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,Q WKH ERRN WKH FRPPRQ SULQFLSOHV RI D UHIOH[LYH PHWKRG ω − UHIOHFWLRQV RI

PDWKHPDWLFDO REMHFWV DQG UHSUHVHQWHG H[SRVLWLRQ RI PDWKHPDWLFDO REMHFWV RI D QHZ QD�

WXUH DUH JLYHQ� $ORQJVLGH ZLWK EULHI SHUIRUPDQFH LQILQLWH RI D VSHFWUXP RI QHZ QXPEHUV

�LQ SDUWLFXODU� ∆ − DQG / − QXPEHUV� �ORFDWHG� IRU � �−∞ �� WKH ω − LPDJHV RI

LQWHJUR�GLIIHUHQWLDO REMHFWV DUH DGGXFH� 7KH FRQFHSW RI IRUPDWLRQ ORFDO DQG JOREDO

ω − VSHFWUD RI YDULRXV REMHFWV LV JHQHUDWHG�

7KH ERRN LV FDOFXODWHG RQ D ZLGH FLUFOH RI WKH UHDGHUV LQWHUHVWHG E\ PDWKHPDW�

LFV� ,Q KHU D SUREOHPDWLFV RI UHFRQVWUXFWLRQ RI IRXQGDWLRQV RI WKLV VFLHQFH IURP D SRVL�

WLRQ RI WKH WKHRU\ RI REMHFWV DYDLODEO � LV H[SODLQHG� DUH LQGLFDWHG PDUN RI QHZ FUHDWLYH

VROXWLRQV LQ YDULRXV VHFWLRQV RI PDWKHPDWLFV� 7KH ERRN RSHQV DQ LPPHQVH ILHOG IRU

LQGHSHQGHQW VHDUFKLQJ DQG UHVHDUFK�

7KH UHYLHZHUV� SURI� 0�)� &DOLDJLQ

�F<HDM� 0RVFRZ�

SURI� 9�*� 6LFKHQNR
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7DEOH RI FRQWHQWV

7KH IRUHZRUG �

,QWURGXFWLRQ �

&KDSWHU �� 6SDFHV DQG RSHUDWLRQV

� ���� ,QWURGXFWRU\ QRWHV �

� ���� &RQFHSWV ω�UHIOHFWLRQV ��

� ���� 5HODWLRQV EHFDXVH RI RSHUDWLRQV 2 DQG ' ��

� ���� ω�UHIOHFWLRQV RI QXPEHUV DQG IXQFWLRQV ��

� ���� 3UREOHPV RI D FRPPRQ VXEMHFW ω�UHIOHFWLRQV ��

&KDSWHU �� 7KH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV

� ���� &RPPRQ QRWHV ��

� ���� ,QYDULDQW IRUPXODV ��

� ���� $[LRPDWLFVHV ∆ �QXPEHUV ��

� ���� ([SRQHQWDWLRQV ∆ �QXPEHUV ��

� ���� ([DPSOHV RI SURRIV LQ ω�V\PEROLFV ��

� ���� &ODVVLILFDWLRQV RI RSHUDWLRQV DQG QXPEHUV

RQ ω�IDFWRU ��

� ���� 3UREOHPDWLFV RI QXPEHUV RI D QHZ QDWXUH ��

&KDSWHU �� 1HZ LQWHJUR�GLIIHUHQWLDO REMHFWV

� ���� %DVLF SULQFLSOHV RI VKDSLQJ ω� LPDJHV RI D

GHULYDWLYH ��

� ���� ,PDJHV 
 � 
 �I I IS ��

� ���� ,PDJH I
R

��

� ���� $GMDFHQW ω�VSDFH DQG LPDJH
�N

I ′ ��

� ���� ω� LPDJHV RI LQWHJUDOV ���

� ���� ω� LPDJHV RI GHULYDWLYHV KLJKHU LV RUGLQDO ���

� ���� ω� LPDJHV RI PXOWLSOH LQWHJUDOV ���

� ���� 3UREOHPDWLFV RI LQWHJUR�GLIIHUHQWLDO REMHFWV

QHZ QDWXUH ���

&KDSWHU �� 7KH HOHPHQWV TXDVLYHFWRULDO RI WKH DQDO\VLV

� ���� 7KH JHQHUDO SURYLVLRQV ���

� ���� 4XDVLYHFWRUV ���

� ���� ω� LPDJH RI D ILHOG WKHRU\ ���

������ *UDGLHQW ���
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������ 'HULYDWLYH ZLWK GLUHFWLRQ ���

������ 'LYHUJHQFH ���

������ &XUO ���

������ %DVLF IRUPXODV� GHVFULELQJ TXDVLILHOG ���

������ ω� LPDJHV RI VRPH UHODWLRQV RI D YHFWRU

DQDO\VLV ���

� ���� ([DPSOHV TXDVLILHOGV ���

������ )LHOG RI D WHQVRU RI WKH ��QG UDQN ���

������ 4XDVLODSODFLDQ D ILHOG ���

������ %DVLF WKHRUHP TXDVLYHFWRULDO RI WKH DQDO\VLV ���

������ ω� LPDJH RI DQ HOHFWURPDJQHWLF ILHOG ���

������ ω� LPDJHV RI VFDODU DQG YHFWRULDO SRWHQWLDOV

HOHFWURPDJQHWLF ILHOGV ���

������ ω� LPDJH RI WKHUPRG\QDPLF PDJQLWXGHV ���

� ���� 7KH FRQFHSW RI D UHDOLW\ TXDVLILHOG ���

� ���� $ SUREOHPDWLFV TXDVLYHFWRULDO RI WKH DQDO\VLV ���

&KDSWHU �� $ PLVFHOODQ\ �DSSOLFDWLRQ�

� ���� 7KH JHQHUDO SURYLVLRQV ���

� ���� $ERXW GLYLVLRQ VHFRQG LQYHUVLQJ ���

� ���� ([DPSOHV ω� LPDJHV RI REMHFWV RI D FDOFXOXV ���

� ���� ω� LPDJH RI LPDJLQDU\ XQLW ���

� ���� ([DPSOHV RI D VROXWLRQ RI WKH GLIIHUHQWLDO

HTXDWLRQV ZLWK DSSOLFDWLRQ RI D PHWKRG

ω�UHIOHFWLRQV ���

� ���� ω � LPDJHV RI WKH QXPHULFDO PHWKRGV RI D

VROXWLRQ RI GLIIHUHQWLDO DQG LQWHJUDO HTXDWLRQV ���

������ ω� LPDJH RI D QXPHULFDO VROXWLRQ RI WKH

GLIIHUHQWLDO HTXDWLRQ ���

������ ω� LPDJH RI D VROXWLRQ RI DQ LQWHJUDO HTXDWLRQ ���

� ���� ([DPSOHV ω� LPDJH RI D YHFWRU RI DGMDFHQW

VSDFH ���

� ���� 6RPH DGGLWLRQDO IDFWV DERXW QXPEHUV RI D

QHZ QDWXUH ���

� ���� $Q H[DPSOH RI DSSOLFDWLRQ ω�UHIOHFWLRQV LQ

VSKHULFDO WULJRQRPHWU\ ���

� ����� $ SUREOHPDWLFV RI DSSOLFDWLRQ ω� LPDJHV ���

,QIHUHQFH ���

6\PEROV ���

7KH OLWHUDWXUH ���
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³, ZRXOG OLNH WR FRQYHUW \RXU DW�

WHQWLRQ WR D KLVWRU\ RI PDVWHULQJ E\

WKH PDWKHPDWLFDO IDFW� ,W DOZD\V

KLVWRU\ RI VORZ DQG ORQJ FROOHFWLYH

ZRUN«´

�)URP WKH OHWWHUV +� /HEHVJXH��

7+( )25(:25'

$OPRVW DOO PDWHULDO ZDV ZULWWHQ E\ PH DV VHSDUDWH IUDJPHQWV VWLOO LQ �����

���� \HDUV� XQGHU DQ LPSUHVVLRQ RI WKH VHYHUDO UHDG ERRNV WLOO PDWKHPDWLFLDQ DQG

SDSHUV IURP DQ HQRUPRXV FROOHFWLYH WUDQVDFWLRQV XQGHU D WLWOH ³WKH PDWKHPDWLFDO

HQF\FORSHGLD´� ,Q IXUWKHU� JDLQLQJ D VSHFLDOLW\ RQ D FRPSXWHU VFLHQFH DQG PRUH

DQG PRUH WDNLQJ D JUHDW LQWHUHVW KHU� , GLG QRW GLVFRYHU WLPH IRU V\VWHPDWL]DWLRQ RI

WKH REWDLQHG QHZ PDWKHPDWLFDO IDFWV DQG VHULRXVO\ ZDV QRW HQJDJHG LQ GHYHORS�

PHQW RI SULPDU\ UHDVRQV« 1HYHUWKHOHVV� VRPH IUDJPHQWV KDYH GLUHFWHG RQ SXEOL�

FDWLRQ� , FRXQW DV WKH GHEW WR WKDQN WKH H[SHUWV �DV D UXOH� VFLHQWLVWV ZLWK WKH ZRUOG

QDPH�� UHQGHULQJ WR PH PRUDO VXSSRUW E\ WKH NLQG OHWWHUV�� 7KH SURIHVVRU -RKQ

(ZLQJ �(GLWRU�HOHFW �7KH $PHULFDQ 0DWKHPDWLFDO 0RQWKO\�� ,QGLDQD 8QLYHUVLW\�

86$� PDUNHG �-XO\ ��� ������ ³«ZH ILQG \RXU SDSHUV TXLWH LQWHUHVWLQJ«´� +LP

KDV MRLQHG �)HEUXDU\ ��� ����� SURI� -�+�6DPSVRQ �(GLWRU �$PHULFDQ -RXUQDO RI

0DWKHPDWLFV�� -RKQV +RSNLQV 8QLYHUVLW\� 86$�� ³«WKH UHIHUHH IRXQG LQWHUHVWLQJ

UHVXOWV LQ \RXU PDQXVFULSW«´ DQG RIIHUHG WR FRQWLQXH ZRUN� /DUJH GHVLUH WR XQ�

GHUVWDQG DOO D PDWHULDO LQ ZKROH KDYH H[SUHVVHG WKH VFLHQWLVWV� SURI� (�0� 0RVNDO

�8QLY� RI :DWHUORR� &DQDGD�� SURI� 0� 0LJQRWWH �8QLY� /�3DVWHXU� )UDQFH�� SURI�

9�6� 9DUDGDUDMDQ �8QLY� RI &DOLIRUQLD� 86$�� SURI� )UDQFR 7ULFHUUL �,WDOLD�� SURI�

+� :LOI �8QLY� RI 3HQV\OYDQLD� 86$�� SURI� 7DNDVL 1DJDKDUD �2ND\DPD 8QLYHU�

VLW\� -DSDQ� DQG RWKHUV�

)URP WKH 5XVVLDQ VFLHQWLVWV PRVW FDUHIXOO\ PDWHULDO VWXGLHG SURI�

$�9� &KHUQLDYVNL� SURI� 1�'� 9RURELHY� SURI� 0�)� &DOLDJLQ� SURI�

9�*� 6LFKHQNR� 7KH ODVW WZR DUH WKH RIILFLDO UHYLHZHUV RI WKH JLYHQ PRQRJUDSK\�

$ SDUW RI WKH QRWHV� PDGH E\ WKHP� WKH DXWKRU KDV WDNHQ LQWR DFFRXQW DW ILQDO

SUHSDUDWLRQ RI WKH PDQXVFULSW IRU SULQWLQJ�

,Q ���� , KDYH YLVLWHG ,QVWLWXWH RI PDWKHPDWLFV LQ 6WUDVERXUJ E\ WKH LQYLWD�

WLRQ RI WKH GLUHFWRU SURI� 0� 0LJQRWWH� DQG SHU ���� ZDV LQYLWHG WR DQ ,QWHUQD�

WLRQDO &RQJUHVV RI PDWKHPDWLFLDQV �,&0 ���� ZKLFK SDVVHG LQ =XULFK

�6ZLW]HUODQG�� +DV UHFHLYHG WKH SHUVRQDO LQYLWDWLRQV IURP WKH 3UHVLGHQW RI D &RQ�

JUHVV RI WKH SURIHVVRU +� &DUQDO � 8QLY� 2I %HUQH DQG WHUP RI 2UJDQL]DWLRQDO

&RPPLWWHH RI D &RQJUHVV RI WKH SURIHVVRU (UZLQ %ROWKDXVHQ � 8QLY� 2I =XULFK�

&HUWDLQO\� DOO WKLV KDV VSHG XS ZULWLQJ WKH PRQRJUDSK\� , VKDOO QRWLFH� WKDW DOUHDG\
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DIWHU WKH SXEOLFDWLRQ LQ ���� LQ D PDJD]LQH ³7KH F\EHUQHWLFV´ RI WKH ILUVW IUDJPHQW

KDV DULVHQ QHFHVVLW\ RI PRUH GHWDLOHG LOOXPLQDWLRQ RI D PDWHULDO�

$W ILUVW ZDV GHFLGHG WR ZULWH WKH PDQXVFULSW LQ FRQYHQWLRQDO PDWKHPDWLFDO

VW\OH� E\ H[SODLQLQJ D PDWHULDO IURP PRUH PDWXUH SRVLWLRQV� FDUHIXOO\ E\ SURFHVV�

LQJ LW� +RZHYHU� VRRQ LW KDV EHFRPH REYLRXV WKDW WR EH JXLGHG LW LV QHFHVVDU\ RQ D

ZLGH FLUFOH RI WKH UHDGHUV LQWHUHVWHG E\ PDWKHPDWLFV� DV LQ WKH ERRN WKH IRXQGD�

WLRQV RI PDWKHPDWLFV DUH DIIHFWHG� 7KH DFFRXQW VKRXOG EH DYDLODEOLV DQG QRQVWDQ�

GDUW� ,W KDV XSGDWHG WKH SXUSRVH RI WKH ERRN� WR ZDNH LQ WKH UHDGHU GHVLUH RI

FUHDWLYLW\� IRU ZKDW LW ZDV UHTXLUHG HDFK FKDSWHU WR FRPSOHWH E\ SUREOHPDWLF DE�

VWUDFW� $QG ZKHWKHU LW LV XQLPSRUWDQW WKH UHDGHU ZLOO HQJDJH LQ VHULRXV VFLHQWLILF

ZRUN RQ WKLV RU WKDW SUREOHP RU VLPSOH ZLOO H[HFXWH DPDWHXULVK H[HUFLVH WLOO

PDWKHPDWLFLDQ� 3ULQFLSDO� SURFHVV RI FUHDWLYLW\ XQGRXEWHGO\ ZLOO EULQJ VXIILFLQJ«

&RQFHUQLQJ D FRQWHQW� , VKDOO QRWLFH� WKDW WKH VSHFWUXP RI SUREOHPV� DI�

IHFWHG LQ WKH ERRN� LV UDWKHU H[WHQVLYH� VLQFH DQ D[LRPDWLFV RI QXPEHUV RI D QHZ

QDWXUH �∆ �QXPEHUV� DQG ILQLVKLQJ ω � UHIOHFWLRQV RI WKH ZKROH VHFWLRQV RI PDWKH�

PDWLFV� 1DWXUDOO\� DUH SRVVLEOH ERWK ORFDO� DQG JOREDO REMHFWLRQV DQG YDULDQFHV

ZLWK D SRVLWLRQ RI WKH DXWKRU� +RZHYHU� ³7KH WUXH ± GDXJKWHU RI WLPH´ �³7HPSRULV

ILOLD YHULWDV ´� LV NQRZQ�

&RQVWDQWLQ 5XEWVRY�
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,Q /� (XOHU LQ WKH OHWWHU WR G
$OHPEHUW VWDWHG� WKDW OQQ KDV LQGHILQLWHO\

PDQ\ YDOXHV� ZKLFK HYHU\RQH DUH FRPSOH[ QXPEHUV� EHKLQG DQ HOLPLQDWLRQ RI D

FDVH� ZKHQ Q > � � WKHQ RQH RI YDOXHV LV UHDO� %XW WKH G
$OHPEHUW XS WR DQ H[WUHP�

LW\ RI WKH OLIH �KH� DV ZHOO DV /� (XOHU� KDV GLHG LQ ����� KDV QRW DJUHHG ZLWK WKLV

VWDWHPHQW� DVVXPH� WKDW ( )OQ − =� �

( ) ( ) ( )− =
−


 ⇒ − = + − − ⇒�

�

�
� � �OQ OQ OQ

( ) ( ) ( ) )⇒ ⋅ − = + = ⇒ − =� � � � � �OQ OQ OQ �

7KLV GLVSXWH LV FRQVLGHUHG FRPSOHWHG IRU WKH EHQHILW RI WKH (XOHU� +RZHYHU� «

« ,Q DQ RXWFRPH RI D UHVHDUFK RI DQ RSHUDWLRQ ³HDVLHU´ WKDQ DGGLWLRQ WKH

H[WHQVLRQ RI D ILHOG 5 UHDO QXPEHUV >��� ��� ��@ LV REWDLQHG� $FWXDOO\� UHDOL]LQJ

UHIOHFWLRQ RI D ILHOG 5 FRQFHUQLQJ ³LPSURSHU´ QXPEHU ( )− ∞ �QHJDWLYH ³DFWXDO´

LQILQLW\�� WKH UHIOH[LYH LPDJH RI D ILHOG 5 � GHVLJQDWHG DV �∆ − ILHOG RI QXPEHUV RI

D QHZ QDWXUH �∆ �QXPEHUV�� LV JHQHUDWHG� ,Q WKH ERRN WKH EULHI H[SRVLWLRQ RI D VHW

∆ �QXPEHUV LV JLYHQ DQG LV VKRZQ� WKDW ( )∆D D
N N= − � ZKHUH ( )D N� ∈5 �

N ≠ �� DQG ( )OQ − =� �∆ DQG ( ) ( )� � � �⋅ − = + =OQ OQ � �7R G
$OHPEHUW� WR

VRPH H[WHQW� ZDV ULJKW�� «

%\ HQWHULQJ UHSUHVHQWDWLRQ DERXW ω�VSDFHV DQG ω�UHIOHFWLRQV RI PDWKH�

PDWLFDO REMHFWV� WKH DXWKRU KDV UHFHLYHG D ORW RI PDWKHPDWLFDO REMHFWV RI D QHZ

QDWXUH �0211�� ,Q WKH ERRN VRPH RXWFRPHV RI WKLV UHVHDUFK DUH UHGXFHG RQO\� ,Q

D IXQGDPHQWDO SULQFLSOH LW WKHUH ZDV DQ DWWHPSW WR V\QWKHVL]H PHWKRGV RI REMHFW�

RULHQWHG SURJUDPPLQJ DQG DQDORJLHV� ,Q WKH WRWDO WKH FRPPRQ VFKHPH RI H[SRVL�

WLRQ RI QHZ REMHFWV LV JHQHUDWHG� $QG� DV D LQGLYLGXDO H[DPSOH RI WKLV VFKHPH� LQ

WKH ERRN WKH VHSDUDWH IUDJPHQWV RI PRGHOOLQJ 0211 DUH UHSUHVHQWHG�

5HVHDUFK DQG WKH GHYHORSPHQW 0211 LV UHDOL]HG DW WKUHH DGMDFHQW OHYHOV�

D� LPPHGLDWH VWXG\ 0211 IRU LQWHULRU GHYHORSPHQW RI PDWKHPDWLFV DQG

UDWLRQDOL]DWLRQ RI D VROXWLRQ VRPH LW RI WKH WDVNV�

E� VXSSRUW RI WKH ILUVW OHYHO ZLWK WKH SXUSRVHV RI WKH H[WHQVLRQ RI DUHDV RI

� 7KH VXSSRUWHUV RQO\ RI ³SRWHQWLDO´ LQILQLW\ VKRXOG UHFROOHFW� ZKDW VWLOO 1HZWRQ GLG QRW UHFRJ�

QL]H QHJDWLYH QXPEHUV DQG� QDWXUDOO\� GLG QRW FRQVLGHU ]HUR DV QXPEHU� DV� WLOO LW WR WKH HVWLPD�

WLRQ� ³QXPEHU� D UDWLR RI RQH PDJQLWXGH WR RWKHU WKDW VRUWV DFFHSWHG IRU XQLW´� DQG /HLEQLW]

VXSSRVHG� WKDW ³WKH UDWLRV� LQ ZKLFK SUHYLRXV RU VXFFHHGHQW OHVV WKDQ ]HUR DUH QRW WUXH� ´

,Q WKH SUHVHQW ERRN ( )−∞ LV LQWURGXFHG DV D LQWHUVHFWLRQ RI VHWV
�∆ DQG 5 �

{ }�∆ �5 = − ∞ �
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DGPLVVLEOH YDOXHV RI IXQFWLRQV�

F� UHVHDUFK RI SRVVLELOLWLHV RI D QHZ PHWKRG FDOOHG UHIOH[LYH LQ D SODQH RI

GHULYLQJ RI FRQFUHWH SUDFWLFDO RXWFRPHV E\ PRGHUQL]LQJ RI NQRZQ PHWKRGV RI

VHDUFKLQJ RI RSWLPXP VROXWLRQV�

)URP 0211 LQ ZRUN WKH PDWKHPDWLFDO VSDFHV� RSHUDWLRQ� QXPEHU� IXQF�

WLRQV� GHULYDWLYHV� LQWHJUDOV DQG VRPH RWKHU DUH FLUFXPVFULEHG� $OO RI WKHP KDYH

JURZQ RXW RI HOHPHQWDU\ ω�UHIOHFWLRQV ZLWK DQ H[SRQHQWLDO IXQFWLRQ RI FRQQHF�

WLRQ�
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� ���� ,QWURGXFWRU\ QRWHV

0DWKHPDWLFDO VSDFH LQ WKH JLYHQ ZRUN LV XQGHUVWRRG DV DOO VHW RI PDWKH�

PDWLFDO REMHFWV� FRQQHFWLRQV DQG UDWLRV EHWZHHQ WKHP� )RU H[DPSOH� LI ω� LV D

ZHOO�NQRZQ PDWKHPDWLFDO VSDFH� �
�

ω = ℑ
=
�
N

Q

N � ZKHUH ℑ −N YDULRXV VHFWLRQV RI

PDWKHPDWLFV FRQWDLQLQJ� LQ WXUQ� ILQDO RU LQILQLWH D VHW RI PDWKHPDWLFDO REMHFWV�

1RW RQO\ VHSDUDWH REMHFWV� UDWLR EHWZHHQ WKHP DQG GLIIHUHQW EORFNV� IURP REMHFWV

DQG UDWLRV DV WKH IRUPXODV� WKHRUHPV� PDWKHPDWLFDO UHFHSWLRQV� EXW DOVR DOO LQ WKH

ZKROH PDWKHPDWLFDO VSDFH ω� �RU RWKHU VSDFH M
S

P

Sω = ℑ
=
�
�

�� FRQVLVWLQJ IURP
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FRUGLQJO\ VHW RI HYHU\ SRVVLEOH IXQFWLRQV ( )8 � GHULYDWLYHV
Q

Q
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∂
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


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


 � LQWHJUDOV

8 L
U

G[∫ �� DQG RWKHU PDWKHPDWLFDO REMHFWV� UDWLRV DQG EORFNV� LV JOREDO PDWKH�

PDWLFDO REMHFW� ,W LV QDWXUDO� WKDW� LQ WKLV FDVH� LW LV H[SHGLHQW WR LQYHVWLJDWH D

VSHFWUXP RI HQFORVXUHV RI VHWV RI REMHFWV DQG WR GHVFULEH WKHLU KLHUDUFK\� +RZ�

HYHU� ZLWK WKH SXUSRVH RI VLPSOLILFDWLRQ RI DQ DFFRXQW LQ ZRUN WKLV SUREOHP LV QRW

FRQVLGHUHG� $W ODVW� HOHPHQWDU\ DUH WDNHQ RQO\ IURP DOO UDWLRV� L�H� WKH DOJHEUDLF

RSHUDWLRQV� RSHUDQGV DQG ZKLFK RXWFRPHV DUH LQFOXGHG LQWR WKH VDPH VHW� 6RPH

DOJHEUDLF RSHUDWLRQV RI D QHZ QDWXUH DV FRPSRQHQWV RI LQILQLWH RI D VHW RI DOJH�

EUDLF RSHUDWLRQV DUH FRQVLGHUHG EHORZ� ([DPSOHV VXFK DUH δ �RSHUDWLRQV IRUPLQJ

� $V WKH EORFN ZH VKDOO QDPH ORJLFDOO\ FRQQHFWHG ILQDO �FRPSDFW VHW� RU LQILQLWH �DUHD� D VHW RI

SODQWV DQG UDWLRV�
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LQILQLWH D VHW ∆Q − RI RSHUDWLRQV HDVLHU RI DGGLWLRQ� DQG DOVR VHW RI UHIOH[LYH RS�

HUDWLRQV JHQHUDWHG RQ D VHW RI IXQFWLRQV� XQGHUO\LQJ ω�UHIOHFWLRQ� ,Q WKH SUHVHQW

ZRUN WZR UHIOH[LYH RSHUDWLRQV REWDLQHG EHFDXVH RI DQ H[SRQHQWLDO IXQFWLRQ

ω�UHIOHFWLRQ DUH LQYHVWLJDWHG RQO\�

� ��� &RQFHSWV ω�UHIOHFWLRQV

7KH ZRUOG� HQFORVLQJ XV� FRQVLVWV RI REMHFWV GHVFULEHG E\ SURSHUWLHV� ZKLFK

DOORZ WR GLVWLQJXLVK RQH REMHFW IURP RWKHUV�

7KH SURSHUWLHV RI REMHFWV FDQ EH VXEGLYLGHG RQ WZR DVSHFWV�

�� ,QWHULRU � FRQQHFWHG ZLWK D VWUXFWXUH RI REMHFW�

�� ([WHULRU � GLILQLHQGXPV D VWUXFWXUH RI RWKHU REMHFW� ZKLFK FRQVWLWXHQW LV

JLYHQ�

,Q JOREDO XQGHUVWDQGLQJ RI WKH HVVHQFH RI REMHFW RI LWV SURSHUW\ WRR DUH HOH�

PHQWDU\ REMHFWV�

,Q WKH UHDO ZRUOG ZH GHDO ZLWK REMHFWV KDYLQJ LQILQLWH QXPEHU RI SURSHUWLHV�

)RU ZRUN ZLWK WKHVH REMHFWV LW LV HQRXJK WR EH OLPLWHG RQO\ WR GRPLQDWLQJ SURSHU�

WLHV� L�H� ZKDW LQWHUHVW XV RU UHQGHU LQIOXHQFH WR SURSHUWLHV� LQWHUHVWLQJ IRU XV� 7KH

SDVVDJH IURP REMHFW ZLWK LQILQLWH QXPEHU RI SURSHUWLHV WR REMHFW ZLWK D ILQDO

SDFNDJH RI SURSHUWLHV LV WKXV HQVXUHG� /HW
V PDUN� WKDW VXFK UHSODFHPHQW LV QRW

QHFHVVDU\ PHDQV DSSUR[LPDWLRQ� LW LV SRVVLEOH WR UHDOL]H DEVROXWHO\ H[DFW� UH�

SODFHPHQW� RSHUDWLQJ ZLWK D ILQLWH QXPEHU RI SURSHUWLHV�

/HW
V H[SODLQ HDUOLHU WROG LQ IROORZLQJ VLPSOHV WKHRUHPV�� )RU WKH JUHDWHU

FOHDUQHVV RI WKH GHILQLWLRQV WKH FRQFHSW RI WKH REVHUYHU LV LQWURGXFHG� 7KH RE�

VHUYHU LV D ³DEVWUDFW´ REMHFW �PRUH RIWHQ LQ LW RI D UROH WKH PDQ DSSHDUV�� REVHUY�

DEOH �UHVHDUFKHG� QRW LQFOXGHG LQ D SURSHUW\� 7KH REVHUYHU SHUFHLYHV REVHUYDEOH

REMHFW� EXW DQ\ LQIOXHQFH WR LWV SURSHUWLHV GRHV QRW UHQGHU�

7KH WKHRUHP �� ,I WZR REMHFWV KDYH D ILQLWH QXPEHU RI LGHQWLFDO LQWHULRU

DQG H[WHULRU SURSHUWLHV� WKHVH REMHFWV DUH QRW WKDQ RWKHU� DV WKH VDPH REMHFW�

7KH WKHRUHP �� ,I RQH REMHFW FRPSULVHV DQRWKHU� WKH REVHUYHU LQWHUHVWHG E\

LQWHULRU SURSHUWLHV RI WKH VHFRQG �ILUPZDUH� REMHFW� FDQ QRW SD\ DWWHQWLRQ WR H[LV�

WHQFH RI WKH ILUVW REMHFW�

� 7KH SURRIV RI WKHVH LVRODWHG WKHRUHPV LQ WKH SUHVHQW ERRN DUH DEVHQW� ,W LV VXSSRVHG WR UHGXFH

WKHP LQ WKH FRPPRQ WKHRU\ RI REMHFWV� 7KH LQGH[LQJ RI WKH LQWURGXFWRU\ WKHRUHPV GRHV QRW

FRUUHVSRQG WR XQLIRUP LQGH[LQJ RI WKH WKHRUHPV RI WKH ERRN�
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2EVHUYHU

2EMHFW �

2EMHFW �

7KH WKHRUHP �� ,I WKHUH DUH WZR REMHFWV ZLWK LGHQWLFDO LQWHULRU SURSHUWLHV

ORFDWHG LQVLGH WKLUG� WKH\ KDYH YDULRXV H[WHULRU SURSHUWLHV� �,I WKH H[WHULRU SURSHU�

WLHV FRLQFLGH� DFFRUGLQJ WR WKH WKHRUHP � LW LV WKH VDPH REMHFW��

2EVHUYHU

2EMHFW �

2EMHFW �

2EMHFW �

)URP UHGXFHG FOHDUO\� WKDW WKH REVHUYHU ZLOO QRW UHPDUN D GLIIHUHQFH EH�

WZHHQ REMHFWV � DQG �� DV LW LV LQWHUHVWHG LQ WKHLU LQWHULRU SURSHUWLHV�

2EMHFW �

2EVHUYHU2EMHFW �

2EMHFW �

7KH REVHUYHU� EHLQJ LQWHUHVWHG LQWHULRU SURSHUWLHV RI REMHFWV � DQG �� RE�

VHUYHV DOVR H[WHULRU SURSHUWLHV RI WKHVH REMHFWV FRQFHUQLQJ REMHFW �� LW ZLOO VHH

GLVWLQFWLRQ �RQ H[WHULRU SURSHUWLHV� EHWZHHQ WKHP�

7KH LQWHUHVWLQJ HIIHFW FDQ EH UHFHLYHG LI WR REVHUYH REMHFW � RI REMHFW �� L�H�

WR UHIOHFWLRQ REMHFW � LQ REMHFW � LQ YLHZ RI GLIIHUHQFHV LQ H[WHULRU SURSHUWLHV�

7KH WKHRUHP �� ,I WKH REMHFWV � DQG � KDYH LGHQWLFDO LQWHULRU SURSHUWLHV� EXW

YDULRXV H[WHULRU� FRQFHUQLQJ WKH REVHUYHU IURP REMHFW RI � LQWHULRU SURSHUW\ RI

REMHFWV � DQG � DUH YDULRXV�
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2EVHUYHU

2EMHFW �

2EMHFW �

2EMHFW �

7KH WKHRUHP �� )RU REVHUYDWLRQ RI REMHFW � RI REMHFW � ZLWK LGHQWLFDO LQWH�

ULRU SURSHUWLHV� WDNLQJ LQWR DFFRXQW GLIIHUHQFHV LQ H[WHULRU SURSHUWLHV FRQFHUQLQJ

REMHFW �� LW LV HQRXJK WR NQRZ GLIIHUHQFH RI RQH LQWHULRU SURSHUW\ RI REMHFW � IURP

D VLPLODU REVHUYDEOH SURSHUW\ RI REMHFW �� $OO UHPDLQLQJ GLVSOD\HG LQWHULRU SURS�

HUWLHV FDQ EH UHFHLYHG IURP WKLV GLIIHUHQFH�

2EMHFW �

2EVHUYHU2EMHFW � 2EMHFW �

+HUH LW LV QHFHVVDU\ WR QRWLFH UHVWULFWLRQ RQ WKH WKHRUHP �� &RPSOHWHO\ WR

UHIOHFWLRQ REMHFW � LQ REMHFW � LW LV SRVVLEOH RQO\ LQ WKH HYHQW WKDW DOO UHIOHFWLRQV

LQWHULRU SURSHUWLHV RI REMHFW � DUH DYDLODEOH LQ LQWHULRU SURSHUWLHV RI REMHFW �� ,Q

UHPDLQLQJ FDVHV ZH FDQ VSHDN DERXW UHIOHFWLRQ RI VHSDUDWH SURSHUWLHV�

7KH WKHRUHP �� ,I WZR REMHFWV KDYH LGHQWLFDO LQWHULRU SURSHUWLHV� EXW YDUL�

RXV H[WHULRU DQG DW UHIOHFWLRQ RI WKH VHFRQG REMHFW LQ ILUVW DQ\ PLUURU SURSHUW\ RI

REMHFW � FRLQFLGHV ZLWK DQ\ SURSHUW\ RI REMHFW �� DOVR UHPDLQLQJ PLUURUV SURSHU�

WLHV DUH DYDLODEOH LQ REMHFW ��

7KH DERYH PHQWLRQHG WKHRUHPV ZHUH E\ D EDVLV DW VKDSLQJ WKHRUHWLFDO EDVLV

ω � UHIOHFWLRQ� /HW
V PDNH VRPH DYDLODEOH H[SODQDWLRQV� 7KH PHWKRG

ω�UHIOHFWLRQV RI DQ\ REMHFWV �PDWHULDO DQG DEVWUDFW� LV D V\VWHP RI RSHUDWLRQV

RI VHSDUDWLRQ RI SURSHUWLHV �IXQFWLRQV� RI REMHFWV DQG WUDQVIRUPDWLRQ RI WKHVH

REMHFWV LQ DQ RXWFRPH RI D PRGLILFDWLRQ RI WKHVH SURSHUWLHV �IXQFWLRQV��

2UE RI DSSOLFDWLRQ RI WKH DERYH�VWDWHG PHWKRG DUH DOO JOREDO VSDFH

�PDWHULDO DQG DEVWUDFW�� XQGHUVWRRG DV LQILQLWH D VHW RI REMHFWV DQG FRQQHFWLRQV

EHWZHHQ WKHP�

*OREDO DVVLJQLQJ RI D PHWKRG ω�UHIOHFWLRQ WKLV VHOHFWLYH VHSDUDWLRQ DQG

PRGLILFDWLRQ RI IXQFWLRQV GHVFULELQJ DQ\ REMHFW� 7KHUHIRUH WKH LGHQWLILFDWLRQ RI
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REMHFW DQG LW WUDQVIRUPDWLRQ LV UHDOL]HG� 7KH PHWKRG ω�UHIOHFWLRQV LV D PRVW

NQRZQ PRGH RI LQWHUDFWLRQ RI ³REVHUYHU´ DQG ³REMHFW´�

3DVVLQJ WR WKH PDWKHPDWLFDO LQWHUSUHWDWLRQ RI D PHWKRG ω�UHIOHFWLRQV� ZH

VKDOO IRUPXODWH GRPLQDWLQJ SRVWXODWHV RI WKH PDWKHPDWLFDO FRQFHSW

ω�UHIOHFWLRQV�

± LQ VLPLODU RQ D VWUXFWXUH DEVWUDFW PDWKHPDWLFDO ω�VSDFHV WKH UHIOHFWLRQV

RI REMHFWV DUH DGPLVVLEOH RQH�WR�RQH�

± WKH RSHUDWLRQ RI UHIOHFWLRQ IURP RQH VSDFH LQ DQRWKHU UHGXFHV LQ WUDQVIRU�

PDWLRQ RI REMHFW LQ WKH FRUUHVSRQGHQFH ZLWK VRPH IXQFWLRQ RI FRQQHFWLRQ�

± H[LVW LQILQLWH VSHFWUD ω� LPDJHV RI PDWKHPDWLFDO REMHFWV�

/HW
V H[SODLQ LW RQ DQ DFWXDO PDWHULDO�

/HW DOO NQRZQ PDWKHPDWLFDO REMHFWV �QXPEHU� IXQFWLRQV� IXQFWLRQDOV� GH�

ULYDWLYHV� LQWHJUDOV HWF�� EHORQJ WR VSDFH �ω � $V ERWK REMHFWV DQG FRQQHFWLRQV

EHWZHHQ WKHP LW LV SRVVLEOH WR DUUDQJH RQ DSSURSULDWH OHYHOV �IRU H[DPSOH� RSHUD�

WLRQ RI PXOWLSOLFDWLRQ WR FRXQW WKH DGGLWLRQV DUH KLJKHU DQ RUGHU� DQG WKH H[SR�

QHQWDWLRQ DFFRUGLQJO\ LV KLJKHU WKDQ PXOWLSOLFDWLRQ�� WKDW� XVLQJ FRQGLWLRQDOLW\ DQG

UHODWLYLW\ RI DQ\ KLHUDUFK\� LQVWHDG RI �ω ZH VKDOO HQWHU FRQFHSW RI VRPH DEVWUDFW

VSDFH �ω � ,W LV LGHQWLFDO �ω RQ DQ LQWHULRU VWUXFWXUH� L�H� ³REVHUYHU´ ZHUH LQ

�ω � ZLOO QRW UHPDUN DQ\ GLIIHUHQFHV IURP �ω � +RZHYHU� DOO REMHFWV DQG FRQQHF�

WLRQV EHWZHHQ WKHP DUH WUDQVIRUPHG DW UHIOHFWLRQ WKHP IURP �ω LQ �ω � WKDW XQ�

GHUOLQHV GLVWLQFWLRQ RI WKHVH VSDFHV� GHVSLWH RI LQWHULRU DQDORJ\� /HW IXQFWLRQ RI
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F
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( )( ) ( )α α+ + = + +∆ ∆D E D E � ( )( ) ( ) ( )α α+ + = + + =∆ ∆ ∆ ∆D E D E

= + +α D E � ( ) ( )∆ ∆ ∆ ∆D E D E D E+ + = + + = + +α α α �

1RWH �� ,I E\ WZR ELQDU\ RSHUDWLRQV WR FRQVLGHU RSHUDWLRQ RI DQ RUGHU ]HUR

DQG DGGLWLRQ �L�H� WR UHGXFH D FRQYHQWLRQDO RUGHU RI RSHUDWLRQV RI DGGLWLRQ DQG

PXOWLSOLFDWLRQ RQ ��� WKH VHW ∆� LV D ULQJ LQ WKH QHZ LQWHUSUHWDWLRQ ODVW� 0RUHRYHU�

∆� LV DOJHEUD DERYH D ILHOG RI UHDO QXPEHUV 5 LQ YLHZ RI ORZHULQJ DERXW RSHUD�

WLRQV DFFRUGLQJO\ RQ �� ∆� ± WKH ULQJ LV DVVRFLDWLYH�FRPPXWDWLYH� &HUWDLQO\� LW LV

H[SHGLHQW WR QRW VHSDUDWH ∆� IURP 5 � DV LW DQG LV PDGH LQ WKH SUHVHQW WH[W

( )5 5� �= ∆ � � DQG WR FRQVLGHU ∆ �QXPEHUV DV UHDO� EXW SRVVHVVLQJ WKH VSHFL�

ILW\ �DV IUDFWLRQDO RU QHJDWLYH LQ UHODWLRQ WR ZKROH DQG SRVLWLYH��

1RWH �� &RQFHUQLQJ �]HUR� IRU ∆ �QXPEHUV LW LV SRVVLEOH WR QRWH�

∆ ∆D D+ =� �FRPSDUH D D+ =� �� ( )− ∞ =$D D � L�H� DW D ∈5� WKH UHODWLRQV

D D+ =� DQG ( )− ∞ =$D D DUH IDLU�

��� )RU DQ\RQH
V ∆ ∆ ∆D E� ∈ � WKH XQLTXH QXPEHU ∆ ∆D E⋅ � FDOOHG E\ D

SURGXFW RI QXPEHUV ∆D DQG ∆E � ∆ ∆ ∆ ∆D E E D⋅ ≠ ⋅ LV GHILQHG� $QG�

( )∆D E D E⋅ = ⋅ ( )E∈1� � ( ) ( ) ( )∆ ∆ ∆D E D E D E⋅ = ⋅ = ⋅ ( ) ( )∆ ∆D E D E⋅ = ⋅
( )E∈1� � ( ) ( )D E D E⋅ = ⋅∆ ∆ � ( )( )∆ ∆ ∆ ∆D E D E⋅ = ⋅ �
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� �

� ( ) ( )L
L

Q

L
L

Q

& &D D⋅ = ⋅
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1RWH �� 7KH DSSDUHQW FRPPXWDELOLW\ RI PXOWLSOLFDWLRQ ∆ �QXPEHUV LV IDOVH�
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( ) ( ){ }∆ ∆ ∆ ∆ ∆D E D E D E D E⋅ = ⋅ = ⋅ ⋅� �

( ) ( ){ }∆ ∆ ∆ ∆ ∆E D E D E D E D⋅ = ⋅ = ⋅ ⋅� �

7KH UHDVRQ RI D SDUDGR[ WKDW LQ WKH ILUVW FDVH DQ RXWFRPH GHSHQGV RQ SDULW\

RI QXPEHU E � DQG LQ WKH VHFRQG FDVH � IURP SDULW\ RI QXPEHU D �

��� )RU DQ\RQH ∆ ∆D ∈ � WKHUH LV XQLW ( )∆ ∆D D⋅ =� � L�H� IRU DQ\ QXPEHU

D ∈5� WKHUH LV XQLW ( )D D⋅ =� �

��� )RU DQ\RQH D ∈5�� { }D ≠ � ��∆ WKHUH LV E ∈5� VXFK� WKDW

D E⋅ = ��

��� )RU DQ\RQH
V D E F� � ∈5� KDV D SODFH D UHODWLRQ ( ) ( )D E F D E F⋅ ⋅ = ⋅ ⋅
�DVVRFLDWLYLW\ RI PXOWLSOLFDWLRQ��

1RWH �� /HW
V UHPDUN� WKDW
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IRU DQ\RQHV

��� )RU ( )D E� ∈5 WKH HTXDOLWLHV ( )∆E E
D D= − � ( )ORJ − ∈D �∆ � DQG

( )∆ ORJ ORJD D∈ − � DQG ( )∆� � ∈ORJL WDNH SODFH� 7KH IRUPXOD

( )∆E E
D D= − KDV D GHHS VHQVH �E\ DQDORJ\ ( )− =E E

D D� � ZKHUH ( )D E� ∈ +5 �

��� )RU DQ\RQH
V ∆ ∆ ∆D E� ∈ � DQG α ∈5 KDV D SODFH D UHODWLRQ

( )α α α+ + = ⋅ + ⋅∆ ∆ ∆ ∆D E D E �
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1RWH �� 7KH D[LRP �� ZLOO EH FRRUGLQDWHG ZLWK WKH SUHYLRXV D[LRPV�

( ) ( )α α⋅ + = ⋅ +∆ ∆D E D E � ( ) ( )α α α α⋅ + ⋅ = ⋅ + ⋅ =∆ ∆ ∆ ∆D E D E

( )= ⋅ + ⋅ = ⋅ +α α αD E D E �

1RWH ��D� /HW
V FRQVLGHU WKH IROORZLQJ SDUDGR[� ∆�
� ��= − DQG

( ) ( ) ( )∆ ∆ ∆ ∆� � � �
� � � � � � � ��= = ⋅ = − ⋅ − = +⋅ � 7KH HVVHQFH RI D SDUDGR[

FRQVLVWV LQ g_dhffmlZlb\ghklb RI RSHUDWLRQ RI PXOWLSOLFDWLRQ RQ D VHW

∆ −QXPEHUV� 5HDOO\� WDNLQJ WKH ORJDULWKP� ZH VKDOO UHFHLYH

( ) ( )( ) ( )ORJ ORJ ORJ ORJ
∆ ∆ ∆�

� � � � � � � �⋅ = ⋅ ⋅ = + ⋅ ≠

( ) ( )≠ ⋅ + ⋅ORJ ORJ� � � �∆ ∆ �

7KLV H[SUHVVLRQ D VSHFLDO FDVH RI WKH IRUPXOD�

( ) ( ) ( )D E F D F E F+ ⋅ ≠ ⋅ + ⋅∆ ∆ ∆
/HW
V FRQVLGHU GHULYLQJ WKLV DVVRFLDWLRQ IRU UHDO QXPEHUV� 5HDOO\� LI

( )D E F� � ∈5 DQG ( )D E F� � ∈= �

( ) ( ) ( ) ( )D E F D E D E D E D F E F

F

+ ⋅ = + + + + + + = ⋅ + ⋅�
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DQG ( )∆ ∆ ∆ ∆ ∆ ∆F D E F F F F D F E

D E

⋅ + = + + + = ⋅ + ⋅
+
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��� ����

� ( )∆F D E⋅ + =

= ⋅ + ⋅∆ ∆F D F E � +RZHYHU� E\ YLUWXH RI QRQFRPPXWDWLYH RI PXOWLSOLFDWLRQ �VLQFH

F DQG ( )D E+ − QXPEHU RI UHFXUULQJV EHLQJ UHDO QXPEHUV�

( ) ( ) ( )D E F D F E F+ ⋅ ≠ ⋅ + ⋅∆ ∆ ∆ �

1RWH ��E� /HW
V FRQVLGHU D SDUDGR[�

( ) ( ) ( ) ( )∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆D E F D E F D F E F D F E F D F E F+ ⋅ = + ⋅ = ⋅ + ⋅ = ⋅ + ⋅ = ⋅ + ⋅ =
( )= + ⋅D E F � :KHQFH IROORZV ∆F F= � (VVHQFH RI D SDUDGR[ LQ WKDW� DV LQ WKH

QRWH ��D�

&RUROODULHV IURP D[LRPV

��� )RU WZR QXPEHUV D E� ∈5� WKHUH LV RQH QXPEHU [ ∈5� VXFK� WKDW

D [ E$ = DQG LQ FDVH D E− ≠ � � D E− > � QXPEHU [ E D= ∆ �
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��� )RU RSHUDWLRQ �∆ � VRPH D[LRPV RI RSHUDWLRQ � $ � DUH IDLU� )RU H[DP�

SOH� ( ) ( ) ( )D E F D F E F∆ ∆+ = + + HWF�

6R� IRU WZR QXPEHUV D E� ∈5� WKHUH LV RQH QXPEHU [ ∈5� VXFK� WKDW

D [ E∆ = �

([DPSOH� /HW D [ E∆ = DQG E D> +�� 7KHQ ( )[ E= −∆ � � DV

( )( )D E E∆ ∆ − =� �

��� )RU DQ\RQH D ∈5� ZH KDYH ( )D D= − − � ,Q SDUWLFXODU� LI

D E= ∈∆ ∆� � ( ) ( )( )∆ ∆ ∆E E E= − − = − − �

��� )RU DQ\RQH
V D E F G� � � ∈5� E D G F− = − LV HTXLYDOHQW

D G E F+ = + �

��� )RU WZR QXPEHUV D E� ∈5� � ZKHUH { }D ≠ � ��∆ WKHUH LV XQLTXH

[ ∈5 VXFK� WKDW D [ E⋅ = � DQG� LQ FDVH D ∈1� � WKHUH LV DQ DGGLWLRQDO YDOXH

[ ∈∆� �

1RWH ��� 7KH GLYLVLRQ ∆ �QXPEHUV LV FDUULHG RXW RQ WKH IROORZLQJ IXQGD�

PHQWDOV�

D� ∀ ∈D E� 5 ( ){ }∆ ∆ ∆D E D E D E= � �

E� ∀ ∈D 5 DQG E ∉1� ( )∆ ∆ ∆D E D E D E= = �

:H VKDOO SURYH D�� ∆ ∆ ∆ ∆D E [ D [ E= ∈ ⇒ = ⋅5 � ,I [ ∈5 �

( ) ( )∆ ∆ ∆ ∆D [ E [ D E D E D E= ⋅ → = → = � ,I [ \= ∈∆ ∆�� \ ∈5 �

( )∆ ∆ ∆ ∆ ∆D \ E \ E= ⋅ = ⋅ � 7KH HTXDOLW\ LV IHDVLEOH� LI E ∈1� �

( )∆ ∆D \ E \ D E= ⋅ → = �

:H VKDOO SURYH E�� ( )∆ ∆ ∆ ∆ ∆ ∆D E ] D ] E ] E ] D E= → = ⋅ = ⋅ → = � LI

E ∈1�� L�H� ( )∆ ∆D E D E= � 6LPLODUO\ D E ] D∆ ∆= → =
( ) ( )( )= ⋅ = ⋅ = ⋅ = ⋅∆ ∆ ∆ ∆ ∆ ∆] E ] E ] E ] E � DW E ∈1�� L�H� ( )D E D E∆ ∆= �

��� )RU D ∈5� ZH KDYH
�

�
D

D= �

1RWH ��� /HW D E= ∈∆ ∆� � 7KHQ ( )� �∆ ∆E E= IRU E ∉1� �

( ) ( ) ( )� � � � � �∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆E [ [ E [ E [ E= ⇒ = ⋅ = ⋅ = ⋅ →
→ ⋅ =∆ ∆[ E� �� L�H� ∆ ∆ ∆[ E E= ⋅ =� IRU E ∈1�� L�H� � � ∆ ∆E E= �

��� )RU DQ\RQH
V ∆ ∆ ∆D E� ∈ � DQG { }∆ ∆ ∆F∈ � ��? �1
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1RWH ��� D�� ( ){ } {∆ ∆ ∆ ∆ ∆D F E F D F D F E F+ = +� � ( )} ( )∆ E F D E F= + �

VLQFH ( ) ( )∆ ∆D F E F D F E F+ = + �

,I ∆ ∆ ∆D E� ∈ � � DQG F∈5 � ( )∆ ∆D F E F D E F+ = + RQO\ DW F ≠ 1� �

VLQFH ( ) ( ) ( )∆ ∆ ∆ ∆D F E F D F E F D E F+ = + = + � ,V VLPLODU� LI D E� ∈5 �

DQG { }∆ ∆ ∆F∈ � ��? �1 � ( )∆ ∆D F E F D E F+ = + �

��� )RU DQ\RQH D ∈5� WKH HTXDOLW\ ( )− = − ⋅D D� LV IDLU�

��� )RU DQ\RQH
V D E� ∈5� WKH HTXDOLW\ ( ) ( )− ⋅ = − ⋅D E D E LV IXOILOOHG�

1RWH ��� /HW ∆ ∆ ∆D E� ∈ �� 7KHQ ( )− ⋅ =∆ ∆D E

( )( ) ( )( )= − ⋅ = − ⋅∆ ∆ ∆ ∆D E D E � ( ) ( ) ( )( )− ⋅ = − ⋅ = − ⋅ =∆ ∆ ∆ ∆ ∆ ∆D E D E D E

( )( )= − ⋅∆ ∆D E �

���� )RU D E F� � ∈5� DOO D[LRPV RI WKH RUGHU DQG FRUROODU\ IURP WKHP�

IRUPXODWHG IRU D E F� � ∈5 DUH IXOILOOHG�

���� $ SULQFLSOH RI D FRQWLQXLW\ 'HGHNLQG� /HW VHW 5� LV GLYLGHG LQWR WZR

FODVVHV .� DQG .� VR� WKDW� D� FODVVHV .� DQG .� DUH QRW HPSW\� E� HDFK QXP�

EHU D ∈5� FRQFHUQV RQO\ WR RQH FODVV� F� IURP D FRQGLWLRQ D .∈ � DQG E D<
IROORZV� WKDW E .∈ �� 7KHQ WKHUH LV D VROH QXPEHU V∈5� VXFK� WKDW DOO QXPEHUV

