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	2.1 Batch and Flow Balances
We may consider a body of fluid that has been placed in a certain space to be the input to that space. After some time passes, part of the fluid is removed from the space (as output), and part remains in the space (it accumulates there). The balance is then given by:
Input = output + accumulation

In this case, the emphasis is on the body of fluid itself. On the other hand, if we put the emphasis on the space and regard the fluid not as a finite body but as being in continuous flow, then we must work in terms of rates:

Rate of input = Rate of output + Rate of accumulation

At steady state, as the name implies, the system is steady, which implies that the amount of material in the system is also steady. As such, the rate of change of accumulation is zero, and so:

Rate of input = Rate of output (at steady state)
We will consider both steady and unsteady state balances for material, energy and momentum characteristics of flowing fluids.
2.2 Control Volumes
Since the fluids are flowing, the emphasis is on the space in which/across which they flow, and so the boundaries of this space must be defined. The figure below shows a fluid flowing through a tapered conduit. The control volume (the region over which we write the balance) is outlined with a dashed line. 
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Most control volumes are chosen such that part of the surface co-incides with the wall of a real object, which directs fluid movement, and the remaining parts are free ends across which fluid will move.
2.3 Overall Material Balance
Following the general non-steady state balance presented above, the material balance is given by:

(rate of mass accumulation in control volume) = (rate of mass input to control volume) – (rate of mass output from control volume)

Refer to the figure above and alongside

	2.3 Overall Material Balance (ctd.)
We have been discussing balances in terms of average quantities so far (why?) but, more rigorously, we should write balances over differential control volumes and add up all these volumes (by integration) to obtain the overall, or macroscopic, balance. Consider the small control volume shown in the figure below:
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What is the flow through the differential area dA given that fluid is flowing at velocity v (which is not necessarily parallel to the normal of dA)?
We obtain the mass flowrate through dA by multiplying the mass flux (v) by the cross-sectional area that is perpendicular to the flow (dAcos() where  is the angle between the v and n (the normal to dA) (see figure). That is, the mass flow is (v)(dAcos() = (v.n)dA, where v.n is the dot product between these two vectors.

We may then obtain the net flow across the entire control volume by integrating the contributions from over the surface as follows:

Net mass efflux = 
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We note that this includes the entry and exit flows (they will have opposite signs). The net accumulation can be expressed as:

Rate of accumulation = 
[image: image4.wmf]V

dM

dV

tdt

r

¶

=

¶

òòò


Applying the overall mass balance, we have:
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Ex: Use the equation above to develop the material balance for the control volume shown in the figure in section 2.2.

What approximations are needed? What is the steady state solution? How would you include a mass generation?



	2.4 Overall Energy Balance
2.4.1 Basic definitions and the Laws of Thermodynamics
The first law of thermodynamics, which states:

“Although energy assumes many forms, the total quantity of energy is constant, and when energy disappears in one form, it appears simultaneously in other forms”
If a fluid’s energy can be expressed as heat absorbed by the fluid Q and work done by the fluid W, then the first law can be written as
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(all terms on a per unit mass basis, J/kg)

Question: What are the other laws of thermodynamics?
What are the forms in which the energy E can be distributed?

1. Potential energy zg (J/kg)

2. Kinetic energy v2/2 (J/kg)

3. Internal energy U (J/kg)

The energy per unit mass is then
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For a flow system, the rate of accumulation is given by:
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What about flow across the boundaries of the space?

When material is carried into/out of the system, the internal, potential and kinetic energies are carried with it. Furthermore there is an energy transfer associated with the act of transfer itself, and this pressure-volume work is PV. We therefore find it convenient to define the enthalpy:

H = U + PV

Therefore, the energy carried out is given by


[image: image9.wmf]2

/2

Hvzg

++


By analogy with the mass efflux, the energy efflux is:
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We integrate over the entire surface to get:

Net energy efflux = 
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We must also account now for contributions from external sources (i.e. energy transferred by heat transferred to the system by temperature differences and any work on it or by it (e.g. shaft work).

	2.4 Overall Energy Balance (ctd.)
Work done W may be divided into shaft work and work done due to mechanical action:

W = Ws + PV

The energy represented by the latter term has already been accounted for in the definition of enthalpy, and so the only mechanical work that need to accounted for is the shaft work. The convention to be adopted is that work done by the system is positive. Combining the terms in the overall energy balance, we then obtain:
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  …2.4.1
2.5 Overall Mechanical Energy Balance
In the case of fluid flow, the mechanical energy balance gives useful relations between measureable variables. We have already used the Bernoulli’s equation (since it was presented in previous courses) but will now show its place in the context of the discussion on overall balances by the use of a mechanical energy balance.
Mechanical energy consists of either work, or energies that can be directly converted into work. (Heat and internal energy cannot be.) For steady flow, the batch work W’ done by a fluid is given by:
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Where 
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refers to friction losses.

