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Chapter 4

Differential Equations

The first section of this chapter includes a brief discussion of the basic ideas and terminology
of differential equations without any reference to the TI-89. The remaining sections illustrate the
powerful built-in differential equation capabilities of the calculator. These include slope field and
direction field graphing capabilities and the option to choose between an Euler or Runge-Kutta
approximation algorithm.

4.1  Definitions and Examples

Solving a problem often means inventing a function which "fits" given data; in many problems the
data concerns the function's rate of change. For example, a function to predict the position of a
moving object might be created from information about the object's velocity or acceleration; or, a
radioactive substance might be disintegrating at a known rate and from this information a funct.on
which relates the amount present to time might be invented. In such examples a model function is
being determined from equations involving the derivatives of the model function. The equations
that relate derivatives to other functions are called differential equations.

Each equation below is a differential equation:

, ’ - 1 ”
y=0; y=y; Y=y T=—); Y=y

1+x2

The order of a differential equation refers to its highest-order derivative. Thus, y’ =y isa
first-order differential equation; y” =~y is a second-order differential equation.

A solution of a differential equation is any function that satisfies the differential equation. As
the following example illustrates, a differential equation normally has many solution functions.
To solve a differential equation means to find at least one-but preferably all-solution functions.

Example 1:  Solving a Differential Equation
Find the solution(s) of the differential equation y’=y.

Solution:
A solution of the differential equation y’ =y is a function y = f(x) that is its own

derivative. The exponential function y = e* is famous for this reason. If f(x)=e*, then
f(x)=e" = f(x); thus f(x)=e" is a solution of the differential equation.

In fact, every function of the form f(x)= Ce*, where C is a constant, is a solution of the
same differential equation, because if f(x) = Ce”, then f’(x)=Ce* = f(x).

The solution f(x)= Ce” in Example 1 is called the general solution of the differential equation
in the sense that any solution of the differential equation can be derived from the rule for f(x) by
choosing the constant C appropriately. In other words, the differential equation y” =y has an
infinite family of solutions. Graphically, the general solution corresponds to a whole family of
curves. Several of the solution curves are displayed below; each is labeled by C.
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4.1 Exercises
1. Match the following graphs with the descriptions below.

@) (i) (i)

time ! time I time

a) The temperature of a hot cup of tea left on a table.

b) The balance in an interest-bearing bank account into which a single deposit of $100 was
made at time zero.

c) The speed of a falling body.

Determine whether or not the given functions are solutions of the second order differential
equation y"—y=0.

a) y=sinx b) y=e” c) y=4de” d) y=ce"

Show that for any constant C, the function y = ce™ is a solution of the differential
equation y’+2xy=0.

2
. C . . " .
Show that for any constant C, f(x)= % + S Isa solution of the first order differential

equation xy’+y= X,

Find a function that satisfies both the differential equation y’= x*> —4 and the initial
condition y(3)=2.

a) Show that y= satisfies the logistic equation Zl =y(l-y).
X

I+e™"

b) What is the limiting value of y as time # increases without limit?

a) Show that y = % is a solution of the equation xy’+y=0.

b) Sketch solution curves y =% for C= -2,-1,0,1,2 ina[-3, 3] x [-3, 3] viewing

rectangle.

a) Show that y = Ce*—x—1 is a solution of the equation y = x+y.

b) Sketch solution curvesy = y = Ce*=x—1 forC=-3,-2,-1,0,1,2,3ina
[-5, 5] x [-5, 5] viewing rectangle.

¢) One solution curve is a straight line. Label this curve with the appropriate value of C.
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Solution:

2. Display the Y= editor by pressing

4. Press

1. Press to display the Mode dialog box.
Press and select 6: DIFF EQUATIONS from
the submenu. Press

your selection.

[Y=]or

2. Press tTools, select
8:Clear Functions to clear the Y= editor. In
differential equation mode the variable t. is used in
place of x and @1 in place of 9. Consequently,
weenter t. + 91 forul'. Leave the initial
condition @il blank.