D ∈5�� VDWLVI\LQJ WR DQ LQHTXDOLW\ D D V= ′ < � EHORQJ .�� DQG DOO QXPEHUV VDW�

LVI\LQJ WR DQ LQHTXDOLW\ D D V= ′′ > � EHORQJ WR D FODVV .�� 7KH QXPEHU V LV

QDPHG DV D FXW RI D VHW 5� �

1RWH ��� ,Q WKH ZKROH VHW 5� KDV DQ DOJHEUDLF VWUXFWXUH RI D ILHOG

�FRPPXWDWLYH VNHZ ILHOG� DGMXVWHG IRU VSHFLILW\ RI D[LRPV�

1RWH ��� ,Q VXPPDU\ ZH VKDOO UHPDUN� WKDW D VHULHV RI VHQWHQFHV UHIHUUHG WR

D[LRPV DQG FRUROODULHV WKHP� DUH SURYHG IURP WKH DSSURSULDWH GHILQLWLRQV DQG

RWKHU D[LRPV�

� ��� ([SRQHQWDWLRQV ∆ �QXPEHUV

,W LV XQHDV\ WR SODFH UHJXODULWLHV DW D UHDOL]DWLRQ RI H[SRQHQWDWLRQ� /HW
V

FRQVLGHU WKH HOHPHQWDU\ FDVH� ZKHQ D DQG E −ZKROH SRVLWLYH QXPEHUV� 7KHQ

−E
D � IUDFWLRQDO� ∆E

D � QHJDWLYH QXPEHU HWF�� L�H� WKH RXWFRPH RI H[SRQHQWDWLRQ
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LV QXPEHU RQ D FODVV DERYH� WKDQ H[SRQHQW� 7KH PRUH GHWDLOHG LQIRUPDWLRQ FDQ EH

UHFHLYHG� DQDO\]LQJ VLWXDWLRQV ZLWK YDULRXV FODVVHV RI QXPEHUV D DQG E �
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( ) ( )∆E E
D D− = − ⋅ ∈� 5 �
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D D− −= ⋅� � E

D ∈1� HWF�

1RW VWRSSLQJ RQ D UHVHDUFK YDULRXV FDVHV��� QXPEHUV� FRQQHFWHG WR H[SR�

QHQWDWLRQ� ZH VKDOO PDNH VXFK FRQFOXVLRQ� WKH QHJDWLYH QXPEHU LQ D GHJUHH

∆ �QXPEHU LV D UHDO QXPEHU� DQG SRVLWLYH LQ D GHJUHH ∆ �QXPEHU LV D QHJDWLYH

QXPEHU �E\ DQDORJ\ ( )− = ∈E E
D D� = � DQG ( )− = ∈E E

ID D� 5 � L�H� RXWFRPH

IUDFWLRQDO QXPEHU� LI ( )D E� ∈= ��

7KH IXOO UHVHDUFK RI WKH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV JRHV RXW IRU

IUDPHZRUNV RI WKH SUHVHQW ERRN� +RZHYHU� DERYH PHQWLRQHG D[LRPDWLFV

∆ �QXPEHUV DQG WKHLU SURSHUWLHV DOORZ WR JHQHUDWH UHSUHVHQWDWLRQ DERXW WKLV H[WHQ�

VLRQ�

�� 6XFK UHVHDUFK LV VXEPLWWHG WR WKH UHDGHU WR GR LQGHSHQGHQWO\� LW VLPSO\ DQG LW LV HQRXJK IDVFL�

QDWLQJ� DV FRQWDLQV D VHULHV RI LQWHUHVWLQJ FRQFOXVLRQV DQG SDUDGR[LFDO RXWFRPHV �ODVW DULVH LQ

FDVH RI YLRODWLRQ RI UXOHV RI PXOWLSOLFDWLRQ ∆ −QXPEHUV DQG LQDFFXUDWH UHYHUVLRQ ZLWK WKHP��
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:H VKDOO EH OLPLWHG WR WZR VPDOO H[DPSOHV� ZKLFK ZLOO KHOS� WR VRPH H[WHQW

WR XQGHUVWDQG D UHDOLW\ ∆ �QXPEHUV�

([DPSOH �� 7R ILQG VROXWLRQV RI DQ HTXDWLRQ

� � �� � � � � �⋅ − ⋅ − ⋅ + =[ [ [
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( )[ = − + = + =
� �

� � ������� � �������� ��������ORJ ORJ � � �∆ ∆ �
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%\ FKHFN LW LV HDV\ WR EH FRQYLQFHG� WKDW DOO UDGLFDOV VDWLVI\ WR WKH HTXDWLRQ
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([DPSOH �Z� ( ) ( )( ) ( )( )( ) ( )� � � � � � � �
� � �

� � � �− = = = =
− ⋅ − + ⋅ + ⋅ORJ ORJ ∆

( )= = = −⋅∆ ∆� � �
� � � �

([DPSOH �[�
( ) { } { }�

� � � � � � �
� � � �

� � � � �= = = = = =
⋅ ∆ ∆� �$

{ }= − � �� � VLQFH � �
�$ ≡ � DQG � �

�∆ = − � �:H VKDOO UHPDUN� WKDW

E F EF
D D= � DV LI EF

D [= � E F

D

E
D

F
D [ D [ E= ⇒ = ⇒ =ORJ ORJ

( )= ⋅ ⇒ = ⇒ =
D D

E F[ F [ E F [ DORJ ORJ � VHH � �����



��

� ���� ([DPSOHV RI SURRIV LQ ω�V\PEROLFV

,Q WKH SUHVHQW SDUDJUDSK WKH H[DPSOHV RI VRPH SURRIV ZKLFK KDYH EHHQ FDU�

ULHG VSHQW LQ ω�V\PEROLFV� L�H� SURRIV RI OHPPDV DQG WKHRUHPV FRQQHFWHG ZLWK
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N

= VORJ �

/HW D E L
 � 
∈ω � 7KHQ WKHLU LPDJHV LQ Mω ZLOO EH DFFRUGLQJO\ F 
 DQG

G D F E G

M

L

M

L

 
 
 � 
 
→ →











ω

ω

ω

ω
� DQG WKH LPDJHV RI D SURGXFW S D E
 
 
= ⋅ DQG UHIOH[LYH SURGXFW

U D E
 
 
= 2 FDQ EH QRWHG VR�

( )S L D E ML M N N
 ? ? 
 
 
 
ω ω→ + ⋅















 −



�N �N

VORJ VORJ � � �

�� &HUWDLQO\� WKH WKHRUHP ��� FDQ EH SURYHG HDVLHU DQG ODFRQLF� 7KH SURRI� UHGXFHG LQ WKH WH[W�

KDG WKH SXUSRVHV�

D� WR H[SODLQ VRPH IDFWV DERXW FRQQHFWLRQV LQ SODQWV DW UHIOHFWLRQ ? ?
� �ω ω→ �

E� WR LOOXVWUDWH D SRVVLELOLW\ RI VWXG\ ω − UHIOHFWLRQ� XVLQJ WKH HOHPHQWDU\ SODQWV � QXP�

EHUV�

F� WR SD\ DWWHQWLRQ WR D FODVVLILFDWLRQ RI QXPEHUV DW ω − UHIOHFWLRQV RQ UHODWHG LVRPRU�

SKLF JURXSV �WKXV WKH MXVWLILHG SDVVDJH RI RSHUDWLRQV LQ WKH VWULFW FRUUHVSRQGHQFH ZLWK WKHLU

KLHUDUFK\� LV DXWRPDWLFDOO\ UHDOL]HG ORJLFDOO\�



��

( )U L D E ML M N N
 ? ? 
 
 
 
ω ω→ +















 −



�N �N

VORJ VORJ 2 � � �

L�H� WKH LPDJH ? ?L Mω ω→ LV LVRPRUSKLF�

7KLV SURRI FDQ EH OHDG DQG RQ D VHW 5 − QHJDWLYH QXPEHUV� 7KXV ( )F G
 � 
 ∈5∆ �

/HPPD ���� 7KH LVRPRUSKLF LPDJH RI D VHW 5 QHJDWLYH QXPEHUV ? ?
� �ω ω→ FRQ�

FHUQLQJ WKH HOHPHQW ( )− ∞ LV ELMHFWLRQ DW N > �� N ≠ ��

3URRI� 8VLQJ OHPPDV ���� ��� ZH VKDOO PDUN WKH IROORZLQJ IDFW� LI WR HDFK HOHPHQW

( )L LD D ∈ −5 WR FRPSDUH RQH HOHPHQW ( )L LE E ∈5∆ � RQ D SURSHUW\ RI XQLTXHQHVV RI

UHIOHFWLRQ ( )− →5 5∆ LPDJH ( ) ( ){ } ( ),P �ϕ ϕ ϕ ϕ= = ∈ =5 5L LD D 5 5∆ � DV

LD ? −�ω ( )→ − ∈
�ω ? ORJN LD ∆5 � DQG { }∆5 5� − = − ∞ �

$ERYH�VWDWHG WHVWLILHV� WKDW WKH LQGLFDWHG UHIOHFWLRQ D VXUMHFWLRQ DQG LQMHFWLRQ �IURP

( ) ( )ϕ ϕD D= ′ )ROORZV D D= ′ �� L�H� ELMHFWLRQ���

7KHRUHP ���� 7KH V\VWHP {Ο = ∈ ⋅ ≠ο ο ο5� � � � � � �ORJ2 N
N D

�
� � �

}N DORJ � ∈= LV $EHOLDQ JURXS�

3URRI� $FFRUGLQJ WR D OHPPD ��� DQG OHPPD ��� V\VWHPV Ο DUH FRPPXWDWLYH JURXS

ZLWK OHIW DQG ULJKW XQLW� DQG DOVR ZLWK WKH OHIW DQG ULJKW LQYHUVH E\ WKH HOHPHQW −�
D �

)RU D V\VWHP Ο DQG RSHUDWLRQ �2� WKH FRQVHUYDWLRQ ODZ LV IDLU�

F D N
D

F2 = ORJ � F E N
E

F2 = ORJ � /HW
V WDNH WKH ORJDULWKP REWDLQHG H[SUHVVLRQV DQG

ZH VKDOO HTXDWH WKHP� ( )
N N N N N
F D F D F EORJ ORJ ORJ ORJ ORJ2 = ⋅ = ⋅ � :KHQFH IROORZV�

WKDW D E= � 6LPLODUO\� D F N
F

D2 = ORJ DQG E F N
F

E2 = ORJ � L�H� IURP

N N N N
D F E F D EORJ ORJ ORJ ORJ⋅ = ⋅ ⇒ = � 6R� IURP F D F E D E2 2= ⇒ = �

D F E F D E2 2= ⇒ = �

,Q JURXS Ο WKH ULJKW DQG OHIW GLYLVLRQ LV XQLYDOHQWO\ GHILQHG�

$W ODVW� IURP F [ E2 = RU [ F E2 = WKH XQLTXH VROXWLRQ RI WKHVH HTXDWLRQV

[ F
E

N= ORJ IROORZV�

$OO DERYH�VWDWHG LQ YLHZ RI D OHPPD ��� WHVWLILHV WKDW WKH V\VWHP Ο LV $EHOLDQ JURXS�

/HPPD ���� 7KH RSHUDWLRQ ��� LV DOWHUQDWLYH� LV FRPPXWDWLYH DQG LV DVVRFLDWLYH RQ D

VHW ∆ �QXPEHUV�

/HW
V SURYH DOWHUQDWLYH�

( ) ( ) ( )∆ ∆ ∆ ∆ ∆D E E D E E D E+ + = + + = + ⋅� �

�� ,W LV XQHDV\ WR SURYH� WKDW WKH LVRPRUSKLF UHIOHFWLRQ RI D VHW 5 RI UHDO QXPEHUV FRQFHUQLQJ

WKH HOHPHQW ( )−∞ LV ELMHFWLRQ DW N > �� N ≠ �� +RZHYHU� LW ZLOO QRW ω − UHIOHFWLRQ DQG WKH

SURRI LV EDVHG RQ SURSHUWLHV RI RSHUDWLRQ � �o �



��

( ) ( )∆ ∆ ∆ ∆ ∆D E E D E D E+ + = + ⋅ = + ⋅� � � L�H�

( ) ( )∆ ∆ ∆ ∆ ∆ ∆D E E D E E+ + = + + � WKDW SURYHV ULJKW DOWHUQDWLYH�

( ) ( )∆ ∆ ∆ ∆D D E D E+ + = ⋅ +� � ( ) ( )∆ ∆ ∆ ∆D D E D E+ + = ⋅ +� � L�H�

( ) ( )∆ ∆ ∆ ∆ ∆ ∆D D E D D E+ + = + + � WKDW SURYHV OHIW DOWHUQDWLYH� 7KH RSHUDWLRQ ��� LV

FRPPXWDWLYH� DV ∆ ∆D E D E+ = + DQG ∆ ∆E D E D+ = + � EXW D E E D+ = + �

/HW
V SURYH� WKDW WKH RSHUDWLRQ ��� LV DVVRFLDWLYH� L�H� ( )∆ ∆ ∆D E F+ + =
( )= + +∆ ∆ ∆D E F � 5HDOO\� ( ) ( ) ( )∆ ∆ ∆ ∆ ∆D E F D E F D E F+ + = + + = + + � DQG

( ) ( ) ( )∆ ∆ ∆ ∆ ∆D E F D E F D E F+ + = + + = + + �

/HPPD ����� 7KH RSHUDWLRQ ��� LV GLVWULEXWLYH FRQFHUQLQJ RSHUDWLRQ ³$´ RQ D VHW
�5

QXPEHUV�

3URRI� D�� /HW ( )D E F� � ∈5

( )D E F

D E F E

D F F E

D F F E

+ ∈ =
+ + <
+ + >
+ + =






$ 5

�

�

�

�

�

�

� ( )E F D

D E F E

D F F E

D F F E

$ + =
+ + <
+ + >
+ + =







�

�

�

�

�

�

�

E�� /HW ( )∆ ∆ ∆ ∆D E F� � ∈

( )( )
( ) ( )

( )
( )

∆ ∆ ∆
∆ ∆ ∆ ∆ ∆ ∆

∆ ∆ ∆ ∆
∆ ∆ ∆ ∆

D E F

D E D E D E E F

D F D F F E

D F D F F E

+ =
+ + = + + = + + <

+ + = + + <
+ + = + + =






$

� � �

� �

� �

� �

� �

� �

( )∆ ∆ ∆
∆ ∆
∆ ∆
∆ ∆

E F D

D E E F

D F F E

D F F E

$ + =
+ + <
+ + <
+ + =







�

�

�

� �

� �

� �

$V ZDV WR EH VKRZQ� DV DW DOO ( )D E F� � ∈ �5 WKH RSHUDWLRQ ³�´ LV GLVWULEXWLYH FRQ�

FHUQLQJ RSHUDWLRQ ³$´�

/HPPD ����� 7KH RSHUDWLRQ ( )+ 2Q D VHW ∆5 ∆ �QXPEHUV KDV OHIW DQG ULJKW XQLW� DQG

DOVR OHIW DQG ULJKW LQYHUVH HOHPHQW�

3URRI� $V ( )∆ ∆ ∆D D D+ = + =� � DQG �+ ∆D ( )= + =∆ ∆� D D � ��� � LW LV OHIW

DQG ULJKW XQLW� /HW
V UHPDUN� WKDW ( )+ − ³WKH LGHQWLILHG PXOWLSOLFDWLRQ´ SOD\V D UROH RI PXOWLSOL�

FDWLRQ RQ D VHW ∆5 �

( )∆ − −D LV WKH OHIW DQG ULJKW LQYHUVH E\ WKH HOHPHQW�



��

( )∆ ∆D D D D+ − = − = � DQG ( )∆ ∆− + = − + =D D D D � �

7KHRUHP ���� �� ��� �$ ∆ − ILHOG�� 7KH V\VWHP RI PDWKHPDWLFDO REMHFWV

Ο ∆= ∈ + − ∞ο 5 � � � �$ � � JHQHUDWHG LQ DQ RXWFRPH RI UHIOHFWLRQ RQ D VHW ∆ �QXPEHUV

? ?
� �ω ω→ ZLOO GHULYDWH D ILHOG�

3URRI� 7KH V\VWHP Ο LV DQ DOJHEUDLF V\VWHP� DV VKH UHSUHVHQWV D VHW ZLWK GHILQHG RQ

KLP E\ RSHUDWLRQV �³$´ DQG ³�´� DQG UDWLRHV �IRU H[DPSOH� !� ��  �� $ UROH RI RSHUDWLRQ RI

PXOWLSOLFDWLRQ� DV DOUHDG\ LW ZDV PDUNHG� LQ WKH JLYHQ V\VWHP SOD\V RUGLQDU\ DGGLWLRQ ( )+ RSHU�

DQGV�

7KRXJK WKH V\VWHP LV QRW FORVHG FRQFHUQLQJ RSHUDWLRQ ³�´ (∆ ∆D E+ =
( ) )= + ∉D E ∆ DFFRUGLQJ WR OHPPDV �� �� �� ��� ���� ���� ����� ���� DOO UHPDLQLQJ FRQGLWLRQV

IRU JURXS DUH FDUULHG RXW� DV� DQ DVVRFLDWLYLW\� SUHVHQFH RI XQLW DQG LQYHUVH RI WKH HOHPHQW� %\

YLUWXH RI D FRPPXWDELOLW\ RI RSHUDWLRQ� LGHQWLILHG WR DGGLWLRQ

D E E D

D D E

E E D

D D E

$ $= =
+ >
+ >
+ =







�

�

�

�

�

�

�

KDV D SODFH D SURSHUW\ RI DQ DGGLWLYLW\� L�H� FRQVLGHUHG V\VWHP � $EHOLDQ JURXS� )URP OHPPDV

����� ���� LV FRQFOXGHG� WKDW WKLV V\VWHP LV DVVRFLDWLYH � FRPPXWDWLYH D ULQJ ZLWK LGHQWLW\� VHWV

RI ZKLFK QRQHPSW\ HOHPHQWV ZLOO GHULYDWH JURXS FRQFHUQLQJ RSHUDWLRQ LGHQWLILHG WR PXOWLSOLFD�

WLRQ� L�H� WKH UHVHDUFKHG V\VWHP D ILHOG �XQGHU FRQGLWLRQ RI DQ HOHPLQDWLRQ ³ RI ]HUR ´� ZLWK

ZKLFK LV WKH HOHPHQW � �−∞ ��

&RUROODU\ �� 7KH JURXSV Ο DQG 5 DUH LVRPRUSKLF� D�� 5HDOO\� OHW

( )∆ ∆ Ο ∆ ∆ ∆D E D E N N� � � �∈ ∈ > ≠5 � � DQG ∆ ∆D D D
N N? ?

� �ω ω→ = − ∈

∈ ⊂ → = −−5 5 � ? ?∆ ∆E E E
N N� �ω ω �

7KHQ ( ) ( ) ( ) ( )∆ ∆ ∆ ∆ ∆ ∆D E D E D E D E
N N N N N+ → = ⋅ = − ⋅ − =+? ?

� �ω ω

= +D E
N � $V ∆ ∆D E D E+ = + � ( ) ( )∆ ∆ ∆ ∆

D E
D E

N+ → ≡+? ?� �ω ω
( )≡ + → +
D E

D E
N? ?

� �ω ω � L�H� WKH JURXSV Ο DQG 5 DUH LVRPRUSKLF RQ WKH LGHQWL�

ILHG PXOWLSOLFDWLRQ �RUGLQDU\ DGGLWLRQ��

E�� :H VKDOO FKHFN LVRPRUSKLVP Ο DQG 5 RQ RUGLQDU\ PXOWLSOLFDWLRQ�

( ) ( )∆ ∆ ∆ ∆
D E

D E
N⋅ → ⋅? ?� �ω ω �



��

( )∆ ∆
∆

D E
D E E

D E E

1

1
⋅ =

⋅ ∈
⋅ ∈





�

�

�

�

� ( ) ( )
∆ ∆

∆
D E

D E

D E D EN
N 1

N N 1

E

E

⋅
⋅

⋅ ⋅=
∈

= − ∈







�

�

�

�

�

2Q WKH RWKHU KDQG� D E D E
N⋅ → ⋅? ?

� �ω ω � ZKHUH D E
N

⋅
+∈5 DW D > � ERWK

E > � DQG D E
N

⋅
−∈5 DW D > �� E < � HWF�� L�H� Ο DQG 5 DUH LVRPRUSKLF RQ RUGLQDU\ PXO�

WLSOLFDWLRQ�

&RUROODU\ �� 7KH VHW ∆5 − QXPEHUV LV D FRPSOHPHQW RI D VHW 5 UHDO QXPEHUV�

5HDOO\� ∆5 5 55 �⊂ ⊂�� � $V� { }∆5 5� = − ∞ � WKDW� E\ HOLPLQDWLQJ WKH

HOHPHQW ( )− ∞ IURP ∆5 DQG 5 � ZH VKDOO UHFHLYH ∆

 


5 5� = ∅ � ZKHUH ∆

 
�5 5 − VHW

∆5 5� ZLWK WKH HOLPLQDWHG HOHPHQW ( )− ∞ � L�H� ∆5 = { }�5 5 5= ∉[ [� RU

{ }∆5 5 5 5= = ∈ ∧ = ∀ ∈G [ [ \ \
�

�� � ∆5 − OLQHDU VXEVSDFH
�5 VXFK� WKDW�

IURP [ ∈5 DQG \ [≤ IROORZV \ ∈5 HWF�

&RUROODU\ ��
�5 −RYHUILHOG ∆5 DQG 5 �

D�� $V { }� �5 5 5 5 55 5= = − ∞ ⊂∆ ∆ ∆� �� � DQG ∆5 − ILHOG RI QXP�

EHUV ZLWK ELQDU\ RSHUDWLRQV� LGHQWLILHG LQ WKH DGGLWLRQ �³$´� DQG PXOWLSOLFDWLRQ �³�´�� JLYHQ RQ

�5 � ( ){ }∆ ∆5 5 5≡ = ∈ = −σ σ[ [ [
�

VXEILHOG
�5 � LI σ −DXWRPRUSKLVP� �,Q RXU

FDVH� σ WKH UHIOHFWLRQ ? ?
� �ω ω→ DQG LV SXW LQ WKH FRUUHVSRQGHQFH� LI WKH HOHPHQW

( )L L[ [ N L[∆ ∆ ∆? ?
� �ω ω→ ′ � DW WKH LQYHUVH UHIOHFWLRQ

L[ [∆ ∆′ →? ?
� �ω ω � L�H� LV

REWDLQHG WKH VDPH HOHPHQW� 0RUHRYHU�
L L[ [∆ ∆? ?

� �ω ω→ DQG

L L[ [∆ ∆′ ′→? ?
� �ω ω ��

E�� ∆5 − FRPSOHPHQW RI D VHW RI UHDO QXPEHUV 5 XS WR
�5 � ∆5 5 5= � ? DW RE�

VHUYDQFH RI D GXDOLW\ SULQFLSOH ∆5 5 5= ⇒� ? ( ) ( )∆ ∆5 5ξ ξ ξ8 5 5= � � %\ YLUWXH RI

D KRPHRPRUSKLVP RI UHIOHFWLRQ ? ?
� �ω ω→ WKH VSDFH

�5 LV D WRSRORJLFDO GLUHFW VXP RI

VSDFHV 5 DQG ∆5 � L�H� ∆5 − WKLV GLUHFW WRSRORJLFDO DGGLWLRQ RI D VXEVSDFH 5 � WKRXJK LV

SUHVHQW VRPH VSHFLILF WUDQVIRUPDWLRQ RI FULWHULRQV RI D FRPSOHPHQWDELOLW\ 5 � FRQQHFWHG ZLWK

UHYLVLQJ RI WKH HVVHQFH RI WKH HOHPHQW ( )− ∞ �

6R�
�5 − WKLV RYHUILHOG ∆5 DQG 5 �

7KH QRWH� 2EYLRXVO\� E\ DQDORJ\ WR WKH H[WHQVLRQ RI D ILHOG 5 XS WR
�5

( )�5 55= � ∆ WKHUH DUH H[WHQVLRQV RI D ILHOG
�5 XS WR

�5 ( )� �5 5 5= � /
HWF�

,QILQLWH WKH VSHFWUXP RI DGGLWLRQV
L L5 5 −� LV XQHDV\ ORJLFDOO\ WR MXVWLI\ DQG WR JLYH GLODWDWLRQ

PDWKHPDWLFDO H[SRVLWLRQ IRU L P= � � �� � � �� � L P
P

=








→∞
�� OLP � P = YDU �



��

7KHRUHP ���� �$ ∆ − DOJHEUD�� 7KH V\VWHP Ο ∆= ∈ + ⋅ − ∞ο 5 � � � � � � LV D ULQJ

ZLWK RSHUDWRUV �DOJHEUD� DERYH D ILHOG 5 5HDO QXPEHUV�

3URRI� 5 − WKH ULQJ ZLWK LGHQWLW\ FRQFHUQLQJ PXOWLSOLFDWLRQ LV DVVRFLDWLYH�FRPPXWDWLYH�

)RU DQ\ HOHPHQWV D E∈ ≡ ∈5 � ∆ Οο WKH SURGXFW LV XQLYDOHQWO\ GHILQHG�

( ) ( )D E D E⋅ = ⋅ ∈∆ ∆ Ο �

/HW ( )D E� ∈5 � ( )∆ ∆ Ο′ ′ ∈D E� � 7KHQ

D�� ( )� �⋅ = ⋅ = ∈∆ ∆ ∆ ΟD D D �

E�� ( )D E D D D E D+ ⋅ ′ = ⋅ ′ + ⋅ ′∆ ∆ ∆ � ( ) ( )( )D D E D D E⋅ ′ + ′ = ⋅ ′ + ′ =∆ ∆ ∆
( )( ) ( )= ⋅ ′ + ′ = ⋅ ′ + ⋅ ′ = ⋅ ′ + ⋅ ′ = ⋅ ′ + ⋅ ′∆ ∆ ∆ ∆ ∆ ∆D D E D D D E D D D E D D D E �

L�H� ( )D D E D D D E⋅ ′ + ′ = ⋅ ′ + ⋅ ′∆ ∆ ∆ ∆ �

F�� ( ) ( ) ( )D E D D E D D E D⋅ ⋅ ′ = ⋅ ⋅ ′ = ⋅ ⋅ ′∆ ∆ ∆ � ( ) ( )D E D D E D⋅ ⋅ ′ = ⋅ ⋅ ′∆ ∆ �

L�H� ( ) ( )D E D D E D⋅ ⋅ ′ = ⋅ ⋅ ′∆ ∆ �

G�� ( ) ( )( )( ) ( )( ) ( )$ D D E D D E D D E D D E= ⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′∆ ∆ ∆ ∆ ∆ ∆ DW

′ ∈E 1 � DQG ( )( )( )$ D D E D D E= ⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′∆ ∆ DW ′ ∈E 1��

2Q WKH RWKHU KDQG� ( ) ( ) ( )( )( )D D E D D E D D E⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′ =∆ ∆ ∆ ∆ ∆ ∆
( )

=
⋅ ′ ⋅ ′ ′ ∈

⋅ ′ ⋅ ′ ′ ∈




∆ D D E E

D D E E

1

1

�

�

�

�

� L�H� ( ) ( )D D E D D E⋅ ′ ⋅ ′ = ⋅ ′ ⋅ ′∆ ∆ ∆ ∆ � %HVLGHV

( )$ D D E= ′ ⋅ ⋅ ′∆ ∆ � DV ( ) ( )( )$ D D E D D E= ′ ⋅ ⋅ ′ = ′ ⋅ ⋅ ′ =∆ ∆ ∆ ∆

=
′ ⋅ ⋅ ′ ′ ∈

′ ⋅ ⋅ ′ ′ ∈




∆D D E E

D D E E

1

1

�

�

�

�

�

7KXV� WKH V\VWHP Ο VDWLVILHV WR DOO FRQGLWLRQV RI DOJHEUD DERYH 5 � DV ZDV WR EH

VKRZQ�

/HPPD ����� 7KH LPDJHV ? ?L Lω ω→ +� DUH LQYDULDQW FRQFHUQLQJ DQ LQGH[ �L �

L ∈= DQG DUH LVRPRUSKLF�
��

3URRI� /HW
V GHVLJQDWH ϕ ω ω≡ →−? ?
� �

� ϕ − RQH�WR�RQH LPDJH RI D VHW ∆ RQ D VHW

5 E\ YLUWXH RI� DV DOUHDG\ LW ZDV VSHFLILHG� XQLTXHQHVV RI IXQFWLRQ \ D
N

= VORJ �

5 ? ?
� �ω ω→ − ∆ � DQG WKH IXQFWLRQ RI LPDJH ? ?