Applying the first law:
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and from the definition of enthalpy:
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Therefore, it can be shown that
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For the case of no accumulation:

From eq. 2.4.1, we have (show as ex.)
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	2.5 Overall Mechanical Energy Balance (ctd.)

	… which then leads to 
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Since V is the volume occupied by 1kg, V = 1/ and so we have the traditional form of the mechanical energy balance for no accumulation:
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If the fluid is incompressible, the following relation results:
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Bernoulli’s Equation results from a specific instance of the energy balance, viz. when frictional forces and shaft work are negligible (or cancel each other).
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Since this equation is generally used for flow in pipelines, the continuity equation
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is often applied in conjunction.


	2.6 Momentum Balances
By definition, momentum is related to mass and velocity as follows:

p = mv (note the vector notation… use underscore when writing by hand)

Newton’s Law: The time rate of change of momentum of a system is eual to the summation of all forces acting on the system and takes place in the direction of the net force:
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where F is the force in Newtons. The conservation of momentum equation is given by:

(sum of forces acting on control volume) = (rate of momentum out of control volume) – (rate of momentum into control volume)  +(rate of accumulation of momentum in control volume)

By analogy with the previous balances, we wish to write the momentum efflux:
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or, using vector notation:


[image: image26.wmf]()

dA

r

vv.n



	2.6 Momentum Balances (ctd.)
The net efflux of momentum is obtained by integrating over the surface of the control volume:
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As before, the rate of accumulation of momentum can be obtained as follows:
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The overall momentum balance (which is really a ‘batch’ force balance) is then:
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Note that the inclusion of a subscript denoting a special dimension is not the derivative, but merely indicates the scalar momentum in a particular direction:
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The term 
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consists of the following:

1. Body force: The gravitational force. If x is the vertical dimension, then Fxg = mgx, where gx = 9.81m.s-2 and is zero for the other dimensions.

2. Pressure force: Fxp is the x-directed force due to pressures exerted on the fluid’s surface.

3. Friction force: Fxs – exerted by a solid surface on the fluid in motion. This is sometimes negligibly small in comparison with the other forces.

4. Solid surface force: Rx – the resilience force offered by a solid that the control surface is cutting through.

We have then


[image: image32.wmf]xxgxpxsx

FFFFR

=+++

å


Of course, similar equations can be written for the other dimensions.




	2.7 Momentum Balance in One Dimension
For the case of a conduit with its axis in the x-direction, we have v = vx. See figure below:
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Assuming steady state flow (no accumulation) we then have:
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Given that the only two areas that permit flow through are A1 and A2, and given that the flow is normal to these surfaces, cos(1) = -1 and cos(2) = 1.
Furthermore, recognizing that:
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where vav is the average velocity over the cross-section, and may be obtained as follows:
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we obtain:
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where the same procedure is used to find the average squared velocity:
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It is common practice to replace the ratio 
[image: image39.wmf]2

,

()

xav

xav

v

v

 by 
[image: image40.wmf],

xav

v

b

, where  takes values of 0.95 to 0.99 for turbulent flow and ¾ for laminar (proof later).

We have also Fxp = P1A1 – P2A2. Since x is, in this case, chosen to be along the horizontal, Fx,g = 0. If friction is negligible and  = 1, we obtain:
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	2.8 Momentum Balance in Two Dimensions
Consider a fluid entering a conduit at point 1 shown in the fluid below, inclined at 1 relative to the horizontal and leaving at point 2 at angle 2. Assume steady state and neglect the frictional forces.
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The following relation applies:
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Integration yields:
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As before, the term 
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, where  takes a value of unity. From the figure, it is clear that the pressure forces acting on the space is:
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Once more, it is assumed that only horizontal flow is significant and so Fxg = 0. We have then:
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for the y-direction, applying the usual rotations, we have:


[image: image49.wmf]2211

222111

sin()sin()

sin()sin()

y

Rmvmv

PvPvmg

aa

aa

=-+

-+

&&





Figures taken from C.J. Geankoplis, “Transport Processes and Separation Process Principles”, 4th ed., Prentice Hall (2003)
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