b >0 and ka OR_ata>0,b<0etc,ie O and R are isomorphic on ordinary mul-

tiplication.
Corollary 2. The set R p —numbers is a complement of a set R real numbers.

Reall, RALORg, RORp- As, RANR :{—00}, that, by eliminating the
element (— oo) from R and R, we shall receive RZﬂR>l< = [, where R*A: R>X< — set
R, R with the eliminated element (— 00), ie. R :RO‘R :{x:x DR}

RA= Rd = {x DROHX| [||y| =0, Oy DR}, R —linear subspace R such, that:
from x LJR and ‘y‘ < ‘x‘ follows y [IR etc.

Corollary 3. R —overfield R p and R.

2. As Ro=RaUR, RaNR={-®}, RpOR(and Rp —field of num-
bers with binary operations: identified in the addition (“°”) and multiplication (“+”), given on
Ro- RAS RA {x DRO‘G( ) } —subfield R, if 0 —automorphism. (In our
case, O the reflection \ - \ and is put in the correspondence, if the element

w1 — o

Ax;\w, - wO\Ax'l.(kAxl'), at the inverse reflection Ax';\¢yy — v\ Ax, ie. is
obtained the same element. Moreover, Ax;\owp ~ wr\ Ax; and
Ax'i\wo — wo\ Ax';)

b). R —complement of a set of real numbers R upto Ro: RA=Ro \R at ob-
servance of a duality principle Rpo = Ro\R 0 Rp (U £R 'f) = ﬂ(R AR 'f) By virtue of
a homeomorphism of reflection \ ¢y; — v\ the space R is a topological direct sum of
spaces R and R A> 1€ Rp —this direct topological addition of a subspace R, though is

present some specific transformation of criterions of a complementability R, connected with
revising of the essence of the element (— 00).

So, R —this overfield R p and R.
The note. Obviously, by analogy to the extension of a field R wup to Ro

(RO = RURA) there are extensions of a field Ry up to Ry (Rl = ROURA) etc.
Infinite the spectrum of additions R ; / R ;-1 is uneasy logically to justify and to give dilatation

: .. : [] N
mathematical exposition for i =1,2,3,....m, =1, |jm mQ ™ = var.

m—- oo
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Theorem 2.6. (o A —algebra). The system O = <O ORp, +. =00, O>, is a ring

with operators (algebra) above a field R Real numbers.
Proof. R —the ring with identity concerning multiplication is associative-commutative.
For any elements ¢ [IR, Ab = 0 IO the product is univalently defined:

a [f{Ab) = A(a ) OO

Let (@,6) OR, (Aa', Ab' ) 0O. Then

2). 100a = A(1[&) = Aa OO:;

b). (a +b) Aa' =alDa' +b D' ; a [ﬂAa' +Ab') =a [ﬂA(a' +b')) =
=Nalla'+b'))=0al@' +aB')=Dald' +Da B =aDa' +a Db,
ie alAa’ +Ab)=alDa' +a Db

o alpa’)=a(b@')=AMaB&'), (aB)Da' =Aab '),
ie a Eﬂb ma') = (a |]>) [Aa"

d). A=alda' D) =aA((Ba') D)) = a[A(a’ D)) = Aa ' B') at
b'ONyand A=a[A(A(a' @) =al' B b ONY.

On the other hand, (a [Da’) (A" = Aala') (Db’ = A(Aa @) ') =
= %A(a '), b ON 2 ie alpa' DY) =(aa')Db' . Besides

0ala' B, b ON,
A=Na' {aDb'), as A=Da' D(aB')=A((0a') & B') =
Ma'&B, b'ON,
“Hamm, pON,

Thus, the system O satisfies to all conditions of algebra above R as was to be
shown.
Lemma 2.12. The images \¢y; — (v;+1\ are invariant concerning an index "

i OZ. and are isomorphic.”
Proof. Let's designate ¢ = \w-1 ~ wp\ ¢ — one-to-one image of a set A on a set

R by virtue of, as already it was specified, uniqueness of function y =slog P4
R\ep - w-1\A, and the function of image \gyy— cv—1\ Iis equal
(— I+ Slngx)* k = logkx (k >0,k % 1), i.e. for anyone X =a LR it is possible to

note:

" Though in lemmas 2.1-2.7 was proved uzomopdHocTs (U —images, in connection with it
explicitly understands a lemma 2.12 again this problem with a dominating role in proofs of
offered statements.
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]\ co—1 - o logk|a| .

Let al>ar R, ‘al‘\w_l - a)o\lng‘al ) ‘az‘\w_l - wo\logk‘a2‘~

then g\ oy oo’ log (] T = 10g ki + Tog a1 common s
n n
|_| ‘ai‘ \a)_l — a)o\ Z logk\ai\. Therefore, \w—l - Q)O\ — isomorphism.
i=1 i=1
1
%01 - )\ logy | Tog e =logy ai) > =log, (af )

Similarly,

)log a2l

|
o [a®las) = a2\ 6oy ~ o' log, (a =log, (la1|®lad)- By

designating for , and _1 for , we shall receive: for all a IR
o ) -1 o

log,la]\ ey — o K108kl =], and |a]\ g — cop \log la].

Sequentially changing an index "I" by magnification it on “1”, we shall receive
\w-1 - W \=\wp » W)\ = ... =\ » Wj+1 - i-e the reflection \ ¢y, — 41\

is invariant concerning an index "7 ".
Ola|\w; wi+1\10gk‘ai‘
from %a' .
i\\wi - Ct)z'+1\10gk‘a l"

al ' N ~ win Vo (af T ) = loglaf +1ogla's and

So, if (ai,a'i) DCO;’: follows, that

1 I,
ai®a' | \w; = i1\ logk(‘ai‘@‘a'i‘)zlogk(‘al") o8l =log; |,

xlog k‘a, j|» that confirms isomorphism of image \ ¢y; — (v;+1 \ on ordinary and reflexive

multiplyings, and also invariance ¢ rather "7 ".

Corollary. The image \a)i - +1\ is isomorphic on any operation of multiplica-

tion (identified, ordinary, reflexive etc.). The hierarchy of operations is those:
..,o.+_ ®. ... Any ofthese operations can be accepted for multiplication at appropri-
ate adjustment of a rank of other operations. However, it is not necessary to forget, that the
operation “0” as against operations { +.0 @} is not of adequate operation easier than ad-
dition obtained a way () — procedure, ie., if +\¢oy - p\® \wy - wWp\ @ etc, that,

reverberate "+" \a)o - W \, in an outcome we shall not receive operation “0”. So, “©

- does not enter into a series of operations identical to multiplication, and is one of establishing
(fundamental) operations.
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Lemma 2.13 (about a hierarchy of numbers). The set R (j contains a subset {Ri)}

(RO [ {RIO})’ consisting from related on a structure and properties of classes of numbers

with the following hierarchy: {RZO} = { - Ra-R--R 7. Rjr } :
Proof.'® Any set of numbers from {'“RA:R—:Rf:Rir“'} on a set Rg

(RO =R AUR) can be considered as an outcome of a sequential circuit homogeneous

@ —reflections. Really,
Ra‘\w; - wo'\R-. R-\wjp - a)()\Rf,

Rf\a)1 - wo \R;r 0r Rao\wi+3 — wi+2 \R-,
R-\wi+y ~ a)1~+1\Rf, Rf\a)l'+1 - w; R, -

Let {RZO} :{“-RA:R—:Rf:Rir }, and, {RZO} ] Ry as Rlo is formed
from R elemination of some classes of numbers.
The theorem 2.7 (about a factor set).

In a set R the factor set {RB} with induced classes ... Rp, R -, Rf ,Rjp -

is inserted.

Proof. All classes ( Ra-R-.R £ R;, ) set {Ri)} are equivalence classes

on any fixed equivalence relation, i.e. on a binary ratio possessing properties of a reflexivity,
symmetry and transitivity. Moreover, the passage from one class to anyone to another is con-
nected to appropriate image of addition and multiplication in the similar transformed opera-
tions. (For example, "identified" addition and multiplication are reverberate in ordinary addi-
tion and multiplication, which, in turn, are reverberate in the reflexive forms of these

operations. Division () at reflection \ ¢g; — g\ is transformed in reflexive (A)). The im-

age of one class {Ri)} in anyone another is carried out with the help of functions

¢ = (i +slog K a) *k, k>0, k#1. Forexample, mentioned above sequential images

of classes in a circuit R o [ %1 - R_-0O %1 - Ry [ %1 — R, are realized with the help

of the functions ¢1 (1+s]0gk )*k, and RA RfEl

R - ¢2 (2+slogk)

etc.

' The detailed proof of a lemma 2.13 is not reduced in connection with an evidence of out-
comes  —reflection and proof of a lemma 2.12.
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In view of lemmas 2.12 and 2.13 {Ré)} is a factor set with induced classes

°°RA:R—:Rf:Rir°“' According to a lemma 2.13 {RZO} ORy ie {Ri)} is in-
serted in R .

Theorem 2.8. The image of any class in a factor set {Ri)} is canonical image.

Proof. The proof immediately follows from the theorem 2.7. Let's consider a proof on

examples. Let Aa LIRp, & >0, k # 1. Then the image Rp — Rlo generates a set (class)

identified on @D —reflection of the elements: A1 = El;ﬁa; - (ka); ;%(ka% A%kka%
[

Really,  Aa\¢o; - o i ha = —(ka); - (ka) \or - wo k_(ka) =

_ _.H k7 % ka%\ - \ kAD kka%: AD kka%
Ak“ 5 B H o - o J° 57 B
Let's image R_ in Rlo An outcome will be the following class of the identified ele-

ments: Ar = D— a; %{ka% Really, —-a \a)l -

i ) -

Similarly, for fractional numbers:
- —J(. . a
The regularities of shaping of classes 4 j are obvious.

jp s

All  classes A1= Eﬂa : —(k“);:%ka% Ag( %L Ar =
= @a;;(ka) ;A%ka% A3 :{(:a); A(k")} are equivalence classes, as for

anyone Ai all conditions necessary for equivalence classes are fulfilled. The elements - pre-
images (elements their forming), therefore all this canonical images enter into all 4 -
Theorem 2.9 (about a tower of fields).

The sets Ry, {R{)},R'O, Ra-R-, Rf , R makes homogeneous on W-image
of a tower of fields.
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Proof. Because of above-stated line-up of fields Rp, R-, R £ R, represents a

discrete spectrum of fields interconnected (U-image. The hierarchy them requires observance
of sequential passage R - R- - R f - R ;- where each act of passage is described

by the same function of image and is equivalent on transformation of objects.

The set {Ri)} is an overfield for any object - set from a spectrum of fields
{...,RA,R_,Rf,Ri,,,...}, ie. {{Rlo} 0 RA;{Ré} 0 R_;{R{)} OR 4;
{Rlo} [ Rir} - In turn, Ry is the extension of a field {Ré)} , 1.e. overfield {Ré)} . From
Ro U {Rlo} [0 R —overfield of each of objects of a field {Ri)} .

Let's generate towers of fields: R ] {Rb} ] RA: Ry H {Ri)} OR_:
Ry H {Rb} ] Rf’ Ry ] {Rb} ] R ;- - All of them differ by the last element. The

set of these elements, as is known, is connected with (W-reflection. The theorem is proved.

Theorem 2.10 (about an ideal).
The set I:{Ab LURAp,P [IN2} is a left ideal of a ring Rp O —numbers

(I OR A) on ordinary multiplication.

Proof. Let a, b [1Z.. Then for anyone Aa OR A and Ab U1 has a place a relation
Aab ORp. as AaDb=A((Aa)B)=A(aB)ORp for bON,. Moreover,
AaD)OI that a,bON,. le from Rpd={AaDbAa ORp, Db,
AYZAWAY)) DI} [0 R =1 Therefore, I —/eft ideal, as was to be shown.

The note. Ab [Na = A((Ab) Ell) =bla UI at @ O N, ie I—isnot aright ideal.

Lemma 2.14. The outcome of a taking the logarithm of a set Ri is a set Ri_l,
where Ri = {RZO} :

Proof.

Let's consider special cases: Ri :{ ....Ra-Ra-R-, Rf , } , Wwhere
R/=R/.R-=R/7.RA=R/72 Ry =R/ Let aORy, a#{0;1}. For
anyone d the relations are fair: (: a) [IRf = Rj, ln(:a) = (— Ina + O) OR_= RJ_1,
ie. ln(Rj) =R/

Similarly, for @ OR -, ie. @ OR/™ and In(=|a]) = AO +In|a| = Alnla|. Then
ln{— al} = {Alnal} =RpA= Rj_z, ie. lnRJ'_1 = Rj_z;
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In(Acd) =Ilna+A0=AlnaOR, =R/ 3. ie
ln(RJ‘z) =R/73
In a common case, In (Ri ) =R L

Corollary. R+R— :Rf; R+RA =R-: R+RA =R
Theorem 2.11. If a,b IR, Rlo —set of numbers (classes) obtained (D-reflection

of the elements of a hierarchical line-up, constructed on an indication of reflection
\wi - wO\ and represented in a lemma 2.13, and (ai: bl) [IR6, (9); —operation of

multiplication for the given class,

ai®;bj=a®;b|
Proof. Not stopping on a common proof of the theorem (it rather complicatedly also

requires a special nomenclature and indexation), we shall consider some most spreaded special
cases.

a). Let g; =Aa, p; =Ab, where Aa,AbLURp- Then (®); E(+) — "identified"
multiplication of the first order.
|Aa + Ab = a +b| according to properties A —numbers.

b). If (ai , bi) OR-. ®; E( [) —ordinary multiplication and (—‘00 [(]—‘b‘) :M EIZ)‘ :

c). Let (a,',b,') R o ®; E(@)—reﬂexive multiplication of the first order

(i=1):

(a)®(:0)= (:a)logk (#) = a1°%kb = a@b.

(:a)@(: b) =a®b|

d). Let g; = Aa, p; = Ab,ie. (®; =B —reflexive multiplication of the second order
(i = 2). Then

(sa)m(ab) = B(V10259)Em B (1108,0)E-
— k%ogklogkk(l/ logk“)g/QngIngk(l/ logkb)%:

- kk((‘logklogk“)/ (~toglogyb)) _ kk((logklogk“)/ (logylogb)) a®h.
(Aa)(Ab) —aXb|
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e). Let g; =Ha, p; =X b,ie. ®; = 03 — reflexive multiplication of the third or-
1/log log,a
der (i = 3). Then by  designating  for A= kk (/ SkO%k ) and

B= kk(l/ loglogb)

, we shall receive:

k%logklogklogk/l% k%—logklogklogka%
()31 a)03(ﬁ b) = k" DOloglogylog) BO= j k" -loglog,log, b 0= a®sb,

()3I a)‘3(ﬂ b) =a¥3b|

as was to be shown.

Lemma 2.15. At g [IR ., @ # 1 the equality is fair

@Ri@:{am}i_l, o

Where i=123,... and RL=:R4. R%i=-R+=R-:; Ri=AR..
Ri=ARs,...

Proof. Let's consider special cases:

oo f b B oo

j i—-1
common case, @le‘F@: {aR +} .

' i—1 . .
'*In terms of similar @Rﬂ-ﬁ both {aR +} numbers I and 7/ — 1 mean an index of a set,

instead of degree.
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Lemma 2.16. If R/ —global sets” , where RO=R, R'=Rp. R?=R, -
R/+R°=R’.

Proof. Let's consider special cases.

a). Let 2,b OR, (a+b)OR ie. RP+RY=R".
b). Let a,b OR, Da+b=NA(a +b) ORp.ie. R'+RY=R".
o.1a,bOR, Aa+b=Ala+b)OR,.ie R?+RY=R?

Investigating sets of numbers obtained -reflections, i.e. systematized on
-factor, it 1s possible to notice that:

R_-= ]— 00 O[, lim (— a) = (— 00), 1.e. the limit is the zero element of
d — 00

a set A-numbers, and |im (— a) = (0 —the second extreme element is a zero
a—0

element of a set of numbers R _ .

1
R f = ]O; 1[, lim %%2 0 —zero element of negative numbers;
d — 00

1
lim %%2 1 —it is the zero element of fractional numbers (: a). Ry = ]1; k [,
a-1

Iim (Aa) =1 —zero element of numbers (: a), Iim (Aa) = kl/ logkk =k.
a — 0 ad— k

The zero element A —numbers is equal & .

Rx=*k:ik l lim (@)= lim phlitoedosa) L iy

a—

O
zero element of numbers X A etc. hm X a=2k Q

" {RJ} ={R,Rp,..}.
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The note 1. It is uneasy to lead also similar analysis of sets of numbers
R A, with the purpose of deriving intervals, in which these numbers “are lo-

cated” also of determination of the zero elements of researched sets.

The note 2. At reviewing the given problem it is necessary to take into ac-
count dominating binary operations (addition and multiplication) for a researched
class of numbers. For example, for a set R —negative numbers it there will be

ordinary addition and multiplication (— a+0=-aqa; (— a) [0 = O) , and for

fractional numbers - reflexive operations, i.e. (: a) = (: a); (: a)@l =1 etc.

§ 2.6 Classifications of operations and numbers on - factor. [SO]

Not stopping explicitly on the carried out operations research with two op-
erands, we state the fact of existence infinite of a spectrum of these operations.
The known part of these operations is reduced in a table 1.

Table 1. Operations with two operands (n Hy ANy D{ 1,2, 3}) 18,

n\i 1 2 3
0 aob=c cAb=a cAa=b
1 a+b=c c-b=a c-a=b
2 a-b=c c/b=a c/a=b
3 a’=c be= a logac=b
4 Pa=c °J c=a slog.c=b

The fact of a prolongation of a cycle of the definitions of operations in a leg
of magnification » (n > 4) 1s quite obvious. And, in it infinities of operations

quite pellucid. Really, we shall take operation n=5. At i =1 operation

b a... % b b aD
“q = Yarb (by analogy aldd.ld=4" and "a=49" [P). For
E A \b{ v D

2 n
example, 3y= 22:42:216. At =2 [—)Jc:a, and at 71=3

SSlogac = b (from operation SSlogac = b follows 2a = c).

8 pn UZ -itis a classical case, in a common case 72 L1 R .
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The drop n <0 Too should conduct to infinities of operations, though this
situation needs difficulty mathematically to be described. It is necessary also to
notice, that at z [1Z., probably, there are operations, which exposition is based
on the other principle (at n [UZ operations were formed on a method of analo-
gies).

As it is visible from a table, in infinities a set of operations the transpostion
of ratioes of inversion (i =2, 3) is realized.

Extrapolation of operations in a leg of magnification of their index (n > 4)
1s complicated, on the one hand, in connection with necessity to operate with sets
possessing specific and little explore properties, on the other hand, with origin of
a series of alternate and paradoxical situations, which only partially can be solv-
able by methods of the descriptive theory of sets and way inclusion in known
axiomaticses (Peano etc.) of complementary improvements for areas there are
enough of large magnitudes and tending to infinity. It 1s necessary to notice, that
the deriving of outcomes of operations at » =4 does not represent large com-
plexity.

The given classification of operations not unique. Let's consider a classifi-
cation of operations and numbers on W-factor. As follows from a lemma 2.13,

any set from {R AR Ry, Rir} On a set R —1s an outcome of a sequential
circuit homogeneous W-reflections, as
Ra‘wi - wo'\R-\awy —» o \R s\ — ap\ Ry
This circuit can be continued to the left or to the right ad infinitum. Thus
RA= ]AOO, - 00[, R-_= ]— 00, O[, Rf = ]O, 1[ . The set R,., as it was speci-
fied, represents infinities a spectrum infinite of sets of a type:

R =L k[, where £ R (in the elementary case £ [IR) and &k # 1.

A —the numbers turn out under the formula Aa = kAa = kl/ logka;

Rzl 2] where ra= Zmq = gkl omidogea). o o :]2k, 3kl,

1/log;log log . a
where <-q = = 3k<>a:kkk(/ KSRk )etc

The set of operations {...;A;A;—;+;A;ﬁ;¢;...} and set of num-
bers {---;RA;RA;R—;Rf;RA;RI:I;R<>;---} represents most logically

justified sequence of classes of operations and numbers generated on W-factor.

Let's remark, that the above-stated circuit of operations and numbers allows us to
select in a set of positive numbers R 4 sets of numbers, which on a significance
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correspond to such classes of numbers as negative R _ or fractional R f

|
%{ f= @a‘ a=—, a DR%. Moreover, dominating operation for these
a

numbers simultaneously is defined. Actually, the operations of a type
A,A, A X, < and numbers Ra, RA> Ra> Rx, R« are mathematical

objects of a new nature.
Infinities of each of sets of a type Ry = {kAa} = {Aa} ,

Rx= { 2hex a} = {Ii a} , R = { 3k<>a} = {<>a} is reached by two paths:
by a modification of values of factor k& and basic component a.

Theorem 2.12. [f Ri one of sets in infinities a spectrum of sets of numbers classified
on W-indication, i.e. in a series ... RA; RA; R—;Rf; RAa:Rx: R0 where
I — number of a set under condition of fixing any of a set as basic,

I —pi—]J
y

where Ri ~J —set in indicated to a series deleted on J — of units to the left from set Ri .
Proof. In a series of sets of numbers ...;RA;RaA:R-; Rf;

Ra:Rx; R Everyone will be derivated from consequent by reflection
\wi+1 - a)i\. By virtue of a lemma 2.12 it is possible to replace \(Ui+1 N a)i\ on
\q — g\ Then Ri \eop — o\ le. After a taking the logarithm we shall receive
log i Ri e~ wo Ri : Ri ~J —this set obtained from a set Ri way J acts of in-

verses (V-images, i.e. images of a type \a)o - W \. Taking into account a lemma 2.14, we

shall note Jog k Ri =J e — wo Ri —J*1 and log i Ri = Ri ~1. Whence follows, that

log, log, ...log, R’ =R'™/

J
In summary we shall remark, that in the chapter “Miscellany” (application)
to the basic text of the book some additional facts about numbers of a new nature
are explained.

§ 2.7 Problematics of numbers of a new nature

The represented above outcomes of mathematical searching of numbers of
a new nature (numbers of atype Ra: RA> R 4 Rx: R+ and others) are only
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initial attempt of a /arge mathematical research. Certainly, in small work it is im-
possible even to enumerate all set of problems, originating in this direction.
Moreover, some problems, which were already solved by the author are not in-
cluded in the text of the book. A part of problems is enumerated only below
which, under the judgement of the author, arise in this research:

I). It 1s necessary mathematically to justify and to analyze all set of opera-
tions “easier” than addition. To find common regularities in these operations, and
also to find and to prove the new invariant formulas.

2). To study a spectrum of numbers located on numerical direct for (— 00) .
To find dilatations of a property and to give an axiomatics of numbers of a type
R, R ete. To create the common theory A-algebras. In particular, to show

operations above numbers in a set A-algebras.
3). To specify and to expand examples of proofs in W-symbolics. Thus to

carry out a cycle of proofs from a point of view of higher algebra in a plane of
strict set-theoretic exposition.
To investigate topology - Spaces.

4). To receive more precise representation about a spectrum of irrationals
of a type R 5 Rx; R« and others. To find common properties them and op-

eration above these numbers.
To create algorithms of an evaluation of these numbers with a high exacti-
tude and definition, by what (W-class posesses that or other irrational, 1.e. to de-

cide the inverse task on a comparison that is solved in the given work. "
More precisely to prove an irrationality of mathematical structures of a

1/log,;1 )

type Aa = kl/ logia x4 = kk(/ %%k nga) etc. In particular, to define, at what
relations k& and a the numbers of a type Aa cease to be irrational. To find irra-
tionals, not imherings to a set (w- classes.

5). To give a classification to all infinities to a set of numbers, inherings
infinities to the extension of a field of real numbers, 1.¢. to systematize all infor-
mation about overfields, for which the field R real numbers is a field.

6). To explain compression of fields at (v-passages (for example,

Ra‘\w; - wo'R-> R-\wy ~ cuo\Rf, L.e. in a series Ry7:R-; RasRa
etc. from left to right infinities “will increase™, as R _ includes all negative frac-
tional numbers as separate object; similarly, R 5 contains object consisting of a

set A(R_) etc.).

" For example, the author did not manage to prove a membership of numbers 7T, €, to any
from  — classes of irrationals, though such classes is indefinite much.
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7). To generalize all material and to state reasons about practical it appli-
cation.

8). To investigate functions on A-fields (R AsRA - )

9). Describing operations 7 >4 to find numbers of a new nature.

Even the incomplete enumeration of originating problems directs on an
idea on their insolubility. Moreover, can appear the desire generally to refuse the
theory, offered in the given book, of the extension of a field of real numbers.
However, this extension - objective reality. In particular, the origin of a set of
fractional numbers by a way (-reflection of negative numbers

R- \a)l - (U0 \R f naturally puts a problem on existence of numbers, from
which similar by a mode it is possible to receive negative numbers, 1.e.
R- \a)o - C‘-)l\R A etc.  The impression about an artificiality
w-transformations can be created, as all outcomes -reflections are on one

numerical axes. Serious the study of the given problem testifies that such geomet-
ric interpretation -reflections of numerical fields only underlines structural
unity of these transformations. At the same time distinction in outcomes
-passages of numbers and accordingly operations speaks about (v-hierarchies

of numbers and operations. Under the judgement of the author offered in the
chapter 2 materials 1s a global area for speculation and creativity. Thus are useful
as a path offered the author, and alternate a path - Attempt to desroy the theory of
the extension of a field of real numbers. The path of refusaling new, nonstandart,
untraditional 1s a quite natural expression of variance with originating true. As a
rule, this the path only strengthens and promotes it becoming and recognizing.