3. Display the GRAPH FORMATS dialog box by

pressing and
selecting 22 Format.. Then set Axes = OH,
Solution Method =RK and

Fields=SLPFLD. Press to confirm

your selections.

[WINDOW] to display the Window
editor and set the variables as shown.

To graph the slope field, first change the MODE setting.

Fi Fz Fz
Fadz i|Fade 2jPade 3
GFaph.....

CUFrent
Display D
el

Exponent;
ComMPlex
» Wechor Fo

Prakey Fr

yi3=

yil=
FIRIN FAD AUTD [

IT GRAFH FORMATS I

| Coordinates...... RECT ¥
e g

A Grid.. OFF 3
AXRS oW+
Lea OFF ¥
Labzl .. OFF ¥
Folution Method RK 3
Figlds................ SLFFLD%

- < EREEF=ZAvE EECEARCEL »
1ISE ¢ AND 3 TO OPEN CHOICES

Fi=| Fer
Too15|200m| ]

LO0=0.
Emax=10,
Lstep=.1
Lplot=0.
min=-10.
max=10.
scl=1.
min=-10.
Lrmax-10.
bUscl=1.
ncurues=Q,
Hiftol=,001

Press | [GRAPH] or 4 to graph the

slope field. If you follow the flow of the line
segments, you see the general shape of the family

of solutions the differential equation y’ = x+y.
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To see a particular solution it is necessary to specify an initial condition, that is , choose an
initial point (#,y1) on the slope field.
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Solutions to y' = y; y = Ce* for various values of C

Each graph represents one solution of the differential equation y"=y. Not all solutions are
shown. By choosing C correctly, we can find a solution curve that passes through a given point.

A differential equation typically has infinitely many solutions. However, for most practical
applications it is a single function that is required for the solution. To obtain such a particular
solution it is usually necessary to first find the general solution and to determine specify values for
the constants from the data given in the problem. The data are usually called initial conditions and
the combination of an initial condition and a differential equation is called an initial value problem.
The next example illustrates the idea.

Example 2. Solving an Initial Value Problem

Find a function that satisfies both the differential equation y’ = z—x and the initial condition
x“+1
»0)=1.

Solution:
In this instance, integrating both sides of the equation produces the general solution

y=Inx*+1D)+cC

For each constant C a solution is determined. Several of the solutions are displayed
below:
\\r%
ro=1

Fi=-3

2.
Solutions to y' = 2—x1_ ,y= 1n(x2+1) + C for various values of C
x4+

If the initial condition y(0) =1 is to be satisfied, then necessarily 1=In(0+1)+c. Thus, C

=1 and the desired particular solution is y = In(x* +1)+1. The graph of y= In(x*+1)+1
is among those shown above. Note that this curve passes through the point (0, 1), as it

should, because y(0)=1.
The connection between solving a first-order differential equation and finding antiderivatives is
illustrated in Example 2. Every time you antidifferentiate to find J' f(x) dx , you are actually
solving the first order differential equation y = f(x).
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4.2  Solving Differential Equations Graphically: Slope Fields

Derivatives can always be thought of in terms of slope: for any input x, f(x) is the slope of the o
graph of f at the point (x, y). From this geometric point of view, a first order differential equation
determines the slopes of solution curves at a given point.

Consider the differential equation y" =y from Example 1. Any solution of this differential

equation has the property that at a given point (x, y) in the plane, the slope of the solution curve is
equal to its y-coordinate. This means that if we choose the point (1, 2), its slope is 2; where it

goes through a point with y = 3 its slope is 3. In the figure on the left below, a small line segment
is drawn at some of the marked points showing the slope of the solution curve.
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Tangent segments at (-4,-1), (0,1) and (3,3) Slope Field for y' =y

In the figure on the right, many of the tangent segments have been drawn creating the slope
field for the differential equation y"=y. You can almost see the family of solutions and we can .
sketch a solution corresponding to a specific initial condition; start at any point in the plane and
look at the slope field at that point and start to move in that direction. After a small step, look at the
slope again and alter your direction, if necessary. Continue to move across the plane in the
direction of the slope Tield —"go with the flow"— and you will trace an approximation to 2 solution o
curve. The picture below illustrates the solution curve satisfying the initial condition y(0) = 1
obtained by sketching the solution curve passing through the point (0, 1) and following the

direction of the slope field.
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Solution curve for y' =y, y(0) =1

The slope field for any first-order differential equation offers a simple and natural method of
approximating solution curves. However, drawing a complete field of tangent segments by hand
is a tedious task and is best left to a computer or graphing calculator.

Drawing Slope Fields with the TI-89

The TI-89 lets your enter a function of your own choice for the differential equation, and change
the bounds on the viewing rectangle. It also allows you to change the numerical approximation
mothod and/or the stepsize to see the results. o

Example 1: Graphing a Slope Field and a Particular Solution

Graph the slope field associated with the differential equation y"=x+Y and the particular
solution passing through the point (0, 1)
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press 2(01‘ move the cursor to the desired
point, (-2, =3) and press [ERTER]).
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6. Return to the Y= editor and enter the initial
condition =i 1=1. Notice that the x-coordinate of
the initial point, £@, has an assigned default i Yl
value of 0. g2z
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Technology Tip: Selecting an Initial Condition Interactively
Ifa differential equation is graphed, you canselecta [Fiz|rev| Fs | Fu _[Fe- | Fé-[F7IFE
point on thﬂ Gfa‘{)h screen and use it asanmmal - Tools|Zeam|Trace|keGrach|Hath|draw PT“ IIl:
point (condition). Press [F8]. At the prompt !
Initial Conditions =7 type avalue forthe H
x-coordinate, say ¢=—2 and press E Then
type a value for the y-coordinate, say y1 = -3, and

The next example illustrates that the solution curve for a differential equation is not necessarily

the graph of a function.

Example 2:

Graph the slope field for the differential equation y’ = —% and guess the form of the

solution curves.

Solution:

-t
Enter yl' = T Press
y

Press [GRAPH] or

[WINDOW] and enter a [-4.5,4.5]1x [-3, 3] viewing rectangle.

4 to produce the following slope field.
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a later section we will obtain the solution analytically but, even without this, it can be verified
that the circle is a solution. The implicit differentiation script in §4.3 is used to confirm the

results.





[image: image7.png]§4.2 AP Calculus with the TI-89 175

1oo;slmsrsnlcrufcln{:;rlPrgfnlnlcnrusn'up
Letting r represent the radius, we have
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Summarizing, we see that the slope field for a differential equation shows by means of short
line segments the slope of the solution curve ata number of random points. Thus the slope field is
useful for determining the general appearance of the solution curves and sketching the graph of a

particular solution curve. Sometimes it is even possible to use such curves to give the formulas for
the solution curves. The next example demonstrates that, even without formulas, solution curves

can be helpful in practice.

Example 3:
Newton's Law of Cooling says that hot coffee in a 70°F room cools at a rate proportional to
the difference between the coffee temperature and the room temperature. If y(t) represents
the coffee temperature at time t, then R

3

Y() = k(y—70).

If at a given time t, the coffee temperature is 190°F and its temperature is dropping at a rate of
12 degrees per minute, how much later did the coffee temperature reach 130°F?

Solution:
Letting 7 = 0 denote the starting time 7, we have initial conditions y’(0) =—-12 and

y(0)=190. Now to find the constant k we substitute in the differential equation.

—12 = k(190 -70)
—12 =k(120)
k=-0.1

Hence, y'(t) =—0.1(y —70) with y(0) = 190 is the initial value problem.
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Graph the slope field and the solution curve that
passes through the initial point (0, 190) on a

[0, 20] x [60, 220] viewing rectangle. Press
:[Trace] and move the cursor to the point with
wc =~ 130. The corresponding xc-coordinate is 7.
Thus, we conclude that the temperature reaches 130
degrees in approximately ¢ =7 minutes.
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