� �ω ω→ − LV HTXDO

( )− + =�
N N
[ N [VORJ 
 ORJ ( )N N> ≠� �� � L�H� IRU DQ\RQH [ D= ∈5 LW LV SRVVLEOH WR

QRWH�

�� 7KRXJK LQ OHPPDV ������� ZDV SURYHG bahfhjnghklv ω − LPDJHV� LQ FRQQHFWLRQ ZLWK LW

H[SOLFLWO\ XQGHUVWDQGV D OHPPD ���� DJDLQ WKLV SUREOHP ZLWK D GRPLQDWLQJ UROH LQ SURRIV RI

RIIHUHG VWDWHPHQWV�



��

D D
N

? ? ORJ− →
� �ω ω �

/HW
� �D D� ∈5 �

� � � �D DN
? ? ORJ− →ω ω �

� �D ? −ω →
� �ω ? ORJ

N D
�

7KHQ ( )� � � � � � �D D D D DN N
⋅ → ⋅ = +−? ? ORJ ORJω ω N DORJ �

� ,Q D FRPPRQ FDVH

L

L

Q

N L

L

Q

D D

=
−

=
∏ ∑→
�

� �

�

? ? ORJω ω � 7KHUHIRUH� ? ?− → −� �ω ω LVRPRUSKLVP�
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7KH QRWH �� ,W LV XQHDV\ WR OHDG DOVR VLPLODU DQDO\VLV RI VHWV RI QXPEHUV

L∆5 ZLWK WKH SXUSRVH RI GHULYLQJ LQWHUYDOV� LQ ZKLFK WKHVH QXPEHUV ³DUH OR�

FDWHG´ DOVR RI GHWHUPLQDWLRQ RI WKH ]HUR HOHPHQWV RI UHVHDUFKHG VHWV�

7KH QRWH �� $W UHYLHZLQJ WKH JLYHQ SUREOHP LW LV QHFHVVDU\ WR WDNH LQWR DF�

FRXQW GRPLQDWLQJ ELQDU\ RSHUDWLRQV �DGGLWLRQ DQG PXOWLSOLFDWLRQ� IRU D UHVHDUFKHG

FODVV RI QXPEHUV� )RU H[DPSOH� IRU D VHW 5 − QHJDWLYH QXPEHUV LW WKHUH ZLOO EH

RUGLQDU\ DGGLWLRQ DQG PXOWLSOLFDWLRQ ( )( )− + = − − ⋅ =D D D� � �� � DQG IRU

IUDFWLRQDO QXPEHUV � UHIOH[LYH RSHUDWLRQV� L�H� ( ) ( )� �D D⋅ =� � ( )�D 2� �= HWF�

� ��� &ODVVLILFDWLRQV RI RSHUDWLRQV DQG QXPEHUV RQ ω�IDFWRU� >��@

1RW VWRSSLQJ H[SOLFLWO\ RQ WKH FDUULHG RXW RSHUDWLRQV UHVHDUFK ZLWK WZR RS�

HUDQGV� ZH VWDWH WKH IDFW RI H[LVWHQFH LQILQLWH RI D VSHFWUXP RI WKHVH RSHUDWLRQV�

7KH NQRZQ SDUW RI WKHVH RSHUDWLRQV LV UHGXFHG LQ D WDEOH ��

7DEOH �� 2SHUDWLRQV ZLWK WZR RSHUDQGV { }( )Q L∈ ∧ ∈= � � �� � ��
�

Q ? L � � �

� � � � � � � � � � � �

� D$E F F'E D F'D E

� D�E F F�E D F�D E

� D�E F F�E D F�D E

� D
E
 F F DE = ORJDF E

�
E
D F

EÍ F D VORJDF E

� � � � � � � � � � � �

7KH IDFW RI D SURORQJDWLRQ RI D F\FOH RI WKH GHILQLWLRQV RI RSHUDWLRQV LQ D OHJ

RI PDJQLILFDWLRQ Q ( )Q > � LV TXLWH REYLRXV� $QG� LQ LW LQILQLWLHV RI RSHUDWLRQV

TXLWH SHOOXFLG� 5HDOO\� ZH VKDOO WDNH RSHUDWLRQ Q = �� $W L = � RSHUDWLRQ

E

D

D
D D E=



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E
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� ��
DQG

E
D

D D ED=

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�

�� )RU

H[DPSOH�
� �� � ��� � � �= = = � $W L = �

E
F DN = � DQG DW L = �

D
F EVVORJ = �IURP RSHUDWLRQ

D
F EVVORJ = IROORZV

E
D F= ��

��
Q ∈= � LW LV D FODVVLFDO FDVH� LQ D FRPPRQ FDVH Q ∈5 �



��

7KH GURS Q < � 7RR VKRXOG FRQGXFW WR LQILQLWLHV RI RSHUDWLRQV� WKRXJK WKLV

VLWXDWLRQ QHHGV GLIILFXOW\ PDWKHPDWLFDOO\ WR EH GHVFULEHG� ,W LV QHFHVVDU\ DOVR WR

QRWLFH� WKDW DW Q ∉= � SUREDEO\� WKHUH DUH RSHUDWLRQV� ZKLFK H[SRVLWLRQ LV EDVHG

RQ WKH RWKHU SULQFLSOH �DW Q ∈= RSHUDWLRQV ZHUH IRUPHG RQ D PHWKRG RI DQDOR�

JLHV��

$V LW LV YLVLEOH IURP D WDEOH� LQ LQILQLWLHV D VHW RI RSHUDWLRQV WKH WUDQVSRVWLRQ

RI UDWLRHV RI LQYHUVLRQ ( )L = � �� LV UHDOL]HG�

([WUDSRODWLRQ RI RSHUDWLRQV LQ D OHJ RI PDJQLILFDWLRQ RI WKHLU LQGH[ ( )Q > �

LV FRPSOLFDWHG� RQ WKH RQH KDQG� LQ FRQQHFWLRQ ZLWK QHFHVVLW\ WR RSHUDWH ZLWK VHWV

SRVVHVVLQJ VSHFLILF DQG OLWWOH H[SORUH SURSHUWLHV� RQ WKH RWKHU KDQG� ZLWK RULJLQ RI

D VHULHV RI DOWHUQDWH DQG SDUDGR[LFDO VLWXDWLRQV� ZKLFK RQO\ SDUWLDOO\ FDQ EH VROY�

DEOH E\ PHWKRGV RI WKH GHVFULSWLYH WKHRU\ RI VHWV DQG ZD\ LQFOXVLRQ LQ NQRZQ

D[LRPDWLFVHV �3HDQR HWF�� RI FRPSOHPHQWDU\ LPSURYHPHQWV IRU DUHDV WKHUH DUH

HQRXJK RI ODUJH PDJQLWXGHV DQG WHQGLQJ WR LQILQLW\� ,W LV QHFHVVDU\ WR QRWLFH� WKDW

WKH GHULYLQJ RI RXWFRPHV RI RSHUDWLRQV DW Q = � GRHV QRW UHSUHVHQW ODUJH FRP�

SOH[LW\�

7KH JLYHQ FODVVLILFDWLRQ RI RSHUDWLRQV QRW XQLTXH� /HW
V FRQVLGHU D FODVVLIL�

FDWLRQ RI RSHUDWLRQV DQG QXPEHUV RQ ω�IDFWRU� $V IROORZV IURP D OHPPD �����

DQ\ VHW IURP { }∆5 5 5 5� � �− I LU 2Q D VHW
�5 − LV DQ RXWFRPH RI D VHTXHQWLDO

FLUFXLW KRPRJHQHRXV ω�UHIOHFWLRQV� DV

∆5 5 5 5? ? ? ? ? ?� � � � � �ω ω ω ω ω ω→ → →− I LU

7KLV FLUFXLW FDQ EH FRQWLQXHG WR WKH OHIW RU WR WKH ULJKW DG LQILQLWXP� 7KXV

] [ ] [ ] [∆ ∆∞5 5 5= − ∞ = − ∞ =−� � � � �� � �I � 7KH VHW LU5 � DV LW ZDV VSHFL�

ILHG� UHSUHVHQWV LQILQLWLHV D VSHFWUXP LQILQLWH RI VHWV RI D W\SH�

] ['5 = �� N � ZKHUH N ∈ �5 �LQ WKH HOHPHQWDU\ FDVH N ∈5 � DQG N ≠ ��

' � WKH QXPEHUV WXUQ RXW XQGHU WKH IRUPXOD ' 'D N D ND
N= = � ORJ �

] [-5 = N N� �
� ZKHUH

( )
- -D N D N N ND

N= =� � ORJ ORJ
� ] [,5 = � �

N N� �

ZKHUH ,D =
( )

= =�
�

N D N N N NDN
N,

ORJ ORJ ORJ
HWF�

7KH VHW RI RSHUDWLRQV { }� �� � � � � � � �/ ' - ,∆ − ÷ DQG VHW RI QXP�

EHUV { }� �� � � � � � � �/ ' - ,5 5 5 5 5 5 5∆ − I UHSUHVHQWV PRVW ORJLFDOO\

MXVWLILHG VHTXHQFH RI FODVVHV RI RSHUDWLRQV DQG QXPEHUV JHQHUDWHG RQ ω�IDFWRU�

/HW
V UHPDUN� WKDW WKH DERYH�VWDWHG FLUFXLW RI RSHUDWLRQV DQG QXPEHUV DOORZV XV WR

VHOHFW LQ D VHW RI SRVLWLYH QXPEHUV +5 VHWV RI QXPEHUV� ZKLFK RQ D VLJQLILFDQFH
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FRUUHVSRQG WR VXFK FODVVHV RI QXPEHUV DV QHJDWLYH −5 RU IUDFWLRQDO I5

I D D
D

D5 5= = ∈













� � �
�

� 0RUHRYHU� GRPLQDWLQJ RSHUDWLRQ IRU WKHVH

QXPEHUV VLPXOWDQHRXVO\ LV GHILQHG� $FWXDOO\� WKH RSHUDWLRQV RI D W\SH

/ '�-�,� �∆ DQG QXPEHUV /5 � ∆5 � '5 � -5 � ,5 DUH PDWKHPDWLFDO

REMHFWV RI D QHZ QDWXUH�

,QILQLWLHV RI HDFK RI VHWV RI D W\SH { } { }' ' '5 ≡ ≡N D D �

{ } { }- - -5 ≡ ≡�
N D D � { } { }, , ,5 ≡ ≡�

N D D LV UHDFKHG E\ WZR SDWKV�

E\ D PRGLILFDWLRQ RI YDOXHV RI IDFWRU N DQG EDVLF FRPSRQHQW D �

7KHRUHP ����� ,I L
5 RQH RI VHWV LQ LQILQLWLHV D VSHFWUXP RI VHWV RI QXPEHUV FODVVLILHG

RQ ω� LQGLFDWLRQ� L�H� LQ D VHULHV
� � � � � �/5 5 5 5∆ − I ' - ,5 5 5� � ��� ZKHUH

L − QXPEHU RI D VHW XQGHU FRQGLWLRQ RI IL[LQJ DQ\ RI D VHW DV EDVLF�

N N N

M

L L MORJ ORJ ORJ�

	 
��� ����

5 5= −
�

ZKHUH L M− −5 VHW LQ LQGLFDWHG WR D VHULHV GHOHWHG RQ M − RI XQLWV WR WKH OHIW IURP VHW L
5 �

3URRI� ,Q D VHULHV RI VHWV RI QXPEHUV
� � � � � �/5 5 5 5∆ − I

' - ,5 5 5� � �� (YHU\RQH ZLOO EH GHULYDWHG IURP FRQVHTXHQW E\ UHIOHFWLRQ

? ?L L+ →
�ω ω � %\ YLUWXH RI D OHPPD ���� LW LV SRVVLEOH WR UHSODFH ? ?L L+ →

�ω ω RQ

? ?
� �ω ω→ � 7KHQ L L

N5 5? ?
� �ω ω→ � $IWHU D WDNLQJ WKH ORJDULWKP ZH VKDOO UHFHLYH

N
L LORJ ? ?5 5� �ω ω→ � L M− −5 WKLV VHW REWDLQHG IURP D VHW L

5 ZD\ M DFWV RI LQ�

YHUVHV ω� LPDJHV� L�H� LPDJHV RI D W\SH ? ?
� �ω ω→ � 7DNLQJ LQWR DFFRXQW D OHPPD ����� ZH

VKDOO QRWH
N

L M L MORJ ? ?− − +→5 5� �
�ω ω DQG

N
L LORJ 5 5= −�� :KHQFH IROORZV� WKDW

N N N

M

L L MORJ ORJ ORJ�

	 
��� ����

5 5= −

,Q VXPPDU\ ZH VKDOO UHPDUN� WKDW LQ WKH FKDSWHU ³0LVFHOODQ\´ �DSSOLFDWLRQ�

WR WKH EDVLF WH[W RI WKH ERRN VRPH DGGLWLRQDO IDFWV DERXW QXPEHUV RI D QHZ QDWXUH

DUH H[SODLQHG�

� ��� 3UREOHPDWLFV RI QXPEHUV RI D QHZ QDWXUH

7KH UHSUHVHQWHG DERYH RXWFRPHV RI PDWKHPDWLFDO VHDUFKLQJ RI QXPEHUV RI

D QHZ QDWXUH �QXPEHUV RI D W\SH / ' - ,5 5 5 5 5� � � �∆ DQG RWKHUV� DUH RQO\
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LQLWLDO DWWHPSW RI D ODUJH PDWKHPDWLFDO UHVHDUFK� &HUWDLQO\� LQ VPDOO ZRUN LW LV LP�

SRVVLEOH HYHQ WR HQXPHUDWH DOO VHW RI SUREOHPV� RULJLQDWLQJ LQ WKLV GLUHFWLRQ�

0RUHRYHU� VRPH SUREOHPV� ZKLFK ZHUH DOUHDG\ VROYHG E\ WKH DXWKRU DUH QRW LQ�

FOXGHG LQ WKH WH[W RI WKH ERRN� $ SDUW RI SUREOHPV LV HQXPHUDWHG RQO\ EHORZ

ZKLFK� XQGHU WKH MXGJHPHQW RI WKH DXWKRU� DULVH LQ WKLV UHVHDUFK�

��� ,W LV QHFHVVDU\ PDWKHPDWLFDOO\ WR MXVWLI\ DQG WR DQDO\]H DOO VHW RI RSHUD�

WLRQV ³HDVLHU´ WKDQ DGGLWLRQ� 7R ILQG FRPPRQ UHJXODULWLHV LQ WKHVH RSHUDWLRQV� DQG

DOVR WR ILQG DQG WR SURYH WKH QHZ LQYDULDQW IRUPXODV�

��� 7R VWXG\ D VSHFWUXP RI QXPEHUV ORFDWHG RQ QXPHULFDO GLUHFW IRU ( )− ∞ �

7R ILQG GLODWDWLRQV RI D SURSHUW\ DQG WR JLYH DQ D[LRPDWLFV RI QXPEHUV RI D W\SH

/5 5� ∆ HWF� 7R FUHDWH WKH FRPPRQ WKHRU\ ∆ �DOJHEUDV� ,Q SDUWLFXODU� WR VKRZ

RSHUDWLRQV DERYH QXPEHUV LQ D VHW ∆ �DOJHEUDV�

��� 7R VSHFLI\ DQG WR H[SDQG H[DPSOHV RI SURRIV LQ ω�V\PEROLFV� 7KXV WR

FDUU\ RXW D F\FOH RI SURRIV IURP D SRLQW RI YLHZ RI KLJKHU DOJHEUD LQ D SODQH RI

VWULFW VHW�WKHRUHWLF H[SRVLWLRQ�

7R LQYHVWLJDWH WRSRORJ\ ω� 6SDFHV�

��� 7R UHFHLYH PRUH SUHFLVH UHSUHVHQWDWLRQ DERXW D VSHFWUXP RI LUUDWLRQDOV

RI D W\SH ' - ,5 5 5� � DQG RWKHUV� 7R ILQG FRPPRQ SURSHUWLHV WKHP DQG RS�

HUDWLRQ DERYH WKHVH QXPEHUV�

7R FUHDWH DOJRULWKPV RI DQ HYDOXDWLRQ RI WKHVH QXPEHUV ZLWK D KLJK H[DFWL�

WXGH DQG GHILQLWLRQ� E\ ZKDW ω�FODVV SRVHVVHV WKDW RU RWKHU LUUDWLRQDO� L�H� WR GH�

FLGH WKH LQYHUVH WDVN RQ D FRPSDULVRQ WKDW LV VROYHG LQ WKH JLYHQ ZRUN���

0RUH SUHFLVHO\ WR SURYH DQ LUUDWLRQDOLW\ RI PDWKHPDWLFDO VWUXFWXUHV RI D

W\SH 'D N
D

N= � ORJ �
( )

-D N N ND
N= � ORJ ORJ

HWF� ,Q SDUWLFXODU� WR GHILQH� DW ZKDW

UHODWLRQV N DQG D WKH QXPEHUV RI D W\SH 'D FHDVH WR EH LUUDWLRQDO� 7R ILQG LUUD�

WLRQDOV� QRW LQKHULQJV WR D VHW ω�FODVVHV�

��� 7R JLYH D FODVVLILFDWLRQ WR DOO LQILQLWLHV WR D VHW RI QXPEHUV� LQKHULQJV

LQILQLWLHV WR WKH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV� L�H� WR V\VWHPDWL]H DOO LQIRU�

PDWLRQ DERXW RYHUILHOGV� IRU ZKLFK WKH ILHOG 5 UHDO QXPEHUV LV D ILHOG�

��� 7R H[SODLQ FRPSUHVVLRQ RI ILHOGV DW ω�SDVVDJHV �IRU H[DPSOH�

∆5 5? ?
� �ω ω→ − � − →5 5? ?� �ω ω I � L�H� LQ D VHULHV I5 5� �− /5 5� ∆

HWF� IURP OHIW WR ULJKW LQILQLWLHV ³ZLOO LQFUHDVH´� DV −5 LQFOXGHV DOO QHJDWLYH IUDF�

WLRQDO QXPEHUV DV VHSDUDWH REMHFW� VLPLODUO\� ∆5 FRQWDLQV REMHFW FRQVLVWLQJ RI D

VHW ( )∆ −5 HWF���

�� )RU H[DPSOH� WKH DXWKRU GLG QRW PDQDJH WR SURYH D PHPEHUVKLS RI QXPEHUV π � H � WR DQ\

IURP ω − FODVVHV RI LUUDWLRQDOV� WKRXJK VXFK FODVVHV LV LQGHILQLWH PXFK�
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��� 7R JHQHUDOL]H DOO PDWHULDO DQG WR VWDWH UHDVRQV DERXW SUDFWLFDO LW DSSOL�

FDWLRQ�

��� 7R LQYHVWLJDWH IXQFWLRQV RQ ∆ �ILHOGV ( )/5 5� �∆ � �

��� 'HVFULELQJ RSHUDWLRQV Q > � WR ILQG QXPEHUV RI D QHZ QDWXUH�

(YHQ WKH LQFRPSOHWH HQXPHUDWLRQ RI RULJLQDWLQJ SUREOHPV GLUHFWV RQ DQ

LGHD RQ WKHLU LQVROXELOLW\� 0RUHRYHU� FDQ DSSHDU WKH GHVLUH JHQHUDOO\ WR UHIXVH WKH

WKHRU\� RIIHUHG LQ WKH JLYHQ ERRN� RI WKH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV�

+RZHYHU� WKLV H[WHQVLRQ � REMHFWLYH UHDOLW\� ,Q SDUWLFXODU� WKH RULJLQ RI D VHW RI

IUDFWLRQDO QXPEHUV E\ D ZD\ ω�UHIOHFWLRQ RI QHJDWLYH QXPEHUV

− →5 5? ?� �ω ω I QDWXUDOO\ SXWV D SUREOHP RQ H[LVWHQFH RI QXPEHUV� IURP

ZKLFK VLPLODU E\ D PRGH LW LV SRVVLEOH WR UHFHLYH QHJDWLYH QXPEHUV� L�H�

− →5 5? ?� �ω ω ∆ HWF� 7KH LPSUHVVLRQ DERXW DQ DUWLILFLDOLW\

ω� WUDQVIRUPDWLRQV FDQ EH FUHDWHG� DV DOO RXWFRPHV ω�UHIOHFWLRQV DUH RQ RQH

QXPHULFDO D[HV� 6HULRXV WKH VWXG\ RI WKH JLYHQ SUREOHP WHVWLILHV WKDW VXFK JHRPHW�

ULF LQWHUSUHWDWLRQ ω�UHIOHFWLRQV RI QXPHULFDO ILHOGV RQO\ XQGHUOLQHV VWUXFWXUDO

XQLW\ RI WKHVH WUDQVIRUPDWLRQV� $W WKH VDPH WLPH GLVWLQFWLRQ LQ RXWFRPHV

ω�SDVVDJHV RI QXPEHUV DQG DFFRUGLQJO\ RSHUDWLRQV VSHDNV DERXW ω�KLHUDUFKLHV

RI QXPEHUV DQG RSHUDWLRQV� 8QGHU WKH MXGJHPHQW RI WKH DXWKRU RIIHUHG LQ WKH

FKDSWHU � PDWHULDOV LV D JOREDO DUHD IRU VSHFXODWLRQ DQG FUHDWLYLW\� 7KXV DUH XVHIXO

DV D SDWK RIIHUHG WKH DXWKRU� DQG DOWHUQDWH D SDWK � $WWHPSW WR GHVUR\ WKH WKHRU\ RI

WKH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV� 7KH SDWK RI UHIXVDOLQJ QHZ� QRQVWDQGDUW�

XQWUDGLWLRQDO LV D TXLWH QDWXUDO H[SUHVVLRQ RI YDULDQFH ZLWK RULJLQDWLQJ WUXH� $V D

UXOH� WKLV WKH SDWK RQO\ VWUHQJWKHQV DQG SURPRWHV LW EHFRPLQJ DQG UHFRJQL]LQJ�

&+$37(5 �� 1(: ,17(*52�',))(5(17,$/ 2%-(&76

� ��� %DVLF SULQFLSOHV RI VKDSLQJ ω� LPDJHV RI D GHULYDWLYH

,Q D EDVLV RI GHULYLQJ ω� LPDJHV RI D GHULYDWLYH RI IXQFWLRQ ( )I [ OD\ DS�

SURSULDWH ω�UHIOHFWLRQV RI JOREDO REMHFW MΟ ( )M ∈= ZKLFK WKH IRUPXOD RI D

GHULYDWLYH LV

( ) ( ) ( )′ =
+ −

→
I [

I [ [ I [

[[∆

∆
∆�

OLP �
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DQG HOHPHQWDU\ REMHFWV NR � LQFOXGHG LQ VWUXFWXUH MΟ M
N

Q

NRΟ =








=�
8 � /HW
V

GHVLJQDWH ( ) ( ) ( )(M NR [ I [ I [ [Ο Ψ Ψ ∆= = ′� � � � � OLP�� )+ − ÷ = →� � � � �

ZKHUH Ψ − GHILQHG VHTXHQFH �V\VWHP� RI FRQQHFWLRQV RI HOHPHQWDU\ REMHFWV NR �

XQGHU ZKLFK LV XQGHUVWRRG QRW RQO\ QXPEHU� YDULDEOH� IXQFWLRQ� EXW DOVR RSHUDWLRQ

�RSHUDWLRQ�� DQG DOVR UDWLR� ,Q SDUWLFXODU� LQ RXU FDVH� �R [≡ �

( )� �R RI [≡ ≡ ÷� �� � 7KH REMHFWV �R ≡ OLP� ( )��R ≡ = � ( )��R ≡ → DUH

LQYDULDQW FRQFHUQLQJ VSDFHV ω � ,W LV QHFHVVDU\ WR SD\ DWWHQWLRQ WR VSHFLILW\

ω�UHIOHFWLRQ RI REMHFW ( )�R I [≡ � ZKLFK DW ω�SDVVDJH FDQ VDYH WKH LQLWLDO DV�

SHFW DW DQ HQWU\ RI D GHULYDWLYH� DQG DOO PRGLILFDWLRQV ZLOO EH DXWRPDWLFDOO\ SUR�

GXFHG LQ DQ LPDJH RI D GHULYDWLYH DW REVHUYDQFH RI WZR SULQFLSOHV�

�� $SSURSULDWH ω� WUDQVIRUPDWLRQ RI REMHFWV RI D VHW { }N
[′ = + − ÷Ο ∆ � � � �� �

�� 3UHVHUYDWLRQ RI DQ LQLWLDO VHTXHQFH RI FRQQHFWLRQV EHWZHHQ REMHFWV Ψ �

)RU H[DPSOH� ( ) ( )′ →I [ I [? ?