CHAPTER 3. NEW INTEGRO-DIFFERENTIAL OBJECTS

§ 3.1 Basic principles of shaping (W-images of a derivative

In a basis of deriving (W-images of a derivative of function f (x) lay ap-
propriate W-reflections of global object O j ( J DZ) which the formula of a

derivative 1s

7'(x)= lim Sl a)= f(x)
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H n H
and elementary objects ¢y, included in structure Q j EO j= U Ok% Let's

k=1

designate Oj = LIJ(Ok) = LIJ(x, f(x), f'(x), Ax,0,lim, + — + = - )’
where W — defined sequence (system) of connections of elementary objects oy,
under which 1s understood not only number, variable, function, but also operation
(operation), and also ratio. In particular, in our case, (]EX,
on = f(x), ..., 09 =+ . The objects pg = lim, 010 = (:), 011= (—») are
invariant concerning spaces . It is necessary to pay attention to specifity
w-reflection of object gy = f (x) , which at W-passage can save the initial as-
pect at an entry of a derivative, and all modifications will be automatically pro-
duced in an image of a derivative at observance of two principles:

1) Appropriate W-transformation of objects of a set O, :{Ax, 0,+,—, +} ;

2) Preservation of an initial sequence of connections between objects W .
For example, f '(x) \ewp - wo\ S (x), where - f (x) —image in ¢y deriva-

'

tive f '(x) , “were” in space ¢y . For right shaping of an image - f (x) is realiz-
able the following reflections of elementary objects: Ax \a)l - CUO\ ox

X
(Ax =x—xp, and Ox =—, where x —variable value of argument, and

X0
X( —constant initial it a value, and x > xq, X # x¢); 0\ - a)o\ko =1,
ie. 0\eop - o\ 1; +\op -~ wol\*: =\ - wo\

Then f'(x):Alximof(x-l-esz_f(x)

[] []
= lim BB 5 G1)

dx 10 f(x) [

\wr - wo\ /()=

The dominating procedure at designing an image - f (x) derivative f '(x)
has become a replacement of  operations {+ =T } \a)l -
- wo\{ O+, A}

Besides at -reflection it is necessary to find a value, by which tends o x
(dx— it w—1image Ax), and also to take into account an aspect of indetermi-
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nacy noted in an athmosphere of a limit. For example, as is known, in a usual ini-

0

tial  derivative = Ax - 0, and  aspect of  indeterminacy @ —

0
fx+ax)-f(x)0

% in an image - f (x) increment Ox — 1, and in-

L]
lim
Chx =0 Ax

determinacy 1% %lm DfimCSx O 1Al= 11/1°gk1 =1 ) etc. It is

x-1U
necessary for a conclusion of the formula connecting (W-1image and a derivative
1", by disclosure of appropriate indeterminacy.
If object gr = f (x) to reflection according to existing rules (lemma 1.1),
the derivative f '(x) will be similarly reflected also. So

: L f log (x@x) D
7\ — g\ k7 (l08gx) =y DEF me:
5X—>1 kf logk‘x

1

= lim (kf(logkx+logk(6x))—f(logkx))ﬁogk(éx)‘
5X—>1

Let's designate log, x =z (x =%, Ox=}%%,8z= log, dx and

U
Iim = Iim % After a taking the logarithm of an image of a derivative

5X—>1 5Z—>O

kf '(logkx) we shall discover:
+dz)-
)= 1im L6 52) /6)
5Z—>O z

Have received the formula of a usual derivative. It also is clear, as the es-
sence W-reflection consists in a modification of scales of values of functions and

arguments. The aspect of function in logarithmic coordinates does not vary. For
example, we shall take function f =sin x. Then

f=sinx\y - wo\ kM08 =F  (k=1).
After a taking the logarithm:
log, F=sinlog, x
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Let's designate FD: long, logkx = z. Whence FD: sin z. In the total
have received assumed function, in logarithmic coordinates (thus not assumed
function, and it (w-1mage) 1s taken the logarithm.

Let's reflection f' =cosx\ ¢y - o\ k°°° logix = ' Aftera taking
the logarithm:

log, F' =coslog, x U F'H=cosz,

as it was necessary to expect.
On occassion at designing an image of a derivative even it is expedient to

realize a replacement of function f (x) On it identified W-1mage. For example,

0
the image [ (x) in ¢y derivative noted initially in space (1 will look so:

0 kX k5x D
=, i s Y D I
5X—> —00 D

In an image f (x) increment of argument dx — (—o0), and the indetermi-

nacy has an aspect 00 — oo . Really,

lim aogk%f aogk

5X—> -

kX+k5X

l x|)U l
= logk%’fﬁogk(k )B_kf(x)§+ 00 = (— oo) + 00

In the given work there 1s no analysis of possible functions of connection
between -spaces. The author was limited only to one exponential function
kx (k % l). However, anyone continuous, monotone function ¥, having in-

verse continuous, monotone function G in a common range of definition J can
be function of connection. It is natural, that a mandatory condition (- reflection
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is one-to-one the correspondence of functions F and G *° In the present work

the - algebra generated on function %~ (k % 1) , as an example of a possibil-

ity and expediency of such approach with the purpose of ordering separate frag-
ments, transformation of existing mathematical meanses and discovery of new
mathematical objects.

Represent defined interest and images of a derivative with a saved initial
scale. For example, at reflections \ ¢o; — ¢\ and \¢or — g\ it is possible

'

to receive pceudo-images f, pf. Realizing a replacement of operations
{"‘Q‘Q*} - { -+, log} (\a)l - a)o\),we shall receive

, H O
f(x)= lim log D‘@D (3.3)

ox-1 5XD f(x) D)

and at a replacement of operations {+ ; —;+} - { Dlog,log}
(\ W — W ), we shall receive

Pf(x)= lim logg  log (/ (x50x) (3.4)
5OX -1

It 1s uneasy to notice equivalence of a replacement of operations

{+;—;+} - { Dlog,log} and{+;—;+} - { @,A,log/log}.
The note. In further it will be proved.

As already it was specified, each image of a derivative can be used for
shaping the modified calculus being w-1mage of a well-known means. Consid-

ering various sections of mathematics as it 1s uneasy to receive global objects,
infinite a spectrum new transformed -1mages of these global objects, in which

basis, certainly, the well-known sections (meanses) of mathematics lay. And, in-
finite is reached as at the expense of a qualitative modification of the order
w-reflection (from some space ¢ I in space (v;, J # 1), and for the score infi-

nite of values of factor k. Besides applying different functions of connection F,
it 1s possible to change in the whole structure w-reflections, that gives inex-

haustible possibilities for an operation with that either other local or global object.
However, not only (w-1mages, but also (W-pceudo-images (called by us as

the 1mages of a derivative which were not reduced in a scale resulting - space,
resulting, can form the basis for creation of a specific upgraded mathematical

* The statement and proof of the similar theorem goes out for frameworks of the given
monography.
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means. Matter that all (w-pceudo-images enter as dominating components in ap-
propriate real (-1mages of a derivative, 1.e. images reduced in a scale final re-
sulting (- space.

In summary, we shall remark, that the apparent simplicity of mathematical
transformations, presence of analogies, possibility of deriving of an outcome at
the expense of elementary substitutions etc. creates an impression about an artifi-
ciality of existence of images of a derivative, difficulty of deriving for the score
w-reflections of any practical outcomes. Certainly, to some extent, small series

of substitutions partially lowers outcomes of the concept  —reflections. More
the deep study of this theory in a plane of object-oriented mathematical modelling
can reduce in mteresting conclusions. First of all, it concerns a research infinities
of spectra various A-numbers, functions and integro-differential objects with ar-
gument defined in area A-fields, and as studies of the essence of the transformed
physical laws. In the present book the separate instructive primes to deriving
similar outcomes and their comprehension are given only. This immense unknown
space permitting to any inquisitive reader to be immersed in creativity and to
achieve, probably, unique outcomes is represented, that to the author. Purely, it
also 1s the basic purpose of the book, about what was told in “Foreword™.

§3.2 Images f,-f,Pf.
Research of images we begin from elementary f (x) .
The definition 3.1. Not reduced to a scale of resulting space ¢y the im-

age | f (x) derivative f '(x) continuous, monotone positive function f (x)

( f (x) > O), noted in standard *' aspect in space (U] names expression:
' [] (x @x)D
£()= lim log, B 2Yr
) e IO i

In paragraph 3.1 this formula met under number (3.3).
Let's explain the formula (3.3). x + Ax \¢p; » o\ x[Dx

*! The standard aspect of a derivative names well-known expression of a derivative of function
7 (x):
g Sl - f()
= lim A ~
Ax -0

/()
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Ax —
s Az 76 o~ o

[] []
[Ax =x—-xp\wy — a)o\éx:iD, and
[ xoU

1
[] (xEﬁx)D x:D (xBx) log,,(0x)
\M*MO\E’}TEM %@TE/

(kOR4. k #1).

Let's take the logarithm this expression:

J/(x@Bx)d
og,(5x) 108 -
logk {xBx E/ g(0x)_ o £ () D_log(dx)Df(xllﬁx)E'

log, (5 x) O f(x)

The formula 3.3 whence follows.
The replacement of operations {+ C— T } - { 0=+, log} at shaping

an image f (x) derivative [ '(x), connected with a rescaling of object, influ-

ences all global mathematical objects represented as the formulas, theorems and
separate sections of mathematics.

Let's establish connection between f (x) and f '(x).
Theorem 3.1. Let function f (x) has a derivative [ '(x), at x %0 and

f (x) % 0 the connection between an image of function f (x) and derivative of
function is installed with the help of formulas:

OEESAS %) )

Proof. Let's uncover indeterminacy in the formula (3.3) on a rule of the
L'Hospital:

'

(3.5)

In f(x[dx)-In x,
)= g GBS E) 5
Ox -1 (ln 5x) 5

Here derivatives undertake on a variable 0 x, instead of on x (X, as it is
uneasy to guess, in the given situation does not vary). Then
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f(*)= lim 1 -
5X—>1 .
ox
f’5x(x@x)5c x'(x)
= i Dx = ;
51;{11 S(xBx) Ty (x)

As was to be shown.

From the formula (3.5) we shall note some properties [ (x) ;

FM(x)=nlf(x) (n=const): 'f(q)(x)) = 'f¢ |j¢x5 %ljf(xi)@:

=5[] )= (rea) =L TEE L

ox\_ 1 oy R __ R _ 2x
(logk)——lnx, (smx)—x@tgx, (cosx) x[ig x; (tgx) e
' —_—— 2x . ' _— x _— . ' _— .
(ctg x) = T (c + x) T s (c = const), (x”) =n;
(%)= T T A W A _ nkx
[a7)=xna: {e7)=x. (log ) ns g TG

'(C+k|3€n): :f+|];€%€;; '(f(p): '¢ [ﬂnf¢+vf@5 etc. (3.6)

This table can be extended by the following generalization.

Theorem 3.2. If f(g(x)) g(x), 'gx, 'fg’ 'fx are continuous and

will not be converted in 0 in some area D (x DD), in this area

I 1B, (37)

78



Proof. From (3.3) we shall note  f° o

O (g[csg)m
logs [ \4-28)7
, Of (g6 g)d X0 O
/o= lim logs, & g)D: lim /e) :

sg-1 80 f(g) O s4.1 logs,0g
As 5g_g(x|3x) lim g(xlﬁx) -
() x-1 &)
Lf (gldg)Ud Lf(gld g)Ud
logs . ( )D logdeMD
f,= lim /) O, li J flg) O and
g\X
' |3x)
= lim lo gl
BT ()

L] ] L] L]
083+ (g@g)% %g( 3x) N

' ' X0x
fg@ lim %
L]
L]

5x_’1|] 10g5x g xlﬁx Q

In connection with that the expression f gl:g N has not a determinancy of

log1
an aspect — Eﬂo gl it 1s possible to note
log1
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x-1 x-1

Iﬂx)
lim lo x
S géxg%m 1

y (xlﬁx)
o e e

f(g(x Dﬁx)) . f(x @x) '
= | = | = .
51;{11 O8ox 7(g) 51)?21 O8ox f(x) /x

The theorem is proved.

Because of W-pceudo-image of a derivative [ (x) it 1s possible to con-

struct any more global mathematical object. For example, we shall formulate the
modified Lagrange's theorem: if the function f differentiable in each point of

convex area G n-mensural of Euclidean space, for each pair of points
X :(.X],--- ,xn) UG, x+Ax :(xl"‘Axl,---,xn"‘Axn) UG exists such

point &= (61’ cees fn) laying on a segment with extremities X and x + Ax,
that
' E
f(x+Ax) _ ﬁ +Axl-Dfxz'( l)'
/(%) i=1 Xi

Let's prove a Lagrange's theorem for function of one variable.

(3.8)

Theorem 3.3 (theorem of ratioes).

If the function f (x) is continuous on a segment [a,b] and differentiable
in all interior points of this segment, inside a segment [a,b] one point &

(a <€ b), that will be discovered on an extremely measure

f (2; _ %ﬁf(g) (3.9)
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Hf(p)0
Proof. Let's designate O number log bla Ejjy[j and we shall consider
a

(a)0
auxiliary function
/(x)

.
F(x)= =
i

fx)
f(a)%ﬁg

F (8) = 0 (according to the second upgraded theorem the Lagrange®).

'

o
—
=
1l

00000
=
S
NI

Signifies F({:‘) = aQ) [évf(é‘) = Q) =0, ie. Q:f({:‘) and

7(e)
;Eﬁg - %% , as was to be shown.

In chapter 5 “a miscellany (the applications)” are reduced some more proof
of images of the theorems of the analysis.
Observing a strict sequence of an appropriate replacement of operations

for example, for \ ¢y » oo\ and @ —pceudo-image f(x) this replacement
1 0
1s those:

{vi—ieiy, o/ S Ny - wp\ { Bslogi; o S
lnj(d)c)xJ; } ), it is possible to copy in new terms all calculus. Certainly,

in this case, it is not necessary to forget, that the procedure of updating of the
analysis 1s rather simplis, as it is enough to take the logarithm a final outcome and
to lead some changes of variables as we shall receive usual expressions from the
well-known analysis.

> Special case here is reduced it.
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Despite of it, (w-1mages of the analyses not only qualitatively differ from

usual, as i a basis them the identified replacement of operations connected to
nonlinearity of transformations lays but sometimes comprise completely new in-
teresting outcomes.

The definition 3.2. Not reduced to a scale @y the image of a derivative

of function | = f (x) obtained way of image in Gy derivative from space G
names expression:

P r(x )= | hm loglogkng@m SAUNERT)

Og k
] log[l
p f 1s formed by a replacement of operations {+ , } > [, A, %D
O logQ

in terms of a derivative f'. The formula (3.10) is an entry of an image P f n
reflexive terms.

Lemma 3.1. The image p f in usual terms 1s noted by expression:

Proof. By designating in (3.10) §x = Ax and A=log, (f(x®Ax)4f(x)).

we shall transform A. Thus is used the definition of operations "®" and "A".

Then A= logk(f(xa)Af) = log, Hoe /Mg WEZ%@ =10gff(xa),
k

where :logkAx (Ax . k),ie
p 1. a
/()= timlogglog 4/ +°)

Let's replace a variable 0 an Jq X, taking into account that §qx tends to

*)

1 (50 X - 1) . In an outcome (*) will coincide with (3.4), as was to be shown.

'fl

The lemma 3.2 Let f; >0, f> >0 also exists 11 —

(/1> S

Let's prove a upgraded rule of the L'Hospital.

» In an item 3.1 these formulas met under number (3.4).
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. _ .
li log, f1= i 7 (3.11)
(f1/2)-1 /2 (f 1°fnzj>*1 /2
The proof can be lead by two modes:

i T Infy (lnfl)' _
a). li lOg f - li — = 11 =
(f1=f2 -1 J20 (flsfz infy (fl,fz —»lilnfzj

[QInf )' li "1

= 1 —~ as was to be shown.
(/1 f o)1 ss) f1f3~1f2
b). 'f(x)=log 59 (x) is an entry of an image | f through differentials.

She will be quite coordinated with an image of a differential of function:
¥ (x) =&/ )

Then from i log fl ] Iim 10g5 5f1 =
(£1.75)-1 /2 (811,05)-1 /2

! !

S 'f
= i log(dx), = lim -‘log li =L
(f]sfz -1 (5x)f2 (flf _1/2 E g fl,fngqu

'

Theorem 3.4. The not reduced images of a derivative f and p f are
connected by a relation pf ='f Eﬂog; (3.12).
Proof. Let's output the formula (3.12) two modes: using expressions P f n

reflexive (3.10) and usual (3.4) terms. a). In reflexive terms for disclosure of in-

determinacy of a type “log%” in (3.10) is aplicable upgraded (replacement f'

on f)rule of the L'Hospital:
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)= i OBV ER ) (o () T
Ax - k '(logk Ax) Avok In (f(x@Ax)Af(x))

Let's remark, that

.(f(x@Ax)Af(x)) — v%logf(x)/log k\)/mézm

=(log;./(x)” 1/ (xOA). e

P InAx O (x® Ax) _
T6)= i g 7 (7 (vo ) ()

. log Ax Otim ' f(x®Ax)
" e log(F (OAY)AF (1) e log, £(x)

From an entry of an image f a derivative through differentials follows:

f(x®Ax) = lim logd/ GYAY O 1 loga(X@Ax).

Ao OG®AN) S (Ax)
1
e = i, T8 370t o

log, f(X) Av_k

As log ='f,

1
p
/= log, /(x) o hm 'f (x®Ax) I x®AX) o,

2 '(xc’) =a (a = const) and 'ﬁf(x@Ax))log k/logf%: (logkf)_l X
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In connection with that '(X®Ax)p, =' (Axlogk(x ))Ax =log, x

Pf="f(x)log x

As was to be shown.

b). Let's output the formula (3.12), using an image P £ noted in usual

terms (3.4). For disclosure of indeterminacy " logi” is aplicable a rule of the

L'Hospital for a derivative f:

C o (mog s(x™))ae axtfiog £(x2))
= AI;TI (ln (Ax))vAx ) AI;TI log s f (xAx)
o ()

= lim

s
Under the definition of an image ' f % f=* U/f =X [ﬂln f )'%:

(%) e (Y (’xAx))xAx e

Pf(x) :Alir_r,ll n ( ) - llr_r)l1 lnf(xAx)

Let's remark, that [im '(xAx) =In x Q(ax):xﬂ]na, where
Ax 1 Ax

a=const). Then Pf = lnlﬁzc )Dhm logé(f&j)x) ="f(x) [ﬂogfx
x

was to be shown.

The definition 3.3 Reduced to a scale Gy image of a derivative from
function f = f (x) obtained way of reflection in Xy derivative from space W
is named expression:
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f()= lim =2 AA)

~f is formed by a replacement of operations {+,—,+} - { D+,A} n

(3.13)

terms of a derivative f".
! '

Theorem 3.5 Reduced - f is connected to a not reduced image f rela-

tion:
f=kt. (3.14)
Proof. Let's take the logarithm (3.13):
' H [Ax H
log,-f(x) = lim log, x )A(AX)B
Ax 1 (x)

We shall transform this expression, by designating logk— f(x)=C.

From the definition of an operation A follows, that
1
. Of (x (x)Qog, (Ax , -1 Of (x () O
C = hm logk BM% gk( ) - hm (loglex) D]ng BMB:
Aol 0 flx) O Ax -1 S(x)

= lim logp, E?%@ ie. C ="f(x) (under the definition ' f°).

Ax -1
Whence - f = k'f , as was to be shown.

' '

The note. It is easy to note a table. For example, -f : (xn) =",

(u El)) =-uld, %%:% i(loga x) - kl/lnx - eXpDioglk xﬁ

() =a 1o =()"™ ()7 )= 724 s,
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Theorem 3.6 Let fl >0, f2 >0 also exists li 'f1A'f2’
(f1s2)-1

lim fAf,= lim /A, G195
(/1S 2)~1 (f1:/2)-1

Proof. Through differentials the image f Is noted so:

'—f =31 (x)Adx (3.17)

Then i flAfzz i @’IA@‘2:
(f 1S 2)~1 (/1:/2)-1

(s ol rzo)- TRAREAEE

as was to be shown.

We shall discover an image l derivative from a composite function.

Theorem 3.7 Let f1 >0, f5 >0 also exist 'fz, 'fl(fz(x»,

(x))'f 1(f z(x)) G.17)

ifl(fz(x)) :(ifz

!
Proof. Let's discover an image of a derivative _ f° 1( f 5 (x)) in reflexive

terms: 'fl(fz(x)) = 5(f1(f2(x)))A5x =
= (85 \(£2esfs (o672 (08x)= 7172 2.

where f —derivative from a primitive f° 1 (x) , and

'f_z(x) :5f2A5x

Then ' £ (f5(x)) = k' Sl ()07 5 () = (k' fz(x))'f i(/2) _
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= ('f_z(x))'fl(fz(x)) , as was to be shown.

Note. The proof (3.17) can be realized, using a usual nomenclature:
'f_l(fz(x)) = k'fl(fz(x)) = k'fl(fz(x))fz Of5(x) = ('f_z(x))'fl(fz(x))
Theorem 3.8 A reduced image in Wy derivative of logarithmic function
Jfrom space @ in reflexive terms is noted so: i y = AX® ilog a (ke), (3.18)
where y = logax (logax \a)l — a)o\ ilogax).

Proof. An image in ) derivative of logarithmic function y =log a%>
noted in Gy : Yy @/ = iloga (x mx), where y = ilogax, since y —image
in Gy, and

il [DAx
Ay = 1 Oga (x ) — ﬂOga (x Dlx)Ax = ﬂ()ga ((xAx) [QAX?A)C)) =
— ilog  x

=ilog u (k [ﬂAxAx)) By designating AxAx =Q (Ax = a@x) , we shall

note:

y= lim Ha A(A)@ilog, (k@) "= 1im Ev@ilog, (k@) E=

Ax -1 Ax -1
= &x® [im ilog, (k@) = Ax®ilog,, %im (k@)mgzm@iloga ke
a-1 -1 U

as was to be shown.

The note. Let's discover (W-1image of a remarkable limit

1
lim (1+CY) o = e. Itis obvious, that e \ ¢o; — g \ k¢, and
a-0
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lim (1+a)1/a \ewi - wo\L = lim (k@l)_’(kéal) 0 log, L=

_ logp p .. _ . _ . Vlo _
= lim (1+10gka1) , lim 2= lim Ad1= lim k/ k01 = oo,
ap-1 ar-1  op-l ap-1
, - (kA
ie. logkL:e and L = |im (k@l) ( al):ke.
ai-1
(we shall explain this equality, translating reflexive symbolics in usual. As
logkb log (kA )
b — - (kA log . (k K\*=al
o= allogea) K (ki) () = (kg less @)  No-

ticing, that logk (k le) =1 +10gka1, and kAal = kl/logkal and by desig-
nating log (a1=0ao,we shall receive:

a3

. 1+ .

L= lim (k@q)( a2) 2 2 lim (k@) = k.

ai-1 ai-1
. . ) 1
as lim a2 = lim log,a1=0,and lim (1+a2) a2 =e).
ai-1 ai-1 ai-1
The equality ]im (k @1)_)(]{&01) = k¢ is proved.
ai-1
0
§ 3.3 Image f .

Let in ¢p_; there is a derivative of function f (x):
+ Ax) -
)= fim LA I)
Ax -0 Ax

0
For shaping it of an image X) in space (yp 1S necessary for mirror
0
\Ol)—l - Ol)O\ all components (objects Qf) formula of a derivative. It is

known, that the reflection \ ¢y — oo\ function f (x) will be noted as

K/ (logkx)) ie. f (X) \eop — 2 (logkx)‘ Then the inverse reflection of
function kf (logkx) will be function f (x): kf (logkx) \wo - i\ f (x)
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As it is visible, for the inverse reflection it is necessary to replace log pxoonx

and instead of kf (x) to note [ (x) By virtue of equivalence (look "Lemma
2.12") reflections \¢pg — o1\ and \@—1 - @\ (W-reflection, as it was

specified above, is invariant concerning an index (U-spaces) it is possible to
note:

k(026 6oy~ cop) ().
Let's image \ ¢_1 — (g \ object

CD(x) = logk @(f(logk(kx"'kéx)) - kf(x)g
For this purpose according to above-stated we shall change the elements of

object D(x): k¥ \eo_1 — o\ x. k25 \w_q » o\ Ax (5x turns in Ax,
as the limit varies, by which the increment of argument) tends,

e om0 oy o (),
N ooy = o £(x).
The note. The apparent inconsistency j/ (logkx) \e—1 — o\
V-1 — o\ f(x) and i/ (x) \e_1 — o\ f(x) is explained simply.

In the first case, the function kf (logkx) 1s transformed to two stages
(phase):
a) the reduction of a value of argument, with which is 10 g,Xtoa scale of

space (U (logkx \w-1 - Q)O\x);
b) reduction of wvalues of function to a scale (g
N ooy = o £(x).

In the second case,  —reflection 1s carried out only in one stage; as the
first phase 1s already realized. So,

CD(x)\a)_l N a)o\f(x+Ax)—f(x).
In this case, it would be possible to note CD(x):long, where

o
Z= kf(logk(kx+k x)) - kf(x). Whence log, Z\_1 » wp\Z, where
Z —image of function log k Z . By analogy to the above-stated mirror of object

CD(x) is carried out in two stages: at first is reflection Z that Z —composite
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function, instead of simple argument; then, considering an image Z (Z) as an

explanatory variable is reflection log kZ , omitting log k- However, for com-

pletion of shaping of an image f (x) derivative f '(x), it 1s required to install
two facts: a) to what value the increment of argument O x tends in a limit; b) to
what the operation of division will turn at reflection \ wo — -1 \.

Both of the fact are installed from the formula of a derivative. Really,
Ax\ o1 - cp\log, Ax [ A1ximologkAx = (=) but

Ax\e—1 - wp\Ox,ie Ox — (—00).At1ast, -\ - -1\, 1e
0
+\e-1 - g\~ Then f'(x)\a)_l - a)o\f(x)Z

= fim ﬁog @(f log;, kx+k5x)) i/ )Q 5;@.

5X—> _00

All this allows to give the following definition.

The definition 3.4. The image in ¢ derivative f '(x), noted in space
(W—1 names expression
0

0=, e bl 1) O o

ox—

0
In terms ¢Y_g-space f (x) looks so:

0
f(x) = lim (f(x$5x)@f(x))® ox,
5X -0
i.e. in this case at reflection \ c_1 — g\ the following replacement of opera-
{+9_9+} - {$>%>®}:
where ¢, © , & —accordingly images of operations +,—,+ at reflection

tions 1s realized:

0
Theorem 3.9. The image f (x) function f (x) continuous, monotone on
some gap of area it of the definition | (J 07 ) is connected to an initial de-
rivative [ '(x) Jfollowing formula, fair on gap J :
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75)= 1 1, (319

where k —conversion coefficient between spaces W-1 and @y (k % l).

Proof. All conditions for function f (x) and kK R 4, k #1 let are car-
ried out. Let's designate for A a limit

lim @og . @(f (tog(k+k%%)) - .1 (x)@— 5;@.
5x—>(—00)
The available indeterminacy has an aspect 0 —oco. Let ¢ =

=log, @(f(logk(kx’fkax)) - kf(x)g Y =dx. Then

O O
O o H
A=  lim ¢—Llj [] B:kA:k lim (¢—ll/) =

S (_w)( ) bxo(-w) O

¢
= lim — . Have received indeterminacy —, which is uncovered on a rule
5t (~oo) k¥ 0

of the L'Hospital:

I

09 ' O
B= lim OF 00 A jP=yf (logk(kx+k5x)) ~ ),
dx - (~) kY ']

/ol +42)) 7 (ogy i)
o/ oeyli+k®)) - 1)

NS WY LS

kf(logk(kx+k5x)) F'(p)p'

B=1lim E:

dx - (~)
where p = logk (kx + kéx), ie.
HOD(x) o)

s W)k

B =
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Whence A :long:f(x)—x+10gkf'(x) []

0
O f(x)-f(x)+x=log, f'(x).ie.

As was to be shown.

0
The note. From a comparison of expressions |/ '(X) = kf (x)—f (x)+x

and |-/ = k(f 3)/f the identity /' and -/ for (v —spaces of a different

index follows in view of a modification order (rank) of operations. Really, by

replacing accordingly in the formula (3.19) operations { -+ } on { - [} ,
0 '

we shall receive instead of an assotiation f' both f assotiation -/ and

I

0

Uneasy, to make a table f (x) For example, for f (x) =c =const
0 0
f=-o; for f=x f=0; for = x"
0 0
f=x"-x+(n-1)0og, x+log,n; for =a* f=q"-x+

0 0
+x[ﬂ0gka+]0gklna; f=¢" =" =057 &; (f+¢):(f+¢)_
I K_JL I
—x+log, (f+¢) : (fB)=/P-x+log, (/D) etc.
0

The shaping of an image f allows to supplement item 3.1 present chap-

ters statement of the following theorem, which will help, to some extent, deeper
to understand the common concept W-reflections of complicated functional con-

structions.

Theorem 3.10. Let on a set of arguments X = {x1, XDseers xn} with

ranges of  definition I :{jl,iz,...,in} the  composite  function
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Y= W(f(¢(x1, XDoeres xn))) is given, and there is an area J, in which all
functions (L[I , f, ¢) are defined. Then at reflection \ ¢ = ; \ with function

of connection I (x) between spaces () I and (; the image Y* function Y as

expression turns out:

Y= F%ﬂ%F‘IEf(F(fP(F‘I(xl), F xa) s F7 () )))% (3.20)

Not stopping on a proof of this theorem, which goes out for frameworks of
the given monography, we shall mark some important moment:
a). The shaping anyone W-image of a composite function begins with im-

age of a set of arguments X :
X={x1. X2 xn} \wj - wl'\X*:{F_l(x ),F_l(xz),---,F_l(xn)},

i.e. each argument x; it is necessary to note as function [ _l(x k), mverse

function of connection F (x) :
b). Then the -image of function (first internal function) as ¢ is

F(¢(F_1(x1), F_I(X2)9 cees F_l(xn) )), i.e. the function of connection /
is noted, and argument it is the function ¢ with the transformed arguments

(77 ) 7 ) ()

c). At last, 1s noted sequentially all internal functions (in our case, it only
f —second internal function) and external function J . Thus there is a sequential

alternation of assotiations F and [ 1 1n the total, in an entry appear direct
function £ and inverse to her [F’ -1
d). The proof of the theorem 1s based on marked in a lemma 1.1 fact:
£\, - o\ F(f(FW)):
where F' (x) — function of connection.

The gradually complicating in the correspondence about (3.20) structure of
function f (x), 1s possible to receive a required outcome. For example, elemen-

tary @ —reflection of function f (xl, XDseens xn) will be those:
f(x1,x2,---,xn)\a)1 - a)o\
o= a0 () 7 7))
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The note. To construct function the sum exterior 1s necessary so that and
all internal functions was odd.

I

§ 3.4 Adjacent (W-space and image f Ky

In connection with an arbitrary of a choice of a constant & (unique condi-
tions, which she should satisfy with is £ Z 1 and, in the elementary case, £ [IR)

on this indication (k) it 1s possible to receive infinite a spectrum adjacent
- spaces. Changing a value &, we always obtain new (W-space.

I

Let known mathematical objects are located in spaces ¢p; and (v, , which

are connected to space ¢y function kK (klx —for ¢v; and kzx — for o )

I

Let's consider the procedure of reflection of objects from space ¢p; in space (v
(or on the contrary). If object is the number a (in ¢pp), it is obvious

a\w - a)i\kf' and a \ o — w; \kza. Then kza\a)i - a)i\kf’-

By designating ai = kza, a; = kla, we shall receive

a= logkzai, = InglalA ie. q; = kzlogklai, and ¢; = kIIngza,' . So,

] ] ! ! l/p
ai \e; - oo\ k1 %%k =(a,-) (3.21)

' lo i
ai\w; » w; \k2 Sp9i = (al')pI,
where P1= logkl ko
Let in ¢p; the function y = f (xl, XDseens xn) 1s given. Let's discover

I

the formula (- conversion of this function in some space (), -

Theorem 3.11. If in space ; the function f(x1, XDseees xn) is noted,

I
at W-reflection it \a)i - \ from one space in adjacent®® space W the

X

** So,  —spaces (wl) with a various value & in function of connection }” we shall name

adjacent. Passage from one adjacent (U —space to another we shall name horizontal
w —reflection.
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function fis transformed in following p\/f(x1p ,x2P ... ,xnp), where
pP= log ko k1, and [ and o - accordingly conversion factors between
spaces (;, ) and space (y, i.e.

f(xlaxzo---oxn)\wz' - wi'\p\/f(x1p,x2p,-..,xnp) (3.22)

Proof. Let factors (parameters) of passage from ¢y in spaces ¢; both

I

(; are accordingly equal k1 and f» . Let's image function f from wW; I y:
f(x1,x2,”.,xn)\ah-ﬁ ah\logklf(klxlﬂklxz’”"klxn)'

I

Let's image an obtained image of function f* in space wW;

logklf(kle k%2, ..., klx”)\a)l B wi, \

1* X2* . ®
' X
\ewp - w; \ kzlogklf@q KIS s k1 %
. * * &
The arguments (xl,xz,...,xn) vary in (xl 2 XD aeees Xn ), where
X1 = ng2x1,x2 = ng2x2, s Xp < ngzxnpl-e.
f(.x19.x29°°°9.Xn)\wl_’wl \
' log, .x1 1.log, .x log, . x )
\w; — W \kzlogklf(kl kX1, k10%k0 2, ... k1 V8K N |
% logklxl 10gk1x2 Inglx”%
= kzlogklfgkl)logklkza (k1)l08k k2. (k1)logy k20

s

U, p O
:kzlogklf%xl ’x2 ""’xn E, Wherep:logkzkl.
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U, p P j4u
At last, we shall transform kzlogklf Exl X ety E:

p . p p N
%ogk FEY Xy X %/logk k1
= k2 2 % " 2 H:pJf(xlp,xzp,---,xnp)

as was to be shown.
Theorem 3.12. If function f (x) it a derivative f '(x) and pseudoimage

>

by a derivative [ (x) are continuous also differentiable in some area D and in

this area x # 0 and f (x) #0, the image in ¢y derivative [ '(x), noted in
space () is defined under the formula

G, (x)O
S 1, (%)= fix)% g;,(kxl)( )% , (3.23)

where f,kl = f'(x), p= logkz k1, k1 and [ —factors of connection of

adjacent spaces (g and (g Wwith space (V.
Proof. Reflection f '(x) from space ¢y in adjacent ¢pgy and ¢pg , we
, 7.

S'() oo » wo\ k" M

'

£\ —~ wo \k2

shall receive the following images:

:_fkl

S o\

20

' p
k¢\a)o - o\ 1k¢p1:k )

From the formula (3.22) follows:

1
where p; = ; =log K ko, k =const, ¢ = ¢(x) - some continuous function.

Image in (g derivative [ '(x) , noted in ¢y :
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_fk

1

) Yalr
=0 M0 %_f 0=ty |

Let's discover:

'fk (x) %sz(ﬂg%/’?l

On the other hand,




0 |
As fk (x)= f(];) : f'(x)=f kl() and

_ 1 7(x) BTy, (0
p—p—l—logkzkl’ f kz() x EE f(xi E as was to be

shown.
The note. Because of above-stated it 1s possible to note an general image

in ¢y derivative obtained at image from any space ¢ :
[ - Ox H
4, Ef Sl %D
030 0
5/

W

SN~ wo\ 1l —511m 0. , (3.24)
X-0a

where O —neutral (zero) element, [] —numeral entered for an entry of the for-
mula invariant rather of (V- spaces (look "Labels").

I

If there is a reflection in ¢y from adjacent space ¢y, , and the entry is

carried on in terms of an image [l] f, it is necessary expression (3.24) to substi-
. . [} l — [} .
tute in (3.23) instead of f K Then [ ]sz (x) =f ko (x) will be a un-

known quantity by an outcome, i.e. the procedure of the registration of a contigu-
ity of space in this case is rather simples.

The integration in adjacent spaces is of interest, as the specifity of the ob-
tained formulas at -reflections of integrated objects, allows sometimes to solve
rather challenges. In the present chapter the small fragment of this unfinished re-
search is reduced only, but, under the judgement of the author, it is enough of the
underwritten text to receive initial skills and impulse for creative development of
the given direction of an integration.

Let's begin from well-known reasonings. Let in space ¢y the definite in-

B

tegral [ = I f (x)dx 1s given. Geometrically it can be interpreted as square § .
a

curvilinear trapezoid ABCD(a) .
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/-’-'-F—/
— C
X
D

xi & Xi+l
Ax;
c)
Fig. 2. A curvilinear trapezoid ABCD (a), it approximation by a graduated fig-
ure (b) and image of a low level cell AS;’ in space (J()-

For deriving such outcome in a calculus § . approximate by square of a

graduated figure (5) and then take it a limit provided that length of a maximum

elementary segment (max Axi) tends to zero, 1.e.

I'=" lim %f(fi)mxi :ff(x)dx = P(x) ‘5 = &(p) - @(a).

max Ay, - 0i=1
where & ; UAx;; Qa, [3 —limits of an integration; CD(x) —primitive function

(@'(x) = £(x))

The square § . Graduated figure, approximating square of a curvilinear

trapezoid, is a composite function §_ = ¢ ( f (E l.) mxl)
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The reflection of a sum § . 1s possible after a proof of the following theo-

rem.
Theorem 3.13. If in space (v the continuous positive composite function

y= ¢( f (x)) is given, it w—image in adjacent space is equal pﬂ /(/)‘ f (xp ),
) o) an - w0 B[]

Proof. Considering three spaces (g, (g » (1 and reflecting objects in

these spaces it is possible to note:

d log,.f.O
o(/(x)\wo ~ wo \k2 :
O log, ~xO
log, /Ck1 ¥2'00 | |
where  f .= k2 O 0 - -image of function f (x)

] O logkleil:l

U , log, . fTk1 %
%f(x) \OOO - o \ k> k17 0 E Whence,
0 log, .xO
I 1 Bry/ o1 w2 : 1
L/, 08 k2 [ log; ,x[]

g
log, . ®lkq k27 +g log, ®Hf Tk log,  x
ky ‘1 =ky 1! o %; k1 2=
In X
_ _ * In x _

1 - :
27 —_ —_ —_
At a replacement p = log k2 kionp L= ; = logkl k > it is necessary to interchange

I
the names of spaces, i.e. instead of \wo - o \ it is necessary to write

\a)o - Ot)o\~
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:logkzklﬂlnx O x*:xp.

In an outcome, kzlogk1¢(f(xp)) =¢ [ logkng* =

*

lngb* In ¢| /(7
i, o) o =" g )

was to be shown.
The note. Let's remark, that the product of wvariables at 1mage

\a)o - W \ turns too to a product, that it is uneasy to prove.

From the theorem 3.13 follows, that §_ \ewo — wp \S *O =

(il

*

n
Let's discover lim S_.": lim S*O = lim p\/Zf(ff) [Ax? =

-1 tim $(et) e =g () o

Ax - 0i=1

1.e. w-the image of a definite integral in adjacent space CUO will be:

B , B
I=(/(x)d\wo ~ o \1,=7 If(xp)dxp, (3.25)
a a

where [ . w-1mage of an integral obtained by a way \CUO = (U \.

Let's image a primitive function CD(x) :

D(x)\cwp ~ wo \pw/q)(xp)

This outcome coincides with the formula (3.25). Really, we shall replace
xP =z. Then
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1= If() ()\wo~w0\1 W:p\/ﬁ

i f ( )dZ = ( ) by virtue of invariancy of an aspect of the first differential of

function, so, invariancy of an aspect of an integral.
Despite of an apparent simplicity the problem of an integration in adja-

cent spaces is rather problematic. At it to development the reader can find a

wide field for creativity ...
Applying the formula (3.23) 1t is simple to note a table of images of deriva-

' I

tives in adjacent space ¢y . For example, (xn) =P Sgn_l. The index
k2

ko means, that the derivative is taken in space (g . Really, as

. l/p 1 ! I’l[(]l/p—l) n_IDU_ n—1
Lh 1/p1@‘k1§ ), %M‘* 5=
: (1/p)—1 I -p
, sin x in
(sinx) ‘s = é x(l/)p)_l Ebos;@ = %XXQ [Eos? x>

rctg x
(arctgx wg gi etc.

Knowing a table of derivatives in adjacent spaces, it 1S uneasy to make a
similar table for (w-1images of integrals; designating them ] k2:

n

nl _28
Ik ox = p

Ikz g;g [&os? x Ox = sinx,

* Arbitrary constant we not note for simplification of understanding of the essence
 —images of an integral in adjacent spaces.
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Mg [_)7 dx = arctg x etc.
1+x
] -p
k2 B/ETX)H {/'(x) ex=r(). 62

In this case, Iklf'(x)dx = f(x), Ik] EI and

ko ﬁliix)ﬁ v [(f'(x))p Ox = Iklf'(x)dx.

From here it 1s visible, that for an entry of an integral Ikz it is necessary

So,

to find a primitive function f (x) , 1.e. to solve an 1initial integral Ik]

For example, Ikl :ICOSxdx \ wo - CUO' \ Ikz =

: -p
= j@%@ [tos? x ox.

Then passing toa standard notation of a primitive, we shall receive
p
/o D fo(s) " (v7) o
p p Ox =
‘rk 2 D X % x x) P E
— %p ( ) ! p P
oo EQ“) ola?)) ov=rlo(xr).
N D

where CD(x) — primitive function in a usual integral (] =[ f (x) dx = CD(x)) :

If there is such function L,U(x) , that it the primitives in spaces ¢y and

o coincide, the following equality should be fulfilled:
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where Ikllll(x)dx = IL,U(x)dx = LI-’(x).
B

It is possible to try also to image [ = | f (x)dx from ¢y in g imme-
a

diately. It signifies to try to note Ikz as a usual mtegral % = ka n space

I

o -

a

B , /B
1= [f(x)dx Vo — o \ [ BLf(xP)ox
Rla

(The constants O and [ are reflections so: a \¢yy —

' logkla ' _

. wl\logkla \ei - wy \k2 =a,. ie. logkza* =
Ing [
=log, a =g g =Rl
I Ink, Ink * T H

For approximate accounts it is necessary to search for the formula con-
taining a differential Ox approximately that of the order, as dx. For example,

such formula 1s necessary:

B , LB
I=[/(x)dx\ep — cwp \I'=p0OJ 7 f(xp)dx (3.27)
a

Ra

Example. By a method Th. Simpson we shall calculate integrals /' using
their expression under the formula (3.27):
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a)

106

NI}

0
[' = %z ([ +/siny2d0x = 0,6923:
D \/L
H V4

|
W E W
ﬁhwﬁ

4T

2

40 ( *sin 4 dx = 0.6908:
.
4

~

~J
]
P

101\/5 E
2
1010 [ "Ysinx'016x=0.6929, ... {1
101/ 0
4 E
I
3
b) I'=2[ \/sinx2+cosx26x=O,7087

I'=30 3\/sinx3 +c0s x> 0x = 0,7027

I'=407( Ysing +cosx* &x = 0,7000
!
6

sin x> dx = 0,6908 ;

siny’ x = 0,6913;



10(1/77
3

1=1000 [ ""%Ysiny100+ cos x100 5x = 0,6934.

100(7T
6
V55
X
0 2Dj = 0,6079
ﬁx +
B
X
I'=30 = 0,6966
i T
4
4DJ Ox ~o,7458.

It is possible to prove, that Ox = p [dlx under defined conditions.

However formula (3.27) sometimes gives an erroneous outcome.
For example, if for integrals

NG
d) =20 =~ 11627

I \/355 -2
%/5 ox

_3|:II ——=12933

1330532

§/§ Ox

_SDI ———=141036.

5#565 5
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=5

2
&) ['=20 xQ/cosx?éx:O,%
3
X cos% ox =0,30.

The error of the prognosis at an evaluation is rather insignificant, but there
are functions, outcome of which integration it is impossible to predict. For exam-

ple,

oy

=N

["=30
3

oS

T
2
f) ]’:2D\/L1/3+cosx25x=1,3518;
T
4

]
SN

II
w

31/3+cosx35x~ 1,0814;

w
S~

SE

43+ cosy? dx = 0.9673.

II
EI
PNET

i
2 I' =20 \e¥” 8x=53208;
J2
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3*/13 3
I'=30[ VX dx=2,6524;
83

{/14 4
I'=40[ «e¥ Ox =1,8845;
4\_/5

Ny

11

I'=110] yexX ' 8x=09928 ete
5

The theorem 3.14. [f {a)o } —set adjacent with (g spaces, and

{ pl:logkl kz}’ where [ and o —appropriate factors of connection of

spaces () and {wol} with space of a higher rank ¢y, that

lim {eon'} = aor (3.28)
p1~9
at k1 =const, [y =var.

The strict proof of the theorem falls outside the limits the given to the
book. Is offered for a quotient of a proof of the theorem 3.14 digressions in the
numerical methods of a solution of the differential equations. Using the known
formula of the Euler, we shall note

Vier =+ (e = x) ¥ (xi0,). (3.29)
where y,, y, .y —i and i + 1 of a value of function; f(xi,yl.) =y' in a point
Let formula (3.29) as object belongs to space ¢y . Let's image this object
in adjacent space (v, applying the formulas (3.23) and (3.24):
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Yk :Al)grilo Ax
! 1
S [T B, B s
Viy T - 0, 0 7 .
m m
! 1 —
o o=t 4 ETU P IE(f ,)pl
0 o 2

f(xz'ayi)=y’=%ﬁ%0 GM

. py_ P
;U Xi+1 ™ Xi

yl+1 yl
Xi+1~

(Beforehand formula (3.29) have copied as f ( Xi-Y l) )

So, at reflection \ g — g\ object (3.29) have received w—image of
the formula (3.29):

Dvl—l 14| P

fxi-v)= B)LD Bygll—y;l (3.30)
il Xi+]1 ™ Xi

Let's discover a limit (3.30) at p; — 0:
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. p p1
p~oLy;U Xi+l ~ Xi
Py Pl ( ) Py Pl
0 T S B xi Xi>Yi Yl Vi o
——Dllmﬁ N = lim e
P10 X~ x Vi P1=9 i1~ xi
P1 P
_ . YWy =y, Ony, Iny,,—Iny,
= lim 1 141 CIny;y—Iny,
P1=9 xip Onyxjpy —x;  Ony; Al A
— Xi
0 Iny, =lny+ ;l 0 (3-;) din x;41 = Inx;).
[
xl'g(xl',yl')
y.
iwd
Whence Yis1= Y, H (3.31)
Xi
xi U \xisy;) ’
Where ( : yl) = ¥ in a point (xi,yl.) .
Yi
As it is visible, (3.31) - it is an image in ¢y formula (3.29), noted in
i
[y O
: _ i+l —
E i+ (xie1 Xi)U(Xiayl')\wl - a)o\yiEELH =
Xi

* Uncovering indeterminacy on a rule of the L'Hospital: as Y, 41 = const, and p | = var,

0 pp O P
= tc. (the derivative fi tial functi ttle).
E}VI,HE Vil n Vi e (the derivative from an exponential function settle)
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xig(xi:yl')

g ,
=V, %@H , 1.e. the space ¢y 1s limiting adjacent space {CUO }
Xi

At Py~ 0: lim {CUO } = (V1 as was to be shown. 29

p1~0
xljkll
From (3.23) follows, that ]im i = k> / ,
p—o ¥
Ip
lim (f(x11/p, le/p,---,xnl/p)) =
p_>00
f(log x1.log, x2,....log Xn)
= k2 k2 k2 k2 ’

asat py - 0 ¢ug is transformed in ¢y .

The reduced theorem proves a continuity of passage from adjacent

- spaces to space of other step of a hierarchy W-spaces. Infinite the set {a)i }

adjacent spaces is connected to space (v same function k* (analogy of adja-

cent spaces). At the same time everyone ¢; —the space differs from any other

adjacent value of factor of connection k (variability of adjacent spaces). The
compromise of analogy and variability (W-spaces is achieved by exhaustive

search of all possible values k. In the total the passage to qualitative to new
space (y; is obtained, the image of operations which from at passage

\eo; — ;\ is connected to emerging of new operations.

* The above-stated fact can be used for a solution of some limits and other tasks. By noting

 —image of function in ¢y and by taking it a limit, we shall receive  —image of function

in ¢y For example, ]im Plsin xP = kzsm Ingzx, ko #1, k>0,
p—-®

p=log, ki lim kp =1
p—
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At study -images the compromise between a discretization of global

objects and their continuity 1s precisely observed also. Really, between two arbi-
trary taken (U-spaces ¢y; and ¢ l has a place a homeomorphism, i.e. one-to-

one images in both legs |\ ¢y; < ¢u;\] any objects. By virtue of a lack of re-
! J

strictions on values of indexes 7 and j the existence of a continuity in global sets

of spaces {0)1'} , {0) j} etc. 1s obvious. At the same time qualitative distinctions

w-1mages of the same objects located in different spaces @, testifies to pres-
ence of a discretization in “texture” (W-spaces.

In summary we shall consider two examples.
(Though in chapter 5 the examples of a solution of the differential equa-
tions by a way -reflection will be 1llustrated.

a). Letin ¢yg the equation /" = x [¢0sx is noted. One of it of quotients
of solutions will be function f =2 [$inx — x[¢osx. Let's image the equation
and it a solution in ¢y, i.€.

{f" = xEtosx} \COO' - a)o\{sz" — k/xk Etosxk}.

' 1k
{f=2Binx-xBosx} \ey — wp) E&;b :(2EJinxk—ka05xk) @
D y Ak
D 1 ,(3.32)
k> [VC x3[@k—l) %

where k =log i ky .. ie. k = p;. The equation (3.32) is uneasy for receiving,

I ] n k
by taking a flexon from (3.23). The equation = xk [¢os xk
ko k2

Rather complicated, but it a solution is already found as ¢ .

" A (k-1)
sz - \/k2 3 2k-1) - 2 21 (3:33)
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Whether we shall check is the image f( oo - o) ¢) ¢ =
= (2 Sin x K-y *[dos xk)l/k a solution of this equation:
7 =(2Bin x* - ¥ Eosxk)' =2 [k GA Bos xk — k Gk x
X cosxk +xk Ginxk [k ng_l =k Bck_l [@cosxk +xk Einxk),
7= k(= 1) A2 tfecos x + x Gin k) + k7 - sin o
Xk OcF L & RN Bin ok + ok O g4 Etosxk)).

k-1_ Z _k—lﬁosxk+xk8inxk‘

Let B= B ;
2 2B g G
A= A :k—lﬂzosxk+xk5inxk+ kEZOS k
2R2k-1) Tk k X X
k-G X

Then A-B= xk @Osxk , and  from  (3.33) sz =

k
=vA-B= k«/xk @Osxk , as was to be shown.

So, reflection the differential equation together with it by a solution from
one (W-spaces in another, we shall receive the new differential equation with a

n —

ready solution. In a considered case the equation f" = x[dosx was trans-

formed at image \CUO' - o\ to the equation
" Z' (k-1)x .
f = k\/ — — —, and solution f =2 [3inx — x [dosx
k> 2o 2k-) 226

: : .k k k 1k :
in the following ¢ = = (2 [Sin x*—x*[dosx ) . By check were convinced,

that the given solution satisfies to the transformed differential equation.
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b). Let in ¢y the equation f" =3 Bgz —COSXx is given. It a solution in

4
this space f :xZ+Cosx. Then in gy the solution will be

4k
f= k\/xT + COS xk . Let's image the equation under the formulas (3.22; 3.33):

I

{f”=3B52—cosx} \COO' - o\ {ka' =

K) k- (- nak-2df o5\ =
_k kle(f) * xgl[;k—?)gc [éf) :k\/3562u&_005xk§

=

4k
By check it is easy to be convinced, that f = k\/xT + COS xk 1s a solu-

n

tion of the equation sz = kJ3 Bgz% - Cosxk .

§ 3.5. w-images of integrals.

The display elements of integrated object in adjacent spaces were above
explained. In the present paragraph the examples (w-1mages of integrals noted in

spaces of higher ranks are reduced. At first we shall define an integral of a new

nature [ . because of pseudo-image f derivative:

1= tim M:0x) (&), (3.34)
max Ox; — 1
+Ax
where O x; = xl; :1+§ (at Ax; -0 Alimo5xl~:1),
I I X~

& Oxs» x;+ x) = (x;, x; Bx;)
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The formula (3.34) is similar to the formula of a usual integral [ in view of
a modification of a rank of operations and number, by which the increment of ar-
gument tends. It is possible to note:

&0t nos) )

where I‘Wﬂl designate an integral of a new nature (“a superintegral of the first

sort™).
Let's prove some properties [ .

1. If the intergrand function contains a constant factor &,

?(dx)kg(x) = éi(dx)f (x)g (3.35)

Proof. ?(&C)klj(x) = 11m |_| (5x1)kg(f)

= hm ﬂl%&cl g %hm |—| 5xi)f(€i)§=

Corollary. ?( )f(x) = o 1
B
B S 7 (x n [P
2 paE ™ N (6x) o o
a i=1
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B Jilx n Jilx n
(5’5)121 ()— m (5x,-)z§1 ()— lim |_|(5x,)f1><
a 5xl_)1l:1 5xl—’1l—1
S f n P f (x)D
x(x;) 20..(0x;) ”:H%(&c) i %
i=1

n n n
As lim 1= lim [0x) 100m [(6x) 2...
5xl'—>1i:1 5xl'—>1i:1 5x2—>1i:1
It 1s uneasy to place(install) connection between a superintegral

I(5x)f(x) And usual integral ff(x)dx 31
§ ./ (x)dx :lnI((;x)XU(x) (3.37)

expﬁ'@dxgz i (5x)f (¥)

4. If on a segment [CY , ,B], where @ < 3, the function f (x) and ¢(x)
satisfies to a condition f (x) < ¢(x) ,

62) W< (o)

Proof. Let's consider a rgtio
Bo) ¢ (x)
‘{’( X) = expEB(p—x)dx - ?f(x) dx%z
oy o
a

' The proof of the formulas (3.37) is submitted to the reader.
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B x B x
Whence I(éx)qb( )2 £(5x)f( )

a

5.1f m and M —least and greatest values of function f (x) on [CY ,,8]

and 0 < 3,
%g < ?(5x)f (x) < %g\/ (3.38)

Proof. Let m< f (x) < M . Because of properties 4 we have

B,_ .\, P o) B
J’(5x) S£(5x)f( )s £(5x)M.

a

Bl f(ax)m - %&cg - f(ax)M _ %gw

Whence follows (3.38).
6. If the function f (x) Is continuous on a segment [CI ,,B], on this seg-
ment such point €& will be discovered, that the equality (theorem of the mean) 1s

Fair
?(5 x) (x) - %@48) (3.39)

Proof. Let for a determinancy a < 3. If m and M essence appropriate
the least and greatest values [ (x) on a segment [CY , ,B] , by virtue of an inequal-

ity (3.38) we have:
PH <0< %ﬁw

B
Whence m I]nﬁ < lnf(5x)f(x) <M I]nﬁ,
a a

Q

a
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B

mSL'BEI]nI(&C)f(X)SM,i.e. m<Us<s M,

In— a«a
a

B
where u= L,B [In I(éx)f(x) .
a

As f (x) 1S continuous on a segment [a,,B] , she accepts all intermediate
values between m and M . Therefore, at some value € (a SES ,B) will be

u= f(é‘), ie.
B B ()
IHL.B D]nc{(éx)f(x) = f(s) [ I(5x)f(x) = %g , as was to
a

a

be shown.

B
Corollary. From (3.39) follows, that f (8) g [— ( ) dx. On the
a

other  hand, ?f(x) dx = (,B -a ) l(<K) . Whence (8) El]n 'B =

f
O f(e)= ()Bﬁg (3.40)

The formula (3.40) determines connection between average values for an
integrand noted in a superintegral and a usual integral.

119



7. Let CD(x) —primitive function for undersuperintegrated of function

f(x), ie. 'CD(x):f(x) and c@(x):?(dx)f(x). Let's remark, that

a
'(c ED(x)):' (c)+' CD(x):' CD(x)), where ¢ — arbitrary constant.

B
Then I(dx)f(x) = M (3.41)
a o(a)
(It 1s the modified theorem of the Newton-Leibnitz).
x[0x X x[dx
Proof. CD(x @x) = (5t)f(t) = I(5l‘)f(t) X [ (5l‘)f(t). An in-
a a X

@)y 007 (@)

®(x [Dx) 3

crement of a function O®P = P ( ) P
* (Vo
a
xdx (E)
= I (5t)f(t). Under the formula (3.39) 5¢’:%@§ . where
X

X

x <E&<x[dx.Let's discover 10g5)C ob:

, O ®(xdx)0
®(x)= lim logs 0®= lim f(€ (0D = [ At
€ > x,0x » L,and lim f (€)= lim /(€).
ox—1 E-X
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In an aspect of a continuity of function f (x) we have |im f (8) =f (x)

and ()= /(x) O [(8x) () = clo()
Then  [(6x) () = Xp%f(t)dz%:l 0 c(a)=1 O

[]

[
= ola) Ot
(@)
to be shown, as by virtue of invariancy of an integral concerning an explanatory

variable it is possible to note:

?(5x)f (x) - ®(B)
5 @ a)
8. Integration™ piecemeal Let ( ) V= v(x) ,

MV:GXp(ln V): vilhu — I(V%u — J’% [[hu+ lnu m%d\,

:I(dx)xlﬂ [lhu+x|ﬂ[(]lnu) :I( )vl[lhu Ej(ax) ulj Whence
i
J(ou) = W
The note 1. Derivation piecemeal (uv):'u D+y @ Onu =

=y [€'u+vv D]nu) :

(3.42)

> Using terms “integration”, “derivation” in a superintegration and superderivation, we pur-

sued the purpose not only reductions of an entry, but also underlining of similarity of these
operations.
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Let f2 (fl ) Thenffzdx:flﬁﬁ [] effzdx:efl@ O

[(6xY 2 =e/10 O (;(5x)¢’@f)f '= :%(&fmgl, that fol-

lows from the formula of an integration by parts. The useful formulas are also

such [(6x) PP =y(6x)P F =2 j(5x)(¢ TV B 0

= —- and others, which easily can be
8

(59 #9719 = = (o) (e 97

received from explained above.

9. Approximate evaluation of superintegrals.
a). Rectangular formula.

p X O n [xo x1
B-a
o el
+ =l exp ’% !
Xn-110 Dj:] X

B B —y h-1

The note 1. lnf(5x)f(x) = I—f(x)dx = B-a H)Y Yi
a a ~ n =0 Xi

b). Formula of parabolas (Th. Simpson).

B . x
flo) M=

a

@yz@/ X2l [@yz/ X2 @yn/ o
ﬁ a

6l

x” 21/ “20-1 g@y VX333 Y a1/ ¥ 200 1%%

c). Evaluation of a superintegral under the formula of the Chebysheyv:
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ﬁ Hﬁ ef xl n )
3; (i=12.....n).
It 1s uneasy to make a table of superintegrals:
L[
j(5x)x” =c Bxpgx;% j(5x)1/ln(1/x) _ Cl I(5x)lnx=

In—
X

_ cgclnx/2 I((Sx)k =c Dck I(5x)x|§]inx = c[3C0sx
I((Sx)x/smx @g J’(5x)k Y= QA gx (k = const) etc.

As I see, the derlvmg of the “upgraded™ analysis because of pseudo-image

where x;

_B+a ﬁ a
2

f Derivative and superintegral I(5x)f (x) does not represent any difficulty.

Moreover, the term “upgraded” is taken by the author in quotation markses, as,
actually, it is the same calculus with a changed rank of operations (the appropri-

ate replacement of operations Hi Y

f';ffdx;...} - ﬁﬂﬂlog; |_|l~;vf;an’(5x)x|3(x);...@)isrealized.

In connection with a simplicity of connection of images of a derivative f and

. f @r =k ! @ obviously, construction of the analysis because of it is enough

of an image [ too simply. For example, the formula Taylor's, displayed from

x) :ﬁo 7)1 (a) ng%g/q' (343

'

The upgraded analysis because of image of a derivative f is formed by

)y In space ¢y, has an aspect:

an appropriate replacement of operations {+; -+ Zn ;
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n!; } - { O+, A T],:Inn!;.. } at preservation to constants of number
of addends in z , and number of terms in |_|n . An image in ¢y integral
[/ (x)dx , noted in ¢y we shall discover so:

If(x)ﬂix\wl - a)o\jf(x)@éx :I(5x)10gkf(x)‘

It is uneasy to show, that the defined superintegral of the first sort > [ .

1s connected to an ordinary definite integral by a relation:
P [Plo x) O
1,= If(x)@ Ox = exp%deﬁ, (3.44)
— b
Really, from well-known expression

B
]:If(x)dx: lim zf(f)mxl,xl<€ <x; +Ay; follows
a

— l_

Xi

Ny - wo\I,=  lim ﬁ(5xi)@f(5l~):

max Oy, — li=l

n B WIO X [
= lim T[] ( )logkf(f ) | (5x)logkf (¥) 2 exp%—gk /( )dx%
maxdy; — 1i=1 a &
according to a property (3.37), as was to be shown.
B B
Let's remark, that Ilog k f (x)dx = lnj(5x)xubgkf(x) according to
a a
that to a property (3.37).
Similarl M
arly, [f(x)®dx= expl] dx%,

[/(x)dx=In[ P X)@Fx=1n] (5x)10gkf () 3.45)

* A defined superintegral of the first sort we shall understand an image of a definite integral
obtained by reflection in @) from space (vj.
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As an example of application of the formulas (3.44 and 3.45) we shall re-
duce a rectangular formula for an approximate evaluation of a definite integral,
using (W-image of an integral obtained by reflection \ co; — ¢vg \.

From (3.44 and 3.45), and also from a proof (3.44) follows:

b
I=[f(x)dx=In nexlf(xl) ©H .

where H —new pitch (@-image of a pitch /), equal i+l , as the residual is
Xi
substituted with operation of division.

Xi+l1

I =1n ﬂeXZf(xl)@E{Mg—ln ﬁlﬁgxif(xi)a Xi —

0 S xif ()=
o By 2 = =
z:lBe A = e izlxlf(xl) U x; a

_p-d
where n =

at xi+1_xi:h‘

So, for an approximate evaluation of a definite integral it is possible to use
the formula:

b n Oy
[f(x)ax =3 x; OF (x;) I3 (3.46)
a i=1 U x; U

Ovyd O KO
At a diminution of a pitch InT*L0=In[] + LA ﬁ, ie. (3.46) be-

Ux; O 0O xU x
comes the formula of a usual method of rectangles at 7 >> x;; .

From expression for not reduced to a scale ¢y image of a derivative p f,
obtained by reflection \ ¢coy - ¢up \

Pr=r(x) ﬂbngzx

It 1s possible to receive an entry (W-1mage of an integral:
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In case of an image of an integral obtained by reflection \ ¢p_1 — g\ it

1s necessary to use such formulas:

(x)+x

If(x)+vx:logk§nkjkf dx%,

and at kK = e If(x) +Vx = ln(JeXp(f(x) + x)dx) , Where Vx — @W-image of
a differential obtained by reflection dx \¢v_1 - (ug\ VX .

Not stopping on various aspects of “superintegration”, we shall remark,
that to these problems we shall return in item 3.7 of the present chapter, where
the -1mages of multiple integrals, in chapter 4 are considered, where the tech-

nique of reflection of curvilinear and surface integrals understands.

§ 3.6. W-images of derivatives higher is ordinal

For exposition (w-1mages of derivatives and integrals it is necessary to re-
ceive the formulas permitting to discover outcomes of reflections \a)i - j\

at i # j of integro-differential objects of a higher rank. A fragment of this re-

search for cases of reflections \a)l N CUO\ and \a)o - (o \ is reduced be-

low.
The theorem 3.15. [f the positive function [ (x) is continuous, is mono-

tone also differentiable n+1 time in some range of values of argument G, the

n
evaluation W-image of a derivative n of the order u f (x) in area G is car-
ried out on a recurrence formula

(n) f(x)= kX@ﬂ (n_l)f(X)@, (3.47)

where @ f (x)—l'mage of a derivative f (n) (x) obtained by reflection it
\wi - wp -

Proof. Let's prove the theorem by a method of a mathematical induction.
Let's consider special cases:

). Atn=1 —'f(x) = k'f(x) = (xF")/f = pxlinf)

I
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2). At n=2 —f(x):_ %f(x % Let's designate —'f(x) = ¢(x) Then
p

" ' !

) 0= B2 90 = o) = o SO
3).Atn=3 f '%—f % Let's designate f( ) L,U(x)

| xlﬂ/’(x)
)=k 90 = V0D = getng) = abin (0

Is admissible, that the formula (3.47) 1s correct. Let's prove, that the for-
mula in this case 1s correct:

) ()= el 0]
X (

Really, by designating @ f(x)=

P () = 4 ) = () = et O]

The theorem is proved.
Corollary. For an evaluation -1images of derivatives higher i1s ordinal
sometimes conveniently to use the formulas expressed through argument x and

function y = In f (x):
_'f(X):kXIJ’; jf(x):klnklﬂr[(]y#x@f"); !f(X):
= k(lnk)zméy '+3w/”+x2@/”'); @f (x)= k(lnk)3ﬂf(3y’+7&@z"+

x), we shall receive

(n+1)

63207 + o3 @(4)); ) /(%)= (ink)* B[@y'+155@/”+25@2@/’”+
054 nl). O (k) iy +3 100 +90525 +
+653 155430+ 5/(6)) etc.

The theorem 3.16. If the positive function f = f (x) is continuous, is
monotone also differentiable twice in some area G values of argument, the
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connection between a derivative of the second order f" %f" = f ! kl% be-

longing to space (Qg, and it by an image f " k>’ obtained reflection
\ewp - CUO' \ (f"\a)o SN CUO' \f” % is installed by the formula:
% (fl/p) gl/p—l_ _1%1/19—2[@{1/19 N

" — D 2
ST H 3[(]1/19 D ,(3.48)

. ]

where (fl/p)" E(fl/p)"

(fl/l?),z(fl/p)' : p:10gk2k1;

k1 k1

k1. ko —factors of connection of accordingly spaces ¢ and oy Wwith space

w1 -

' I/ p=1 o
. T ’k2)k1§_é(f,k2) [éf'kz)lqg_
T el e = s
iREE: :
. vpg B0 AN
Ep[af'kz)/ Hklg Epz E(fl/p) H -
0 et 0 B B B
: 18 8 8.1
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Whence

g 1,010

L1 []
.o PRYOBY -p -1 Wfog
[l 1/p O p [
{7 o - i Bp
] K1 = and
O Vrl O 2 1—1%

p
k1 .

0 gig 1 1 _gigd

U g0 -lg pgo.—2008

[] Dpr P - —@gp @PDD

0 BT %P H Ho
V& _502ﬁ [] , as was to be shown.

R

0 - 0

0 x i

0 0

B 0

§ 3.7 w-images of multiple integrals

Let in space ¢y the continuous function f (x, y) on right area D is

given. Thus we suppose, that the area D —right in direction of an axes OY and

is limited to lines: y:gbl(x), y:¢2(x), x=a,y=b.

Y

BI

AI

4 B

a b

Pic.3. Area D ZB —¢1(x) Z'B' —¢2(x).
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Let's designate a double integral in space for [ :

o= )b = e D)
]ny y=[g [J\xy)ay JaxU [ flx,y)dy
E¢1(x) glx a ¢1(x)

Let's note (w-1mage of a double integral through repeated:

b ¢2( )
1= Hf(x y)dxdy [dx O ff(x y)dy\wl CUO\I*:
D a ¢1(x) _
a (x) M O
- exp%logk %ngbzf log/ (v2) dy% . (3.49)
O 0p(x) Y m %

b $ox)
Whence o I% [l 2I lnf(x,y) dy,
- a ¢1(x) 7

Let's consider an example.

Let in ¢y there is a object P, limited by surfaces is given:
2, x=1, x=2. Volume of this object is
2

2 x
cqual: =1 :g(x2 +300ny)dvdy = fee (x2+30ny)dy = 4.4648
X

z= x3+3[l]ny y=x, y=

cube unity.
Let's discover -image of this double integral %’ \eop - a1 *%

dxx 2 430n
I**zlnzmnl*f I L2y

We realizable a replacement x2 + 3 ny =z:
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2
2 2460 x x“+6lh x
“dﬁjmmr‘ﬁ@%rﬁ =

—lx

x2+3[lhx . y2+30hx

((x2 +60nx) n(? +6 n.x) - (x2+3 in.) n(x? +3 Tn.x) -

1
— e DN

—3[nnx)tf§:1,071018.

X
Thus [ = 9.,2923 cube unity at k = 2.

At w-reflection it is necessary to reflect immediately method (mode) rep-
resenting defined selection of sequential operations. In this case, in space ¢y it
1s possible to receive the formula (regularity), in which it is expedient to apply
well-known numbers and functions (from ¢yg). Changing a,b,¢1,¢ 7 in the
formula (3.49), we compute new mathematical object — (-image of a double

integral, which has an independent value as well as double integral.

The note. If to image all elementary objects which are included in the formula of a
double integral (3.49), including, and operation, we shall receive trivial (J-image of a double
integral.

For this purpose we shall note (3.49) as

kb k¢2(10gkx)
1,='[(6x)0" 8y @ (loglogyy),
4 kq)l(logkx)

where, {Ax,Ay,a,b,¢1,¢2, , } \Ct)l—’a)()\
¢

\er ~ wo {5x,5y,k",k” (logkx),kq’z(logkx),@,f}-

k#2(logyx)
Whence ] = I5y @kf(logkx logky)

. i 91(logx)

k¢2(logkx)
= ]

(5y)1°gkkf (logov Togy) _
;91(logyx)
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_ k¢2(}0gkx) (5y)f(logkx, logky) _

k¢1(log kx)

dHllog, x []
:exp%( 2(J’ k )f(logkx, logky)dyg‘
%kqbl(logkx) Y %

24 = dZ, ie.

Let's designate 10 =7, and
et's designate gky an lnkB/

¢2(logkx) %
]1* :exp% i Ink Qf(logkx, Z)dZ%:
k¢1(logkx)

= | f(logkx, Z)dz
k¢1(logkx)

¢2(10gkx)
Let | f(logkx, Z)dz = (Dl(logkx, Z)
¢1(log;x)

/
2 . Then
21

Zr= ¢2 (logk )

= ch(log X Z)
I =k k™ 7129, (logkx)

_ k[cbl(logkx, ¢2(10gkx))—d31(10gkx, ¢1(10gkx))] _ kLIJ(logkx)‘
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Wllog, x
Therefore, /i . ox)® k =

E;}Z LIJ(loxg i x) dx%

By designating logkx =f,1.e. ——
xnk

= exp

=dt,

0
W(zr)dt
R 0

and [ = exp%‘#(z‘) D]nkdt%: k% % (3.50)
Solving an integral / (3.49), we shall receive

¢2(x)
1= ) I(J; (x.9)dy = Dy (x.0, (x)) - @1 (.0, (+)) = W(x). and

1\

b
I = ILP(x)dx, i.e. with the accounting (3.50) [= k].

So, trivial (W-image of a double integral turns out in an outcome of the elementary

substitution and does not give qualitatively new outcomes both theoretical, and practical,
though a configuration and volume of a object vary (accordingly, the equations of surfaces,

bounding a object vary also).
By analogy with -1mage of a double integral (3.49) we shall note

w-1mage of a triple integral.

b ¢2( x) @ (x, )
1= Iﬂf(x Y-z )dxdydz Idx Idngf X, ¥,z dZ\wl—’wo\I*:
a (% =
H Do) O Wylxy)
U 2 O T2 log f(x y, [Dﬂ[l
=exp{log, rexpn [ log, Fexp .
@ kg %ﬁl(x kg N = %
(3.51)
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It 1s obvious, that (w-1mage of a triple integral is a completely new mathe-
matical object.

§ 3.8 Problematics of integro-differential objects new nature

It is necessary to systematize and to classify images of integro-differential
objects obtained by various -reflection. Thus there is a series of problems:

1. Unifications of mathematical exposition (W-images by creation of spe-

cial symbolics and nomenclature. Deriving common of the formulas for
w-1images of derivatives of any order and integrals of any multiplicity. The ra-

tionalization of the process of deriving W-images irrespective of number of the
elementary acts (w-reflections, 1.e. transition of object on a horizontal (passage in

adjacent spaces \(); — (u; \) and vertical (passage in (J-space of higher or
lowest ranks \a)i - W \) should be carried out for one universal procedure

without linear search of all acts of reflections. In a fig. 4 the field w-spaces in a
system of indications & and m, where k —factor of an exponential function of

connection ( kx) , and m—index of space (for example,

W = (a)o, W15+ 5 Wiseee > W5 etc.)) 1s represented. The well-known

mathematical space ¢y is represented as a point appropriate to an origin of co-
ordinates. Everyone -the space is represented by a point on a plane.

m I
CL)] W i
S J
; Wi l wl"
N . .
4 |
wo kl' k] k

Fig. 4 (-spaces in a system of indications k£ and m1 .
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2. Considering various sections of mathematics as global objects to find
them W-images.

Shaping of the uniform scheme -reflections of various global and local
objects (mathematical methods, theorems, formulas etc.) way -passage from

any given space (; in another ¢y j (\ Wi ~ W, \). The deriving is qualitative

of a new mathematical means by a selection of an appropriate cycle
w-reflections on a horizontal and vertical.

3. Study of a problem of invariancy of objects at (w-reflection.
4. The determination of the common formulas of correlation of derivatives
and integrals from them (J-1images (in the present work is reduced only a few

formulas of connection, but already in them it is uneasy to notice regularities in a
0
. fefx
structure and rank of operations, for example, f' =}k and
S
! !
=k )
5. Proof of the theorem 3.15 for a common case \ ¢y; — ) \ati#J.

6. Proof of the theorem 3.16 for a derivative of any order.

7. Creation of the concept polymeric -reflections (in the book the
- transformations graphically represented as vectors in a fig. 4 are represented
only two-dimensional).

8. Research of a nature adjacent (- spaces.

9. The realization -reflections of integro-differential objects because of
other functions of connection (in the given work is used only exponential function

k).

10. Research of a problem of an integration in arbitrary adjacent spaces. To
find the exacter and universal formulas of an entry -image of an integral as an
initial integral, 1.e. formula of adequacy of a type (3.27). To lead numerical check
of datas of the formulas. (In the present work this problem, practically, was not
studied).

11. Check of applicability -reflections in adjacent spaces in various
mathematical method (for example, in the monography only slightly affect a
problem on a determination of adjacent limits, using the theorem 3.15, and the
more deep research in this direction is required).

Naturally, there are also other problems. Linking this problematics with
problematics represented in chapters 4 and 5, where the new hypothesises are
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advanced, the various practical tasks are solved and the questions at issue are
stated, it 1s possible to generate a circle of the tasks, which solution undoubtedly
will reduce in unique theoretical and practical outcomes.

In summary, it would be necessary to mark the following fact, which the
author repeatedly mentions in the monography: apparent the triviality
w-reflections and 1s possible derivings all outcomes by a change of variables are

refuted at deep study -reflections of operations (since at W-reflection the re-
placement of operations is produced).

CHAPTER 4. THE ELEMENTS QUASIVECTORIAL
OF THE ANALYSIS

§ 4.1. The general provisions

The mathematical objects are necessary components in exposition of the
physical facts. The population last makes a basis of understanding of a reality of
the world, enclosing us. By virtue of susceptibility of mathematical objects
w-reflections, obviously, and to the physical laws (facts) the means

w-reflection is applicable. As one of connecting between -mathematics and
W-physics (understanding under it the possibility of designing infinite of spectra

of any mathematical and physical objects) in the given book is quasivectorial the
analysis, obtained in an outcome (- reflections of vectorial magnitudes identified
with usual vectors and vectorial functions. And, the structures quasivectorial and
vectorial analyses are similar.

In a basis quasivectorial of the analysis the concept quasivector lays. Last
is ranked on an index I motherly space ¢; , from which there is - reflection in

derived ¢y (\ w; — Wy \) and on a parameter k. In the present chapter in
quality ¢v; the space (v, 1.€. (; = vy undertakes only.

Quasivectorial the analysis allows more more scalely to perceive any
physical law (or fact), and also physical skew fields of the material world, under-
standing under a physical skew field all gamma micro and macrostructure's of
material objects.

In the present work the author reduces only readily available®® primary rea-
sonings which, will help the reader to generate the own concept of a structure of
physical space as populations of physical objects.

' At the deep analysis of correlation of mathematical and physical objects, them W — reflec-
tions it are taken into account the factors influencing to distinction abstract and real, and also
on transformation of objects at (W —transformations.
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§ 4.2. Quasivectors

Let's consider - reflection of a vector a .

Let w1 the wvector & =ay Ij + ay |j + a- [k is given. Then
a j 7 7 i log,/
a \Ct)l - CL)()\ A* - (ax@l) [Qay@]) [qaz@k) = axlogkl Qly 8k’ x

X, °%kF k#1 kOR.
The note. It is not necessary to confuse a vector K and scalar k, being a

foundation of a log.
Let's take the logarithm A*:

log, 4, =log;a,dog,i+log,a,dog, j+log;a.log, k.
k#1, kUR.

By analogy to expansion of a vector a on base (in a cartesian rectangular
frame) we shall note:

logkA*:(logkax)@+(logkay)@:+(10gkaZ)EI?*, where

k(logkax)@+(1°gkay)@+(1°gkaz)@

A = . loggi=i,, log,j=j.

*

log k= k,:

I, J k_* —objects of a new nature, which we shall name basis qua-
*

sivectors, though they and do not correspond to common representation about
quisivectors. Quisivector A* vector @ the w-1mage of a vector 1s named a at

reflection it from ¢yy in ¢y % \ewr - wo A*%

From the definition basis quasivector follows:

; Iy = Jo T ke . .

i=k* j=k* k=) ¥, ie. if some factor k (kil,kDR) an-
nounce in a degree, with which 1s basis quasivector, we shall receive an appropri-
ate single vector (basis vector).

ki*_ j* kk*

=1. At k>0 we

k

As basis vectors - single vectors,
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i*
k

:kl* =1. Whence

shall receive

i_*‘:o.

For exposition quasivector we shall discover -images of some perform-
ances of usual vectors and connections between them.

The theorem 4.1. The image of the module of a vector a

[ »n [
= a X; L&;Ureflection \ ¢oy — g\ is defined under the formula:
n
\/ 3 loei’an,
i=1
VY | @)
where A*‘ —module quasivector of a vector a.

Proof. Let a vector g = ax [+ ay j tz [k in three-dimensional space.

As 1s known, the module of a vector 1s equal:

— 2 .. :
‘a‘ = \/ a x2 tay tqa 22 . Let's reflection it from space ¢py in (g :

azxz+azy2"’azz2 \awy - wo\‘A* :((aX@QX)(ay@ay)x

X(az@az))

Let's designate p = k

. log2
(182) @, = ke (k#1 k OR).

log/%axﬂog/z{ayﬂog/z{az

log b

As A~ = 40494004 = k(logkA) , ‘ A=
log; b
log (142) Vioggl2
=p~ (182) - k(logkp) , Where (lAZ) = (kA kz) =k Sk k2 )
1

2 2 2 )2
1 - (1A (10 +lo +lo )
logk (lAZ) = 5 ie. p (142) =k Skdx™08kdy™I08kdz
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2 2 2
log +log +log
Therefore, \/ ko dax ke ay kodaz

al=

The note. The formula (4.1) can be obtained rather simple if to take into

, as was to be shown.

2 : :
account, that \/ a x2 tay tqa 22 1s function:

_ 2 2 2
f(ax,ay,az)—\/ax +ay +q; , where ax,ay,az—arguments.

) 9 ) \/logkzax+logk2ay+logk2az
dx +ay +aZ \a)l - a)o\k .

The theorem 4.2. The image C* scalar product C two vectors a and ];

obtained - reflection \ oy — g\ is determined under the formula:

n
2 logay logy by, n

— i=1 —
1=
Proof. Let in three-dimensional space ¢y the  vectors

a =axﬁ+ay@+azﬂr and B:bxﬁ‘+byj+bzu} are given. Let's dis-
cover w-image  of a  scalar  product. C=alb=
=axbytaythytazlh; \w ~ wo) C*:(ax@bx)(ay@
@by)(az@bz) = Clxlogkbx qulogkby lelogksz k#1, kUR.

Whence, logkC* =log; a, Ellogkbxﬂogkay Eﬂogkby+
+log, a.Uog, b,

C = klogkaxﬂbgkbx+logkayﬂbgkby+logkazﬂbgkbz _
%

= (ax®by) a, @by ) o 08y).

As was to be shown.
The note. alb\ew; - wop\ C,= A*@ B, Really,

A= %a x); EQa y)j* [Qa Z)E E B. = %b x); [(b y)j* [Qb Z)]{_*E
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D Vel Veg (ks
l kgbx)l [éby) {b-) "o
A ®B, = gax *E@ay ) . e

log, C, = alogkax)@_* +(10gkay)@: +(10gkaz) Lk,

xj + (logkby) @_* +(10gkbz) EIZ%
From (42) follows, that log, C, =log, a,log, b, +log, a, X

OO

I(logkbx) X

X logkby +10gkaz D]ngbz, 1.e. the log -image of a scalar product of
two vectors a and b Is equal to a reflexive product appropriate quasivector,
which, in turn, is equal to a sum of conjugate products of logs of appropriate
projections of vectors a and b.

The image of a scalar product a and b has a commutability and distribu-
tivity. Let's remind, that thus it 1s necessary to take into account a rank of opera-
tions. Multiplication and addition at reflection \ ¢g; — (ug\ will accordingly be

transformed in operation on an order above (reflexive multiplication and ordinary
multiplication).
The theorem 4.3. Quasivector A*, B*, D* have properties of a com-

mutability of rather reflexive multiplication and distributivity of rather ordinary
multiplication.
Proof. a). Let's prove a commutability A* and B*. Let's designate

A*@ B* = C*, where C* — w-1mmage of a scalar product. Then
log, C, =log, %A*@B*gzlogkax Hog, by +10gkay X

xlog, b, +log, a.Uog, b, =log, %B*@A*% ie. C.=B ®4,, as

was to be shown.
The note. The commutability A* and B* follows, certainly, immediately

from a commutability of operation ® . The proof is reduced only because A*

and B* - mathematical objects of a new nature.
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b). We shall prove a distributivity A*, B*, D*. Let's designate

4,088, F= Py Then log, p, =log, F4, ©Fp, 0,
Let's designate p, =4, ® B HF4,®@ D H
Then log,, p, =log, B4,® B,B+log, B4, ® p B
log, H4,® B,H=log; a, dog, by +log, a,log, b, +
+log, a,Tog, b log; H4,® D,H=log, ay dog, d +

+log, a,Uog, d, +log, a.Uog,d..

logy, p, =log, axDog; (b [l ) +log,ay Dog, (by Q{y) *
+ logk az D]ng (bz |;Lllz) :

On the other hand, logk 2% Ing %A*@%B* ED*% As
logk %B* ED*%: logk B* + long* = (lngbx) Ij_>x< * (logkby) gl_* *
+ (Ingbz)U?* + (10gkdx) 3, +(logkdy)@: +(10gkdz) %, =
= (logy by ) G, + (logkby @iy) J, +(log;b- )k,
log, F4, ©H, LD, Ffi= 10gax Hogy (bed) +logy ay Hogy (b, d ) +
+log, a,log, (b-d-).

Then logkp2=10gkp1 N pyEp, and A*@%B* @*%:

= %A*@ B*%A*@ D*% i.e. the distributivity quasivector 4_, B_. D, is

proved.
It 1s uneasy to find w-1mages of other performances of vectors. For exam-

ple, we shall reflection cOs@ , where ¢ —an angle between two vectors a and

];, located in space ¢py. Then
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CoS gb = % \wl . wO\ kcoslogkfl)* _ k(logkaxnbgkbx"'
a

+10gkay E]]ogkby +log, a; Eﬂogkbz)/%/logiax +10g,2{ay +10g,2{az X

X\/loglzcbxﬂog,z{byﬂog,z{bzé, ie. coslog, ¢ =

_ logyayOogy by tlog,a,Uog, by, +log, a.Uog, b,
\/log,%ax + log,%ay + log,zcaz E{/log,zcbx + log,%by + loglzcbz
Really, from (4.1) and (4.2) follows:
kcoslogk(]b* _ @(logkax[I])gkbx"‘101‘%/\5ay[lbgkby"‘IngOIZDbz‘%kbz@A

(4.3)

LT] \/log/%axﬂog]z{ayﬂog]z{az %@ %(\/log/%bxﬂog/z{byﬂog/z{bz %

i T

After simple transformations we shall receive the formula (4.3), in which

¢ —"angle" between quasivectors A* and B*. So, quasivectors are objects of
*

a new nature, which are characterized by some magnitude called as the module
(4, and |B,

oriented among themselves with performance of orientation as a parameter ¢ ,
*

and ), and also orientation in space. In particular, two quasivectors are

which 1s identified to an angle between vectors aand b.

At last, we shall discover (-1mage W* vector product W=axbh:

W= (aybz —azby) 3+ (asz _axbz) O+ (axby _aybx) *

_ ® O [ ® _ [
* Z@by wx@bz [] y@bx
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®p, U _ ®p. 0—
I =1 %%y *05. +log, (220>
og, W, =log, z@bﬁg* ngtux@bﬁ@*
®p, 0__
+log % k.
1 y Z 1 zZ X 1 y
w :kogk Z©by§ﬂ*+ ng%x@bzgj*-F ok y@bxgﬂ*

Whence (4.4)

W= k(logkay[lbgkbz—logkaz[l])gkby)m_*+(logkaz[l])gkbx_

*

—log; a,Uog, bz) @’ (lnga Hog, by ~log; ayog, b x) k,

Similarly 1t 1s possible to receive (W-1images of any objects of a vector
analysis.
§ 4.3. (W-image of a field theory

Let's consider -1images of basic concepts of a field theory.

4.3.1. Gradient

Let in space (U the vector a as a vector-function is given:

a= &— @l , where f = f(xl X5 ,xn), and e_l — basis vectors (single
Xi

Vectors, ie. ‘ei‘ =1).
Let's reflection a vector @ in space (v :

L]

n _

a—z Lo - o’ 4, = [ e =
&xl i=1 E

143



!

nld r 80 o X; Qfxl, 7 " _0f — -

= where -, , @ie — 10 e

) H fxl. f X &x 1% gk 1
After a taking the logarithm quasivectorial A* we shall receive:

!

nQ' @_.*D n @_* n, o
logkA*ZIngﬂEkin ’%: > log, k- xi =y Y
i=1 i=1 i=1" i

As it 1s visible, in this case @ —reflection has reduced to quasivectorial,

univalently  identified  vector a (& \wi - wo\ k%,  where
n, -

a, = 1. L)
i=1" i

On a structure the vector function @ —is a gradient, i.e. a = grad f . Have
received the formula, defining quasigradient of function f

e

grad f \a)l - a)o\ G ki= 1 4.5)
where (5~ quasigradient f 3
Let's discover -1mage of the module of a gradient:
< 2 142
i=1
5. 87 EF w %
= |:|lk Xi E , as (f xj) \owr - wp\ Ny - wo

kfxl'@kfxﬁk@fxig

As the exponent — (1AZ) = « k, was established earlier,
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logy, IlzlkgfmEZ g ﬁfx
0g) i=1 =1 !

Jlog;, B
k =k
n
=

So, |grad f|\co; - o\ k V=1
Let's discover (W-1image of direction cosines of a gradient.
Let ¢r; —angles derivated by a gradient with axeses of in space with 7 measure-

ments. Then
, /Z @2
T \gidf\\wl Y Al LS A e e
1
nnof
> .
0, g%k &5 0t
=0 / xi0 , gg g
0 O R =T

Whence €OS logk A=

n

z‘gl(COSlng ai*)z ) él z (f xl')2

where g, — "angles" makes quasigradient with axeses of coordinates.

hn 2
Have received the formula > (coslog A i*) =1, (4.6)
i=1
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n

which is similar to the well-known formula % ¢os
i=1

4.3.2. Derivative with direction

Is known, that i = s[grad /', where s—direction. Let's discover

W-1image of a derivative on dlrectlon.

f Z f @l*
= stmad Sy~ ao) Py= S, @k
dn 5 — [ [n [
logk Ps - Ezlgfxi%@j*g%zl(logk le') @,*%
Have received -image of a scalar product of two vectors s and

grad /.
From (4.2) follows:

n
logk Ps= ZEfxE[“ngSxi’
l:

El Qfxl'g]bgksxi

ie. P=k'T 4.7)

It 1s known, that in a scalar field the infinite population of derivatives of
scalar function f* on direction defines a gradient of a fields being a measure of a

heterogeneity of a field f , in a field of vectors the population of derivatives of a

vector on direction determines a tensor of the second rank [la with components

dx]{

4.3.3. Divergence

Let's discover -image of a divergence of a field of vectors. Let in ¢y
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_ n _
the vector a = Z QAy; [¢; is given. Then it the divergence is equal
i=1

Let's discover it an image in space (-

'

n de.
5 wo\D*:ﬂk(x’)xi
i=1YXi i=1

'

nodg

o)
Obtained expression D, =[]k *ilx; We shall name quasidivergence.
i=1
By taking the logarithm this expression, we shall receive:

' '

log, D, —logkﬂk( )Xl— > log, k( )Xl— %'(axi) .
i=l1 i=l1 i=l1 Xq

n
Whence klzl (aXZ) (4.8)

Quasidivergence 1s an image in (Y div&, noted in ¢p;. Quasidivergence
(by analogy with quasigradient) is the transformed 1mage of initial object (diV c_l)

concerning operation of a taking the logarithm, as log i Di 7 diva.

4.3.4. Curl

Let in ¢y the vector a= Ay [+ ay @ ta- [k is given. Then

rota = %daz D_ Eﬁax_ﬁazﬂj,*_%aay_&ax%j‘
00y &z 0z Ox O0odx Jdy [

Let's reflection rota in space (V-
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H n ' B | B
X E&@]_{E: k@(az)y (ay) Qﬂ* %(ax)z_ (aZ)x -t
%/( (ax)y %
o miE (rotgt)o
¥ %(Cly)x (ax)y_LlC* =k : (4.9)

where (l’Ot a) — new mathematical object similar on the form to an entry to a

usual curl.
In an outcome have received quasicurl R . Taking the logarithm it, we

shall discover

g R, = (rota), = B(a), = () 2 (0.~ () ).

¥ %(ay)x B '(ax)y_l ke

4.3.5. Basic formulas, describing quasifield

a). We shall discover w-image of a solenoidal field. diva =0 \ep -

n

g (“xl') . n,

- @y \ kl_l =10 > (ax.) = 0. The last equality is equivalent
i=1 v i

I

n _
z(a ) =0, ie. diva=0. It is natural, if in space ¢y there are no in

i=1
some area ()7 radiants (or drains), they will be absent and in appropriate area

(); any space (v -
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b). We shall discover an image -1image of a potential field. rota=0-
This condition potentiality of a field. Then rot a=0\¢y - wp\

(rota), I (r0t5)0 =0, e %( @),

(a) B+ ( (0.~ (0 ) T Hw), = (a) Fr =0
This condition potential quasifields.

c). We shall discover w-1image of a condition of a harmonicity of func-
tion. For this purpose we shall image at first del [] (operator of the Hamﬂton)

\w; - wo\k

n 1%}
= ZD_DQZ \&)1*600\ Hk(xl) ;=

n

J [PInU]
— |—| k ( xl) . where (5 xl) Xi HIEWTH% Have received quasivectorial a
Xi

nabla
n _D
0 3 (Ow)é.0
Oo g]o = k'~ E
Let's take the logarithm [ ]
no — _n [PInld—
log 0o =3 (0x)) &= .0 L.
i=1 i=1 xiU
n 1 _
ie. [p=k'"! S (4.10)

Let's remark, that [1f = grad f* (product of scalar function f on a vector
[1). Then -image will be accordingly quasigradient, i.e.

s Hr Ha.

Oof =G, = k'™ M7 Gt follows from (4.10)).

-1image of a divergence (quasidivergence) [), agrees (4.8) is equal:
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n O I
El (“x )x i§1xl Oxi
D, = k'~ '=k
0 7 [Pn0-—0
0 2 xiﬁgi*ﬂ
_i=l Hoxi O
On the other hand, D, = [y ® 4, a& é@

= Xi 0 L=
n  Jdlng U n Iy 108k ax; 0
=3 x = gongf le,f ka ~ @.11)
i=1 X i=1 xi H

where "[—sign of a scalar product.
Thus, the scalar product of two vectors in new expression of an aspect

Ln [P] —[]
Dz X; %THDQZ*D[H zl (10 g,a xl.) L&, Is reconstructed in

] ]
n Eﬁ In a Xj
z ; L 37[]
N, x; O
Similarly, for quasicurl R, the equality will be fair:

rot&
R, =00 A*=k( )O,

where [] —operation of a new nature being -image (at reflection
\ ey = ) of a vector product.
Let's take the logarithm R :

log, R, = logk(DO O A*) = (rot&)o.
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On the other hand, R, = k

+ %(ay)x - '(ax)y_l k,.ie

. Z k_
B B In In In
logk(DoDA*)—logkR*— xBZ—x yBZ—y Z% . (4.12)
log,ay logya, log,a;

i.e. the operation [1 between quasivectorials at a taking the logarithm is trans-
formed to a vector product of two appropriate vectors in basis quasivector to the

form.

[ fln
The formula (4.12) will be coordinated with (4.11). Really, %y 3
y

0 Jdin0 — fl [] —
*log, a,- g %H logkayDG* = %y HH- logka%@* -
[0 gIn0l ding
- e e = -
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. ﬁln
So, that the product of projections ( y 3 Eﬂog rQz and others) at shap-
Y

ing a scalar product in basis quasivector of a mathematical construction is real-

In
1zed on such rule: Hy &H[ﬂog LAz [y M . It is known, that the entry
d- 0 - & =

of a scalar product of a del [J=—i+— j+—Fk and vector q= ax i+
dx Jdy 0z
+ ay}' + azl; was carried out so:
_ dq B
|:]|]l:§ax+ y+&az dln

, and under the formula (4.11 —g. t
ﬁx ﬁy ﬁZ ( ) BX %

ey T2 kol Hlogean) o+ (1080,) 7, + (g 02) -

X y z
The formula (4.12) on a structure reminds a curl:
i J ok
- | o0 0
rota =
dx OJdy 0z
dx d y dz

logkR*:(r0t5)O: Oy dy 0 |
log,ay log,a, log,a

' dln dln Jdln
where dx:xa, dy:ya—y, dZ:ZE.

c). We shall consider w-1mages of a harmonic function.
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v,
It is known, that diV(grad f ) =3 &—f =Af, where [, satisfying to
L xl'
the equation of the Laplace, i.e. equation Af =0 is named as a harmonic func-

tion.
The theorem 4.4. [f the function f(x1 XD sees ,xn) — harmonic in space
wl , n space wWo she satisfies to the equation
dnf . *nrd
Z & .Xi b - O
Xi 0 xi
Proof. Let in ¢y; the harmonic function f(xl, X2 ,xn), ie. A =0
1s given.
2 ki o D r
" +
Asd 5 - wo\ S =k ! % Xxx% where u# =Inf, and
0x
o= .0 YA oS =1 =
ux_&x’ Uxx — & PR w1 — WO A0 _l'l:ll fxixi_
Do [ X %
— ﬁklnkl}i%xi+XZlﬂxlxiE
i=1
n ., n 5 N
Whence lnAOf:lnﬂ'fxl,xl:zm'fxl,xl,:ln kljlex
i=1 i= i=1
Pins  9*insE
Xi— 3 % (4.13)
E dxi 0x

From a condition Af =0 follows Agf =1 (O\a)l - @y \ ko = 1),

n [ 2
ie. InAgf =0.Then iﬂ"' &%20.
i=1 axl dx;

The theorem is proved.
Let's remark, that /\— (w-image of a laplacian (quasilaplacian).

The theorem 4.5. If f — harmonic function, is fair equality:
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a7 OolnO—0 7 In f D
[] O—1Cp,, LI &
szmxlael - ngxlD&xl
[] E [
s s mngx’ménfm:mm
_ 2 n Xi 35
- | 0 4.14
Z'ZIEXZ D&xl' D[% ﬁxi % ( )

Proof. As Af = div(gradf) =U [QDf) , that
Af =000 )\ oy - wo\ Do f =0o®(o.f) =

07 Hmo—04 O n 0
0t 8 2B
o e
] alla ]

Wn mO—UH7 M in f L O L1
= k%zlmmxi Eél* Z XZD Ox; Eél*%
Let's take the logarithm this expression:
1 Ddln L7 [PIn f
log, Ao/ =15 x; Oy x; DEI]nk
gk 0 z lmxl %Z*D gzl l XZ D

% The scalar product of vectors [] and []f, represented in basis quasivector to the form, is
reconstructed in scalar function

[]
[

nD
ll[l

H

D ] (11
[P1n G alnf[II]
E H

From (4.14) the new rule of transforma-

tion of objects of a new nature follows which the vectors (vectorial functions), noted in basis
quasivector to the form are. It is clear from equality (4.14) without any explanations.
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From the theorem 4.4 follows, that

2 N
7 N In f 0" Inf= .

InAgf =1In" k) x; + x; e

’ i=1 'Hox; l 9x,~2 %

as was to be shown.

n
InkLy
Thenote. Agf =k  i=
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4.3.6 w-images of some relations of a vector analysis

In connection with a simplicity all proofs reduced below, are explained
without detailed explanations.

a) Let in ¢y is given grad(c U), where ¢ = const . Then
n
(c@f )xl@
grad(c Df) \wrp - wo K= , (4.15)

where c®f = 1% = £ (Cl - logkc)’ '(f CI)x )

I

= x; E(lnfcl) =x; qu) =1 I:']f , Le. (U-1mage grad(c U)

CIE§ f @l*

in ¢ is equal 7! =G (4.16)

It is known, that, grad(c ) clgradf ,ie.

clgrad f \ e » o\ @G, = Glogkc G 4.17)
Actually, we have proved equality
G.(c®f)=c®aG,, (4.18)
n
3 (cof)
as (3, (c@f) = =1 i

Similarly, it is possible to prove, that grad(cl gf1+cz gfz)\a)l —

1 1
- ) \ G OBkl Q}’ O8kC2 , where (G, (G, —appropriate  (U-images
grad /| and grad f 5
b). We shall discover (w-image rot(cl alto az).

—log,c1="log.c _ C1x[ Cox _
logk R* = rOt(Cl] o8k 1@2 o8k 2)0 — (rOt(Cll 1 @2 2 ))O =

=%( 1+ ‘72*) —'(a ‘4 02*) D°_+
D dlz 2z y ly 2y Z%*
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+§(a1xcl*@2xcz*) - (alzcl*QZZcz*) ﬁ_"

z X

+E} CIxg,, 2% S eng. o) B
O aly 2y . dlx |32x y%*

Let's transform (alzcm@zzczm) ;
Y

! ' ’

¥ (1ng). @) LT (nar) it ¥ (ings.) |, 20™

= cmﬂ'(alz)y + czmﬂ'(azz)y :

Then, (alzCIDQIZZcmj) —%11yCIDQ12yC2E% = c10*
x%(alz B Clly % sztﬁ Cl22 B ClZy %1.6. logkRD:

:CIDE%(alz)y_ (Clly)Z_lT7|j+('(Cl1x) - (Cllz) )Q’ +

Bl o) B ), o).

(2. () Tt Ban), = (a20) R

= cm[ql’Ot a, )O + CQD[qut a, )O .

Whence, R= %(rotal)oglﬂl:%{(rotaz)Ogﬂ]: REHJEREED: where Rllj

Ry Rp—accordingly -images l’Otch, rotg, rot (61671+62a_2), ob-

tained by reflection \ co; — g\

¢). We shall discover (w-image div (grad f )
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div(grad /) =0 f \ ey - a)o\D*(G(f)): Oo® 0o f =

0 O ml
] dlngxl‘ lnfljj
L VN ¥ (Y 2o i
E X1 ax.el'* E (f)x.el'* 2 Ijx O Oy O
— kl—l I @kl—l - kl— : I i E:

= Ao - (According to the theorem 4.5 and formula (4.14)), where Ag f — Ww-
image of laplacian.

3 (1),
d). We shall prove, that R*(G(f))zl. As G:kl_l " for
n=3 we shall receive (l’Ot G)O = %(Gz)y— (Gy)Zﬁtk ((Gx)z_
xdinf y@inf
“ (@) B(6), (6, B Gemk Gy =k
o Binf  [k@ns0
' z n n
G:=k oz 5 (Gz)y: 7 nk [ 3 =
\ z@Inf len
_z@lnfn]nk [PIn Jz nk 0 020y _
E 0z Hy Jinf
0z

2
In -
=z Unk M In this case (G ) is discovered, using a table of a not
0z0y “y

reduced image of a derivative of function:

'

(a7) =/ Ona Ty, @B)=u+v. (o)) =1, 9,
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0
oE@ny0 . Dinf0 _ oz U, “"9-9y 0
0H 5. H™ 2 Hg, HT oinf =" gy O
0 y 2% s T %
E zZ

Similarly, '(Gy) =y Bmi [In kEHyﬁln—fH =y x

2 2 2 '
Inf _That J Inf — 4 Inf , we shall receive '(G) = (G ) ,
0y0z 0z0y  0yoz 2y Yz

Precisely  equalities '(Gx)Z: '(Gz)x and '(Gy) = '(Gx)y’ 1.e.
X

xInk

rot G)

(l’Ot G)O =0 also are proved. Whence R, (G(f)) = k( 0=1. Have re-

ceived, that

rot(grad(f))\w; - wo\ R.(G(/)) =1

Really, rot(gradf) =0,ie. 0\ - o\ KO=1
e). We shall discover -image of expression [] [@D X &) = divrota.

00 xa)\ ooy — awp) Do@(Do 0 A*) =y®@R, :D*(R*(Zz)), ic.
Lo @(DOD A*) =D, (R* (c_l)), where D*(R*(&))—quasidivergence from

quasicurl of a vector a .
Forn=3

log, R, (c_z) = (rot 5)0 = %( az)y - '(ay)Z% +
(0. @) ), e e
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Then

log, D, (R* (5)) = ((rot 5)Ox)x + ((rot &)Oy)y + ((rot 5)02)2 ,
where | ((rot 5)Ox)x ; | ((rot 5)0y)y, | ((rot 5)02)2 —projection (rot 5) 0’

1.e. log i Ry> on appropriate to an axes of coordinates ((l’Ot 5)Ox —on OX

etc.)
By analogy to the previous conclusion it is possible to show, that

D*(R*(c_z)) =1.
(Itis well-known, that div(rota) =0, ie. D, ( R*(c_z)) ==

Similarly, it is possible to find w-1mages and other relations of a vector
analysis. For example,

&Xgradf:rot(fa\wl - wo\V,=4,1GCG=

3 (ogeafe,  TH L
=" Ok= 7 =R, (f0a).
The note. For n = 3:
i J. k.,
log, 1/, = x [dIn y [dIn z[dIn
* Ox dy 0z
log, (ax®f) logk(ay@f) log, (a-®f)

The rule of disclosure of such continuant is reduced above (see 4.3.5).
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§4.4 Examples quasifields

4.4.1. Field of a tensor of the 2-nd rank

Let's consider a field of a tensor of the 2-nd rank T(r) , having components

Tir=Tir (r) For an example of such field can be a field of voltages in an elas-

tic medium.
The stream tensor of a field through a surface is a surface integral taken

from a scalar product of a tensor 7" on a vector perpendicular #:

W:HT@BZU.
(o)

W —it is a vector (as against a stream of a field of vectors). The compo-
nents of a stream tensor of a field are equal:

Wi = [ Tix i o = [[(T11 Gy + T Uy + T3 Thz) el
(o) (o)

The procedure of a contraction on defined (for example, first) indexes is
known:

Wi= [Tk ldo.
o

Let T = D ~tensor of voltages in an clastic skew field. Selecting in

this skew field some surface 0 and defining equal in effect F all forces of volt-
age affixed on this surface:

F=[p,to.
o

where P, —voltage at the element dO with perpendicularly n (Ffp=

=[Pk d0 —component ]_:), agrees D, = Py s, (law of a transformation

o
of coordinates at a modification of a frame), we shall receive

Fr= H Pk |__1hl~ [d/T, i.e. the stream of a tensor of voltages through a surface

(o)
taken in an elastic medium, is equal of equal n effect all forces of voltages af-
fixed on this surface.
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Divergence of a tensor:

divT =0I[T,
adT; 0
and derivative with direction — = s [IJ7", Lik _ =Sm le
ds ds 0 Xm

Let's discover -1mages of some of the above-stated magnitudes.

It is known, that W:E:HTDTZWU:]W+]XZ+]J/Z, where
(o)

Iy = Hdedy, [ = Hdedz, Iy = HTdydz; Dyy>  Dxz
Dxy Dxz Dyz

Dy, —projection of a surface 0 on coordinate planes XOY, XOZ, YOZ .
Then W \eo - o\ W, = (ij*@E) E@]xz* @}) [éjxy* @l_c) 0
log, . = (logk 4 yz*) i+ (logk 1 xz*) i+

+({log, I,,. k.« = (log Wy G+ (log, w 0, +({log, w.) Uk, where
ktxy k kWy k
Wx> Wy»> W — projection quasivectorial JJ/_ on an axes of coordinates; [ Xy

I/ Xz I/ [l w-1mages of appropriate double integrals [ Xy Lz [ yz

2I(X) logk Iz [dly %dx D36
¥ HeE

2(x) log, log, Ty o %
z

f
(5 ¢

1
Ixy\a)l — a)o\lxy* :eXpDI logk Xp

L&

L

2
Lz 1~ o\ T =expf logk Xp X

[&2

i O o A [
o o

HHE

*® The limits of an integration are noted in the correspondence with initial area of an integra-
tion, i.e. the  —reflections are saved same, as in a repeated integral up to.
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0 Do) 1]
3 2 log T J
Iyz\a)1—>a)o\]yz*:expljflogk%xpm [ I; xm,%ym
r R =) y
Wx = ]yz*: Wy =L yps» Wz = ]xy*' (4.19)

Let's remark, that (4.19) it 1s uneasy to prove if to take into account, that
log, (7:#)=(log, 7:) ke logy (1,©7)=(l0g, 7).

log, (Tx @E) = (logk Tx) s

Then, for example,

. 1 ] Edb %
Lot = @l Zewgflogy g { TS, o2

W\wl - Ol)()\lyz*@"']m*i'klxy*u{_*

Under the formula of a Ostrogradskii-Gauss -1mage of a surface integral
can be replaced -1mage of a triple integral, i.e.

3 Let's remark, that in this case foundation and single vector are designated by one letter & .
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SO @3 i
«=exp{log Xp log Xp :
% K (FXPO I k[l %nl xy H% y% x%

where W/ sex f X — scalar projections on an axes OX quasivectorial W, and

f=f(xp.2)=divT(x,y,z) =0 (x,».2).

Let's reflection div 7', ﬂ
ds
no o
div 7T -~ El (Txi .@i
diVT\a)l - CL)()\ D* = kl_ A long z (Ing D*xl) @1*:
i=1
n., o
dT ZZI(logksxl)'l* izl Txl'@i*
—\w ~ wo\ P, =S, @007 =k oy |

ds

__ [n — [ fn — 4 n
logk P.= Ezl(longxi) @,*%E%Z Tx @,*%: Z Txl' D]ngle' L

1 i=1
n !
=y lg] Ty 108k Sx;
P* - k B
] In7jf =—0
dTi [] xmlﬁaxil@i*m_
\owi - wo\ P, =S, @g m =
ds m %
n - n L
3 (logksmxl')l* 3 (1), i
- kl— @ kl_ m ,

** The limits of an integration are noted in the correspondence with area of an integration in an
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where _— component quasivectorial .
*l %

W.. D, P, —quasivectorial, describing quasitensor a field. logkﬁ*’

lo gL H* , lo gL E —vectorial functions.

At reflection \ ¢o; — (g \ tensor of a field we shall receive quasitensor a

field. Tensor (and, special case it, vectorial) the exposition of physical magni-
tudes 1s a mode of representation of a defined objective reality. Similarly, qua-
sitensor (quasivectorial) the exposition of these magnitudes is a mathematical
modeling of a possible objective reality, which is not necessary exists in the pres-
ent instant and it is not necessary can be detected by available tools of an identifi-
cation and research.

4.4.2. Quasilaplacian a field

As 1s known, the field of vectors &(r) 1s named laplacian, if in anyone it to

a point is fulfilled equalities rota =0 and diva =0, i.e. the laplacian field is
simultaneously both potential and solenoidal, and in a symply connected region
completely is defined by a scalar potential ¢. And, A¢ =0 (as, if rota =0
and ¢ =0¢ for a symply connected region, diva = div @ =A@ = 0). The
research of a potential @ is based on the following properties of potential func-
tions:

0
—ifin area GG, limited O, function everywhere harmonic, H&—q) (o =0;
n
o

initial triple integral.
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—if ¢ and (U —potential functions everywhere in area v limited surface
o, [[¢ ﬂm’a =[[y ﬂm’a;
5 on o on
— the function ¢, harmonic inside G, can be found in any point G (on

values ¢ and &— on the boundary 0 area (G ) under the formula
n

1 &qb
amp( M %@
Tlp O gl Hb on r &n
— the equation A¢ =0 has a unique value in area G, if on the boundary

(G ) @ accepts the given values.
Let ¢ —potential of an irrotational flow of an incompressible liquid with a
denseness P, 1.e.

V=0¢,divi =0, A¢ =0, rotV =0,

where 7/ —velocity.

A\

i

Fig. 5. The intensity of a vectorial handset of a solenoidal field is fixed
along all handset. The vectorial handset of a solenoidal field can-
not terminate or to begin in a field.
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Then from a property of potential functions follows, that the intensity of
handsets of a current or vectorial handsets (Fig. 5), i.e. field, derivated by vecto-

rial lines, J", is fixed on length of handsets; in a symply connected region limited

to rigid walls, on which &— = (), there cannot be a continuous irrotational flow;
n

the kinetic energy of some volume of a liquid G, limited by a surface O, can be
calculated under the formula

op
wie=L1¢ 2 do,
2 g ¢ on
that follows from the definition

Wi =2 ffjy2dG

o O 0 >, O
and equality ' = [1¢ Q/I/k = EHI(D(p) dG%
o

Let's reflection V|, div/), Ag, rotV , W, from ¢op in g
n

' [

. %
i=1 X

V=0¢=gradd \ — o \Vs=k ;

n

2 (VXz')

divf\a)lﬁa)o\D*=kl:l LAY\ ~ wo\Ao?-
' n Ing ﬁz IngU
ie. InAg@ =Ink [ x; F +x; 5 %; (4.20)
i=1 Xi 0 x;

r0t17)

I'Otf\a)l—»a)o\R*:k( O,i.e.
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log; R = %(Vz)y - '(Vy)z_

¥ %(Vy)x B '(Vx)y s

Wi\wy - wo\ Wi, =

O NN ] Wy

O @x) 0O Eﬂ”z(x,y)logkp 5 %
:expglogk%xpaf log, CexpO | Lalz[TIx
s

0 B Oy C T

x@mﬂg (4.21)
y x

where V' = V(x,y,z) , a,b,(pl,(pz,wl,wz —limits of an integration, which are

at reviewing area ( integration in firstimage, ie. in expression

2
_ PV
Wi —Ingdxdydz.

Quasivectorial (V*, R*) and quasiscalar ( Ds, AO¢,Wk *) the magni-

tudes are performances quasifield of a velocity of an irrotational flow of an in-
compressible liquid.

The mathematical model quasifield (4.20) has the identified physical sense
consisting in a possibility of presence at any physical performance of a field of
analog magnitudes (infinite of a spectrum of identifiers) of a new nature with
modified dimensionalities.

Alternate to the classical monofigurative judgment about physical subserv-
ers the infinite-spectral exposition last promotes more global understanding of an
objective reality.

The problem of polyfigurative physical thinking is connected as to diffi-
culty of overcoming of a barrier between customary and qualitatively by new rep-
resentation about objects, and lack of a unique experimental material on the given
problem. And, nevertheless, just this problem creates fundamental premises for
existence of the concept of a set of identical objects.

168



4.4.3. Basic theorem quasivectorial of the analysis

Anyone continuous quasivectorial the field A[(r), given in all space and

vanishing on infinity together with quasidivergence and quasicurl can be repre-
sented by a unique image as a product quasipotential AID(I”), and quasisole-

noidal Azlj(r) fields (AE(’”) = AID(I”) D42D(r)) 39
Thus a basic condition of a potential field 1s the equality rotgl(r) =0,

and quasipotential expresss so: (rot ‘71(”))0 =0, l.e. %(Cllz)y - (Clly)Z_

L4, +

i,
*

* ('(Cllx)z B '(alz)x) e %(aly)x B '(alx)y_l ks

Condition quasisolenoidal the following:
n,
Z (a2xl') .: 0.
i=1 X1
Not stopping on a proof of this theorem, we shall remark, that the outcome
is possible to receive by a way -reflection \ ¢ — (ug\ basic theorem of a

0.

vector analysis.

4.4.4. (-image of an electromagnetic field

Let £ and H —vectors of strength of electrical and magnetic fields being
functions of a point and time; P = p(r,l‘) —density function of charges;

}' = }'(r,l‘) — vectorial function a current density ; = }'(r,l‘). Let's consider an
electromagnetic field in vacuum.

The connection E and H 1s known:

1 _ -
EB&% [[HEWo = —{E r/8 (4.22)
oL

** Superposition of logs of fields, i.e in this case is realized.

log;, 4(r) = logy, 4i(r) dog;, 4(r).
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[[HREo=0, (4.23)
oF,

d m
where ¢ = 3,28 no® ¥e %;z 3008 —% The equation (4.22) states, that the
S S

modification in time of a stream of a magnetic field HFI & [do through a sur-
oL
face O, leaning on an outline L, is equal to circulation of an electrical field

€= IE [d/] along an outline L (& — electromotive force and the first equation is

L
a law of an electromagnetic induction M. Faraday). The equation (4.23) shows,
that the stream of a magnetic field through a closed surface g, Arbitrary form is

always equal to zero. Applying the formula Stokes, we shall receive
O 9H —0 -

If EE % +rotk Hﬂz [dlo = 0 and by virtue of an arbitrary g ; ,

oL

oH

~—— =—c[rotE . (4.24)
ot
Under the formula of the Ostrogradskii HFIDTZ [do = divHdV =0,
ay V
whence, by virtue of an arbitrary of volume 7, div H = 0. (4.25)

The equations (4.22, 4.23) and (4.24, 4.25) are named as a homogeneous pair of
the equations of the Maxwell accordingly in the integrated and differential forms.

The connection of vectors E and H with a density function of charges p

And current ; Is defined by an inhomogeneous pair of the equations of the
Maxwell:

O o = (JH@I -4m[[j o (.26)
L

gJ, g/,
[[E kUo = 4mf[[ p LV (4.27)
oj, 14
Applying to it 1s possiEle to write (4.26) formula Stokes,
&&—]f =cFotH —4mj (4.28)
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To (4.27) applying the formula of the Ostrogradskii, we shall receive (by

virtue of an arbitrary of volume }J):
divE =47mp (4.29)

The equations (4.28) and (4.29) are named as an inhomogeneous pair of
the equation of the Maxwell in the differential form, and the systems (4.22, 4.23,
4.26,4.27) and (4.24, 4.25, 4.28, 4.29) represent a set of equations of the Max-
well accordingly in the integrated and differential forms. This system describes an
electromagnetic field in vacuum.

The reflection of a system from ¢p; in ¢y is carried out by analogy with
above-stated: a) all vectorial performances (grad, div, rot etc.) are reflections un-
der the known already formulas; b) W-images of integrals (multiple, surface etc.)
are best for noting as -images of repeated integrals, sometimes using thus
w-1images of the formulas of a Ostrogradskogo-Gauss, Stokes and Green; c)
differential objects are reflections transformed (v-images of a derivative; d) the
constants are easier for introducing under a sign of integro-differential objects —
fundamental principles to not make an error at an operation in terms
- transformations etc.

As an example we shall reduce a little (w-1mages of the equations:
0H - (H t£).0
—+c|]‘0tE:O\w1—>wo\k(H)T[%t@k(m )OEZI O

o1
0 (A1) +logy (£, ~ (&) f+( (£). (£, ) T
* %(Ey)x } '(Ex)y:L; =0; (430)
g (H )

divH=0\¢ey — o\ k'~ Fi=1 (4.31)

%FI- nH D?E-
O l; K]

[[HREo=0 \cy -
oy
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o, ylogkfxy, )Bz’%

[ (x) 0
0. o2 0
-y \exp{log, exp log, =xp
% kg EV’ I k% Bul x,y) %

X @mﬁﬁﬁ (4.32)

where f(x,y,z) = div H, and the limits of an integration a, b, ¢1 ; ¢2 ; L[ll,

L,U2 turn out at reviewing area of an integration V', limited surface oy -

=

Other equations of an initial system are similarly reflections also. For ex-
ample,

_[[EQZBZIO' 47TIUP|]Z’V\Q)1 wO\Ixy*qu*QyZ*:

oy
ox) O D2(ey)100, (477 NN
= expflog; exp I logk%xpD gk( Qo(x,y,z)) r-Hx
(¢ #1(x) EZI (x.) “ %
XQD@H (4.33)
yU xU
O [3y(x) M , O
1 2\Mlo
where [y, =eXpf log, %XptI i Sk Ezdy[l]ﬂ%
w0 by Y o
O [ (x)l 1, O
2 2\ og, E
[, = exppf log, %xpD i ]; Y gztH . E
Lo O Bpl(x) H N
O Do) M, O
3 2 ]()g E
_ L] kLx , O-4V0
Iz, = exp log, b f Ert, o
20 Ol H v g
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oE _ — — e ®k 0
E_CBLOtH_“"J\wl*wo\kEt_c L
0FE ! 71— .
0 tE:logkC[%(Hz)y— (Hy)z_"*+((Hx)Z‘ (Hz)x)x
X Jo* %(Hy)x - '(Hx)yil EQ—MTE, (4.34)

where 5* = log kc_S, and O = j — current density (the new label J is entered to

not confuse a current density with a single vector }').
n

2 (£,

divE = 41p\ @y — wo\kl:1( xl)Xi:k4"p0 0
n

0 3 (Exj) =4mp,,. (4.35)
i=1 X

where Py~ W-1mage P.

The equations (4.30...4.35) describe electromagnetic quasifield in vacuum
and are -1mage of this electromagnetic field.

4.4.5. w-images of scalar and vectorial potentials electromagnetic fields

As is known ([35], page 236-237) in an electrodynamics the important role
is played by auxiliary functions: scalar ¢ = ¢(r,l‘) and vectorial a = a(r,l‘)

potentials. Let's enter them so that they satisfied to a homogeneous pair of the
equations of the Maxwell.

&&—Ij+cﬁ‘0tf =0 (4.24)

divH =0 (4.25)
As divrot H =0, Fl(r,l‘) = rot&(r,t) and after a substitution in (4.24)

0 _ >
we shall receive r0t%% + EH: 0 (4.36), whence E + %% =-0¢ 4.37),
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where @ —arbitrary function from » and ¢ (in this case used equality

rotgrad¢ =0).

Replacement a on a+ [Jf and simultaneously replacement ¢ on

¢_1&_f r T

do not change wvectors E and H (FI =rota =
c Ot
= r0t(5 + Df) =rota +rotgrad¢ and

E=- lﬁ—mqu—lg&(a*—imf)_m%b_l&_fmz
c Ot c ot c Ot

IDJL —D&f—D +1D H
c dt ¢ Ot c Ot

Substituting (4.36) and (4.37) in an inhomogeneous pair of the equations of
the Maxwell (4.28), (4.29), we shall receive the equations, with which should

satisfy scalar ¢ and vectorial a potentiaIS'

&ta_c% D¢H—cﬁ'0tr0ta 4rtj, (4.38)
div B— JL quH— —41lp. (4.39)
c

It 1s possible, obviously, not limiting a generality, to enter arbitrary function
f and to impose on ¢ and a a side condition (Lorenz):

diva + ¢ _ =0 (4.40)
c Ot

Whence div (a + D f & = (0 (4.41), and the arbitrary function LIf
1s rendered concrete and is determmed from this equation:

Af = 1 B@ —diva. (4.42)
c Ot

Using known equality rotrota =graddiva —Aa and relation (4.40)

and (4.42), we shall receive from (4 38) and (4.39) equations for the definition a
and ¢, and consequently £ and H :
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Aa—— == (4.43)
¢ 0t ¢
2
AP —%ﬁf =-4mlp. (4.44)
C 5
In this case introduce an operator d'Alembert:
2
DEA—%Bé’—. (4.45)
0 2
C 5
Then (4.43) and (4.44) will accept an aspect:
Oa = - am ] (4.46)
C
¢ =-4mlp (4.47)

It is wave equations for potentials.
Let's discover w- Images L1, Oa, Cl¢ .

[(Hn O 2 [ 2
InC, =In® & Z%ﬁ@hﬂ&_@ 1, o0

Let's explain this expression.

1 2
DEA__zd—z\wl_)wO\D*: AO =

ot e kB (%),

= Ag
lnm%ﬂ”@%
Uk® [ or o2

where [, —quasioperator d'Alembert, [\ —quasilaplacian, —(02) 2~
t

O 2,0
kAR 10 )
_ ot 0;2 0

=k — w-1image of a derivative ——

012'

>

Whence
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" k% @xdln lza lgﬂlzgﬁﬂa ln%
=k Ox 2t 200 02 TH (448

Let's image Oa And 0@

DC_I\CL)] - CL)O\I:I*A*:

4 O4m
— 4m- o 50
Da+71:0\wﬁwo\3*:(|:|*/1*)t§<C o3g=1 ©

[0 InB.=0,ie.

L, O ding. 9%, [H [Pln
Ink L3 i%-‘-)ﬁz Czlxm ! Di+
=1 Xi 0 x; EH ¢~ U

&ll’la AN 411 —
+1 00+ —0,=0, 4.49
o 0 e LD (4.49)

where 0 = j — current density;

n _

h (logkaxl.)@l'* B
Ax= kl_l , and [Jy« A is formed from primary image a
quasivectorial 4, way entries in (W-1images of partial derivatives on a variable

X; appropriate projections of a vector a.
At last,

InC. = (0 0) k7™)=0 O InC.=

%g &lnqb iz&zlnqb% IEﬂlnqb a%nqb%
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Un O 2 2
Le. 5 &lnqb sz& Ing - 1 Eﬂlnqb +0 ln¢D+ LA _
g=0 " 9x; &xiz 2 0 ot 942 O lnk
(4.51)
where @y —quasipotential ((W-image of a potential ¢ (\ w1 — W \)),

C~ w-image (\ W] — Wo \) expression L1¢ +4mp =0,ie. Cg=1

(4.49) and (4.50) - wave equations for quasipotentials electromagnetic qua-
sifield. The equations (4.30...4.35) and (4.49, 4.51), practically, completely char-
acterize electromagnetic quasifield in vacuum. Similarly, 1t would be possible to
find and additional performances — quasienergy and quasivectorial electromag-
netic quasifield.

4.4.6. W-image of thermodynamic magnitudes

In a thermodynamics are known ([45], page 376-379) ten basic magni-
tudes: pressure (p), volume (v), temperature (T ), entropy (S) interior en-
ergy (U) enthalpy (H) free energy (F ) thermodynamic potential (Z)
amount of heat (Q) and work, made by a thermodynamic system, (A) Each can

be deduced(removed) from these magnitudes as function two others. For an entry
of these relations the concept of a jacobian is introduced.

If two functions u = u(x, y) and v(x, y) are given, the jacobian
(J (u,v)) is equal:

o
J(u,v) = g((::;)) = gﬁiﬁ Silsijf (4.52)
x0 By

(The index below means, that the partial derivative undertakes, when this

_ . oull
magnitude a constant, 1.¢. EFH —means, that y = const).

The formula J(x,y) Dl(z,w) + J(y,z) Dl(x,w) + J(Z,X) Dl(y,W) =0, (453) 1s

known connecting any thermodynamic variables x,y,z,w.
Let's discover -1image of the formula (4.52):
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LPul] vD (0u 0 v [
= b DD E o~ ) /. 3

k( ux) k%‘;y% ( ux)[%\)y%_%uy%(] Vx)

%”y @k( VX)

(4.54)

Then logk Jx = ('Mx) [é'vy) - ('uy) [Q'vx), where _J, —quasijacobian.
Let's discover -1image of the formula (4.53):
J(x,y) El/(z,w) + J(y,z) D/(x,w) + J(z,x) D/(y,w) =0\¢q -

N CUO\ @(J(logkx,logky)@ kJ(logkz,logkw)Dx

J(logky,logkz)@ A (logkx logkw) y

%
o @(J(logkz logkx)@ I (logky logkw)

N
]
N
=

— kJ(X*,y*)U(Z*,W*)"'J(J/*,Z*)U(X*,W*)"'J(Z*,X*)U(y*,W*)
where x, = logkx, Vo= logky etc.
Whence

J(x*,y*) DI(Z*:W*) + J(y*:Z*) D’(X*aW*) +

+J(Z*,x*) D/(y*,w*) =0. (4.55)

The formulas (4.54) and (4.55) allow completely to describe infinite a
spectrum thermodynamic quasifield.
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§ 4.5. The concept of a reality quasifield

In chapter 2 of the present monography the possibility of the extension of a
field of real numbers by a way -reflections was shown. For example, from

fractional numbers Ry is uneasy fto receive negative R_
(a1:(:a)\a)o - wl\logk(:a)=a2 OR_, where (a,k)l]R+,
(k.a)>1. Ry={a\wy — wi\ R-={log, (a)}): from negative -
A-mmber  Rp (a2\ewo — wiMoggar=a30Rs. k#1. kOR,
ar OR-; R-={as} ={log, (@)} \ewo -
- w1\ Ra :{logkaz} :{logklogk(:a)}); from  A-numbers  —

A —number R p (a3\a)0 - i\ logka3 =asURp. k#1, kKUR,
azURA;
Ra\eo - w1\ Ry = {logkaz}: {logklogklogk (:a)}), etc,
Infinite a spectrum of fields various A-numbers ( Ra->Ras RG> ),
constructed by reflexive reflection of a field real number R rather (— 00) , over-
fields (for example, overfield R = Ag UR rather (AOO)); images of functions

generated on sets A -arguments) etc. means, that a certain object similar to this
line-up of objects. For example, quasifield it is expedient to perceive as the pos-
sibility of existence infinite. In connection with infinite by the extension of fields
1s inevitable infinite of images of any functional or correlation assotiation, i.e. the
physical object made in the mathematical form, has infinite a spectrum quasi-
physical -1mages).

In chapter 3 the same situation was illustrated with integro-differential ob-
jects. The derivative has a uncountable set (U-images in space (Y, i.e. exists

infinite a spectrum W-1images of any differential equation, and consequently, and

infinite a spectrum it of solutions, each of which simulates some objective reality.
Last, obviously, does not exist as the forms of a substance, in our representation
about her. Principal a moment in understanding of a substance in case of trans-
formation it in quasisubstance®' at w-reflections is the statement, that everyone

' Under quasisubstance an outcome (J — reflections material here is understood. In extended
representation in quasisubstance all abstract objects are included.
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logically valid mathematical expression including physical magnitudes, identi-
fies some physical reality.
Let's consider the most elementary example. Let in space ¢y the segment

AB, divided by a point C on two parts is given. Let's reflection it in space (vy,
if |AC| =al» CB| -an
tion ¢Yy in (g length of a segment |AB| will be square of a rectangle CAA4 B

AB| =a (a =aq + az), and the outcome of reflec-

(fig. 6): aj+ar \eyy - o\ kT2 = A [k%2 = a1’ sz', where g = k91,

and gy = k92,

a k4?2
A ——" — 4
a; 25
e {
A C B C B
W 1| W o

Fig. 6. Component (V- reflection (\ W] — o \) segment AB, divided on two
part, from space ¢y in space ¢y (in case of a partition of a segment AB on

two parts g1 and 5 (|ab| —a=a +a2)).

The segment AB on 7 equal parts is separable: |AC1| :|C1C2| =...=
= |Cn—lB| = Aa, where Aa = a/n. Let's reflection a segment 4B from ¢y in
(o under condition of a partition it in space ¢yy. It is uneasy to show, that at
division of a segment AB (| AB| = a) on three and more parts we shall receive a

skew field (at n = 3) and hypervolume (at n > 3) with identical legs located on

axeses of coordinates. Accepting length of an elementary segment tending to zero
(Aa - O) , and total number of segments to infinity (n - 00), we obtain length

of each displayed segment to equal unit (ko = 1). So the projection on a plane

XOY will represent guadrate, and in three-dimensional space - cube with a leg
of an edge equal to umit (square of a figure, being projection rumeprten, is
equal 1).
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Let's remark, that, reflection in (U from () “segment” of zero length (‘AB‘ = O),
we shall receive single (W-1mage, i.e. af passage from Wi (i z O) in (g geometric objects

and, obviously, the physical magnitude equal to zero, gain final really “felt”
(“appreciable”), i.e. not equal to zero, value (for example, at reflection \wl - a)o\ this

value - unit) and, on the contrary, final can be transformed in zero.
Incidentally we shall remark, that the dimensionality of space is included
into understanding last from a position -reflection. Thus the space can have

any dimensionality from zero ad infinitum. And, the concrete dimensionality it
depends, on a device intellectual - psyhological of means of the observer, i.c.
from it of ability of vision (perception) of areal ...

So, summarizing, it is possible to mark the following hypothetical aspects
(postulates) of the concept (w-1mages of a reality.

1. The real space supposes existence anyone (J-space, i.e. it can be con-
sidered as infinite a spectrum combined (inserted) W-spaces.

2. Bveryone (-space can be considered as ¢y (arbitrary of a choice of
zero), as all w-spaces are related on interior connections.

3. An outcome -reflection of zero can be any number

Similarly, at (W-passages of certain physical magnitudes the transformation

from zero it of a value to anyone another (is admissible at a modification of its
essence), 1.e. the apparent emerging from ‘“anything” 1s incorporated in
w-structure of space and existing regularities of reflections of objects in this

space.
Let's remark, however, that the distribution of the theory -reflection to

physical objects at the given stage while is rather problematic.

§ 4.6. A problematics quasivectorial of the analysis

In connection with an extensiveness of the given problem we shall specify
only basic problems originating at designing and study quasivectorial of the
analysis.

1. It is necessary more carefully to work the mechanism -reflections of

scalar and vectorial functions. Thus it is necessary to prove establishing moment,
1.e., by considering various W-images of vectors and scalars (in adjacent

- space and space of different ranks) to prove the common theorems quasivec-
torial of the analysis.
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2. To realize -reflections tensor of the analysis, to generate quasitensor

the analysis and to lead all proofs according to the recommendations, datas in
item 1. And, it 1s desirable to receive the formulas for # -dimensional of space (in
the present work the author was limited sometimes only to three-dimensional
space).

3. To give the geometric interpretation to (J-transformation of objects
noted as the formulas. To investigate W-reflections of various integrated objects

from vectorial functions and their combinations.
4. To mcrease number of examples such as examples reduced in item 4.4.
To find -1mages of a means of a quantum mechanics. All conclusions are nec-

essary for giving in quasivectorial (or quasitensor) nomenclatures. 7o explain
physical essence (nature) quasiobjects. More precisely to justify infinite of 1m-
ages of objects at the expense of the extension of a field of real numbers (see item
4.5).

5. To lead -reflections of transformations of vectors at various modifi-

cations of frames. To investigate (W-transformation of vectors in curvilinear

frames. To apply quasivectorials of transformation in the identified quasimatrix
form.

6. To find a rational entry (symbolics) quasitensor of magnitudes at various
w-reflections.

7. To develop the justified theory » -dimensional of physical objects and
quasiobjects (W-1images).

8. To generate the theory quasiobjects in the theory of the Cartan.

9. To find -reflections of basic concepts of differential geometry. To

study a structure of global space as a superposition every possible physical
(- spaces.

10. To give mathematical exposition infinite crmekropoB spectrum and su-
perspectrum quasifield with the help of wave functions, taking into account a
continuity of spectra on an indication X and discretization them on an indication
1, and also presence of the kernel (basic form of an entry of object).

To give global mathematical exposition on the given item in view of vari-
ous functions of connection. Thus to enter generalizing positions (performance
and criterions).

11. To take apart problems of a space temporal continuum in light of repre-
sentations W-1mages common and special of relativity theories.
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CHAPTER 5. A MISCELLANY (APPLICATION)
§ 5.1. The general provisions

In the present chapter the examples of applications of a material explained
in the previous chapters are considered. The purpose it to supplement by the last
facts permitting deeper to understand a problematics of the monography. The
range of considered here problems is rather wide. In connection with a fragmen-
tariness of a research the material of this chapter was solved to select under a title
“Miscellany”. The subjects of the separate paragraphs is selected so that in
chapter 5 alongside with a solution of various problems in a uniform key
w-reflection the personalising of the paragraphs was realized, each of which can

be investigated separately without acquaintance with others.

§ 5.2. About division second inversing

In common infinite a set of algebraic operations, about which the speech
went above, division, as well as any inverse operation, should be ambiguous.
Let's consider some aspects of this new operation. Let's designate by its double

forward slash "//" (b =a//c O b= a). An example of this operation can

: . c
be operation between exponents at a taking the root: 4/ 4 b = d b/ “
Lemma 5.1. The operation between exponents at a taking the root is divi-

sion second inversing:
c
q/alb :db//cj (5.1)
where {b,c,d} [OR, c# (O;l).
Proof. Let b//c=1x, (b,c) [OR. Then, according to properties

A-numbers, at ¢ [IN> x has two values, which one of real, and second — is

A-number. If b//c=mOR, c\/db =+/, and at m /Ay we shall receive
dm"=-1,as dAp = —(dp)42 on properties A-numbers (p OR,m= Ap).

All this proves, that the division b/ / ¢ is division second inversing. (As
against him the division by first inversing has one value).

“ The equality dAp = —(dp) follows from a property A -numbers. logk (—d) =
= Alogkd,where k,d OR,, k # 1.
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The note. It is possible to reduce little bit other proof of a lemma. Let's

designate c\/ab =x. Then ab = x°. After a taking the logarithm we shall re-

ceive loga(ab) = loga (xc)‘ Whence b = (logax) &%) ie. logax =b//c
and x = ab//c‘
Lemma 5.2. For a,b,c LIR has a place equality

al{p//c)=(a®)//c (5.2)
Proof. From (5.1) we shall receive
(da)b//c . c/(da)b = <[ 4aB = ylaB)//c ;o
at(p//c)=(a) /e

Corollary. From (5.2) follows
all\b = A(a %), (5.3)
that met already in properties A-numbers.

The theorem 5.1. For (a,b) LR the equalities take place

a) aE};Za//b, (5.4)
b) ba=b4 55
c c
Proof. a). Let g4 % =x; U a= xl//(l/b)- Agrees (5.2)
a=x//(1/p) = (x,0)//(1/6) = x, {1/ /(1/b)). Let's designate 1//(1/b) = y. Then
lzy%D l:%D yEb,ie a=x(0==x0B 0O x;=a//b O
y

43

The exponent 1is carried out to the right: log(xn):(log x)ﬂz, as

log(x”) =log(x k0..0k) = logx +logx +... +logx = (logx) (&
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a E}; =a/ /b, as was to be shown.

b b
b). We shall designate —[&=yx,. Then —=x5//a 0O
c c

b= c[ﬂxz//a). Agrees (5.2) we shall note b = c[qxz//a) = (c Bgz)//a, ie.

bl
bld =clky and xo = ——, as was to be shown.
c

a+b _a b . . :
Corollary. = —+ — . This equality follows from item b) of the given
C c c
theorem, 1.e.
q
+h+.. .+
bbb, L b_btbt.+b _
C ¢ C C
a
b b blk blin blk+blin
0 —k+—-[n= + = ,
C C C C C

where k +m=a.
Changing factors b, k and m, we can receive equalities bk =a,
bl = b, where the variables, standing in a right member are taken from the

atb _a b
="+

formula
C C C

The theorem 5.2 For all @ [INy and b D]AOO, + 00[, b D{AO,G,O} the
equalities take place:

a
—=a//b™ (5.6)
b
Andalb=0ld.
Proof. From (5.6), 1.e., if the first part of the theorem 5.2 is correct, fol-

lows: a:b(a//b). According to a lemma 5.2 a:(b Ql)//b [
[0 alb=>bld. This equality has a place for anyone odd a (a DNI),

* 1t is easy to prove equality (5.6) from (5.4).
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b O]Aw,+oo] and b O{A0,©,0}. Really, let 5 OR. Then ab=bl& By
virtue of a commutability of operation of multiplication of real numbers

({a,b} DR). Let bOAg. ie. b=Ab;, where pyUR. Then
alby =Aalh), and Abh=Ap@)=A(al) at aONj, ie
a Dby = Aby L and a b = b L& . The theorem is proved.

b
Corollary. As — = b/ / a under the mentioned above conditions, under
a

these conditions the equality (a +5)//c =a//c+b//c is correct, which imme-
diately follows from a lemma 5.1.

d(a+b)//czc;/d(a+b) :C;/da Qllb :C;/da ﬁ\/db :da//cwb//c:

= 4%/¢¥bl/e 0 (a+b)//c=al/c+b//c.

Certainly, the above mentioned proofs do not give exhausting exposition of
division second inversing. Nevertheless, the common representation about this
operation from above-stated can be generated. The basic positions are those:

a) The division second inversing is connected to violation of a commuta-
bility of operation of multiplication (a% Fa bEl), ie. from a=b//c [

alé=bh (butnotcl]l:b!),andfroma:éﬂ cld =b;
c

b) The division should be applied second inversing at the extension of a
field of real numbers up to a set R ( Ro=R U AO);

c¢) Division second inversing explains emerging two values at the radical of

an even degree: Vd =xmatc [N, .

In summary, we shall mark, that there 1s a series of the theorems and rules,
defining nature of this or that operation, it of a property and corollary.

For example:

a). At commutative operation both inverses to her the operations coincide
on a value.

b). The noncommutative operation has various inverses of operation
(conditionally we shall name them is “analog of the radical” and “analog of a

log”).
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§ 5.3 Examples (w-images of objects of a calculus

It 1s uneasy to receive various W-images of plants of a calculus.

1. For example, modified formulas Taylor, which we shall understand vari-
ous (W-images of this formula look so (for x5 =a):

a) At reflection \ ¢o; —» g \:

f(x)= |o‘o| ((”)f(a)) n k>l (5a)

where () f (a) — (U-1image (\ W — Wo \) n by a derivative;
b) at image \ ¢p_; — g\

o
[

1 (a)nlogy (k=) -logn!

f(x)=log, Sk Ck>1, (5.8

n=0
Lol
'
where — f (a) — (V- image (\ (W-1 ~ Wo \) n by a derivative;

¢) for \CUO' - o\

o p/ (/@) - )

flx)=73 ,p#0.1, (5.9)

n=0
where (n) a)— w-image |\ ¢ . wo \| 7 by a derivative;
k2 0 0

It 1s possible to find infinite a spectrum W-1mages of the formula Taylor.

For approximate evaluations rationally to use the following formula, which
we shall receive for three terms w-1mage of the formula Taylor, space, not re-

duced in a scale, (-
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sy @
flam)=f ng[(hlnh) 2! [(h(lnh)z) 3!

where £=1(a). " f=7(a). " 1="1(a), a= xg. h="2. (.10

X0

Let's prove this formula. Let in a neighbourhood of some point y( func-
tion f (x) differentiable three times. Shall present it as:

»0x O3

N x O Ox dngxio (x 0" tro
"l o % :
X0 X0 E X0 E

Let's discover 'f(xo). 'f = x(lnf)’ , but lnf(x) =Ingg+ gy X

I gy On? T+ s P T
n
Orod P20 Oxed P77 [Che

0x
(inf) =a [@-% 2ay Eﬂnm—md +3a3 On2 0%
Lol x D D X

DxD

Ox O
=x[ins) =ay+2a D]n%—%+ 3a3 On’ 0~ on

Whence, a1—f(xo) .

Let's discover 'f(xo) D”f(xo) 'f Ij'f = x(lnf)' + x2 (lnf)" :
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Then, 'f(xo) D”f(.x()) X0 Qfll E—D‘F 2a2 D]HE—%EII— +

o x0

SOxOd. 10 LH Op0O 1
+3a3 Un B_DG_D'F.onéLCl]% 2%"‘ E2a2 3a3—= X
X

Lol xoO JCo sz

Ox U
XlnDiH]Z al_a1+2az [ a) =~
[heo L 2.

Similarly we shall discover f (xo) [é f (xo))2+'f(xo) D"f(xo) ['qu(xo).

n
s

Let's designate Inf =¢. Then vf:)clf()ﬁ', ”f:'(x@ﬁ'):

rof= ERr _ xB"0 x@
P /= @Jr o' O ¢ +xp"
1] ! " " 2 ” ’
x(x|—_¢ ) (¢ 2(¢ ) BC' Let's explain: @? ﬁ _
(¢') ;
0y (@) +xp' B" :
o foDf:(x@’wzﬁﬁ")ﬂf:;,(¢'Bp~+xup'ﬁp'~_

-xf¢" YR
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Let's discover 'f[("f)z. vf[q"f)z:(xQ[)'+x2|1[)")|:ﬁ+xg[')"@:

9 + 200 @+ 2(¢")H
Then

(oY ercl iy =S B 2 e 29 B
+;72,%>' B+ x 9 B —x{p" ) H= x 9 + 362" + 379 =

" "

= x(inf) +3:2(ns) +x3(ins)

' _a n _ al 2a2
(ll'lf) _ __1: (ll'lf) _—_2.|._2’
X=X0 X0 X=x( X0 X0
_2ap 123l 11203l
(lnf) = B é_ 3 + 3 >
X=X( X0 X0 X0
x03(1nf)m =2ay —3lay +3lay.
X=X()
! " 2 ! " " D
At X = X f(f) +fomf:L%+3x8%%+
X0 X0

2a

> . 3.2y 3@, | 33t
MEPREL 3 37 3 % -
X0 X0 X0 X0
! " 2 ' " "
() +rrdr
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The note. (w-1mages of differentials will be:

" '

1o

'

5f=(6x)". o(6f)= = fox) 2=((69)"*)

5 f= 5(52 f) = %&)1“2 5x§fﬂf e %, 5.11)

' " ' " " " "

H
Jds f+ 7 fo+fﬂVfE

5t f= %5)6)1113 Jx% etc.

Not stopping on (W-images of various objects of a calculus, we shall re-

mark, that they are simple for receiving by analogy to appropriate objects of the
well-known analysis.
2. For example, for anyones a.,b,c [IR the equality is fair:

b c b
I(dx)f(x) — I(dx)f(x) q(dx)f(x)

a

Let a <c<b.Then

Passing to a limit, we shall receive:

CORECORE
Leta<b<c,
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Q= O
—
QY]
=
N
=
=

c b c b
(oxY )= p(ox) Wg(ax) ™) o (ax) )=
a a b a I(5x)f (x)
b
b b c
s (@)= e (o) =g

b
X I (5 x)f (x) , as was to be shown.

c

p
3. We shall prove the formula ‘( V) =% nv+ 2u.

p va5x
_%/ % lim loggs,log E 52)( ):

ox -1 )’
= lim log, Evg’g) [ﬂogzg)éx)éz
i o S )
= lim (v(xfx))-'(v(x)) + () =
ox -1 (0x)

| 1 xéx - ,
= lim ( ( )) OJ’E”(x): lim (v(xéx))J’ Pu(x) =

Ox -1 1 ox -1
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= lim lo 3. 0% ) + Pu(x) =
Ox -1 gd*(dx) ('x ) ( )

= lim logg, (,66).v{x") Hogg, 58 (x> + Fu(x) =

= logd*xcs*v(x) %limlch (nx + Pu(x) = 'v(x) (nx + Pu(x) =

= () 020 4 )=o) o)+ ).

as was to be shown.

'

Let's remark also, that by analogy to the formula (u+v) =

_udu+vdv

has a place equality:
utv

L] L]
Plum) :logumgfumf"% (5.14)

which it is simple to prove. Really, P (u El)) = ( ut v) logumx =

= (Bu Hog  u+ Py [Ilong) Hog,,x = Pu [Ilogumxlogx” +
+ty dog,  x'°8xV=2u Hog u+tv dog v =

Pulnu+ B Onv _ lnuE” + lan"
Inu ¥ Inul¥

= logum @Eu H’E‘;%

as was to be shown.
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[l » P,
logEPu'” ENNE

log(2 (u + v))

A

Let's prove, that 2 (u + v) = (5.15)

' 2 2
Really, 2(u+v) = (u+v) Oog,” = Efu dog," +
utvy X

[] []
logl:PuBu @vBVD
oo 200 2, o0 0
+*vlog, Bﬂlogz = 5
X (utv) log( (u+ v))

Selecting any object (formula, the theorem etc.) calculus, is possible is to
found it W-1mage from any space.

For example, take a mode of tangents (mode of a Newton) for an approxi-
mate evaluation of the radicals of the equations:

Y ‘f(xz) = f’(xz)(x —xz), f(xz) >0, xy —given final value

of argument.
[x va(ﬂ)
By analogy E :L. At x=gy, y=1, (as
X2 f(xz)
0\ - a1, y=0\c; - wp\y=1), ie.

D'f(x2) '
%E F(a)=1 O ay=x 002 7() et

The note. Let's prove also formula, meeting in the text:

j(5x)f(x) = exp%@aﬁc%
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Or otherwise:

16x) W =F(x) 0 F)=s() C

ie. I(5x) = expg dx% as was to be shown.

In summary we shall note expressions for some -images of differentials.

As in g df(x) :f'(x)lﬂix, ie. f'(x) :%(x)) that, by analogy to it,
X
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df(x)=7"(x)lx\ew_; - wo\Vf(x)=r(x)+vx, and a’f(x)\wl L®

~w\8f=(8x)" O 7(x)=logs, 5/ (x)

Then “supersuperdifferential”
5x:Sf (5x) O %(x)= Slog5x5f(x),

S 29 : : 25
where "~ f (x)— supersuperderivative”.

If for a basis to take W-image of a derivative ® f (x) , obtained by reflec-
tion:

£ Ve — wo\ k) = (x),
and ? f (x), as 1t was specified, it is an image of a derivative reduced in a scale
o> df =" (x)®dx O 2f(x)=01(x)Adx, where
Similarly, -image of a derivative P f | where P f (x) — (W-1mage ob-

tained by pceudo-reflection f '(x) e — wo \* pf(x) ,ie Pf (x) —is not
reduced in a scale ¢y, has a differential

5r=(3x)""W 0 vr(x)=logs 8/ (x).

Obviously, V.f = f +vx [ f(x) = Vf(x)—Vx, where f —image of a
derivative obtained \a)_l - CUO\ and reduced to ¢y etc.

* f —animage of a derivative not reduced in a scale W and obtained by pceudo-reflection

"N - o\« f.where \ 0] — (g \x means, that the outcome W — reflection
is not scaled ¢
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§ 5.4. W-image of imaginary unit

At first we shall consider reflection \ ¢g; — ¢\ complex number.

Let in ¢y the complex number z =a + bi is given. Let's reflection it in
space (yq. For this purpose we shall define operation of a reflexive taking the
root. As the reflexive exponentation is defined as 4~ b=z a®@a®a®...®a , the

log kbl:VZ, k#1
iverse operation, i.e. reflexive taking the root, will be noted so:
b~
a=x 0 a :x_>b = x@Ox®x®...®x =
log [ IZ, k#1

log; b
_ (log,x B logyb
—k( ) N logka—(logkx) 0
log ;b
0 (logka)l/logkb =10gkx 0 x=p 4/10gka’
log; b
ie. bela=p  VIogk (5.18)
Then i=¢-_1\a)1~ a)o\:k\/__l:ki
11
%:—l\a)laa)o\a*:k 1:2 0 logpa«=-1.

where (74,bs — W-images a and b in wy from .

z=a+bi\q - wo\kaEka@ki):ka"'bi.

If k=", ka+bl' — ema+mbl’ =x+iy O x=f9x
X cos(b D]nk), y=k4 Gin(b [In k), ie. x+iy=k9x
x (cos(b nk) +i Bin(b Onk)) (5.19)
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So, w-image of a complex number at reflection \ ¢y — oo\ is too

complex number.
In an outcome, as well as it was necessary to expect, we did not manage to
receive numbers of a new nature (all operations and the operands are well-

known).
Let's try now to find analog of number i in area A-numbers. For this pur-
: L L= — 1//2 .
pose we shall consider a structure of imaginary unit; = —-1= (— 1) // , 1.e.

imaginary unit 7 was derivated from negative and positive numbers in an out-
come of introduction of operation of division second inversing. At reflection
\ o — )\ operand —1 and operation of division second inversing we shall

receive: —1\ ¢y - o\ logk (— 1) = A0, if logk (— 1) UAg. //Newg -
— 1\ 9, i.e. division second inversing to be imageed in reflexive division sec-
ond inversing. Obviously,

KOO g = Al \ey - i\ Am//n, where

In our case W =J-1,ie kAm =—]. Whence Am=A0,and n =2, 1.
i\ — w1\ J=00//2, where j—imaginary A-unit is number of a new
nature. Because of numbers j can be constructed the theory of functions
J -variable. This theory will be -1mage TFCV (the theory of function of a

complex variable) in area A -numbers.

§ 5.5. Examples of a solution of the differential equations with
application of a method - reflections

The mathematical methods -reflections can be used for the extension of
a class of the solved differential equations ad infinitum. And, W-1images of the
known equations (and they will be more complicated on a structure by the differ-
ential equations, which solution is hampered) and their solutions are rather simple
without any transformations. The essence above-stated consists in the following:

a) we select any known equation with a solution (it means anyone on com-
plexity the equation, which solution already 1s known);

b) we represent, that this equation and it a solution “are” in some space

(v; or (u; (in the present work the elementary case, when i = 1) is selected;
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¢) We reflection the equation and solution in ¢y .
It 1s natural, that at multiple @-reflection on “vertical” (i =var,

k= const) and on “horizontal” (i =const, k = Var), and also, combining si-
multaneously that and others -reflection, i.e. i = var, kK =var, are possible

are to received as much as complicated on a structure by the differential equation
with a ready solution. It is necessary to not forget, that in this book the W-spaces

with an exponential function f* of connection are circumscribed only. However,
realizing W-reflections with other function of connection, we shall receive, prac-

tically, all infinities a set of the every possible differential equations and their so-
lutions.

Before to reduce examples of solutions of the differential equations with
application of a means (-reflections, we shall prove the theorem, which earlier
met (theorem 3.15, with 127), but other interpretation of an outcome.

The theorem 5.3. If [ non-negative continuous in some area D the

function also has in D n-derivatives, at k #0,1 k UR and f #0 a ratio

¢ =In @f / %n @f % linearly concerning argument @ =cx (5.20),

c=Ink.

Proof. Let's transform ¢@: In @f =cx E@n (n_l)f% , e

(n—l)f

(I

@f = expéx E@n @f% EZ kx@n

Further proof coincides with a proof 1. 3.15.

if = @f = kx@n f% = X )k =g g (5.21)

B (2) 0
Similarly, - f = @f = @ —H

@f — kln2 klﬂr[@y’+3xy”+x2y'") (5.22)
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-

(3),0
(4) X@n fE :kln3k|}[%y’+7xy”+6 2 Y +x yIV%

—f=k
NORs
/B
5
Qf = k
9, s s Ve g
N <n-1>f§'
Let equality @ =k correctly. Then
| n) [
J
(n+1)f =k . E Let's designate @f =Z,ie.

1.

(n
n+ ' xd'/z n—f
( l)f:kZ:k / kX[(]l’lZ) —_ @

The theorem is proved.
Quite often at problem solving of mathematical physics there is a laplacian

2 2 2
AL 0P, 0,0
x> 9y> 9z°

quasilaplacian:
2
lné:xg@+yﬁyln+zﬁyln Y Al
o0x o0y 0z x>

. Reflection it from ¢y in ¢, we shall receive a log

» 9%In ) ’In
+y >tz 5 (5.23)
0y 0z

3
Example 1. Let in ¢y the equation f'= x2 and it a solution f = x? 1S

given. To find W-1mages of this equation and its solution:

7= - £ = gk
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[] x[ﬂlnf), =log/2{x; (1)

x3
=\

log/%x/logkk3 _ klog?{x/3
3

3
W — o\ KKFARS =k

log/ix log?{x

log, /= O Inf= dnk .

. 30og; xnk ' logZxOnk  log?
Whence (lnf) = e E@logkx) - 08k Y :logkx’ that

3 ~ xnk X

2
+ log; x log3x /3
the equation (ln f ) ~ 0%k , and it a solution f =k Sk / has coincided
X
with (1).
Example 2. Let in ¢p; the equation in terms of this space is given:
f" =x®cosx

Image of this equation in space Y-

InkGH{In ) +xlin ) E

k — xCOSlogkx, k#1

cos(logx/logk
as cosx \ ¢y — wo\kcoslogkx =k ( gx/log )
Using one of solutions of the equation f" =x[dosx in ¢y
J =20inx — x [¢osx, we shall note in terms ¢y; and then we shall discover
an appropriate amount of a solution in ¢y . Let's receive
/= k(2|§in(logx/log k)—(logx/logk)lﬂos(logx/logk))
The notes. 1. The entry in terms of space ¢p; can be lowered and immedi-

ately to note a unknown quantity a solution in ¢yg: "' =x @Osx(wl), i.e. the

equation is given in space (.
I

2. If the equation /" = x [¢0sx was given in space ¢9; and it would be
required to find it a solution in space (Y, it is necessary to realize passage
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W] — Wy — WO W — W — Wq- Let's receive the following differ-

ential equation *° ;

=t [dost,

=
2 |
Eﬂ:l%l:ll:l
|-
|
(0]
=
(00,
I 1 O

where l‘:logkxp, f :f(xp).
The solution it the equation in ¢y will be noted so:

2I§inlogkxp—logkxplaoslogkxl?)

7=l |

Example 3. Let in ¢y the equation fTT = Z@fmC , 1((_),T) =0,

1(Z,T) =0, 1(X,Q) 24_5(36), fT, ZE(x), (a,l, k) = const is given.

- 1t=0

I

In ¢ this equation looks so:

T[%XT, +TQ(TT" %: azljc[%)(x’ +xg(xx"% D

where X =1In f . Is realizable reflection \ ¢g; — ¢vg \-

. . . . "9 "g.
Knowing a solution of the similar equation %f” =q gfxx %m )

we shall note a solution of the equation:

£=
n=k

in?lﬂ)gx %
;F cos%ﬁbgi%@ sin%-[[[bglr{% [ k
n n E >

*In an example 5 the brief theory of reflection \ ¢y — ¢ug\ is given.
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Dl ¢ logk @m%ﬂbgkﬁ%

where n = CXpL
| ]
2
[] T Lbnm
/ L/J(logk)@m Dbgkﬁﬂ ]
Dy =exply L

Example 4. Let in ¢y in terms of this space the equation is noted:
A]_‘ =—1®m (m=const,k =e)
The solution of the equation Af =—m in g is known (A —laplacian).

By virtue of interior identity of spaces this solution will be also solution of the
similar equation “inside” ¢yy . Let's reflection the equation and solution in ¢y .

The log quasilaplacian will be noted so:

2 2
lné:x£1n+yﬂﬁln+2@+x2 ln+y2 ln+

ox o0y 0z x> 2
2 21200
) ln_&ln In In
T2 T Eéa g PRl %
u(r.z) <o,  u(r.0)=u(r.l)=u(R.z)=0, 0<r<Rg,
O<z<l, (R,l)Zconst.
Then
InAf =-m
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[InzQ ¥in (nz[1! [In z
x shd—""———0— sh-"—[x ch3-" O%L .
O R O O R O O R 0 R
Example S. Let in ¢y the equation f V=sinx is given. Let's discover
(w-1images of this equation and it a solution in ¢y

4 2
. ¢ In" KB +15xy" +25x7 " +
£V =sinx\wy - wo\ f =k g g

X (y’ +15xy" +25x7y"" + 10x3yIV +x4yV) =sinlog, x, (1)

where y=Inf, (1) is an image in ¢y input equation. As the solution

fV =sinx is known: f =—Cosx, f* = J~C08Iog kX thyis solution of the
equation (1), in what easily is possible to be convinced.

So, knowing the equation and it is uneasy at once to note a solution in ¢y,
in ¢y both equation and solution.

I

The differential equations displayed from adjacent spaces ¢y are simi-

larly solved.
Let's note -images of derivatives at reflection from adjacent space in

well-known ¢y :
' S plxbf
"Newog - wo\ S, =P :
VARYAY (AWAN o (
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where p = log i 1k2; k1- k> —accordingly parameters of function of connec-

tion kx spaces (Yo and ¢pg

n

1
[] "
o Cal) e

The note. Images of derivatives of the order more second has a rather
complicated structure.

Example 6. Let in ¢y the equation f' = x2

3
tions £ = Let's discover w-1mages of the equation and its solution in ¢ :
3 0

1s given. One of it of solu-

1
[ p' I |
f':xz\a)o, *wo\%(ilj)ﬂﬂ =(x2p)p H

S
0 (fp)' =palal=pat

1
3 , 32 3p 3
x?\a)o - CUO\%EP [] fp:xT, where [ —¢yg - image x?

I

or image of a solution of an input equation. Then ( f p ) =p Bc3p _1, that satis-
fies (1).

I

Example 7. The equation f' =cosx in space ¢y let is given. To find
(w-1images of this equation and its solution in space ¢y -

Solution. One of solutions of the equation f' =cosx in ¢y will be
f =sinx. Then

S =cosx\ ey qa)o\f’klzpq/cosxp, (1)
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where p = log i 1k2; k1- k> —accordingly parameters of function of connec-

1
tion k' spaces wo and g ; f,kIZZE%lekaD ;f'kZEf'.Anim-
X

age of a solution f =sinx\¢yy - a)o\fk1 = p«/sinxp.
So, in ¢y the equation /' =cosx looks so:

1
i%%@p:’i/cosxp 0 /g =xrRosy?, @
X

and it a solution f = Blsin xP (3). Actually, by solving the elementary equation

V' =cosx, we have found a solution more complicated on a structure of the

equation f' @fp e P 1 Gos P .
1 1
Check: [ = (sin xp)l? O f'=yxP 1Rosx? x (sin xp)p )
1
fp_lz(sinxp) P, and f'OFP = I +P1osx?, ie. the solution

f= Blsin xP is real correctly.

The note. The equation f' gfp = P~ 1Bos x P, certainly, simple to

solve by areplacement x” =1 i.e.

pr—lljz’f :pr—lgmsxpgixm f:lz/pqxp—lﬁosxpmix

and f =Z/fcost [dlt =4sinx? .

1
In a common case, if f' . %ijgj,ﬁp:qb(xm),
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f=Ryer(r) .

For example, f' =ctgx. A solution of this equation f =Insinx. Then

1 1
f,klz Jetgx? ) ie. %% p[@f’)p:pwlctgxp, and solution of this
X
[]
equation will be f = Blnsinx? %f = li/j(pq/ctgt )pdl‘ ,  where

¢(l‘) =7 ctg l‘). It 1s possible again to reflection the equation (2):

1
%@Bj@ﬁ” P = li/xp[(]p_l) Bos x|

It the solution will be formed of a solution of the equation (3):

1
) 2 . 2\ »
f =k pw/smxp = (smxp )p2 etc.

Example 8. Let in ¢y the equation f" + f' =x is given to find it
(w-image and it a solution in space ¢y .
Solution. In ¢y space the input equation has a solution

e
- 5 X.

Let's reflection the equation and solution from ¢y in (-
" I — In k[ y’+le” ! .
Frap=xvan - g\ k) gl < oskr (y=1ng) e

(Ink +1)Gy' +Ink 323" =log, x.

and the solution it in ¢y will be:
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L2
) ) Elogkx—logkx

%—x\wﬁwo\f =k =

log x%log x—l%
k k _ logkx/;—l
=y '

All reduced examples illustrate a solution only of inverse task: under the
ready equation and it to a solution we construct infinite a spectrum similar on
w-factor, but more complicated on a structure of the equations and their solu-

tions. Not stopping on a proof we shall remark, that there is a - space, where

any given differential equation can be solved analytically, and also there is an
algorithm of searching such W-space.

It 1s natural, that not always solution can be represented by a finite number
of known functions ... That in the given book one function of connection ( kx) 1S

investigated only and there is no depth of study of a problem about the differential
equations, solution of the direct task (solution of any given differential equation,
applying a method @-reflections), within the framework of the above-stated

material, practically, it 1s impossible.
In summary, we shall remark, that (w-1images of derivatives can be used

not only for a solution of the differential equations, but also for a wider circle of
other tasks. Examples of their elementary application are rationalization of a de-
termination of a local extremum or raise of an exactitude of an evaluation of very
large numbers.

Let there 1s a density function of probability of a logarithmically normal
aleatory variable:

2
k O O(log,
A= (1= NV o el :

For a determination of an extremum p(x) we shall take advantage of a

condition p(x) =0:
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D '
kOO loge 0 ] D‘(Ingz_az) !
= [] + - =
ZZ]H l\/ﬁgxi %XPQ 2@_12 % (-xl)xl
Xj
[ 20
_0i
k [ O Bal 1
= S B (logx;— ) 0% -1F=0 O y,= ogel
e
[ [

i:D(l,...,k) etc.

Such solution is easier well-known. A key to an exact evaluation of large
numbers sit in the formula:

exp(f —x+Inf'+ Ax) = expf(ln(e)C + eAx)) - expf(x), (5.24)

which is uneasy for receiving from a derivative

O 0 0 0O Ax O O
R B o | IS - Py
For large Ax:

]O’=f—x+lnf’ zlnéf(ln(e“em))—efé_m‘

Selecting fast-growing it is possible to receive function and setting any val-

ues x and very large values Ax, technique of an evaluation with a large exacti-
tude of rather large numbers.

In approximate evaluations it is expedient to use invariant concerning an

image of a derivative f f the formula (f J —image in ¢y derivative noted in
(U — space):
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o1/ (x0)
‘neHe i 5.26
f%ﬂxo %"‘ j f(xO) ( . )

The note. In different situations it is necessary to apply -images from

different spaces.
Let's reduce the elementary example:

§in20° = +c0s30° L7 = 0,651
2 180°

HEY
Orrldtg 30
8

[]
§in20° = - [%20 0° Q: 0346,
2 B0

'

i.e. even not reduced to a scale ¢y derivative f gives in this case outcome

close to true (0,342), as against application of a usual derivative in the formula of
small increments ( f (x + Ax) =f (x) + f '(x) mx) , where the outcome in 1,9

times exceeds true. (Though in other cases the formula can appear not suitable).
Let's remark also, that at a solution of the applied tasks (in particular eco-
nomic, hydrodynamic, chemical and others, processes, connected to optimization,
and apparatus of this or that process engineering), frequently it is expedient a
mathematical model to represent as (W-1images of the differential equations and to

apply side conditions of an extremum, following from (w-1mages of a derivative.

§ 5.6. W-images of the numerical methods of a solution of differential
and integral equations

One of the most important practical applications W-images is the mod-

ernizing of the numerical methods of a solution differential and integral equations.
Such application, to some extent, 1s compensated in development of a computer
engineering. Nevertheless, the problem this deserves attention as, from a point of
view, saving of time of maintenance of the computer, and in a plane of more deep
understanding of effects originating at (w-reflections. The examples of the most

clementary situations understand the present book. So, most interesting is the

I

conclusion about a passage to the limit of adjacent spaces ¢y 1n space of a
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higher rank ¢py. (The space ¢y according to the theorem 3.15 is an asymptotics
of adjacent spaces (g ).

5.6.1. (w-image of a numerical solution of the differential equation

As is known, in a method of the Euler i +1 —a value of functions ( Vi +1)

discover under the formula.

By noting (5.27) in terms ¢yp-spaces and then by reflection obtained ex-

ZE{ (xl',yl')

i ﬂ Yi
Yitl :yi%@% l (5.28)
Xi

' Ly. O he ., \ '
Really, y:logﬂ)ﬂg/log D@% where y = x; [ﬂlny) :

pression in ¢y, we shall discover:

Then f(xl,yl) lD]Og Byl—"'q/log E{xlilj Whence we shall re-
Xi

ceive the formula (5.28).

Similarly, in case of image from adjacent space it is uneasy to receive (see
theorem 3.14):
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] IDU
0. ST BYRH_sra
gszx f o/ o f

ok

o
%B @F.XZoyl) ylp+1 yl.

Xi+1 -xl

DU 1
Vi =4 (xlpﬂ xz)%&g U(xi,yi)+ylp (5.29)

Example. In a table the outcomes of a solution of the equation

y' =x[/y for the entry conditions xo =1, Vo= I, =01, N =5 are rep-

resented.

Table 1. Outcomes of a numerical solution of the equation y' = x EL/;
(xo=1, yO:L h=01, N =5).

X Euler S-Euler P-Euler | True value
1.1 1.1 1.1 1.1 1.10776
1.2 | 1.21537 | 1.21616 1.21576 1.23210
1.3 | 1.34766 | 1.35015 1.34888 1.37476
1.4 | 1.49858 | 1.50380 1.50114 1.53760
1.5 | 1.66996 | 1.67912 1.67444 1.72266

The note. S-Euler, P-Euler — upgraded method of the Euler obtained by reflec-
I
tion accordingly \a)l - a)o\ and \a)o - o \.
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Let's estimate an error of evaluations. In a well-known method of the Euler
a summarized error:

| " :
BO =&0~ 5 [l]f (E)‘ |]12, xi <é<xj+1> Ep —error in a method of
the Euler. The error g1 is equal a upgraded method of the Euler by a way
\a)l N CUO\ transformations (gl,ﬁl —images in (Y summarized error of a

method of the Euler from ¢yy, not reduced (51) and reduced (Bl) to a scale
a)o)i

0,00 5,0
51~§+—§@§+—D 0 g~HOH, (5.30)
Byn st
i i
where H — w-image ofapitchh(h\a)l - Q)O\H)
D jan
So, 81~H@H:H_’2,i.e. B121n51~ln §+—§
X
i
2 [ O O
Whence ﬁ1~—2 E ﬁl] ﬁl]_
Xi -xlE -XZH
In an outcome:
P )
o at h2 Xi (5.31)
B

1.e. at ‘ xi‘ > ] the upgraded method of the Euler is more effective, than usual. At

magnification ‘ xi‘ and ‘ xi‘ > ] the exactitude of evaluations fast grows. It is un-
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easy to show, that in Runge-Kutta method the ratio & ~ Xi4 , 1.e. at growth x;

A

rather fast is possible to receive, actually, true value.

Let's give the additional explanations. If f (x)—ﬁmction of passage between

-1 -1 2
(V- spaces, the absolute error A, is proportional (f (l’l+ xi)— f ( xi)) .

Really, let /2 = Xj+] ~ X;and
h\e - o\ H.
Then H = f (f _1(x1+1) -/ _l(xl')) =f (f _l(h txi)=f B (xz))
The not reduced absolute error
e~ 117 )™ )

and the absolute error (W-image of a method of the Euler in ¢y, reduced to a scale ¢y, is

Beon~ /(77 ) )= () =

2 2

_ (f—l(f(f—1(h+xl,)_f'1(x,~)))) = (f‘l(h+xz')_f_1(x1')) :

as was to be shown.

equal:

If to increase a rank GJ- space and to put f (x) = ex’

1/In x;
h\a)z — a)o\HS:xl'_'_lel':(h'in)/n L

\2
Then Ay = (ln In (h +xl')l/ln xl) =In’ (logxi (h + xi)) '

By designating Acom =Ag. and A H =Ny, we shall receive
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7
= B*H , i.e. error in a well-known method of the Euler f\q ~ hz, and in up-
be;(Ih x;

ded methods: /\ Eé%zA H*H
graded methods ¢~ 2~ etc.

0 and 0 , we shall discover:

By taking a ratio

s A2s
Do K _ 2
As K :
2
Xi
2
and Do - h :(x,-[[‘hx,-)z’

2
o %c,-z On® xi)

i.e. the upgraded methods are exacter than a usual method of the Euler accordingly in

. . 2 .
time and in ( x;1h Xi) time.
In summary we shall discover a value of argument x;, when the upgraded method of

the Euler (0-image \ w] — Wo \) on an exactitude is adequate to a Runge-Kutta method:

no_ _1
p =10 x=
2
Xi
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5.6.2. (W-image of a solution of an integral equation

w-modernizing the numerical methods of a solution of integral equations

(in.eq.) reduces also in a drop of an error of these methods. Besides using,
W-1images in.eq., we shall receive in.eq. a more complicated structure with a

ready solution.

Let's consider elementary one-dimensional in.eq. the Fredholm of the 2-nd
sort

b
¢(x) =A I:IR(x,S) Ijl)(s) Ldls + f(x), (5.32)
a
where [ (x) 1S continuous on [a,b] , A —numerical parameter, R(x,s) —kernel,

bb
2
continuouson a < x, < b, II‘R()C,S)‘ [dxds < oo
aa
Let's reflection (5.32) of ¢uy in (-

[P log g R(x,s) @ (s) s log,x
S

k¢ (logkx) k/\ @GXI)%

06 logk A %7 |:glogk

where f(logk x) is continuous on [a,b], a<x,s<b,

b B Biog,|R(vs)” H
jlogk%xp?} ng‘ S(x S)‘ S%cix < o0
a o
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]
OrI?jlogk‘R X, ‘ S§%<°°-

The approximate solution (5.32) is noted so:

¢, (x)=/(x)+2 Dgl ¢ ER(x,xj) . (5.33)
=

Let's reflection ¢;(x) from ¢y in -

67 (x) Vot ~ o\ k" (log47)

R{1 | ~
R(x,xj) \601 R CUO\ k (ngx, ogkxj)’

n-,
$,(x)=/(x)+A0% ¢; (x x])\wl o\ k7 logg) -
J=1
= kf(logkx) QCA ® Fl kC]@ kR(lngX,Ingx]) 0
J=1

f(logkx)+)\ Dg c]~|]€(logkx,logkxj)
0 & J=1 [

n ¢ (10gk ) f(logk )+)\ Dglcj.ﬂz(logkx,logkxj) (5.34)
=

Not stopping on examples of a solution of integral equations by a way
w-reflections, we shall remark, that the positive effect is reached only at appro-

priate reflection that or other method of a solution in.eq. in whole. For this pur-
pose it 1s enough to take from the literature [42] any such methods and to realize

w-reflection.
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§ 5.7 Examples (W-image of a vector of adjacent space

The problem, affected in chapter 4, about quasivectorial the analysis can
receive the identified elementary development if to enter other concept quasivec-

I

torial. For example, let in adjacent space ¢y the vector a is given. Let's reflec-
tion it in space ¢y in two acts:

— we shall reflection @ in w1

— we shall reflection obtained an (W-1image a from W1 1 -
Let's receive:

_ ' - log

where g, —image of a vector a in space (., if it is given originally in adjacent

I

space (g ; k1 and k- —factors in function of connection k* between spaces

w; ~ wolki) and ey - wo (k2).

% 1 E][nat
- log Ink _
From  equality g, =k k2" = [k, 2|] = (a)p ,  where
[ [
[ [
log, . ki, foll hat g, =", and na, g ok
=10 , follows, that g, = , and —— = and — =——,
P =108, k1 #—d ma a  k
a* II?BZ A 1ea both & A[IB‘
2
It 1s quite natural, that by virtue of a property of a contiguity of spaces (V)
' _ n _
and (g any vector a@ = ) g; [§; has an image (7. . Za ¥ @l , distinguished
i= 1 i=1

from a only modulo, i.e. g, —ordinary vector oriented in space ¢y the same as

I

and a vector @ in space (v -

However, in this case, there was also new mathematical object Ina, which
1s specific quasivectorial or quasivectorial of the second type. Let's designate

Z( = log kZl . Let vector a is given in space (J_7 -
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Let's reflection it in space (g, slanting, that the conversion factor
(-1 — @y is equal k:

a\ow-1 - wo\log,a=qy.
Similarly,

&\a)o - a)l\logklc_l,
&\CUO' - a)l\logkz&.

In case the projections of a vector a are functions, that, knowing the for-
mulas of reflection of functions and integro-differential objects in (W-spaces, it 1s

uneasy to construct quasivectorial the analysis of the second type. Let's remark,

that the principal element of this analysis is the object Z( = log kZl (or simple

a).

§ 5.8. Some additional facts about numbers of a new nature

In chapter 2 the attempt 1s made to expand a field of real numbers. In par-
ticular, the set R o A-numbers is represented which can be received from op-

eration “ o ” (easier additions) and reflexive reflection of a set R real numbers.
Is shown, that the field A-numbers turns out also -reflection of a set R_
negative numbers:

Is established, that Rp = {log(— a)} ,where a LJR .

Outcome of similar reflection A-numbers will be a set R o A —numbers:

Ral\wg - w1 \Ra -
The process of such reflections can be continued ad infinitum. If to desig-
nate a Rp;—set of numbers generated by a way of @;-reflection

(R Ai—-1\wo =~ W1 \R Ai)’ it is possible to note, that we deal with infinite by

a spectrum {RA i} infinite of sets of numbers of a new nature. For example,

RA=ERa0- Ra =Ra-q ete. Besides it is not necessary to forget, that each
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of sets Ra; A7 —numbers is generated by introduction of new algebraic opera-

tion. So, the set R A A-numbers arises at reviewing operation “ o ”, i.e. than the
first operation the additions are easier. Similarly, the set R o (or Rp—1) is an

outcome of the following operation easier than addition (operation easier than

<

operation ““ o 7). So 1s constructed infinite a spectrum {R A l~} , where I —number

of an operation is easier than addition if to consider, that the well-known addition
has a value of an index i =1. In a fig. 1 is represented numerical direct, supple-
mented by A-numbers. It is natural, that this direct can have an infinite prolon-
gation to the left (but not to the right!).

It 1s uneasy to establish also other classes of numbers of a new nature. For
example, in §5.4 present chapters were shown, that an W-image of imaginary

AO
unit is the number j = ? (i \wo = wp \ j), which because of is constructed

w-1image of the theory of functions of a complex variable (@W-TFCV). Besides
there are “single” elements: r =/ Al, t = /- (Al) . All combinations from real

and complex numbers (various sets R p ;) are numbers of a new nature.

Without a proof ¥ we shall write out some equalities ((a ,b,c) OR,
a [JR  ; in a series of cases (a,b,c) DZ):
(ang=ifan=ai  (i=+-1); (Ma)E=Ah): (A)E=il
(@ON,);  ilfpa)=A(il); (A)@=A>GE) (aONp); M=
JAY} AV}

:(Ai)2 =-Al O % =Ni;  Al=(A))E;, ==A1;, —=Al;
) ) )
%:%; AO:—l; aAO:Al; ln(Ai):%‘FAO:]"‘AO;

In(Aa)=Ina+40=rG: rG-rB=0%=02%,  InAl=a0
b Ab

(In(-1)=40); @ aOR;  In(a)=-Ina+0 OR-

* The separate equalities already met in the text. To prove offered equalities the reader can
independent.
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In(-a)=Ina+A0=Alna ORp; InAa=Ina+A0=AlnaOR, etc);
In(~(v=a1))= 20+ %ﬁ— @t a,bOR, a+0b=Aa+b)0OR,:
a+bb=Aa+b)ORy; a+A(0b)=A(A(a+b)); Da+Ab=a+b;
Na+0b=N0(A(a+b); Da+A(Ld)=A@+b)ORs; R+R=R,
Rp+R=Rp, Ry +R=Ry etc); Alna=InAa (Alna=In(-a)):
(a_bzi(ab)DRf; aAb:—(ab)DR—; aAb:A(ab)DRA etc.);
(Aa)b = A(ab), but (Aa)b =4, if a ONy, 5 ONy;

(_a)Ab _ E Clba b LN}

by analogy with
)2 =42 bON,

—d

B () bON

TR ) o

b1 4, 11w, & .
(k#0); (Aa) b:g;z_bam(l Z)Dml‘;zl cte: (-a )Abza( ) &’, o° ON, ,

Na+j=a+ly, Aa\/Ab = 3/b /= Al and others.

Example of numbers of a new nature are also numbers of a type QA at
a UZ. . The modification o on * M will call a shift of a point representing
number on direct accordingly to the right or to the left (in an assotiation from a
sign at M , saving a sense of number. It is possible, that numbers & k
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(f - a kA ﬁ k) in this case turn out, are located about (— 00) , but not being

the A-numbers (observe some analogy with hypernumbers, known of the non-
standart analysis) ...

Does not call doupts that any new operation “gives rise” to numbers of a
new nature. Using combinations of new numbers and various operations, it is
possible to receive difference various new variations of numbers similarly to
complex.

In summary we shall mark, that in light of new representations about num-
bers the area of admissible values of functions extends. (The known functions can
be considered on sets of new numbers).

Fig. 7. An image of a rectangular spherical triangle ABC .

§ 5.9. An example of application (W- reflections in spherical trigonometry

Let on an orb the rectangular triangle ABC is given. Let's design it on a
plane, i.e. we shall discover flat reflection of this triangle or triangle, on which the
spherical triangle (fig. 7) leans.

It 1s possible to note the following relations:

D
a = arcsin D—%
[/,

222



. [Bin/ 0
[3 = arcsin D—D,

[sin/,[]
:7—2T, s:a+,8—7—2T, 31:R2 (&,
where /.., ly= [, —angles COB, COA, BOA, & —spherical kurtosis;
s1 —square of a spherical triangle ABC. Then kK ==, where gy —square of a
82
flat triangle ABC (p= % sy = \/p(p = x)(p —y)(p —z) );

a=[,[R,b= [y [R, ¢ =[,[R; a,b,c —magnitude of legs of a spherical tri-

angle ABC, expressed in radians; x,),z —magnitude of legs of a flat triangle
ABC.

In connection with that at reflection of a sum of two variables x and y
(x+ y) from adjacent space ¢py in (g we shall receive z = p\/ P+ yp
%x +y \CUO, - a)o\p\/xp +yp; x,y,z,p UR, %, we shall try to find any

regularities -reflection z = x + y at transformation of this sum 1n a triangle, to

which there corresponds a spherical rectangular triangle. Here we suppose a hy-
pothesis about a reflection of a triangle with legs Xx,y,z, where

z= p«/ xP + yp , p=z, pUZ, on an orb or hyperspherical. This hypothesis is

based on a special case: at p =2 the w-reflection of a sum of two variables x

and y is transformed in z =4/ x2 + y2 ,1e.,1f x and y —legs of a rectangular

triangle, z —are it a hypotenuse: X + ¥ \@yg — g\ x2 + y2 .

Proceeding from this hypothesis, in the given example the image of flat tri-

angles with legs x,y,z (z = p\/xp +yp , p>2, pUZ) on an orb provided

that one angle of an appropriate spherical triangle always direct is carried out.
The research of this situation is carried out numerically at various X,y,p .
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Let's reduce some elementary conclusions, which can be made, analyzing
obtained outcomes: **

a). At magnification p (p - 00) the triangle ABC tends to isosceles, as
at p — o the set of adjacent spaces {CUO } turns in - space of a higher rank

w1 -
b). In case of equality x and y irrespective of their magnitude a lot of
performances of a spherical triangle ABC becomes to constants. For example,

spherical excess (for p=3 €=0,508584), ratio k = LIk (for p=3
S2
k =125975), [+ ly (for p=3, [, +ly =0,9430 radian), [, +ly+lz
(for p=3, /[, + [y*1;= 3,1045 radian) etc.
c). The replacement x both y on mx and my

(m =const, m IR 1, m DZ) reduces in respective alteration of a radius of an
orb, i.e. the radius becomes equal mR (for example, for p=3 at x =10,
y=11, R=11,5698; at x =100, y =110, R=115,698; at x =1000,
y=1100, R=1156,98).

d). There are precise assotiations of all performances of a spherical triangle
ABC from magnitude p...

In summary, we shall remark, that both norm of a vector x

xH Z X; % and spectral radius ‘x‘ = hm H xP H In X —banach algebra
\ /=1

above C, being a seminorm, if it is umform is continuous on X (this condition is
equivalent commutabilities of a quotient algebra on a radical), are connected with
w-reflection in adjacent spaces and passage to the limit at p — o set of adja-

cent spaces {a)o } in space of a higher rank ¢p; (and, this passage is realized is

uniform continuously).

Let's mark also some facts, which can be used at a solution of the practical
tasks:

1. All physical laws have infinite a set W-images, which are the inde-

pendent laws.

* All conclusions, reduced in the given example, (outcomes) can be obtained by analytical
methods.
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For example, the fields of temperatures, strength and potential of an elec-
trical field, velocity of current of a liquid (gas) etc. between two parallel slices
(f1=a1B+0 Y, fy=ay3+by[I) are known, if the appropriate

I

boundary conditions are known. Slanting, that the slices are located in ¢y , we
shall  reflection them in  space Wqo- Let's receive  cones

* *
%fl :\/al 3’ + b @2, flz\/al G’ + b 522 % It is uneasy to note

w-1mages of fields of physical magnitudes known in space between parallel

slices. Obtained the W-images will describe quasifield between two conic sur-

faces.
2. For each process there is such W-space, after reflection which from in

Wy the mathematical model of the process is rather close to theoreti-

cal exposition.
It 1s connected that the goal function (response function) is influenced by a
set of the factors. At w-reflections it is possible to reach a situation, when the

major factors will be “defining”, and others — infinitesimal, i.e. to strengthen an
approximation of the theory to practice.
3. Exists infinite a set of mathematical methods identified well-known.
This set defines infinite of mathematical expositions of any object.
For example, it is possible to select such -image of a method Euler,

which considerably improves primary.

§ 5.10. A problematics of application (U-images

In connection with heterogeneity of a material of chapter 5 in whole has a
problematic character. Nevertheless, we shall focus attention on the most impor-
tant moment.

1. It 1s necessary to collect, to systematize and to explain meeting in the

theory -reflections, paradoxes. For example, paradox (a |E)AC r= aAC @AC,
at a>0,b>0. az)m —B2= 2= 36 HA21302 = (_22) [q_ 32) = 36F
it 1s uneasy to explain from a paradox reduced in §2.3 (“The note 107).

lg(alB)™ # (1ga +1gb) [({Ac) = Iga [{Ac) +1gb [{Ac),

(™ 9 fac) # afact) + 5 act)
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2. To classify and to describe the special operations and numbers of a new
nature, similarly to represented in the given chapter.
3. To generate the theory of functions j — variable.

4. To apply the theory -reflections at a solution of the various practical

tasks.
5. To solve the direct task in item 5.5, 1.e. to develop algorithm of a de-
termination (W-space, where any differential equation is solved already in known

receptions.
6. To investigate application W-reflections not only in a spherical trigo-

nometry, but also in a trigonometry based on a hyperboloid of one sheet or other
surface. To try to prove the great theorem the Fermat.

7. To study restrictions superimposed on the differential equations and their
system, which can be solved by the upgraded numerical methods with the help of
w-reflections.

8. To find -1mages of various methods of searching of an optimum

(extremums) of functions of a several variable.
9. Because of analysis of the theory -reflections to try deeper to under-

stand a real, enclosing us.

Inference

The known mathematical tools of exposition of physical objects compli-
cated, are not rational and, as a rule, do not ensure analyticities of a solution of
the practical tasks. The spreaded methods of approximation at a numerical solu-
tion differential and integral equations allow with a defined approximation to
judge a final outcome, but do not satisfy desires to learn to the full physical ob-
ject.

The material, explained in the given book, is only example or special case
in a developed methods -reflection and common theory of objects. Never-

theless, the author hopes, that offered in the book the material will allow not only
to attract the inquisitive reader in creativity and innovation, but also will give him
primary skills for understanding the common theory of objects.
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SYMBOLS

Ny, Ny —accordingly, set of odd and even numbers;
R. R+, R £ R;. R- —accordingly set real positive, fractional, ir-

rational and negative numbers;
Ao or Rp (R AS AO) —set A —numbers being solutions of an equation

Xoqg = (—oo), allR; H= (—00);

"o" — the operation of an order zero (n = O) 1s easier than addition, and
"A"—operation inverse "o" (thus the addition has an order n=1);
Ro=RUA(=RURA:

Aa —label A —number (a DR);

R, —the set A —numbers, where A —operation 1 = (— l), i.e. second

" "

operation is easier than addition and first operation easier than operation "o",
Aa —label A —number;
R p; —sets Ai —numbers, where Ai —the operation (— i) — of the order

is easier than addition (exist also other label: A\, —it is possible to connect a set
of numbers, which origin with operation A\, (— n) — of the order easier than ad-
dition, and A\, = Ry ):

o — well-known mathematical space with dominating operation of addi-
tion;

Wi> W;~ [ and j —spaces absolutely similar ¢y on an interior struc-
ture, and the difference from ¢y is exhibited only at reflection (passage) of ob-
jects from ¢p; (or v j) in ¢Yq (thus the transformation of objects) happens;

\a)l. - W, \'— Operation W- Image of object from space ¢y, in space
f e function of connection between (- spaces (for example, in the pre-

sent book 1 = k™. k>1, k —factor of reflection);

® —reflexive multiplication (or reflexive multiplication of the first order),

logh/logk loga/logk
a®bh = g4 / =b®a =} / , @ —image in (yg operation of

multiplication in ¢y ;
A —reflexive division (or reflexive division of the first order),

227



amb = alogb(k), (a, b) LR, £k 0OR, k£ #1, A—image in ¢y operation of
division in ¢y (reflexive division);

Aa —number  derivated by  operation  “A” (Aa = kAa =
=glogg kDR, k#1)

a” b — reflexive exponentation b number a
(a ~b = a®a®a®...®q®q, (a, b, k) >0, k% 1), a ~b _ (- reflection in
(log k b)DZ

(Jq operation of exponentation in ¢y ;

1 1
:a —label of fractional number —, where a LIR | i.e. :a = — (by analogy
a a

to a label of a negative number —a =0 —a),
I
a— W—image in (Yy number a, displayed from (y; space, l.e.

i
ﬂogab—image in g logab from ¢y, ie. logab\wla

— a)o\ilogab;

(@; —reflexive multiplication i of the order, i.e. operation of multiplica-
tion for numbers concerning to 7 to a class (on to the @-factor),
*\; » o\ ®; by analogy to reflection * \¢p; — w\ ®;:
y="k (k OR, k # 1) — superexponential degree, if “k = fk %x

(x =var, k = const);

y =slog s (k R, k # 1) — superlogarithmic (or superlogarithmic) the
function being inverse superexponential, ie. from y =slo g, X follows
X = ky ;

O k- O
y =%k % = ki JkUOZ, k> 1L exponential function of the sec-
——

; .
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ond order;
y= sslog P —the superlogarithmic (superlogarithmic) function of the
k-,
second order, ie. from y=sslog, x follows x= ki ,  where
%f_/
y
kUOR, kK #£1;
y:nJ x (n DZ) —superradical 7 of a degree (this function inverse su-
perdegree, 1.e. from y:nJ x follows x = ny;

7Dg - outcome of algebraic operation between operands @ and b,

where 7 and 7 —accordingly orders of direct and inverse operations (for exam-
ple,

06 =b+a, i0b=b-a, 20b=bla, 20%=b/ et

and, 7D227D a(b), and n qu k —number of repeated operations
k OZ;

V,, — unit element of operation (— n) of the order;

a/ /b —division a on b second inversion (a//b:cD a=clh, ie.
multiplication on b —on the right as against division by first inversion
a
—=c U a=bld),

b

[

f —image of function f , obtained at reflection in o from ¢y;, ie.

! [
S\w; -~ CUO\Z (by analogy, with a \¢p; — g \a);
[X], € — of accordingly reflexive multiplication second and third is ordi-
nal;
& © B & — accordingly -images in (o operations +, —, X -+
from ¢v_1;

229



):Iazzkt(a = kk(l/logklogka)

1/log;log log,a
<>a:kkk(/ KSRk )etc.;

Ra. Rx. R4, ... —accordingly set of numbers A, X, <> etc.;

0
'f, '_ S, f —images in g derivative from ¢y;, not reduced to “scale”

| (o[
wWo ( f ) , reduced to “scale” ¢y ('_ f ) and derivative from ¢9_; U E;

P f —image in (W derivative from ¢y , not reduced to “scale” ¢y ;

f ' K image in ¢y; derivative from ¢, (a)i = ;i k1> w;'= Ol)z',k2)

0
@ f, @f , Ig) — images in ¢y derivative n-ro of the order accordingly from
w1, W-1- a)()'-

Ox —generalized label (w-image (reduced and not reduced to a scale
(Vg ) differential at image it in ¢y from ¢gy and vy ;

Opx —label (w-image of a differential (image in o differential from
(V) > not reduced to “to a scale” ¢yy)).

| ko~ -image of an integral obtained by reflection \ oy — @y \;

P1= log k1 k> —the space parameter, k1, ko — factors of connection of

spaces (g and ¢y with space ¢ (meets also label k instead of Py 1.e.
k= pl);

I(5x)f (x) and I(5x)logkf(x) —superintegrals of the first sort
(accordingly not reduced and reduced to “to a scale” to space (v );

I f (x) + Vx —image of an integral obtained by reflection \ w-1 —~ W \,

and Vx —image of a differential obtained of themes by reflection;
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Zk, 7*, k_* — basis quasivector % = logkf , °* = logk}',

k_* = log k l_c% 2 — generalized basis quasivector;
*

57* — quasivector @ng;* = (logkax) @_* +(10gkay) @* +
+ (logk aZ) uc*%’

® — (u-1image of a scalar product quasivectorial
i\ oy — wo A,© BR

[] — w-image of a vector product quasivectorial

%xb\wl - o\ A*D B)E;
J > a —label of function f* and number @ in space (uy;
@ —reflexive division second inversion (// \ewr - wo ‘) ;

Yisl: Vi~ i+ 1 and 7 of a value of a primitive of function in a method of

the Euler of a numerical solution of the differential equations;
f (x, y) —right member of the equation y' = f (x, y) :

£0> ﬁ 0~ accordingly error and summarized error in a usual method of the

Euler (BO = go);

£1> Bl —images in (Y summarized error in a method of the Euler not re-
duced (51) and reduced (Bl) to a scale ¢y ;

S-Euler, P-Euler — upgraded methods of the Eulers obtained by reflections
in ¢ from ¢y and CUO' — of spaces;

h, H, H —pitch in a usual method of the Euler (h) , in @ —image of this
method (H ) at reflection \ ¢ — g\ and in W-image of this method at re-
flection \ ¢or — g \;

A, N> ¢ — W-1mages of the absolute error of a method of the Euler ac-
cordingly at reflections \ ¢o; - g\ and \ ¢ — o\
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