� �ω ω � ZKHUH ( )

I [ − LPDJH LQ �ω GHULYD�

WLYH ( )′I [ � ³ZHUH´ LQ VSDFH �ω � )RU ULJKW VKDSLQJ RI DQ LPDJH ( )

I [ LV UHDOL]�

DEOH WKH IROORZLQJ UHIOHFWLRQV RI HOHPHQWDU\ REMHFWV� ∆[ [? ?� �ω ω δ→

�∆[ [ [= − � � DQG δ [
[

[
=

�

� ZKHUH [ −YDULDEOH YDOXH RI DUJXPHQW� DQG

�[ − FRQVWDQW LQLWLDO LW D YDOXH� DQG [ [[ [> ≠� �� �� � �� �
�? ?ω ω→ =N �

L�H� � �� �? ?ω ω→ � + → •? ?� �ω ω � − → ÷? ?� �ω ω �

÷ →? ?� �ω ω ' �
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+ −

→
I [

I [ [ I [
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
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
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7KH GRPLQDWLQJ SURFHGXUH DW GHVLJQLQJ DQ LPDJH ( )

I [ GHULYDWLYH ( )′I [

KDV EHFRPH D UHSODFHPHQW RI RSHUDWLRQV { }+ − ÷ →� � ? �ω
{ }→ ⋅ ÷�ω ? � � ' �

%HVLGHV DW ω�UHIOHFWLRQ LW LV QHFHVVDU\ WR ILQG D YDOXH� E\ ZKLFK WHQGV δ [

�δ [ − LW ω − LPDJH ∆[ �� DQG DOVR WR WDNH LQWR DFFRXQW DQ DVSHFW RI LQGHWHUPL�
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EHWZHHQ ω�VSDFHV� 7KH DXWKRU ZDV OLPLWHG RQO\ WR RQH H[SRQHQWLDO IXQFWLRQ
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N N ≠ � � +RZHYHU� DQ\RQH FRQWLQXRXV� PRQRWRQH IXQFWLRQ ) � KDYLQJ LQ�

YHUVH FRQWLQXRXV� PRQRWRQH IXQFWLRQ * LQ D FRPPRQ UDQJH RI GHILQLWLRQ - FDQ

EH IXQFWLRQ RI FRQQHFWLRQ� ,W LV QDWXUDO� WKDW D PDQGDWRU\ FRQGLWLRQ ω�UHIOHFWLRQ
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LV RQH�WR�RQH WKH FRUUHVSRQGHQFH RI IXQFWLRQV ) DQG * ��� ,Q WKH SUHVHQW ZRUN

WKH ω�DOJHEUD JHQHUDWHG RQ IXQFWLRQ ( )[
N N ≠ � � DV DQ H[DPSOH RI D SRVVLELO�

LW\ DQG H[SHGLHQF\ RI VXFK DSSURDFK ZLWK WKH SXUSRVH RI RUGHULQJ VHSDUDWH IUDJ�

PHQWV� WUDQVIRUPDWLRQ RI H[LVWLQJ PDWKHPDWLFDO PHDQVHV DQG GLVFRYHU\ RI QHZ

PDWKHPDWLFDO REMHFWV�

5HSUHVHQW GHILQHG LQWHUHVW DQG LPDJHV RI D GHULYDWLYH ZLWK D VDYHG LQLWLDO

VFDOH� )RU H[DPSOH� DW UHIOHFWLRQV ? ?� �ω ω→ DQG ? ?� �ω ω→ LW LV SRVVLEOH

WR UHFHLYH SFHXGR�LPDJHV
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7KH QRWH� ,Q IXUWKHU LW ZLOO EH SURYHG�

$V DOUHDG\ LW ZDV VSHFLILHG� HDFK LPDJH RI D GHULYDWLYH FDQ EH XVHG IRU

VKDSLQJ WKH PRGLILHG FDOFXOXV EHLQJ ω� LPDJH RI D ZHOO�NQRZQ PHDQV� &RQVLG�

HULQJ YDULRXV VHFWLRQV RI PDWKHPDWLFV DV LW LV XQHDV\ WR UHFHLYH JOREDO REMHFWV�

LQILQLWH D VSHFWUXP QHZ WUDQVIRUPHG ω� LPDJHV RI WKHVH JOREDO REMHFWV� LQ ZKLFK

EDVLV� FHUWDLQO\� WKH ZHOO�NQRZQ VHFWLRQV �PHDQVHV� RI PDWKHPDWLFV OD\� $QG� LQ�

ILQLWH LV UHDFKHG DV DW WKH H[SHQVH RI D TXDOLWDWLYH PRGLILFDWLRQ RI WKH RUGHU

ω�UHIOHFWLRQ �IURP VRPH VSDFH Mω LQ VSDFH Lω � M L≠ �� DQG IRU WKH VFRUH LQIL�

QLWH RI YDOXHV RI IDFWRU N � %HVLGHV DSSO\LQJ GLIIHUHQW IXQFWLRQV RI FRQQHFWLRQ ) �

LW LV SRVVLEOH WR FKDQJH LQ WKH ZKROH VWUXFWXUH ω�UHIOHFWLRQV� WKDW JLYHV LQH[�

KDXVWLEOH SRVVLELOLWLHV IRU DQ RSHUDWLRQ ZLWK WKDW HLWKHU RWKHU ORFDO RU JOREDO REMHFW�

+RZHYHU� QRW RQO\ ω� LPDJHV� EXW DOVR ω�SFHXGR�LPDJHV �FDOOHG E\ XV DV

WKH LPDJHV RI D GHULYDWLYH ZKLFK ZHUH QRW UHGXFHG LQ D VFDOH UHVXOWLQJ ω�VSDFH�

UHVXOWLQJ� FDQ IRUP WKH EDVLV IRU FUHDWLRQ RI D VSHFLILF XSJUDGHG PDWKHPDWLFDO

�� 7KH VWDWHPHQW DQG SURRI RI WKH VLPLODU WKHRUHP JRHV RXW IRU IUDPHZRUNV RI WKH JLYHQ

PRQRJUDSK\�
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PHDQV� 0DWWHU WKDW DOO ω�SFHXGR�LPDJHV HQWHU DV GRPLQDWLQJ FRPSRQHQWV LQ DS�

SURSULDWH UHDO ω� LPDJHV RI D GHULYDWLYH� L�H� LPDJHV UHGXFHG LQ D VFDOH ILQDO UH�

VXOWLQJ ω�VSDFH�

,Q VXPPDU\� ZH VKDOO UHPDUN� WKDW WKH DSSDUHQW VLPSOLFLW\ RI PDWKHPDWLFDO

WUDQVIRUPDWLRQV� SUHVHQFH RI DQDORJLHV� SRVVLELOLW\ RI GHULYLQJ RI DQ RXWFRPH DW

WKH H[SHQVH RI HOHPHQWDU\ VXEVWLWXWLRQV HWF� FUHDWHV DQ LPSUHVVLRQ DERXW DQ DUWLIL�

FLDOLW\ RI H[LVWHQFH RI LPDJHV RI D GHULYDWLYH� GLIILFXOW\ RI GHULYLQJ IRU WKH VFRUH

ω�UHIOHFWLRQV RI DQ\ SUDFWLFDO RXWFRPHV� &HUWDLQO\� WR VRPH H[WHQW� VPDOO VHULHV

RI VXEVWLWXWLRQV SDUWLDOO\ ORZHUV RXWFRPHV RI WKH FRQFHSW ω − UHIOHFWLRQV� 0RUH

WKH GHHS VWXG\ RI WKLV WKHRU\ LQ D SODQH RI REMHFW�RULHQWHG PDWKHPDWLFDO PRGHOOLQJ

FDQ UHGXFH LQ LQWHUHVWLQJ FRQFOXVLRQV� )LUVW RI DOO� LW FRQFHUQV D UHVHDUFK LQILQLWLHV

RI VSHFWUD YDULRXV ∆ �QXPEHUV� IXQFWLRQV DQG LQWHJUR�GLIIHUHQWLDO REMHFWV ZLWK DU�

JXPHQW GHILQHG LQ DUHD ∆ �ILHOGV� DQG DV VWXGLHV RI WKH HVVHQFH RI WKH WUDQVIRUPHG

SK\VLFDO ODZV� ,Q WKH SUHVHQW ERRN WKH VHSDUDWH LQVWUXFWLYH SULPHV WR GHULYLQJ

VLPLODU RXWFRPHV DQG WKHLU FRPSUHKHQVLRQ DUH JLYHQ RQO\� 7KLV LPPHQVH XQNQRZQ

VSDFH SHUPLWWLQJ WR DQ\ LQTXLVLWLYH UHDGHU WR EH LPPHUVHG LQ FUHDWLYLW\ DQG WR

DFKLHYH� SUREDEO\� XQLTXH RXWFRPHV LV UHSUHVHQWHG� WKDW WR WKH DXWKRU� 3XUHO\� LW

DOVR LV WKH EDVLF SXUSRVH RI WKH ERRN� DERXW ZKDW ZDV WROG LQ ³)RUHZRUG´�

� ��� ,PDJHV
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,W LV REYLRXV� WKDW ω� LPDJH RI D WULSOH LQWHJUDO LV D FRPSOHWHO\ QHZ PDWKH�

PDWLFDO REMHFW�

� ��� 3UREOHPDWLFV RI LQWHJUR�GLIIHUHQWLDO REMHFWV QHZ QDWXUH

,W LV QHFHVVDU\ WR V\VWHPDWL]H DQG WR FODVVLI\ LPDJHV RI LQWHJUR�GLIIHUHQWLDO

REMHFWV REWDLQHG E\ YDULRXV ω�UHIOHFWLRQ� 7KXV WKHUH LV D VHULHV RI SUREOHPV�

�� 8QLILFDWLRQV RI PDWKHPDWLFDO H[SRVLWLRQ ω� LPDJHV E\ FUHDWLRQ RI VSH�

FLDO V\PEROLFV DQG QRPHQFODWXUH� 'HULYLQJ FRPPRQ RI WKH IRUPXODV IRU

ω� LPDJHV RI GHULYDWLYHV RI DQ\ RUGHU DQG LQWHJUDOV RI DQ\ PXOWLSOLFLW\� 7KH UD�

WLRQDOL]DWLRQ RI WKH SURFHVV RI GHULYLQJ ω� LPDJHV LUUHVSHFWLYH RI QXPEHU RI WKH

HOHPHQWDU\ DFWV ω�UHIOHFWLRQV� L�H� WUDQVLWLRQ RI REMHFW RQ D KRUL]RQWDO �SDVVDJH LQ

DGMDFHQW VSDFHV ? ?L Lω ω→ ′ � DQG YHUWLFDO �SDVVDJH LQ ω�VSDFH RI KLJKHU RU

ORZHVW UDQNV ? ?L Mω ω→ � VKRXOG EH FDUULHG RXW IRU RQH XQLYHUVDO SURFHGXUH

ZLWKRXW OLQHDU VHDUFK RI DOO DFWV RI UHIOHFWLRQV� ,Q D ILJ� � WKH ILHOG ω�VSDFHV LQ D

V\VWHP RI LQGLFDWLRQV N DQG P� ZKHUH N − IDFWRU RI DQ H[SRQHQWLDO IXQFWLRQ RI

FRQQHFWLRQ ( )[N � DQG P − LQGH[ RI VSDFH �IRU H[DPSOH�

(P L Mω ω ω ω ω= � �� � � � � �� � � HWF��� LV UHSUHVHQWHG� 7KH ZHOO�NQRZQ

PDWKHPDWLFDO VSDFH �ω LV UHSUHVHQWHG DV D SRLQW DSSURSULDWH WR DQ RULJLQ RI FR�

RUGLQDWHV� (YHU\RQH ω� WKH VSDFH LV UHSUHVHQWHG E\ D SRLQW RQ D SODQH�

P

�
ω N

M

L

LN MN

Mω
Mω ′

Lω ′Lω

)LJ� � ω�
VSDFHV LQ D V\VWHP RI LQGLFDWLRQV N DQG P �
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�� &RQVLGHULQJ YDULRXV VHFWLRQV RI PDWKHPDWLFV DV JOREDO REMHFWV WR ILQG

WKHP ω� LPDJHV�

6KDSLQJ RI WKH XQLIRUP VFKHPH ω�UHIOHFWLRQV RI YDULRXV JOREDO DQG ORFDO

REMHFWV �PDWKHPDWLFDO PHWKRGV� WKHRUHPV� IRUPXODV HWF�� ZD\ ω�SDVVDJH IURP

DQ\ JLYHQ VSDFH Lω LQ DQRWKHU Mω ′ ( )? ?L Mω ω→ ′ � 7KH GHULYLQJ LV TXDOLWDWLYH

RI D QHZ PDWKHPDWLFDO PHDQV E\ D VHOHFWLRQ RI DQ DSSURSULDWH F\FOH

ω�UHIOHFWLRQV RQ D KRUL]RQWDO DQG YHUWLFDO�

�� 6WXG\ RI D SUREOHP RI LQYDULDQF\ RI REMHFWV DW ω�UHIOHFWLRQ�

�� 7KH GHWHUPLQDWLRQ RI WKH FRPPRQ IRUPXODV RI FRUUHODWLRQ RI GHULYDWLYHV

DQG LQWHJUDOV IURP WKHP ω� LPDJHV �LQ WKH SUHVHQW ZRUN LV UHGXFHG RQO\ D IHZ

IRUPXODV RI FRQQHFWLRQ� EXW DOUHDG\ LQ WKHP LW LV XQHDV\ WR QRWLFH UHJXODULWLHV LQ D

VWUXFWXUH DQG UDQN RI RSHUDWLRQV� IRU H[DPSOH� ′ =
− +

I
I I [

N

�

DQG
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�� 3URRI RI WKH WKHRUHP ���� IRU D FRPPRQ FDVH ? ?L Mω ω→ DW L M≠ �

�� 3URRI RI WKH WKHRUHP ���� IRU D GHULYDWLYH RI DQ\ RUGHU�

�� &UHDWLRQ RI WKH FRQFHSW SRO\PHULF ω�UHIOHFWLRQV �LQ WKH ERRN WKH

ω� WUDQVIRUPDWLRQV JUDSKLFDOO\ UHSUHVHQWHG DV YHFWRUV LQ D ILJ� � DUH UHSUHVHQWHG

RQO\ WZR�GLPHQVLRQDO��

�� 5HVHDUFK RI D QDWXUH DGMDFHQW ω�VSDFHV�

�� 7KH UHDOL]DWLRQ ω�UHIOHFWLRQV RI LQWHJUR�GLIIHUHQWLDO REMHFWV EHFDXVH RI

RWKHU IXQFWLRQV RI FRQQHFWLRQ �LQ WKH JLYHQ ZRUN LV XVHG RQO\ H[SRQHQWLDO IXQFWLRQ

[
N ��

��� 5HVHDUFK RI D SUREOHP RI DQ LQWHJUDWLRQ LQ DUELWUDU\ DGMDFHQW VSDFHV� 7R

ILQG WKH H[DFWHU DQG XQLYHUVDO IRUPXODV RI DQ HQWU\ ω� LPDJH RI DQ LQWHJUDO DV DQ

LQLWLDO LQWHJUDO� L�H� IRUPXOD RI DGHTXDF\ RI D W\SH ������� 7R OHDG QXPHULFDO FKHFN

RI GDWDV RI WKH IRUPXODV� �,Q WKH SUHVHQW ZRUN WKLV SUREOHP� SUDFWLFDOO\� ZDV QRW

VWXGLHG��

��� &KHFN RI DSSOLFDELOLW\ ω�UHIOHFWLRQV LQ DGMDFHQW VSDFHV LQ YDULRXV

PDWKHPDWLFDO PHWKRG �IRU H[DPSOH� LQ WKH PRQRJUDSK\ RQO\ VOLJKWO\ DIIHFW D

SUREOHP RQ D GHWHUPLQDWLRQ RI DGMDFHQW OLPLWV� XVLQJ WKH WKHRUHP ����� DQG WKH

PRUH GHHS UHVHDUFK LQ WKLV GLUHFWLRQ LV UHTXLUHG��

1DWXUDOO\� WKHUH DUH DOVR RWKHU SUREOHPV� /LQNLQJ WKLV SUREOHPDWLFV ZLWK

SUREOHPDWLFV UHSUHVHQWHG LQ FKDSWHUV � DQG �� ZKHUH WKH QHZ K\SRWKHVLVHV DUH



���

DGYDQFHG� WKH YDULRXV SUDFWLFDO WDVNV DUH VROYHG DQG WKH TXHVWLRQV DW LVVXH DUH

VWDWHG� LW LV SRVVLEOH WR JHQHUDWH D FLUFOH RI WKH WDVNV� ZKLFK VROXWLRQ XQGRXEWHGO\

ZLOO UHGXFH LQ XQLTXH WKHRUHWLFDO DQG SUDFWLFDO RXWFRPHV�

,Q VXPPDU\� LW ZRXOG EH QHFHVVDU\ WR PDUN WKH IROORZLQJ IDFW� ZKLFK WKH

DXWKRU UHSHDWHGO\ PHQWLRQV LQ WKH PRQRJUDSK\� DSSDUHQW WKH WULYLDOLW\

ω�UHIOHFWLRQV DQG LV SRVVLEOH GHULYLQJV DOO RXWFRPHV E\ D FKDQJH RI YDULDEOHV DUH

UHIXWHG DW GHHS VWXG\ ω�UHIOHFWLRQV RI RSHUDWLRQV �VLQFH DW ω�UHIOHFWLRQ WKH UH�

SODFHPHQW RI RSHUDWLRQV LV SURGXFHG��

&+$37(5 �� 7+( (/(0(176 48$6,9(&725,$/

2) 7+( $1$/<6,6

� ���� 7KH JHQHUDO SURYLVLRQV

7KH PDWKHPDWLFDO REMHFWV DUH QHFHVVDU\ FRPSRQHQWV LQ H[SRVLWLRQ RI WKH

SK\VLFDO IDFWV� 7KH SRSXODWLRQ ODVW PDNHV D EDVLV RI XQGHUVWDQGLQJ RI D UHDOLW\ RI

WKH ZRUOG� HQFORVLQJ XV� %\ YLUWXH RI VXVFHSWLELOLW\ RI PDWKHPDWLFDO REMHFWV

ω�UHIOHFWLRQV� REYLRXVO\� DQG WR WKH SK\VLFDO ODZV �IDFWV� WKH PHDQV

ω�UHIOHFWLRQ LV DSSOLFDEOH� $V RQH RI FRQQHFWLQJ EHWZHHQ ω�PDWKHPDWLFV DQG

ω�SK\VLFV �XQGHUVWDQGLQJ XQGHU LW WKH SRVVLELOLW\ RI GHVLJQLQJ LQILQLWH RI VSHFWUD

RI DQ\ PDWKHPDWLFDO DQG SK\VLFDO REMHFWV� LQ WKH JLYHQ ERRN LV TXDVLYHFWRULDO WKH

DQDO\VLV� REWDLQHG LQ DQ RXWFRPH ω�UHIOHFWLRQV RI YHFWRULDO PDJQLWXGHV LGHQWLILHG

ZLWK XVXDO YHFWRUV DQG YHFWRULDO IXQFWLRQV� $QG� WKH VWUXFWXUHV TXDVLYHFWRULDO DQG

YHFWRULDO DQDO\VHV DUH VLPLODU�

,Q D EDVLV TXDVLYHFWRULDO RI WKH DQDO\VLV WKH FRQFHSW TXDVLYHFWRU OD\V� /DVW

LV UDQNHG RQ DQ LQGH[ L PRWKHUO\ VSDFH Lω � IURP ZKLFK WKHUH LV ω�UHIOHFWLRQ LQ

GHULYHG �ω ( )? ?Lω ω→ � DQG RQ D SDUDPHWHU N � ,Q WKH SUHVHQW FKDSWHU LQ

TXDOLW\ Lω WKH VSDFH �ω � L�H� Lω ω≡ � XQGHUWDNHV RQO\�

4XDVLYHFWRULDO WKH DQDO\VLV DOORZV PRUH PRUH VFDOHO\ WR SHUFHLYH DQ\

SK\VLFDO ODZ �RU IDFW�� DQG DOVR SK\VLFDO VNHZ ILHOGV RI WKH PDWHULDO ZRUOG� XQGHU�

VWDQGLQJ XQGHU D SK\VLFDO VNHZ ILHOG DOO JDPPD PLFUR DQG PDFURVWUXFWXUH
V RI

PDWHULDO REMHFWV�

,Q WKH SUHVHQW ZRUN WKH DXWKRU UHGXFHV RQO\ UHDGLO\ DYDLODEOH�� SULPDU\ UHD�

VRQLQJV ZKLFK� ZLOO KHOS WKH UHDGHU WR JHQHUDWH WKH RZQ FRQFHSW RI D VWUXFWXUH RI

SK\VLFDO VSDFH DV SRSXODWLRQV RI SK\VLFDO REMHFWV�

�� $W WKH GHHS DQDO\VLV RI FRUUHODWLRQ RI PDWKHPDWLFDO DQG SK\VLFDO REMHFWV� WKHP ω − UHIOHF�

WLRQV LW DUH WDNHQ LQWR DFFRXQW WKH IDFWRUV LQIOXHQFLQJ WR GLVWLQFWLRQ DEVWUDFW DQG UHDO� DQG DOVR

RQ WUDQVIRUPDWLRQ RI REMHFWV DW ω − WUDQVIRUPDWLRQV�
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� �L M N − REMHFWV RI D QHZ QDWXUH� ZKLFK ZH VKDOO QDPH EDVLV TXD�

VLYHFWRUV� WKRXJK WKH\ DQG GR QRW FRUUHVSRQG WR FRPPRQ UHSUHVHQWDWLRQ DERXW
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− YHFWRULDO IXQFWLRQV�

$W UHIOHFWLRQ ? ?� �ω ω→ WHQVRU RI D ILHOG ZH VKDOO UHFHLYH TXDVLWHQVRU D

ILHOG� 7HQVRU �DQG� VSHFLDO FDVH LW� YHFWRULDO� WKH H[SRVLWLRQ RI SK\VLFDO PDJQL�

WXGHV LV D PRGH RI UHSUHVHQWDWLRQ RI D GHILQHG REMHFWLYH UHDOLW\� 6LPLODUO\� TXD�

VLWHQVRU �TXDVLYHFWRULDO� WKH H[SRVLWLRQ RI WKHVH PDJQLWXGHV LV D PDWKHPDWLFDO

PRGHOLQJ RI D SRVVLEOH REMHFWLYH UHDOLW\� ZKLFK LV QRW QHFHVVDU\ H[LVWV LQ WKH SUHV�

HQW LQVWDQW DQG LW LV QRW QHFHVVDU\ FDQ EH GHWHFWHG E\ DYDLODEOH WRROV RI DQ LGHQWLIL�

FDWLRQ DQG UHVHDUFK�

������ 4XDVLODSODFLDQ D ILHOG

$V LV NQRZQ� WKH ILHOG RI YHFWRUV ( )D U LV QDPHG ODSODFLDQ� LI LQ DQ\RQH LW WR

D SRLQW LV IXOILOOHG HTXDOLWLHV URWD = � DQG GLYD = �� L�H� WKH ODSODFLDQ ILHOG LV

VLPXOWDQHRXVO\ ERWK SRWHQWLDO DQG VROHQRLGDO� DQG LQ D V\PSO\ FRQQHFWHG UHJLRQ

FRPSOHWHO\ LV GHILQHG E\ D VFDODU SRWHQWLDO ϕ � $QG� ∆ϕ = � �DV� LI URWD = �

DQG D = ∇ϕ IRU D V\PSO\ FRQQHFWHG UHJLRQ� GLY GLYD = ∇ = =ϕ ϕ∆ � �� 7KH

UHVHDUFK RI D SRWHQWLDO ϕ LV EDVHG RQ WKH IROORZLQJ SURSHUWLHV RI SRWHQWLDO IXQF�

WLRQV�

± LI LQ DUHD * � OLPLWHG σ � IXQFWLRQ HYHU\ZKHUH KDUPRQLF�
∂ϕ
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σ
σ Q

G⋅ =∫∫ � �

LQLWLDO WULSOH LQWHJUDO�
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± LI ϕ DQG ψ − SRWHQWLDO IXQFWLRQV HYHU\ZKHUH LQ DUHD Y OLPLWHG VXUIDFH
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∂
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± WKH IXQFWLRQ ϕ � KDUPRQLF LQVLGH * � FDQ EH IRXQG LQ DQ\ SRLQW * �RQ

YDOXHV ϕ DQG
∂ϕ
∂Q

RQ WKH ERXQGDU\ σ DUHD * � XQGHU WKH IRUPXOD
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± WKH HTXDWLRQ ∆ϕ = � KDV D XQLTXH YDOXH LQ DUHD * � LI RQ WKH ERXQGDU\

( )σ ϕ DFFHSWV WKH JLYHQ YDOXHV�

/HW ϕ − SRWHQWLDO RI DQ LUURWDWLRQDO IORZ RI DQ LQFRPSUHVVLEOH OLTXLG ZLWK D

GHQVHQHVV ρ � L�H�

9 = ∇ϕ � GLY9 = �� ∆ϕ = �� URW9 = � �

ZKHUH 9 −YHORFLW\�

)LJ� �� 7KH LQWHQVLW\ RI D YHFWRULDO KDQGVHW RI D VROHQRLGDO ILHOG LV IL[HG

DORQJ DOO KDQGVHW� 7KH YHFWRULDO KDQGVHW RI D VROHQRLGDO ILHOG FDQ�

QRW WHUPLQDWH RU WR EHJLQ LQ D ILHOG�
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7KHQ IURP D SURSHUW\ RI SRWHQWLDO IXQFWLRQV IROORZV� WKDW WKH LQWHQVLW\ RI

KDQGVHWV RI D FXUUHQW RU YHFWRULDO KDQGVHWV �)LJ� ��� L�H� ILHOG� GHULYDWHG E\ YHFWR�

ULDO OLQHV� 9 � LV IL[HG RQ OHQJWK RI KDQGVHWV� LQ D V\PSO\ FRQQHFWHG UHJLRQ OLPLWHG

WR ULJLG ZDOOV� RQ ZKLFK
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∂Q

= �� WKHUH FDQQRW EH D FRQWLQXRXV LUURWDWLRQDO IORZ�

WKH NLQHWLF HQHUJ\ RI VRPH YROXPH RI D OLTXLG * � OLPLWHG E\ D VXUIDFH σ � FDQ EH

FDOFXODWHG XQGHU WKH IRUPXOD
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�∆ ϕ WKH PDJQL�

WXGHV DUH SHUIRUPDQFHV TXDVLILHOG RI D YHORFLW\ RI DQ LUURWDWLRQDO IORZ RI DQ LQ�

FRPSUHVVLEOH OLTXLG�

7KH PDWKHPDWLFDO PRGHO TXDVLILHOG ������ KDV WKH LGHQWLILHG SK\VLFDO VHQVH

FRQVLVWLQJ LQ D SRVVLELOLW\ RI SUHVHQFH DW DQ\ SK\VLFDO SHUIRUPDQFH RI D ILHOG RI

DQDORJ PDJQLWXGHV �LQILQLWH RI D VSHFWUXP RI LGHQWLILHUV� RI D QHZ QDWXUH ZLWK

PRGLILHG GLPHQVLRQDOLWLHV�

$OWHUQDWH WR WKH FODVVLFDO PRQRILJXUDWLYH MXGJPHQW DERXW SK\VLFDO VXEVHUY�

HUV WKH LQILQLWH�VSHFWUDO H[SRVLWLRQ ODVW SURPRWHV PRUH JOREDO XQGHUVWDQGLQJ RI DQ

REMHFWLYH UHDOLW\�

7KH SUREOHP RI SRO\ILJXUDWLYH SK\VLFDO WKLQNLQJ LV FRQQHFWHG DV WR GLIIL�

FXOW\ RI RYHUFRPLQJ RI D EDUULHU EHWZHHQ FXVWRPDU\ DQG TXDOLWDWLYHO\ E\ QHZ UHS�

UHVHQWDWLRQ DERXW REMHFWV� DQG ODFN RI D XQLTXH H[SHULPHQWDO PDWHULDO RQ WKH JLYHQ

SUREOHP� $QG� QHYHUWKHOHVV� MXVW WKLV SUREOHP FUHDWHV IXQGDPHQWDO SUHPLVHV IRU

H[LVWHQFH RI WKH FRQFHSW RI D VHW RI LGHQWLFDO REMHFWV�
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������ %DVLF WKHRUHP TXDVLYHFWRULDO RI WKH DQDO\VLV

$Q\RQH FRQWLQXRXV TXDVLYHFWRULDO WKH ILHOG ( )$ U∗ � JLYHQ LQ DOO VSDFH DQG

YDQLVKLQJ RQ LQILQLW\ WRJHWKHU ZLWK TXDVLGLYHUJHQFH DQG TXDVLFXUO FDQ EH UHSUH�

VHQWHG E\ D XQLTXH LPDJH DV D SURGXFW TXDVLSRWHQWLDO ( )$ U�∗ � DQG TXDVLVROH�

QRLGDO ( )$ U�∗ ILHOGV ( ) ( ) ( )( )$ U $ U $ U∗ ∗ ∗= ⋅� � ���

7KXV D EDVLF FRQGLWLRQ RI D SRWHQWLDO ILHOG LV WKH HTXDOLW\ ( )URW � �D U = �
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1RW VWRSSLQJ RQ D SURRI RI WKLV WKHRUHP� ZH VKDOO UHPDUN� WKDW WKH RXWFRPH

LV SRVVLEOH WR UHFHLYH E\ D ZD\ ω�UHIOHFWLRQ ? ?� �ω ω→ EDVLF WKHRUHP RI D

YHFWRU DQDO\VLV�

������ ω� LPDJH RI DQ HOHFWURPDJQHWLF ILHOG

/HW ( DQG + − YHFWRUV RI VWUHQJWK RI HOHFWULFDO DQG PDJQHWLF ILHOGV EHLQJ

IXQFWLRQV RI D SRLQW DQG WLPH� ( )ρ ρ= −U W� GHQVLW\ IXQFWLRQ RI FKDUJHV�

( )M M U W= −� YHFWRULDO IXQFWLRQ D FXUUHQW GHQVLW\ ( )M M U W= � � /HW
V FRQVLGHU DQ

HOHFWURPDJQHWLF ILHOG LQ YDFXXP�

7KH FRQQHFWLRQ ( DQG + LV NQRZQ�
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/

⋅ ⋅∫∫ σ
σ

WKURXJK D VXU�

IDFH σ � OHDQLQJ RQ DQ RXWOLQH / � LV HTXDO WR FLUFXODWLRQ RI DQ HOHFWULFDO ILHOG

ε = ⋅∫ ( GO

/

DORQJ DQ RXWOLQH / �ε − HOHFWURPRWLYH IRUFH DQG WKH ILUVW HTXDWLRQ LV

D ODZ RI DQ HOHFWURPDJQHWLF LQGXFWLRQ 0� )DUDGD\�� 7KH HTXDWLRQ ������ VKRZV�

WKDW WKH VWUHDP RI D PDJQHWLF ILHOG WKURXJK D FORVHG VXUIDFH Fσ $UELWUDU\ IRUP LV

DOZD\V HTXDO WR ]HUR� $SSO\LQJ WKH IRUPXOD 6WRNHV� ZH VKDOO UHFHLYH
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8QGHU WKH IRUPXOD RI WKH 2VWURJUDGVNLL + Q G + G9
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ZKHQFH� E\ YLUWXH RI DQ DUELWUDU\ RI YROXPH 9 � GLY+ = �� ������
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7KH IRUPXODV ������ DQG ������ DOORZ FRPSOHWHO\ WR GHVFULEH LQILQLWH D

VSHFWUXP WKHUPRG\QDPLF TXDVLILHOG�
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� ���� 7KH FRQFHSW RI D UHDOLW\ TXDVLILHOG

,Q FKDSWHU � RI WKH SUHVHQW PRQRJUDSK\ WKH SRVVLELOLW\ RI WKH H[WHQVLRQ RI D

ILHOG RI UHDO QXPEHUV E\ D ZD\ ω�UHIOHFWLRQV ZDV VKRZQ� )RU H[DPSOH� IURP

IUDFWLRQDO QXPEHUV I5 LV XQHDV\ WR UHFHLYH QHJDWLYH −5

( ) ( )( � � � �D D 5D D
N

= → = ∈ −� ? ? �ORJω ω � ZKHUH ( )D N 5� ∈ + �

( )N D� > �� { } ( ){ })I N5 5D D= → =−� ? ? �ORJ� �ω ω � IURP QHJDWLYH ±

∆ �QXPEHU ∆5 ( � � � � �D D D 5N
? ? ORJω ω→ = ∈ ∆ � N ≠ �� N 5∈ �

�D 5∈ − � { } ( ){ }− = = →5 D N
D� �ORJ � ?ω

{ } ( ){ })→ = =� �ω ? �ORJ ORJ ORJ∆5 DN N N
D � IURP ∆ �QXPEHUV ±

/ −QXPEHU /5 ( � � � � �D D D 5N
? ? ORJω ω→ = ∈

/ � N ≠ �� N 5∈ �

�D 5∈ ∆ �

{ } ( ){ })∆5 5 DN N N N
D? ? �ORJ ORJ ORJ ORJ� � �ω ω→ = =/ � HWF�

,QILQLWH D VSHFWUXP RI ILHOGV YDULRXV ∆ �QXPEHUV ( )∆ ∆5 5 5 L� � �/ � �

FRQVWUXFWHG E\ UHIOH[LYH UHIOHFWLRQ RI D ILHOG UHDO QXPEHU 5 UDWKHU ( )− ∞ � RYHU�

ILHOGV �IRU H[DPSOH� RYHUILHOG � �5 5= ∆ � UDWKHU ( ))∆∞ � LPDJHV RI IXQFWLRQV

JHQHUDWHG RQ VHWV ∆ �DUJXPHQWV� HWF� PHDQV� WKDW D FHUWDLQ REMHFW VLPLODU WR WKLV

OLQH�XS RI REMHFWV� )RU H[DPSOH� TXDVLILHOG LW LV H[SHGLHQW WR SHUFHLYH DV WKH SRV�

VLELOLW\ RI H[LVWHQFH LQILQLWH� ,Q FRQQHFWLRQ ZLWK LQILQLWH E\ WKH H[WHQVLRQ RI ILHOGV

LV LQHYLWDEOH LQILQLWH RI LPDJHV RI DQ\ IXQFWLRQDO RU FRUUHODWLRQ DVVRWLDWLRQ� L�H� WKH

SK\VLFDO REMHFW PDGH LQ WKH PDWKHPDWLFDO IRUP� KDV LQILQLWH D VSHFWUXP TXDVL�

SK\VLFDO ω� LPDJHV��

,Q FKDSWHU � WKH VDPH VLWXDWLRQ ZDV LOOXVWUDWHG ZLWK LQWHJUR�GLIIHUHQWLDO RE�

MHFWV� 7KH GHULYDWLYH KDV D XQFRXQWDEOH VHW ω� LPDJHV LQ VSDFH �ω � L�H� H[LVWV

LQILQLWH D VSHFWUXP ω� LPDJHV RI DQ\ GLIIHUHQWLDO HTXDWLRQ� DQG FRQVHTXHQWO\� DQG

LQILQLWH D VSHFWUXP LW RI VROXWLRQV� HDFK RI ZKLFK VLPXODWHV VRPH REMHFWLYH UHDOLW\�

/DVW� REYLRXVO\� GRHV QRW H[LVW DV WKH IRUPV RI D VXEVWDQFH� LQ RXU UHSUHVHQWDWLRQ

DERXW KHU� 3ULQFLSDO D PRPHQW LQ XQGHUVWDQGLQJ RI D VXEVWDQFH LQ FDVH RI WUDQV�

IRUPDWLRQ LW LQ TXDVLVXEVWDQFH�� DW ω�UHIOHFWLRQV LV WKH VWDWHPHQW� WKDW HYHU\RQH

�� 8QGHU TXDVLVXEVWDQFH DQ RXWFRPH ω − UHIOHFWLRQV PDWHULDO KHUH LV XQGHUVWRRG� ,Q H[WHQGHG

UHSUHVHQWDWLRQ LQ TXDVLVXEVWDQFH DOO DEVWUDFW REMHFWV DUH LQFOXGHG�
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ORJLFDOO\ YDOLG PDWKHPDWLFDO H[SUHVVLRQ LQFOXGLQJ SK\VLFDO PDJQLWXGHV� LGHQWL�

ILHV VRPH SK\VLFDO UHDOLW\�

/HW
V FRQVLGHU WKH PRVW HOHPHQWDU\ H[DPSOH� /HW LQ VSDFH �ω WKH VHJPHQW

$% � GLYLGHG E\ D SRLQW & RQ WZR SDUWV LV JLYHQ� /HW
V UHIOHFWLRQ LW LQ VSDFH �ω �

LI $& D= �� &% D= � � $% D= ( )D D D= +� � � DQG WKH RXWFRPH RI UHIOHF�

WLRQ �ω LQ �ω OHQJWK RI D VHJPHQW $% ZLOO EH VTXDUH RI D UHFWDQJOH &$$ %�

�ILJ� ��� D D
D D D D

N N N D D� � � �
� � � �

� �+ → = ⋅ = ′ ⋅ ′+? ?ω ω � ZKHUH �
�

D N
D′ = �

DQG �
�D N
D′ = �

{D

N �

DN �

 �� ��

%% &&

$�$

$

D

D�D�

�ω �ω

)LJ� �� &RPSRQHQW ω�UHIOHFWLRQ ( )? ?
� �ω ω→ VHJPHQW $% � GLYLGHG RQ WZR

SDUW� IURP VSDFH
�ω LQ VSDFH

�ω �LQ FDVH RI D SDUWLWLRQ RI D VHJPHQW $% RQ

WZR SDUWV
�D
DQG

�D ( )DE D D D= = +� �
��

7KH VHJPHQW $% RQ Q HTXDO SDUWV LV VHSDUDEOH� $& & &� � �= = =�
= =−& % DQ � ∆ � ZKHUH ∆D D Q= � /HW
V UHIOHFWLRQ D VHJPHQW $% IURP �ω LQ

�ω XQGHU FRQGLWLRQ RI D SDUWLWLRQ LW LQ VSDFH �ω � ,W LV XQHDV\ WR VKRZ� WKDW DW

GLYLVLRQ RI D VHJPHQW $% ( )$% D= RQ WKUHH DQG PRUH SDUWV ZH VKDOO UHFHLYH D

VNHZ ILHOG �DW )Q = � DQG K\SHUYROXPH �DW )Q > � ZLWK LGHQWLFDO OHJV ORFDWHG RQ

D[HVHV RI FRRUGLQDWHV� $FFHSWLQJ OHQJWK RI DQ HOHPHQWDU\ VHJPHQW WHQGLQJ WR ]HUR

( )∆D → � � DQG WRWDO QXPEHU RI VHJPHQWV WR LQILQLW\ ( )Q→ ∞ � ZH REWDLQ OHQJWK

RI HDFK GLVSOD\HG VHJPHQW WR HTXDO XQLW ( )� �N = � 6R WKH SURMHFWLRQ RQ D SODQH

;2< ZLOO UHSUHVHQW JXDGUDWH� DQG LQ WKUHH�GLPHQVLRQDO VSDFH � FXEH ZLWK D OHJ

RI DQ HGJH HTXDO WR XQLW �VTXDUH RI D ILJXUH� EHLQJ SURMHFWLRQ ]bi_jl_e� LV

HTXDO ���
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/HW
V UHPDUN� WKDW� UHIOHFWLRQ LQ �ω IURP �ω ³VHJPHQW´ RI ]HUR OHQJWK ( )$% = � �

ZH VKDOO UHFHLYH VLQJOH ω� LPDJH� L�H� DW SDVVDJH IURP
Lω ( )L ≠ � LQ

�ω JHRPHWULF REMHFWV

DQG� REYLRXVO\� WKH SK\VLFDO PDJQLWXGH HTXDO WR ]HUR� JDLQ ILQDO UHDOO\ ³IHOW´

�³DSSUHFLDEOH´�� L�H� QRW HTXDO WR ]HUR� YDOXH �IRU H[DPSOH� DW UHIOHFWLRQ ? ?
� �ω ω→ WKLV

YDOXH � XQLW� DQG� RQ WKH FRQWUDU\� ILQDO FDQ EH WUDQVIRUPHG LQ ]HUR�

,QFLGHQWDOO\ ZH VKDOO UHPDUN� WKDW WKH GLPHQVLRQDOLW\ RI VSDFH LV LQFOXGHG

LQWR XQGHUVWDQGLQJ ODVW IURP D SRVLWLRQ ω�UHIOHFWLRQ� 7KXV WKH VSDFH FDQ KDYH

DQ\ GLPHQVLRQDOLW\ IURP ]HUR DG LQILQLWXP� $QG� WKH FRQFUHWH GLPHQVLRQDOLW\ LW

GHSHQGV� RQ D GHYLFH LQWHOOHFWXDO � SV\KRORJLFDO RI PHDQV RI WKH REVHUYHU� L�H�

IURP LW RI DELOLW\ RI YLVLRQ �SHUFHSWLRQ� RI D UHDO «

6R� VXPPDUL]LQJ� LW LV SRVVLEOH WR PDUN WKH IROORZLQJ K\SRWKHWLFDO DVSHFWV

�SRVWXODWHV� RI WKH FRQFHSW ω� LPDJHV RI D UHDOLW\�

�� 7KH UHDO VSDFH VXSSRVHV H[LVWHQFH DQ\RQH ω�VSDFH� L�H� LW FDQ EH FRQ�

VLGHUHG DV LQILQLWH D VSHFWUXP FRPELQHG �LQVHUWHG� ω�VSDFHV�

�� (YHU\RQH ω�VSDFH FDQ EH FRQVLGHUHG DV �ω �DUELWUDU\ RI D FKRLFH RI

]HUR�� DV DOO ω�VSDFHV DUH UHODWHG RQ LQWHULRU FRQQHFWLRQV�

�� $Q RXWFRPH ω�UHIOHFWLRQ RI ]HUR FDQ EH DQ\ QXPEHU

(� ��
�

� �? ? ? ?L L L LN Nω ω ω ω→ = →− − − HWF���

6LPLODUO\� DW ω�SDVVDJHV RI FHUWDLQ SK\VLFDO PDJQLWXGHV WKH WUDQVIRUPDWLRQ

IURP ]HUR LW RI D YDOXH WR DQ\RQH DQRWKHU �LV DGPLVVLEOH DW D PRGLILFDWLRQ RI LWV

HVVHQFH�� L�H� WKH DSSDUHQW HPHUJLQJ IURP ³DQ\WKLQJ´ LV LQFRUSRUDWHG LQ

ω�VWUXFWXUH RI VSDFH DQG H[LVWLQJ UHJXODULWLHV RI UHIOHFWLRQV RI REMHFWV LQ WKLV

VSDFH�

/HW
V UHPDUN� KRZHYHU� WKDW WKH GLVWULEXWLRQ RI WKH WKHRU\ ω�UHIOHFWLRQ WR

SK\VLFDO REMHFWV DW WKH JLYHQ VWDJH ZKLOH LV UDWKHU SUREOHPDWLF�

� ���� $ SUREOHPDWLFV TXDVLYHFWRULDO RI WKH DQDO\VLV

,Q FRQQHFWLRQ ZLWK DQ H[WHQVLYHQHVV RI WKH JLYHQ SUREOHP ZH VKDOO VSHFLI\

RQO\ EDVLF SUREOHPV RULJLQDWLQJ DW GHVLJQLQJ DQG VWXG\ TXDVLYHFWRULDO RI WKH

DQDO\VLV�

�� ,W LV QHFHVVDU\ PRUH FDUHIXOO\ WR ZRUN WKH PHFKDQLVP ω�UHIOHFWLRQV RI

VFDODU DQG YHFWRULDO IXQFWLRQV� 7KXV LW LV QHFHVVDU\ WR SURYH HVWDEOLVKLQJ PRPHQW�

L�H�� E\ FRQVLGHULQJ YDULRXV ω� LPDJHV RI YHFWRUV DQG VFDODUV �LQ DGMDFHQW

ω�VSDFH DQG VSDFH RI GLIIHUHQW UDQNV� WR SURYH WKH FRPPRQ WKHRUHPV TXDVLYHF�

WRULDO RI WKH DQDO\VLV�



���

�� 7R UHDOL]H ω�UHIOHFWLRQV WHQVRU RI WKH DQDO\VLV� WR JHQHUDWH TXDVLWHQVRU

WKH DQDO\VLV DQG WR OHDG DOO SURRIV DFFRUGLQJ WR WKH UHFRPPHQGDWLRQV� GDWDV LQ

LWHP �� $QG� LW LV GHVLUDEOH WR UHFHLYH WKH IRUPXODV IRU Q �GLPHQVLRQDO RI VSDFH �LQ

WKH SUHVHQW ZRUN WKH DXWKRU ZDV OLPLWHG VRPHWLPHV RQO\ WR WKUHH�GLPHQVLRQDO

VSDFH��

�� 7R JLYH WKH JHRPHWULF LQWHUSUHWDWLRQ WR ω� WUDQVIRUPDWLRQ RI REMHFWV

QRWHG DV WKH IRUPXODV� 7R LQYHVWLJDWH ω�UHIOHFWLRQV RI YDULRXV LQWHJUDWHG REMHFWV

IURP YHFWRULDO IXQFWLRQV DQG WKHLU FRPELQDWLRQV�

�� 7R LQFUHDVH QXPEHU RI H[DPSOHV VXFK DV H[DPSOHV UHGXFHG LQ LWHP ����

7R ILQG ω� LPDJHV RI D PHDQV RI D TXDQWXP PHFKDQLFV� $OO FRQFOXVLRQV DUH QHF�

HVVDU\ IRU JLYLQJ LQ TXDVLYHFWRULDO �RU TXDVLWHQVRU� QRPHQFODWXUHV� 7R H[SODLQ

SK\VLFDO HVVHQFH �QDWXUH� TXDVLREMHFWV� 0RUH SUHFLVHO\ WR MXVWLI\ LQILQLWH RI LP�

DJHV RI REMHFWV DW WKH H[SHQVH RI WKH H[WHQVLRQ RI D ILHOG RI UHDO QXPEHUV �VHH LWHP

������

�� 7R OHDG ω�UHIOHFWLRQV RI WUDQVIRUPDWLRQV RI YHFWRUV DW YDULRXV PRGLIL�

FDWLRQV RI IUDPHV� 7R LQYHVWLJDWH ω� WUDQVIRUPDWLRQ RI YHFWRUV LQ FXUYLOLQHDU

IUDPHV� 7R DSSO\ TXDVLYHFWRULDOV RI WUDQVIRUPDWLRQ LQ WKH LGHQWLILHG TXDVLPDWUL[

IRUP�

�� 7R ILQG D UDWLRQDO HQWU\ �V\PEROLFV� TXDVLWHQVRU RI PDJQLWXGHV DW YDULRXV

ω�UHIOHFWLRQV�

�� 7R GHYHORS WKH MXVWLILHG WKHRU\ Q �GLPHQVLRQDO RI SK\VLFDO REMHFWV DQG

TXDVLREMHFWV �ω� LPDJHV��

�� 7R JHQHUDWH WKH WKHRU\ TXDVLREMHFWV LQ WKH WKHRU\ RI WKH &DUWDQ�

�� 7R ILQG ω�UHIOHFWLRQV RI EDVLF FRQFHSWV RI GLIIHUHQWLDO JHRPHWU\� 7R

VWXG\ D VWUXFWXUH RI JOREDO VSDFH DV D VXSHUSRVLWLRQ HYHU\ SRVVLEOH SK\VLFDO

ω�VSDFHV�

��� 7R JLYH PDWKHPDWLFDO H[SRVLWLRQ LQILQLWH ki_dlhjh\ VSHFWUXP DQG VX�

SHUVSHFWUXP TXDVLILHOG ZLWK WKH KHOS RI ZDYH IXQFWLRQV� WDNLQJ LQWR DFFRXQW D

FRQWLQXLW\ RI VSHFWUD RQ DQ LQGLFDWLRQ N DQG GLVFUHWL]DWLRQ WKHP RQ DQ LQGLFDWLRQ

L � DQG DOVR SUHVHQFH RI WKH NHUQHO �EDVLF IRUP RI DQ HQWU\ RI REMHFW��

7R JLYH JOREDO PDWKHPDWLFDO H[SRVLWLRQ RQ WKH JLYHQ LWHP LQ YLHZ RI YDUL�

RXV IXQFWLRQV RI FRQQHFWLRQ� 7KXV WR HQWHU JHQHUDOL]LQJ SRVLWLRQV �SHUIRUPDQFH

DQG FULWHULRQV��

��� 7R WDNH DSDUW SUREOHPV RI D VSDFH WHPSRUDO FRQWLQXXP LQ OLJKW RI UHSUH�

VHQWDWLRQV ω� LPDJHV FRPPRQ DQG VSHFLDO RI UHODWLYLW\ WKHRULHV�
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&+$37(5 �� $ 0,6&(//$1< �$33/,&$7,21�

� ���� 7KH JHQHUDO SURYLVLRQV

,Q WKH SUHVHQW FKDSWHU WKH H[DPSOHV RI DSSOLFDWLRQV RI D PDWHULDO H[SODLQHG

LQ WKH SUHYLRXV FKDSWHUV DUH FRQVLGHUHG� 7KH SXUSRVH LW WR VXSSOHPHQW E\ WKH ODVW

IDFWV SHUPLWWLQJ GHHSHU WR XQGHUVWDQG D SUREOHPDWLFV RI WKH PRQRJUDSK\� 7KH

UDQJH RI FRQVLGHUHG KHUH SUREOHPV LV UDWKHU ZLGH� ,Q FRQQHFWLRQ ZLWK D IUDJPHQ�

WDULQHVV RI D UHVHDUFK WKH PDWHULDO RI WKLV FKDSWHU ZDV VROYHG WR VHOHFW XQGHU D WLWOH

³0LVFHOODQ\´� 7KH VXEMHFWV RI WKH VHSDUDWH SDUDJUDSKV LV VHOHFWHG VR WKDW LQ

FKDSWHU � DORQJVLGH ZLWK D VROXWLRQ RI YDULRXV SUREOHPV LQ D XQLIRUP NH\

ω�UHIOHFWLRQ WKH SHUVRQDOLVLQJ RI WKH SDUDJUDSKV ZDV UHDOL]HG� HDFK RI ZKLFK FDQ

EH LQYHVWLJDWHG VHSDUDWHO\ ZLWKRXW DFTXDLQWDQFH ZLWK RWKHUV�

� ���� $ERXW GLYLVLRQ VHFRQG LQYHUVLQJ

,Q FRPPRQ LQILQLWH D VHW RI DOJHEUDLF RSHUDWLRQV� DERXW ZKLFK WKH VSHHFK

ZHQW DERYH� GLYLVLRQ� DV ZHOO DV DQ\ LQYHUVH RSHUDWLRQ� VKRXOG EH DPELJXRXV�

/HW
V FRQVLGHU VRPH DVSHFWV RI WKLV QHZ RSHUDWLRQ� /HW
V GHVLJQDWH E\ LWV GRXEOH

IRUZDUG VODVK ���� (E D F= ⇒ )E F D⋅ = � $Q H[DPSOH RI WKLV RSHUDWLRQ FDQ

EH RSHUDWLRQ EHWZHHQ H[SRQHQWV DW D WDNLQJ WKH URRW� EF E F
G G= �

/HPPD ���� 7KH RSHUDWLRQ EHWZHHQ H[SRQHQWV DW D WDNLQJ WKH URRW LV GLYL�

VLRQ VHFRQG LQYHUVLQJ�

EF E F
G G= � �����

ZKHUH { }E F G� � ∈5 � ( )F ≠ � �� �

3URRI� /HW E F [= � ( )E F� ∈5 � 7KHQ� DFFRUGLQJ WR SURSHUWLHV

∆ �QXPEHUV� DW F ∈1� [ KDV WZR YDOXHV� ZKLFK RQH RI UHDO� DQG VHFRQG ± LV

∆ �QXPEHU� ,I E F P= ∈5 � EF
G O= + � DQG DW P∈ �∆ ZH VKDOO UHFHLYH

P
G O= − � DV ( )∆S S

G G= − �� RQ SURSHUWLHV ∆ �QXPEHUV ( )S P S∈ =5� ∆ �

$OO WKLV SURYHV� WKDW WKH GLYLVLRQ E F LV GLYLVLRQ VHFRQG LQYHUVLQJ� �$V

DJDLQVW KLP WKH GLYLVLRQ E\ ILUVW LQYHUVLQJ KDV RQH YDOXH��

�� 7KH HTXDOLW\ ( )∆S S
G G= − IROORZV IURP D SURSHUW\ ∆ �QXPEHUV� ( )

N
GORJ − =

= ∆
N
GORJ � ZKHUH N G 5� ∈ + � N ≠ ��
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7KH QRWH� ,W LV SRVVLEOH WR UHGXFH OLWWOH ELW RWKHU SURRI RI D OHPPD� /HW
V

GHVLJQDWH EF
D [= � 7KHQ E F

D [= � $IWHU D WDNLQJ WKH ORJDULWKP ZH VKDOO UH�

FHLYH ( ) ( )D
E

D
F

D [ORJ ORJ= � :KHQFH ( )E [ F
D

= ⋅ORJ �� � L�H�
D
[ E FORJ =

DQG [ E F
D= �

/HPPD ���� )RU D E F� � ∈5 KDV D SODFH HTXDOLW\

( ) ( )D E F D E F⋅ = ⋅ �����

3URRI� )URP ����� ZH VKDOO UHFHLYH

( ) ( ) ( )E F EF D EF D E FD D

G G G G= = =⋅ ⋅ � L�H�

( ) ( )D E F D E F⋅ = ⋅ �

&RUROODU\� )URP ����� IROORZV

( )D E D E⋅ = ⋅∆ ∆ � �����

WKDW PHW DOUHDG\ LQ SURSHUWLHV ∆ �QXPEHUV�

7KH WKHRUHP ���� )RU ( )D E� ∈5 WKH HTXDOLWLHV WDNH SODFH

D� D
E

D E⋅ =�
� �����

E�
E

F
D

E D

F
⋅ = ⋅

�����

3URRI� D�� /HW D
E

[⋅ =�

�
⇒ ( )D E[=

�
� � $JUHHV �����

( ) ( ) ( ) ( )( )D E E E[ [ [= = ⋅ = ⋅� � �� � � � � � /HW
V GHVLJQDWH ( )� � E \= � 7KHQ

�
�= ⋅\
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WLFXODU� WKH VHW ∆5 ∆ �QXPEHUV LV UHSUHVHQWHG ZKLFK FDQ EH UHFHLYHG IURP RS�

HUDWLRQ ³ $ ´ �HDVLHU DGGLWLRQV� DQG UHIOH[LYH UHIOHFWLRQ RI D VHW 5 UHDO QXPEHUV�

,V VKRZQ� WKDW WKH ILHOG ∆ �QXPEHUV WXUQV RXW DOVR ω�UHIOHFWLRQ RI D VHW 5−
QHJDWLYH QXPEHUV�

5 5− →? ?� �ω ω ∆ �

,V HVWDEOLVKHG� WKDW ( ){ }5∆ = −ORJ D � ZKHUH D ∈ �5 �

2XWFRPH RI VLPLODU UHIOHFWLRQ ∆ �QXPEHUV ZLOO EH D VHW /5 / −QXPEHUV�

∆5 5? ?� �ω ω→ / �

7KH SURFHVV RI VXFK UHIOHFWLRQV FDQ EH FRQWLQXHG DG LQILQLWXP� ,I WR GHVLJ�

QDWH D ∆ L5 − VHW RI QXPEHUV JHQHUDWHG E\ D ZD\ RI ω L� UHIOHFWLRQ

( )∆ ∆L L− →� � �5 5? ?ω ω � LW LV SRVVLEOH WR QRWH� WKDW ZH GHDO ZLWK LQILQLWH E\

D VSHFWUXP { }∆ L5 LQILQLWH RI VHWV RI QXPEHUV RI D QHZ QDWXUH� )RU H[DPSOH�

∆ ∆5 5≡ � � /5 5≡ −∆ � HWF� %HVLGHV LW LV QRW QHFHVVDU\ WR IRUJHW� WKDW HDFK



���

RI VHWV ∆ L5 ∆ L −QXPEHUV LV JHQHUDWHG E\ LQWURGXFWLRQ RI QHZ DOJHEUDLF RSHUD�

WLRQ� 6R� WKH VHW ∆5 ∆ �QXPEHUV DULVHV DW UHYLHZLQJ RSHUDWLRQ ³ $ ´� L�H� WKDQ WKH

ILUVW RSHUDWLRQ WKH DGGLWLRQV DUH HDVLHU� 6LPLODUO\� WKH VHW /5 �RU ∆ −�5 � LV DQ

RXWFRPH RI WKH IROORZLQJ RSHUDWLRQ HDVLHU WKDQ DGGLWLRQ �RSHUDWLRQ HDVLHU WKDQ

RSHUDWLRQ ³ $ ´�� 6R LV FRQVWUXFWHG LQILQLWH D VSHFWUXP { }∆ L5 � ZKHUH L − QXPEHU

RI DQ RSHUDWLRQ LV HDVLHU WKDQ DGGLWLRQ LI WR FRQVLGHU� WKDW WKH ZHOO�NQRZQ DGGLWLRQ

KDV D YDOXH RI DQ LQGH[ L = �� ,Q D ILJ� � LV UHSUHVHQWHG QXPHULFDO GLUHFW� VXSSOH�

PHQWHG E\ ∆ �QXPEHUV� ,W LV QDWXUDO� WKDW WKLV GLUHFW FDQ KDYH DQ LQILQLWH SURORQ�

JDWLRQ WR WKH OHIW �EXW QRW WR WKH ULJKW���

,W LV XQHDV\ WR HVWDEOLVK DOVR RWKHU FODVVHV RI QXPEHUV RI D QHZ QDWXUH� )RU

H[DPSOH� LQ ���� SUHVHQW FKDSWHUV ZHUH VKRZQ� WKDW DQ ω� LPDJH RI LPDJLQDU\

XQLW LV WKH QXPEHU M = ∆�

�
( )L M? ?� �ω ω→ � ZKLFK EHFDXVH RI LV FRQVWUXFWHG

ω� LPDJH RI WKH WKHRU\ RI IXQFWLRQV RI D FRPSOH[ YDULDEOH �ω�7)&9�� %HVLGHV

WKHUH DUH ³VLQJOH´ HOHPHQWV� U = ∆� � ( )W = − ∆� � $OO FRPELQDWLRQV IURP UHDO

DQG FRPSOH[ QXPEHUV �YDULRXV VHWV ∆ L5 � DUH QXPEHUV RI D QHZ QDWXUH�

:LWKRXW D SURRI �� ZH VKDOO ZULWH RXW VRPH HTXDOLWLHV ( )( D E F� � ∈5 �

D ∈5� � LQ D VHULHV RI FDVHV ( ) )D E F� � ∈= �

( ) ( )∆ ∆ ∆� �⋅ = ⋅ =L L L ( )L = −� � ( ) ( )∆ ∆D L D L⋅ = ⋅ � ( )∆L D L D⋅ = ⋅

( )D ∈1� � ( ) ( )L D L D⋅ = ⋅∆ ∆ � ( ) ( )∆ ∆L D L D⋅ = ⋅ ( )D ∈1� � L L⋅ =∆

( )= = − ⇒ =�
�

�∆ ∆ ∆ ∆L
L

L � ( )∆ ∆�= ⋅L L �
∆ ∆L

L
= ��

∆ ∆L

L
= ��

∆ ∆L

L

L

L
= � ∆� �D = − � /� �D = ∆ � ( )OQ ∆ ∆

L M= + = +�

�
� �/ / �

( )OQ OQ∆D D U D= + = ⋅/� � U D U E
D

E

D

E
⋅ − ⋅ = =OQ OQ

∆
∆

� OQ∆� �= /

( )( )OQ − =� �∆ � �DW D ∈ �5 ( )OQ � OQD D= − + ∈ −� 5 �

�� 7KH VHSDUDWH HTXDOLWLHV DOUHDG\ PHW LQ WKH WH[W� 7R SURYH RIIHUHG HTXDOLWLHV WKH UHDGHU FDQ

LQGHSHQGHQW�
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( )OQ OQ OQ− = + = ∈D D D∆ ∆ ∆� 5 � OQ OQ∆D D= � /� = ∈/ /OQD 5 HWF���

( )( )OQ − − = + +∆ ∆ ∆
� �

�

�

�

�

/
� �DW D E� ∈5 � ( )D E D E+ = + ∈∆ ∆ ∆5 �

( )D E D E+ = + ∈/ / /5 � ( ) ( )( )D E D E+ = +/ /∆ ∆ � ∆ ∆D E D E+ = + �

( )( )∆ ∆D E D E+ = +/ / � ( ) ( )∆ ∆D E D E+ = + ∈/ / /5 � 5 5 5+ = �

5 5 5∆ ∆+ = � 5 5 5/ /+ = HWF��� / OQ OQD D= ∆ ( )( )∆ OQ OQD D= − �

( )( − = ∈E E
ID D� 5 � ( )∆E E

D D= − ∈ −5 � ( )/E E
D D= ∈∆ ∆5 HWF���

( ) ( )E ED D∆ ∆= � EXW ( )E ED D∆ = � LI D ∈1�� E ∈1� �

( ) ( )
∆

∆ ∆
E

E

E E
D

D

D D

E

E
−

−
=

∈
= ∈







�

�

1

1

�

�

E\ DQDORJ\ ZLWK

( ) ( )( )
( )

−− =
− ∈

∈







E
E

E
D

D

D

E

E

� �

� �

1

1

�

�

�

( ) ( )/E E ED D− −= ⋅� � E ∈1� � ( ) ( ) ( )/E E ED D− −= ⋅� ∆ � E
D ∈1�� L

M
N=

( )N ≠ � � ( ) ( )− −

−= ∈
⋅ ∈





E
E

E E
D

D

D D

D E∆
∆
� �

�

1

1

�

��
HWF�� ( ) ( )

( ) ( )
/E

E E E

E E
D

D D

D D

− −
=

⋅ ∈
− ⋅ ∈







� �

��

�

�

1

1∆
�

∆ ∆D M D M+ = + � ∆ ∆∆
E E

D D D= ⋅ − � DQG RWKHUV�

([DPSOH RI QXPEHUV RI D QHZ QDWXUH DUH DOVR QXPEHUV RI D W\SH α β∆ DW

α ∉= � 7KH PRGLILFDWLRQ α RQ ± γ ZLOO FDOO D VKLIW RI D SRLQW UHSUHVHQWLQJ

QXPEHU RQ GLUHFW DFFRUGLQJO\ WR WKH ULJKW RU WR WKH OHIW �LQ DQ DVVRWLDWLRQ IURP D

VLJQ DW γ � VDYLQJ D VHQVH RI QXPEHU� ,W LV SRVVLEOH� WKDW QXPEHUV
Nξ



���

( )N N Nξ α β= ∆ LQ WKLV FDVH WXUQ RXW� DUH ORFDWHG DERXW ( )− ∞ � EXW QRW EHLQJ

WKH ∆ �QXPEHUV �REVHUYH VRPH DQDORJ\ ZLWK K\SHUQXPEHUV� NQRZQ RI WKH QRQ�

VWDQGDUW DQDO\VLV� «

'RHV QRW FDOO GRXSWV WKDW DQ\ QHZ RSHUDWLRQ ³JLYHV ULVH´ WR QXPEHUV RI D

QHZ QDWXUH� 8VLQJ FRPELQDWLRQV RI QHZ QXPEHUV DQG YDULRXV RSHUDWLRQV� LW LV

SRVVLEOH WR UHFHLYH GLIIHUHQFH YDULRXV QHZ YDULDWLRQV RI QXPEHUV VLPLODUO\ WR

FRPSOH[�

,Q VXPPDU\ ZH VKDOO PDUN� WKDW LQ OLJKW RI QHZ UHSUHVHQWDWLRQV DERXW QXP�

EHUV WKH DUHD RI DGPLVVLEOH YDOXHV RI IXQFWLRQV H[WHQGV� �7KH NQRZQ IXQFWLRQV FDQ

EH FRQVLGHUHG RQ VHWV RI QHZ QXPEHUV��

α

F

E D

%$

&

γ π=
�

β

)LJ� �� $Q LPDJH RI D UHFWDQJXODU VSKHULFDO WULDQJOH $%& �

� ���� $Q H[DPSOH RI DSSOLFDWLRQ ω�UHIOHFWLRQV LQ VSKHULFDO WULJRQRPHWU\

/HW RQ DQ RUE WKH UHFWDQJXODU WULDQJOH $%& LV JLYHQ� /HW
V GHVLJQ LW RQ D

SODQH� L�H� ZH VKDOO GLVFRYHU IODW UHIOHFWLRQ RI WKLV WULDQJOH RU WULDQJOH� RQ ZKLFK WKH

VSKHULFDO WULDQJOH �ILJ� �� OHDQV�

,W LV SRVVLEOH WR QRWH WKH IROORZLQJ UHODWLRQV�

α =






DUFVLQ

VLQ

VLQ

[

]

O

O
�



���

β =






DUFVLQ

VLQ

VLQ

\

]

O

O
�

γ π=
�
� ε α β π= + −

�
� �

�
V 5= ⋅ε �

ZKHUH [O � \O � ]O −DQJOHV &2% � &2$ � %2$ � ε − VSKHULFDO NXUWRVLV�

�V − VTXDUH RI D VSKHULFDO WULDQJOH $%& � 7KHQ N
V

V
= �

�

� ZKHUH �V − VTXDUH RI D

IODW WULDQJOH $%& � S
[ \ ]= + +

�
� ( )( )( )�V S S [ S \ S ]= − − − ��

D 5[O= ⋅ � E 5\O= ⋅ � F 5]O= ⋅ � D E F� � −PDJQLWXGH RI OHJV RI D VSKHULFDO WUL�

DQJOH $%& � H[SUHVVHG LQ UDGLDQV� [ \ ]� � −PDJQLWXGH RI OHJV RI D IODW WULDQJOH

$%& �

,Q FRQQHFWLRQ ZLWK WKDW DW UHIOHFWLRQ RI D VXP RI WZR YDULDEOHV [ DQG \

( )[ \+ IURP DGMDFHQW VSDFH �ω ′ LQ �ω ZH VKDOO UHFHLYH ] S SS
[ \= +

[ \ [ \ ] S 5S SS
[ \+ ′ → + ∈



+? ? � � � �� �ω ω � ZH VKDOO WU\ WR ILQG DQ\

UHJXODULWLHV ω�UHIOHFWLRQ ] [ \= + DW WUDQVIRUPDWLRQ RI WKLV VXP LQ D WULDQJOH� WR

ZKLFK WKHUH FRUUHVSRQGV D VSKHULFDO UHFWDQJXODU WULDQJOH� +HUH ZH VXSSRVH D K\�

SRWKHVLV DERXW D UHIOHFWLRQ RI D WULDQJOH ZLWK OHJV [ \ ]� � � ZKHUH

] S SS
[ \= + � S ]≥ � S =∈ � RQ DQ RUE RU K\SHUVSKHULFDO� 7KLV K\SRWKHVLV LV

EDVHG RQ D VSHFLDO FDVH� DW S = � WKH ω�UHIOHFWLRQ RI D VXP RI WZR YDULDEOHV [

DQG \ LV WUDQVIRUPHG LQ ] [ \= +� �
� L�H�� LI [ DQG \ − OHJV RI D UHFWDQJXODU

WULDQJOH� ] − DUH LW D K\SRWHQXVH� [ \ [ \+ ′ → +? ?� �
� �ω ω �

3URFHHGLQJ IURP WKLV K\SRWKHVLV� LQ WKH JLYHQ H[DPSOH WKH LPDJH RI IODW WUL�

DQJOHV ZLWK OHJV [ \ ]� � � ] S SS
[ \= + � S > � � S∈= � RQ DQ RUE SURYLGHG

WKDW RQH DQJOH RI DQ DSSURSULDWH VSKHULFDO WULDQJOH DOZD\V GLUHFW LV FDUULHG RXW�

7KH UHVHDUFK RI WKLV VLWXDWLRQ LV FDUULHG RXW QXPHULFDOO\ DW YDULRXV [ \ S� � �
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/HW
V UHGXFH VRPH HOHPHQWDU\ FRQFOXVLRQV� ZKLFK FDQ EH PDGH� DQDO\]LQJ

REWDLQHG RXWFRPHV� ��

D�� $W PDJQLILFDWLRQ ( )S S → ∞ WKH WULDQJOH $%& WHQGV WR LVRVFHOHV� DV

DW S→ ∞ WKH VHW RI DGMDFHQW VSDFHV { }�ω ′ WXUQV LQ ω�VSDFH RI D KLJKHU UDQN

�ω �

E�� ,Q FDVH RI HTXDOLW\ [ DQG \ LUUHVSHFWLYH RI WKHLU PDJQLWXGH D ORW RI

SHUIRUPDQFHV RI D VSKHULFDO WULDQJOH $%& EHFRPHV WR FRQVWDQWV� )RU H[DPSOH�

VSKHULFDO H[FHVV �IRU S = � ε ≈ � ������� �� UDWLR N
V

V
= �

�

�IRU S = �

N ≈ ������� �� [ \O O+ �IRU S = �� [ \O O+ = � ����� UDGLDQ�� [ \ ]O O O+ +
�IRU S = �� [ \ ]O O O+ + = ������ UDGLDQ� HWF�

F�� 7KH UHSODFHPHQW [ ERWK \ RQ P[ DQG P\

( )P FRQVW P P= ∈ ∈+� �5 = UHGXFHV LQ UHVSHFWLYH DOWHUDWLRQ RI D UDGLXV RI DQ

RUE� L�H� WKH UDGLXV EHFRPHV HTXDO P5 �IRU H[DPSOH� IRU S = � DW [ = �� �

\ = ��� 5 = ������� � DW [ = ��� � \ = ���� 5 = ��� ���� � DW [ = ���� �

\ = ����� 5 = ���� ��� ��

G�� 7KHUH DUH SUHFLVH DVVRWLDWLRQV RI DOO SHUIRUPDQFHV RI D VSKHULFDO WULDQJOH

$%& IURP PDJQLWXGH S�

,Q VXPPDU\� ZH VKDOO UHPDUN� WKDW ERWK QRUP RI D YHFWRU [

[ L[
L

Q
=











=
∑ �

�

� DQG VSHFWUDO UDGLXV [
S

SS
[=

→∞
OLP

�

,Q ; −EDQDFK DOJHEUD

DERYH &� EHLQJ D VHPLQRUP� LI LW LV XQLIRUP LV FRQWLQXRXV RQ ; �WKLV FRQGLWLRQ LV

HTXLYDOHQW FRPPXWDELOLWLHV RI D TXRWLHQW DOJHEUD RQ D UDGLFDO�� DUH FRQQHFWHG ZLWK

ω�UHIOHFWLRQ LQ DGMDFHQW VSDFHV DQG SDVVDJH WR WKH OLPLW DW S→ ∞ VHW RI DGMD�

FHQW VSDFHV { }�ω ′ LQ VSDFH RI D KLJKHU UDQN �ω �DQG� WKLV SDVVDJH LV UHDOL]HG LV

XQLIRUP FRQWLQXRXVO\��

/HW
V PDUN DOVR VRPH IDFWV� ZKLFK FDQ EH XVHG DW D VROXWLRQ RI WKH SUDFWLFDO

WDVNV�

�� $OO SK\VLFDO ODZV KDYH LQILQLWH D VHW ω� LPDJHV� ZKLFK DUH WKH LQGH�

SHQGHQW ODZV�

�� $OO FRQFOXVLRQV� UHGXFHG LQ WKH JLYHQ H[DPSOH� �RXWFRPHV� FDQ EH REWDLQHG E\ DQDO\WLFDO

PHWKRGV�
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)RU H[DPSOH� WKH ILHOGV RI WHPSHUDWXUHV� VWUHQJWK DQG SRWHQWLDO RI DQ HOHF�

WULFDO ILHOG� YHORFLW\ RI FXUUHQW RI D OLTXLG �JDV� HWF� EHWZHHQ WZR SDUDOOHO VOLFHV

�
� � �I D [ E \= ⋅ + ⋅ �

�I = D [ E \� �⋅ + ⋅ � DUH NQRZQ� LI WKH DSSURSULDWH

ERXQGDU\ FRQGLWLRQV DUH NQRZQ� 6ODQWLQJ� WKDW WKH VOLFHV DUH ORFDWHG LQ �ω ′ � ZH

VKDOO UHIOHFWLRQ WKHP LQ VSDFH �ω � /HW
V UHFHLYH FRQHV

� �
�

�
�


I D [ E \= ⋅ + ⋅
 �

� �
�

�
�


I D [ E \= ⋅ + ⋅ 
 � ,W LV XQHDV\ WR QRWH

ω� LPDJHV RI ILHOGV RI SK\VLFDO PDJQLWXGHV NQRZQ LQ VSDFH EHWZHHQ SDUDOOHO

VOLFHV� 2EWDLQHG WKH ω� LPDJHV ZLOO GHVFULEH TXDVLILHOG EHWZHHQ WZR FRQLF VXU�

IDFHV�

�� )RU HDFK SURFHVV WKHUH LV VXFK ω�VSDFH� DIWHU UHIOHFWLRQ ZKLFK IURP LQ

�ω WKH PDWKHPDWLFDO PRGHO RI WKH SURFHVV LV UDWKHU FORVH WR WKHRUHWL�

FDO H[SRVLWLRQ�

,W LV FRQQHFWHG WKDW WKH JRDO IXQFWLRQ �UHVSRQVH IXQFWLRQ� LV LQIOXHQFHG E\ D

VHW RI WKH IDFWRUV� $W ω�UHIOHFWLRQV LW LV SRVVLEOH WR UHDFK D VLWXDWLRQ� ZKHQ WKH

PDMRU IDFWRUV ZLOO EH ³GHILQLQJ´� DQG RWKHUV ± LQILQLWHVLPDO� L�H� WR VWUHQJWKHQ DQ

DSSUR[LPDWLRQ RI WKH WKHRU\ WR SUDFWLFH�

�� ([LVWV LQILQLWH D VHW RI PDWKHPDWLFDO PHWKRGV LGHQWLILHG ZHOO�NQRZQ�

7KLV VHW GHILQHV LQILQLWH RI PDWKHPDWLFDO H[SRVLWLRQV RI DQ\ REMHFW�

)RU H[DPSOH� LW LV SRVVLEOH WR VHOHFW VXFK ω� LPDJH RI D PHWKRG (XOHU�

ZKLFK FRQVLGHUDEO\ LPSURYHV SULPDU\�

� ����� $ SUREOHPDWLFV RI DSSOLFDWLRQ ω� LPDJHV

,Q FRQQHFWLRQ ZLWK KHWHURJHQHLW\ RI D PDWHULDO RI FKDSWHU � LQ ZKROH KDV D

SUREOHPDWLF FKDUDFWHU� 1HYHUWKHOHVV� ZH VKDOO IRFXV DWWHQWLRQ RQ WKH PRVW LPSRU�

WDQW PRPHQW�

�� ,W LV QHFHVVDU\ WR FROOHFW� WR V\VWHPDWL]H DQG WR H[SODLQ PHHWLQJ LQ WKH

WKHRU\ ω�UHIOHFWLRQV� SDUDGR[HV� )RU H[DPSOH� SDUDGR[ ( )∆ ∆ ∆F F FD E D E⋅ ≠ ⋅ �

DW D > �� E > �� ( ) ( ) ( )∆ ∆ ∆ ∆� � � � � � �� � � � � � � ��� ��⋅ = = − = − ⋅ = − ⋅ − =



�

LW LV XQHDV\ WR H[SODLQ IURP D SDUDGR[ UHGXFHG LQ ���� �³7KH QRWH ��´��

( ) ( ) ( ) ( ) ( )OJ OJ OJ OJ OJ
∆ ∆ ∆ ∆F

D E D E F D F E F⋅ ≠ + ⋅ = ⋅ + ⋅ �

( ) ( ) ( ) ( )∗ ∗ ∗ ∗ ∗ ∗ ∗+ ⋅ ≠ ⋅ + ⋅D E F D F E F∆ ∆ ∆ �
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�� 7R FODVVLI\ DQG WR GHVFULEH WKH VSHFLDO RSHUDWLRQV DQG QXPEHUV RI D QHZ

QDWXUH� VLPLODUO\ WR UHSUHVHQWHG LQ WKH JLYHQ FKDSWHU�

�� 7R JHQHUDWH WKH WKHRU\ RI IXQFWLRQV M − YDULDEOH�

�� 7R DSSO\ WKH WKHRU\ ω�UHIOHFWLRQV DW D VROXWLRQ RI WKH YDULRXV SUDFWLFDO

WDVNV�

�� 7R VROYH WKH GLUHFW WDVN LQ LWHP ����� L�H� WR GHYHORS DOJRULWKP RI D GH�

WHUPLQDWLRQ ω�VSDFH� ZKHUH DQ\ GLIIHUHQWLDO HTXDWLRQ LV VROYHG DOUHDG\ LQ NQRZQ

UHFHSWLRQV�

�� 7R LQYHVWLJDWH DSSOLFDWLRQ ω�UHIOHFWLRQV QRW RQO\ LQ D VSKHULFDO WULJR�

QRPHWU\� EXW DOVR LQ D WULJRQRPHWU\ EDVHG RQ D K\SHUERORLG RI RQH VKHHW RU RWKHU

VXUIDFH� 7R WU\ WR SURYH WKH JUHDW WKHRUHP WKH )HUPDW�

�� 7R VWXG\ UHVWULFWLRQV VXSHULPSRVHG RQ WKH GLIIHUHQWLDO HTXDWLRQV DQG WKHLU

V\VWHP� ZKLFK FDQ EH VROYHG E\ WKH XSJUDGHG QXPHULFDO PHWKRGV ZLWK WKH KHOS RI

ω�UHIOHFWLRQV�

�� 7R ILQG ω� LPDJHV RI YDULRXV PHWKRGV RI VHDUFKLQJ RI DQ RSWLPXP

�H[WUHPXPV� RI IXQFWLRQV RI D VHYHUDO YDULDEOH�

�� %HFDXVH RI DQDO\VLV RI WKH WKHRU\ ω � UHIOHFWLRQV WR WU\ GHHSHU WR XQGHU�

VWDQG D UHDO� HQFORVLQJ XV�

,QIHUHQFH

7KH NQRZQ PDWKHPDWLFDO WRROV RI H[SRVLWLRQ RI SK\VLFDO REMHFWV FRPSOL�

FDWHG� DUH QRW UDWLRQDO DQG� DV D UXOH� GR QRW HQVXUH DQDO\WLFLWLHV RI D VROXWLRQ RI

WKH SUDFWLFDO WDVNV� 7KH VSUHDGHG PHWKRGV RI DSSUR[LPDWLRQ DW D QXPHULFDO VROX�

WLRQ GLIIHUHQWLDO DQG LQWHJUDO HTXDWLRQV DOORZ ZLWK D GHILQHG DSSUR[LPDWLRQ WR

MXGJH D ILQDO RXWFRPH� EXW GR QRW VDWLVI\ GHVLUHV WR OHDUQ WR WKH IXOO SK\VLFDO RE�

MHFW�

7KH PDWHULDO� H[SODLQHG LQ WKH JLYHQ ERRN� LV RQO\ H[DPSOH RU VSHFLDO FDVH

LQ D GHYHORSHG PHWKRGV ω�UHIOHFWLRQ DQG FRPPRQ WKHRU\ RI REMHFWV� 1HYHU�

WKHOHVV� WKH DXWKRU KRSHV� WKDW RIIHUHG LQ WKH ERRN WKH PDWHULDO ZLOO DOORZ QRW RQO\

WR DWWUDFW WKH LQTXLVLWLYH UHDGHU LQ FUHDWLYLW\ DQG LQQRYDWLRQ� EXW DOVR ZLOO JLYH KLP

SULPDU\ VNLOOV IRU XQGHUVWDQGLQJ WKH FRPPRQ WKHRU\ RI REMHFWV�
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1�� 1� − DFFRUGLQJO\� VHW RI RGG DQG HYHQ QXPEHUV�

5 � +5 � I5 � LU5 � − −5 DFFRUGLQJO\ VHW UHDO SRVLWLYH� IUDFWLRQDO� LU�

UDWLRQDO DQG QHJDWLYH QXPEHUV�

�∆ RU ( )∆ ∆ ∆5 5 ≡ −� VHW ∆ −QXPEHUV EHLQJ VROXWLRQV RI DQ HTXDWLRQ

( )[ D$ = − ∞ � D ∈5 � ( )� ≡ − ∞ �

�$� ± WKH RSHUDWLRQ RI DQ RUGHU ]HUR ( )Q = � LV HDVLHU WKDQ DGGLWLRQ� DQG

�∆ �±RSHUDWLRQ LQYHUVH �$� �WKXV WKH DGGLWLRQ KDV DQ RUGHU Q = ���

� �5 5 5 5= ≡� �∆ ∆ �

∆D − ODEHO ∆ −QXPEHU ( )D ∈5 �

/5 − WKH VHW / −QXPEHUV� ZKHUH / −RSHUDWLRQ ( )Q = −� � L�H� VHFRQG

RSHUDWLRQ LV HDVLHU WKDQ DGGLWLRQ DQG ILUVW RSHUDWLRQ HDVLHU WKDQ RSHUDWLRQ � $��

/D − ODEHO / −QXPEHU�

∆L5 − VHWV ∆L − QXPEHUV� ZKHUH ∆L − WKH RSHUDWLRQ ( )− −L RI WKH RUGHU

LV HDVLHU WKDQ DGGLWLRQ �H[LVW DOVR RWKHU ODEHO� Q∆ − LW LV SRVVLEOH WR FRQQHFW D VHW

RI QXPEHUV� ZKLFK RULJLQ ZLWK RSHUDWLRQ Q∆ ( )− −Q RI WKH RUGHU HDVLHU WKDQ DG�

GLWLRQ� DQG Q Q∆ ∆≡5 ��

�ω ± ZHOO�NQRZQ PDWKHPDWLFDO VSDFH ZLWK GRPLQDWLQJ RSHUDWLRQ RI DGGL�

WLRQ�

Lω � Mω − L DQG M ± VSDFHV DEVROXWHO\ VLPLODU �ω RQ DQ LQWHULRU VWUXF�

WXUH� DQG WKH GLIIHUHQFH IURP �ω LV H[KLELWHG RQO\ DW UHIOHFWLRQ �SDVVDJH� RI RE�

MHFWV IURP Lω �RU Mω � LQ �ω �WKXV WKH WUDQVIRUPDWLRQ RI REMHFWV� KDSSHQV�

L M? ?ω ω→ − 2SHUDWLRQ ω� ,PDJH RI REMHFW IURP VSDFH Lω LQ VSDFH

Mω �

FI − IXQFWLRQ RI FRQQHFWLRQ EHWZHHQ ω�VSDFHV �IRU H[DPSOH� LQ WKH SUH�

VHQW ERRN
F

[I N= � N > �� N − IDFWRU RI UHIOHFWLRQ��

2− UHIOH[LYH PXOWLSOLFDWLRQ �RU UHIOH[LYH PXOWLSOLFDWLRQ RI WKH ILUVW RUGHU��

D E E D
E N D N

D E2 2= = =
ORJ ORJ ORJ ORJ

� 2− LPDJH LQ �ω RSHUDWLRQ RI

PXOWLSOLFDWLRQ LQ �ω �

' − UHIOH[LYH GLYLVLRQ �RU UHIOH[LYH GLYLVLRQ RI WKH ILUVW RUGHU��
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D' = ORJ � ( )D E� ∈5 � N ∈5 � N ≠ �� ' − LPDJH LQ �ω RSHUDWLRQ RI

GLYLVLRQ LQ �ω �UHIOH[LYH GLYLVLRQ��

'D −QXPEHU GHULYDWHG E\ RSHUDWLRQ ³' ´ (' 'D N D= =

)= ∈ ≠� �N N ND
N ORJ � �5 �

→ −E
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ORJ

� ( )D E N� � > � � )N ≠ � � → −E
D ω�UHIOHFWLRQ LQ

�ω RSHUDWLRQ RI H[SRQHQWDWLRQ LQ �ω �

�D − ODEHO RI IUDFWLRQDO QXPEHU
�

D
� ZKHUH D ∈5 � L�H� �D

D
≡ �

�E\ DQDORJ\

WR D ODEHO RI D QHJDWLYH QXPEHU − = −D D� ��

L

D − ω − LPDJH LQ �ω QXPEHU D � GLVSOD\HG IURP Lω VSDFH� L�H�

D
L

D? ?� �ω ω→ �

D
ELORJ − LPDJH LQ �ω D

EORJ IURP �ω � L�H�
D
EORJ ? �ω →

→ �ω ?
D
ELORJ �

L2 − UHIOH[LYH PXOWLSOLFDWLRQ L RI WKH RUGHU� L�H� RSHUDWLRQ RI PXOWLSOLFD�

WLRQ IRU QXPEHUV FRQFHUQLQJ WR L WR D FODVV �RQ WR WKH ω�IDFWRU��

• →? ?L Lω ω� 2 E\ DQDORJ\ WR UHIOHFWLRQ • →? ?� �ω ω L2 �

\ N[= ( )N N∈ ≠ −5� � VXSHUH[SRQHQWLDO GHJUHH� LI
[
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
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N

= VORJ ( )N N∈ ≠ −5� � VXSHUORJDULWKPLF �RU VXSHUORJDULWKPLF� WKH

IXQFWLRQ EHLQJ LQYHUVH VXSHUH[SRQHQWLDO� L�H� IURP \ [
N
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RQG RUGHU�

\ [
N

= −VVORJ WKH VXSHUORJDULWKPLF �VXSHUORJDULWKPLF� IXQFWLRQ RI WKH

VHFRQG RUGHU� L�H� IURP \ [
N

= VVORJ IROORZV [ N

N
N

\

=
�

	
� � ZKHUH

N N∈ ≠5� ��

\ [Q= Í ( )Q ∈ −= VXSHUUDGLFDO Q RI D GHJUHH �WKLV IXQFWLRQ LQYHUVH VX�

SHUGHJUHH� L�H� IURP \ [Q= Í IROORZV [ \Q= �

L
Q

D
Eℜ � RXWFRPH RI DOJHEUDLF RSHUDWLRQ EHWZHHQ RSHUDQGV D DQG E �

ZKHUH Q DQG L − DFFRUGLQJO\ RUGHUV RI GLUHFW DQG LQYHUVH RSHUDWLRQV �IRU H[DP�
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D Eℜ = ℜ � DQG LQ �
Q
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E

N

ℜ N −QXPEHU RI UHSHDWHG RSHUDWLRQV

N ∈= �

Qν − XQLW HOHPHQW RI RSHUDWLRQ ( )− Q RI WKH RUGHU�

D E − GLYLVLRQ D RQ E VHFRQG LQYHUVLRQ (D E F D F E= ⇒ = ⋅ � L�H�

PXOWLSOLFDWLRQ RQ E −RQ WKH ULJKW DV DJDLQVW GLYLVLRQ E\ ILUVW LQYHUVLRQ

D

E
F D E F= ⇒ = ⋅ ��

L

I − LPDJH RI IXQFWLRQ I � REWDLQHG DW UHIOHFWLRQ LQ �ω IURP Lω � L�H�

I
L

I? ?� �ω ω→ �E\ DQDORJ\� ZLWK D
L

D? ?� �ω ω→ ��

: �� − RI DFFRUGLQJO\ UHIOH[LYH PXOWLSOLFDWLRQ VHFRQG DQG WKLUG LV RUGL�

QDO�

h � 5 � k� � ± DFFRUGLQJO\ ω� LPDJHV LQ �ω RSHUDWLRQV + − × ÷� � �

IURP −�ω �
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± LPDJHV LQ �ω GHULYDWLYH IURP �ω � QRW UHGXFHG WR ³VFDOH´

�ω ( )
 I � UHGXFHG WR ³VFDOH´ �ω ( )
 I DQG GHULYDWLYH IURP −�ω I
R






 �

S I ± LPDJH LQ �ω GHULYDWLYH IURP �ω � QRW UHGXFHG WR ³VFDOH´ �ω �

�N
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 ± LPDJH LQ Lω GHULYDWLYH IURP Lω 
 ( L L Nω ω= � �� )L L Nω ω
 �= �

( ) ( ) ( )Q Q Q
I I I
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� �
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�
± LPDJHV LQ �ω GHULYDWLYH Q�]h RI WKH RUGHU DFFRUGLQJO\ IURP

� � �ω ω ω� � 
− �

δ [ − JHQHUDOL]HG ODEHO ω� LPDJH �UHGXFHG DQG QRW UHGXFHG WR D VFDOH

�ω � GLIIHUHQWLDO DW LPDJH LW LQ �ω IURP �ω DQG −�ω �

δ�[ − ODEHO ω� LPDJH RI D GLIIHUHQWLDO �LPDJH LQ �ω GLIIHUHQWLDO IURP

�ω � QRW UHGXFHG WR ³WR D VFDOH´ �ω ��

�N
∫ − ω� LPDJH RI DQ LQWHJUDO REWDLQHG E\ UHIOHFWLRQ ? ?� �ω ω→ ′ �

� �
�S NN

= −ORJ WKH VSDFH SDUDPHWHU� � �N N� − IDFWRUV RI FRQQHFWLRQ RI

VSDFHV �ω DQG �ω ′ ZLWK VSDFH �ω �PHHWV DOVR ODEHO N LQVWHDG RI
�S � L�H�

N S≡
�
��

( )( ) I [
[δ∫ DQG

( )( ) N I [
[

ORJδ∫ − VXSHULQWHJUDOV RI WKH ILUVW VRUW

�DFFRUGLQJO\ QRW UHGXFHG DQG UHGXFHG WR ³WR D VFDOH´ WR VSDFH �ω ��

( )I [ [+ −∫ ν LPDJH RI DQ LQWHJUDO REWDLQHG E\ UHIOHFWLRQ ? ?− →� �ω ω �

DQG ν [ − LPDJH RI D GLIIHUHQWLDO REWDLQHG RI WKHPHV E\ UHIOHFWLRQ�
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I D� − ODEHO RI IXQFWLRQ I DQG QXPEHU D LQ VSDFH �ω �

�− UHIOH[LYH GLYLVLRQ VHFRQG LQYHUVLRQ ( )�� ? ?� �ω ω→ � �

L\ \L+ −�� L +� DQG L RI D YDOXH RI D SULPLWLYH RI IXQFWLRQ LQ D PHWKRG RI

WKH (XOHU RI D QXPHULFDO VROXWLRQ RI WKH GLIIHUHQWLDO HTXDWLRQV�

( )I [ \� − ULJKW PHPEHU RI WKH HTXDWLRQ ( )′ =\ I [ \� �

� �ε β� − DFFRUGLQJO\ HUURU DQG VXPPDUL]HG HUURU LQ D XVXDO PHWKRG RI WKH

(XOHU ( )� �β ε= �

� �ε β� − LPDJHV LQ �ω VXPPDUL]HG HUURU LQ D PHWKRG RI WKH (XOHU QRW UH�

GXFHG ( )�ε DQG UHGXFHG ( )�β WR D VFDOH �ω �

6�(XOHU� 3�(XOHU ± XSJUDGHG PHWKRGV RI WKH (XOHUV REWDLQHG E\ UHIOHFWLRQV

LQ �ω IURP �ω DQG �ω ′ − RI VSDFHV�

K + +V� � −SLWFK LQ D XVXDO PHWKRG RI WKH (XOHU ( )K � LQ ω − LPDJH RI WKLV

PHWKRG ( )+ DW UHIOHFWLRQ ? ?� �ω ω→ DQG LQ ω� LPDJH RI WKLV PHWKRG DW UH�

IOHFWLRQ ? ?� �ω ω→ �

V V∆ ∆� � − ω� LPDJHV RI WKH DEVROXWH HUURU RI D PHWKRG RI WKH (XOHU DF�

FRUGLQJO\ DW UHIOHFWLRQV ? ?� �ω ω→ DQG ? ?� �ω ω→ �
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7KH OLWHUDWXUH

�� <Zg ^_j <Zj^_g ;�E�� Ijh[m`^ZxsZyky gZmdZ� i_j� k
]hee��±F�� �����

�� <u]h^kdbc F�Y�� :jbnf_lbdZ b Ze]_[jZ \ ^j_\g_f fbj_�
��_ ba^�� ±F�� �����

�� >w\_gihjl =�� FmevlbiebdZlb\gZy l_hjby qbk_e� i_j� k
Zg]e��F�� �����

�� OZk__ =�� E_dpbb ih l_hjbb qbk_e� i_j� k g_f�� ±F�� �����

�� ;_j_adbgZ W�B�� FZl_fZl_fZlbdZ ^j_\g_]h DblZy� F��

�����

�� Dm[bexk B�I�� <_jhylghklgu_ f_lh^u \ l_hjbb qbk_e� ��_
ba^�� <bevgxk� �����

�� ;_jfZgl :�N�� :jZfZgh\bq B�=�� DjZldbc dmjk fZl_fZlb�
q_kdh]h ZgZebaZ� ±F� GZmdZ� ����� ��� k�

�� Bevbg <�:�� Ihagyd W�=�� Hkgh\u fZl_fZlbq_kdh]h ZgZeb�
aZ� q� �� ± F�� GZmdZ� ����� ��� k� q��� ± F�� GZmdZ� �����
��� k�

�� Dm^jy\p_\ <�:�� >_fb^h\bq ;�I�� DjZldbc dmjk \ukr_c
fZl_fZlbdb� ±F�� GZmdZ� ����� ��� k�

��� ;jhgrl_cg B�G� K_f_g^y_\ D�:�� KijZ\hqgbd ih fZl_�
fZlbdb� ± E_cipb]� �LHCG;G?J�� ± F�� GZmdZ� ����� ���
k�

��� Dhjg =�� Dhjg L�� KijZ\hqgbd ih fZl_fZlbd_� i_j k Zg]e��
±F�� GZmdZ� ����� ��� k�

��� Dmjhr :�=�� Dmjk \ukr_c Ze]_[ju� ±F�� GZmdZ� �����
��� N_n_jfZg K�� Qbkeh\u_ kbkl_fu� Hkgh\Zgby Ze]_[ju b

ZgZebaZ� ±F�� GZmdZ� �����
��� Ohee F�� L_hjby ]jmii� i_j� k Zg]e�� ±F�� �����

��� 5RELQVRQ $�� 1RQ�VWDQGDUG DQDO\VLV� $PVW�� �����

��� >w\bk F�� IjbdeZ^ghc g_klZg^Zjlguc ZgZeba� i_j� k
Zg]e��F�� �����

��� :LVVLJQ +�� 'LH *HQHVLV GHV DEVWDNWHQ *UXSSHQEHJULIIHV� %��

�����

��� %HUDQ /�� *UXXSS\ D 6YD]\� ± 3UDKD� 617/� �����

��� 6LHEHQPDQQ /�� )RQQGDWLRQDO HVVD\V RQ WRSRORJLFDO

PDQLIROGV� ± 3ULQFHWRQ� �����

��� 3DS\ *�� 0DWKpPDWLTXH PRGHUQH �$ULWKPpWLTXH�� ± 3DULV�

'LGLHU� �����

��� Lhl]zgl_j B�� >bnn_j_gpbZeLZevgh_ \uqbke_gb_ kt kh�
[jZgb_ft ijbf�jh\ ^ey mijZ`g_gbc� i_j� kt Zg]e�� Bf�
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r_g_pdLc <�=�� K�±I_l_j[mj]t� Ba^Zgb_ <�I� I_qZldbgZ�
����� ��� k�

��� Mbll_d_j W�L�� <Zlkhg >`�G�� Dmjk kh\j_f_ggh]h ZgZ�
ebaZ� l�l� ,� ,,� ±F�� NbafZl]ba� ����������

��� >v_^hgg_ @�� Hkgh\u kh\j_f_ggh]h ZgZebaZ� F�� Fbj�
�����

��� Wevk]hevp E�W�� >bnn_j_gpbZevgu_ mjZ\g_gby b \ZjbZ�
pbhggh_ bkqbke_gb_� ±F�� GZmdZ� �����

��� DZjlZr_\ :�I�� Jh`^_kl\_gkdbc ;�E�� H[udgh\_ggu_
^bnn_j_gpbZevgu_ mjZ\g_gby b hkgh\u \ZjbZpbhggh]h
bkqbke_gby� ±F�� GZmdZ� ����� ��� k�

��� KZgkhg_ >�� H[udgh\_ggu_ ^bnn_j_gpbZevgu_ mjZ\g_�
gby� l�l� ���� ±F�� BE� �����

��� Dmjhr :�=�� E_dpbb ih h[s_c Ze]_[j_� ± F�� NbafZl]ba�
�����

��� (GZDUGV 5�� *HRPHWULF WRSRORJ\� ± %�� ����� Y� ����

��� %U\DQW -�� �7UDQV� $PHU� 0DWK� 6RF��� ����� Y� ���� S� ������

��� &KDSPDQ 7�� �7RSRORJ\�� ����� Y� ��� S� �������

��� $QFHO )�� &DQQRQ -�� �$QQ� 0DWK��� ����� Y� ���� S� ������

��� K\_rgbdh\ :�=�� Lbohgh\ :�G�� FZl_fZlbq_kdZy wgdpbi�
ehi_^by� ± F�� Kh\_lkdZy wgpbdehi_^by� l�l� ���� ����±
�����

��� K\_rgbdh\ :�=�� Lbohgh\ :�G�� L_hjby nmgdpbc dhf�
ie_dkghc i_j_f_gghc� ±F�� GZmdZ� ����� ��� k�

��� :e_dkZg^jh\ I�K�� E_dpbb ih ZgZeblbq_kdhc ]_hf_ljbb�
±F�� �����

��� ;hjbk_gdh :�B�� LZjZih\ B�?�� <_dlhjguc ZgZeba b gZqZ�
eZ l_gahjgh]h bkqbke_gby� ± F�� <ukrZy rdheZ� �����
��� k�

��� (LQVWHLQ $�� *UDVVPDQQ 0�� �=� 0DWK� XQG 3K\VLN�� �����

%G� ��� 6� �������

��� FZd�Dhgg_e :��>�� <\_^_gb_ \ l_gahjguc ZgZeba� i_j� k
Zg]e�� ±F�� �����

��� OZefhr I�� Dhg_qghf_jgu_ \_dlhjgu_ ijhkljZgkl\Z�
i_j� k Zg]e� ±F�� �����

��� Kohml_g Y��:�� L_gahjguc ZgZeba ^ey nbabdh\� i_j� k
Zg]e�� ±F�� �����

��� Bhkl J�� H[sZy l_hjby d\Zglh\Zgguo ihe_c� i_j� k
Zg]e��F�� �����

��� <Zkbev_\ N�I�� Qbke_ggu_ f_lh^u j_r_gby wdklj_fZev�
guo aZ^Zq� ±F�� GZmdZ� �����
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��� ;Zo\Zeh\ G�K�� Qbke_ggu_ f_lh^u� ±F�� GZmdZ� �����
��� Nbabq_kdbc wgpbdehi_^bq_kdbc keh\Zjv� ± F�� Kh\_l�

kdZy wgpbdehi_^by� ����� ��� k�
��� ;ZaZjh\ B�I�� L_jfh^bgZfbdZ� � ba^�� ±F�� �����

��� ;Zlmg_j E�F�� Ihabg F�?�� FZl_fZlbq_kdb_ f_lh^u \
obfbq_kdhc l_ogbd_� ± E�� Obfby� ����� ��� k�

��� EZ\j_glv_\ F�:�� RZ[Zl ;�<�� Ijh[e_fu ]b^jh^bgZfb�
db b bo fZl_fZlbq_kdb_ fh^_eb� ±F�� GZmdZ� ����� ��� k�

��� Dmafbq_\ <�?�� AZdhgu b nhjfmeu nbabdb� ± D�� GZmdh\Z
>mfdZ� ����� ��� k�

��� DmjZgl J�� =bev[_jl >�� F_lh^u fZl_fZlbq_kdhc nbab�
db� i_j� k g_f�� ±F��E�� H=BA� l� ,,� ����� ��� k�

��� +� 3RLQFDUp� /HV PþWKRGHV QRXYHOOHV GH PpFDQLTXH FpOHVWH�

3DULV� �����

��� Jm[ph\ D�:�� :e]hjblfbaZpby bg]j_^b_glh\ \h fgh`_kl�
\_ Ze]_[jZbq_kdbo hi_jZpbc �� Db[_jg_lbdZ� ± ����� ±

� ��± k� ��������
��� Jm[ph\ D�:�� H[jZa ijhba\h^ghc� ihemq_gghc hlh[jZ`_�

gb_f hi_jZpbb �� J@� FZl_fZlbdZ� �FZl_fZlbq_kdZy db�
[_jg_lbdZ�� ± �����±� ��±k� ���

��� Jm[ph\ D�:�� =bihl_lbq_kdh_ j_ne_dkb\gh_ ^hiheg_gb_
fgh`_kl\Z ^_ckl\bl_evguo qbk_e �� J@ FZl_fZlbdZ�
�Hkgh\Zgby fZl_fZlbdb b fZl_fZlbq_kdZy eh]bdZ�� ±

����� ±� �� ± k� ����
��� Jm[ph\ D�:�� Bg]j_^b_gl 5� \ 5� �� Ba\� <MAh\� �NbabdZ��

± ����� ±� �� ± k� ����
��� Jm[ph\ D�:�� Gh\u_ bgl_]jh�^bnn_j_gpbZevgu_ h[t_d�

lu� ± ;_e]hjh^� Bgn� ebklhd� ± ����� ±� �������

��� Jm[ph\ D�:�� >hiheg_gb_ fgh`_kl\Z ^_ckl\bl_evguo qb�
k_e b _]h ijbf_g_gb_ \ db[_jg_lbd_� ± ;_e]hjh^� Bgn�
ebklhd ± ����� ±� �������

��� 5XEWVRY .�� ,QWHJUR�GLIIHUQWLDO REMHFWV RI D QHZ QDWXUH �� 7KH

3URFHHGLQJ ,&0 ��� =vULFK 6HFWLRQ� �� $06±&ODVVLILFDWLRQ

QXPEHU� �� �VKRUW FRPPXQLFDWLRQV��

��� Jm[ph\ D�:�� DhgklZglbgh\ B�K�� BaukdZgb_ b jZajZ[hl�
dZ j_ne_dkb\gh]h f_lh^Z fh^_ebjh\Zgby Z\lhfZlbq_�
kdbo kbkl_f mijZ\e_gby� ± �� L_abku f_`^mgZjh^ghc

dhgn_j_gpbb �J_kmjkh� b wg_j]hk[_j_]Zxsb_ l_ogheh�
]bb kljhbl_evguo fZl_jbZeh\� ba^_ebc b dhgkljmdpbc��
q�� �F_oZgbaZpby b Z\lhfZlbaZpby l_ogheh]bq_kdbo
dhfie_dkh\«�� k���� ;_e]hjh^� �����



���



&RQVWDQWLQ 5XEWVRY

1(: 0$7+(0$7,&$/ 2%-(&76

7KH ERRN LV LVVXHG LQ DXWKRU
V HGLWLRQ

7KH HQJLQHHULQJ HGLWRU DQG SURRI�UHDGHU $�$� &LULFKHQNR

7KH UHYLHZHUV� SURI� 0�)� &DOLDJLQ �F<HDM� 0RVFRZ�

SURI� 9�*� 6LFKHQNR �;=IM� %HOJRURG�

7KH DXWKRU WKDQNV ,�,� 0RUR]RYD

IRU UHQGHULQJ RI WKH HQJLQHHULQJ KHOS DW LVVXLQJ WKH ERRN�

,V KDQGHG RYHU LQ D SULQWLQJ�RIILFH ,V VLJQHG IRU SULQWLQJ

)RUPDW ��[�� ���� Mq� Ba^� E� ��
&LUFXODWLRQ ��� FRSLHV ��� � ���� 2UGHU

9DOXH FRQWUDFWXDO�

%HOJRURG� .LHY� ����� ��� SDJHV ZLWK LOO�

3XEOLVKLQJ KRXVHV� ;_e=L:KF� ������� %HOJRURG� .RVWXNRYD� ���

GII BGNHJF:<LHKBF� .LHY� SURYLQFH� ������� %�&HUNRY �:KLWH

&KXUFK�� *UL]DGXERYD� ���� �������� .LHY� )UXQ]H� �����

7KH OLFHQVH EJ � ������ IURP ���������

,V SULQWHG LQ SULQWLQJ KRXVHV� MRLQW�VWRFN FRPSDQ\ ³;_e\blZfbgu´�
������� %HOJRURG� VWUHHW 3REHGL� ��� 8UEDQ SULQWLQJ KRXVH� �������

;�P_jdh\v �:KLWH &KXUFK�� SDUNZD\ RI D 9LFWRU\ ���D�


