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1 Introduction

In the engineering sciences, one is often confronted with resonance of solid
structures or of systems involving fluid - structure interaction. Resonance oc-
curs, when a physical system is subject to an oscillating force with frequency
close to a natural frequency of the system. In such situations, even small ex-
ternal forces may destabilize the system, e.g., by amplifying the oscillations.
Therefore, in the course of engineering of a new product one must be aware
of this phenomenon and design the product so, that resonance makes as little
problems as possible.

This paper is concerned with the problem of computing the natural fre-
quencies of large electric power transformers. In large power transformer
stations there are alternating Lorentz-forces acting on the conducting parts
of the construction. The forces are caused by the alternating current in the
coils of the transformer. These forces cause vibration of the casing, and
therefore additional noise and mechanical stresses. Furthermore, energy is
lost due to this vibration.

Therefore it is necessary to minimize the vibration by a special construc-
tion of the casing. For this purpose, the eigenfrequencies of the transformer
are of a huge interest, the computation of which is the goal of this paper.

The reader will, however, see, that the methods and mathematical models
developed and used here are applicable to a wide array of other problems
involving solid-fluid interaction.

The structure of the paper is the following. In Chapter 2, we describe
in more details the problem. The models are constructed and described in
Chapter 3. The next chapter is concerning with numerical approximations
and implementation of the models. Here we also present the numerical re-
sults. The final thoughts and conclusions are summarized in Chapter 5.

2 The Problem

A typical electrical power transformer consists of several coils, immersed in
special oil, and a casing closing the construction and shielding the electro-
magnetic field. When an alternating current is applied to one of the coils, it
induces an alternating current in the other coil, the voltage being dependent
on the ratio of number of turns of wire in the both coils (by Faraday’s law).
The alternating current in the coils causes an alternating magnetic field
(Biot-Savart law), that, in it’s turn, produces eddy-currents (circulating cur-
rents) in all the conducting parts of the transformer, including the casing.
Now, the eddy-currents in the casing are subject to the Lorentz force



3 THE MODELS 4

density F' = jx B, where j is the current density and B denotes the magnetic
field. Since B is oscillating, so is F', and the frequency of the forces is twice
as much as the one of the current in the coils (50 Hz resp. 60 Hz in US).
Therefore the casing has to be designed in such a way that the resonance
frequencies do not come close to 100-120 Hz.

To compute the natural frequencies (eigenfrequencies), it is not enough
to model only the casing. Since the transformer is filled with oil, we have
a coupled system for whose eigenfrequencies we are searching. By intuition
we expect, that the presence of a dense fluid should decrease the natural
frequencies of a system since mass is added.

3 The Models

In this section we are constructing different models of the mechanical behav-
ior of the transformer. By a model we understand a well-posed system of
equations with appropriate initial, boundary and interface conditions.

A general strategy for construction of models for fluid-solid inteaction is
the following: start with a model of the solid structure and then add the
equations of fluid dynamics. Most of the models can be formulated in both
two and three dimensions. This strategy leads us not only to models already
described in literature, but also to interesting hybrids like the three-beams
and the five plates models that, to our best knowledge, are original.

The section is organized as follows. We start with describing lower di-
mensional approximations of the casing (the beam and plate models). In the
next subsection we provide an unusual model for fluid dynamics, namely, the
Lagrangian description of Euler’s equations, which turns out to be very con-
venient for eigenfrequency computations. Finally, we provide a well-known
model, based on a three-dimensional model of linear elasticity.

3.1 Beam/Plate Equations

We observe that the walls of the casing are very thin: the thickness com-
prising only a fraction of a centimeter, while the other dimensions being in
meters. In such cases, the approximation by plates or beams often performs
better than models of three-dimensional elasticity theory.

3.1.1 Three beams model

Let us consider a 2D cross-section of the transformer. The casing now con-
sists of three parts, each of which can be modelled by using a beam equation.
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Assuming, that only normal displacements are possible, we derive the condi-
tion, that the corners of the casing must be fixed.

The problem of what to do about the interaction of the beams can be
avoided if we convince us that both configurations showed in figure 2 are in
fact equivalent, if we describe the deformation in local coordinates.

Each of this casing-part can now be modelled as a single beam. We have
the following equation for a beam, which describes the vibration (known as
Euler-Bernoulli beam equation):

W B
art

Here, F is the Young’s modulus, [ is the area momentum of inertia of
the beam’s cross-section, p is the force density working on the beam, and W
is the normal displacement.

In the corners we analysed two possibilities to connect the single beams.
The first one is to fix the corners, so that rotation is the only allowed move-
ment, and to assume right angles, i.e. continuity of the first derivative of .
Since rotation is possible, we have continuity of momentum, too. The second
possibility is to assume that the behaviour of the beams above is similar to
a single beam with two fixed inner points, i.e. one for each corner.

The new problem is much simpler and the model can be constructed
directly from the beam equation, with the additional assumption of two fixed
interior points.

ET

3.1.2 Five plates model

We assume that the casing of the transformer is a cube with the bottom face
clamped in the floor. Each of the remaining five faces is modelled by a plate
equation, giving rise to the name of the model.

In the most straight-forward plate model, we assume that the deforma-
tions of the plate are occuring only in the normal direction of the plate. If
the displacement is denoted by W, then the following plate bending equation
(also called Lagrange equation) can be used:

2

PW
4
DV'W + phs =,

where V* is the biharmonic operator, p is the load (force density) on the
plate, and D = Eh3/12(1 — v?) is called the flexural rigidity of the plate.
Here E is the Youngs modulus of elasticity, v is the Poisson-ratio, and h is
the thickness of the plate.
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Figure 1: The Transformer

Figure 2: 3 beams model
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Additionally, we must consider the interaction between the plates. If we
asume that only normal deformations occur, then it is not difficult to see,
that the edges of the cube must be considered as fixed. Indeed: by conti-
nuity requirements, any nonzero displacement of an edge leads to tangential
displacement of the adjacent plate.

Figure 3: Simple Cube-Casing

To complete this model for the casing, we need to figure out how to
model the interaction of two adjacent plates. We make a simple model for
this interaction, assuming that the dihedral angles between any two plates
remain constant, i.e., right, and that the bending moments are continuous
across the edges.

Figure 4: Locally interaction of plates

3.2 Equations for Fluid Dynamics : Lagrangian ap-
proach

As all physical equations, the equations of fluid dynamics may be given in
different coordinate systems. However, there are two main approaches in
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description of fluids: to treat the fluid as a field (Eulerian approach) or to
treat the fluid as an ensemble of particles (Lagrangian approach).

In Eulerian description, the field variables (e.g., velocity, pressure) are
associated with the current position of the fluid particles, e.g., p(x,t) de-
notes pressure near the point = in time ¢. This approach leads to material
derivatives (u - V), which make the equations nonlinear.

In the alternative - Lagrangian approach - one follows the fluid parti-
cles, e.g., p(z,t) denotes pressure near the point, where the particle, initially
situated at x, is located in the time t.

In virtually all standard textbooks on fluid dynamics, the Eulerian de-
scription is chosen. Nevertheless, in some applications the Lagrangian de-
scription is the more convenient choice (e.g., modelling dynamics of particles
immersed in a fluid).

We provide two reasons, why we choose the Lagrangian approach. First:
we observe that deformations of the casing cause deformations of the fluid
domain: Qp = Qp(t). The Lagrangian description, however, is a remedy: the
fluid particles are associated with the unperturbed fluid domain Qr = Qp(0).
Another reason is the linearity of equations in the Lagrangian description,
that will help us to evaluate the obtained models. Still, there is a third
reason: as we shall see, the equations in Lagrangian formulation are very
easy to handle.

Let p(x,t) denote the fluid pressure and u(z,t) denote the displacement
(not velocity) in Lagrangian coordinates. For an incompressible, inviscid
fluid in the absence of external forces, the equations are given by (see also

[4]):
Vp = pi,
div(u) = 0,

where p is the fluid density, and the dots stand for partial time derivatives.

3.3 Hydroelasticity Equations

In this subsection, we present a system of equations for the modelling of
interaction between a solid body and an inviscid incompressible fluid as used
in [4].

The variables and parameters we are using are:
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urp  fluid displacement,
P fluid pressure,
pr  Huid density,
ug  solid displacement,
ps  solid density,
€(us) strain tensor in solid: €(u); ; = (yu + dju)/2,
o(ug) stress tensor.
The equations are:

div (o(ug)) = psiis inQg,
o(ug)n+p-n=0 only,
us-n=upr-n only,

Vp = ppiir inQp,
le(uF) =0 iDQF,
o(ug)n =0 only,

usg =0 onl'p.

The first equation represents the equilibrium of forces, the next two de-
scribe the interaction between the solid and the fluid. The fourth and fifth
equations describe the motion and incompressibility of the fluid. The ground
I'p is fixed, and the outer boundary I'y is free. This is represented by the
last two equations.

We add the linear Hooke’s law:

U(us) = DE(Us),

where D is a constant fourth-order tensor. For isotropic materials, we have

n

Oij = As E €k k0i; + 2/L5€i 5,
=1

where A\g = vgFE (1 —2vg) (1 +vs) ! and ug = F(1+vg)~'/2 are the Lame
coefficients.

3.3.1 Equations for Eigenfrequencies

The ansatz:

leads to the following time-independent system of equations:
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—div (De(ug)) = w?psus  in g,
olug)n+p-n=0 only,

Ug N = ﬁVp-n onl';,
div(5-Vp) =0 inQr,

o(us)n =0 only,
ug =0 onl'p.
Note that we have eliminated the fluid displacement variable ur, which can
be recovered by up = —Vp/(w?pr).

By multiplication of the two differential equations defined on domains by
test functions, integration over the applicable domains, integration by parts
and application of the other relations at the different parts of boundary, we
arrive at the following variational formulation:

Find u € Vg := {ue [H Q)" : trr,u=0} and p € Vp := H' (Qp)
such that

[ De(u) : e(v)dz + [ pv-nds =w? [ psuvdz Vv € Hg,
Qg Iy Qg

é i piFVqudx—l— Ju-ngds=0 Vqe Hp.
Qp T,
We define bilinear forms:

A, v) = / De(u) : e(v)da,

B(v,p) = /pv - nds,

Iy

1
C(p,q) = / p—FVqudx,
Qp

M(u,v) = /pguvdx,
Qs
for u,v € Vg and p,q € V. Using this notation, the weak formulation can

be written in the following form:
Findu € Vs and p € Vi := H*(Qr) such that

A(u,v) + B(v,p) = w*M(u,v) Yv € Vg, (1)
2C(p.q) + B(u,q) =0 Vg € Vp.
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We also state the eigenfrequency problem:

Find w > 0 such that the variational problem (1) has nontrivial solutions
(u,p) # (0,0).

Since this problem is linear, we cannot hope that the problem (1) will
be well-posed for all w because any linear combination of two solutions is a
solution itself. In fact, the eigenfrequency problem is to find such w € R, for
which the problem (1) has no unique solutions.

Later in the implementation we will specify a finite dimensional space in
which we will be able to solve this equations, and in fact the fluid variables
can be eliminated.

4 Numerics and Implementation

4.1 FEM for Hydroelasticity Equations

To solve numerically the hydroelastic equation system, we approximate the
variational formulation (1) in finite dimensional Hilbert spaces. We choose
some finite dimensional subspaces V;° C V¥ and V" € V¥ (see below), and
pose the following problem.

Find uy, € V;° with uy, |r,, =0 and p, € V;F' such that

A(up, vy) + Blop, pr) = WM (up, vp), (2)
C(pns qn) +w?B(up, qn) = 0 (3)

holds for all (v, qy) € V¥ x VE.
Now we shall define the subspaces V', V;5. We start with sub-dividing

_ nr __
the domain Q = Qg U Qp into triangular elements: 2 = |J 7; so that the
i=1

resulting triangulation is regular (see [8] for a definition) and none of the
open triangular elements T; contains a common point with both domains g,
Qp, or equivalently, for all of the triangles the intersection with the boundary
['; is empty. Since I'; is piecewise linear, such triangulations are possible.
Thus we can write Qg = |J T; and Qp = |J T;, with Is N I = () and
i€lg 1€lp
[SUIF = {1,...,nT}.

We denote the space of all first-order polynomials on a domain G C R",
by P(G). Now we define the subspaces V', V}° as the spaces of continuous
functions that are first-order polynomials on each of the triangles. More
precisely,

VhF = {qh S CO(QF) D qn|T, € Pl(ﬂ), Vi € ]F} ,
Vhs = {Uh € [CO(QS)]n DoUp T € [Pl(ﬂ)]n, Vi € [S} ,
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where n is the dimension of €, i.e., n = 2 or n = 3 depending on the
dimension of the problem.

Next we choose bases for the constructed subspaces. Namely, we choose
the nodal basis comprised of the famous "hat functions” (see [8]). Thus,

VE = span{q :i=1,...,mp},
VS = span{v; : i=1,...,mg}.

The basic idea of the finite element method is the following. Let us
expand the approximated solution in the basis functions: w, = Y "5 uv;
and p, = > piqi, where u; and p; are real numbers. We substitute these
expressions in (2) and (3), and "test” the obtained relations only with pairs
of basis functions. Then, the bilinearity of the forms A, B, C' and M leads us
to an algebraic system of equations with respect to the coefficients u; and p;.

Let us define

a;; = A(v,vj)fori,j=1,...,mg,
bi; = B(uv,q)fori=1....mg, j=1,...,mp,
Cij - O(QlaQ]) for ivjzlv"'7mFa
mi; = M(v;,v;) fori,j=1,...,mg,

and A = (a;;), B = (bi;), C = (cij), M = (my;).
Thus, the system obtained from the finite element discretization of the
hydroelastic equations is the eigenvalue problem

Au+ Bp = w?Mu, ()
Cp+w?B™u = 0.

Since A is positive-definite and C' is positive-indefinite, with kernel space
Ker C' = span {(1, ey 1)T}, we conclude the following remark.

Remark 1 The generalized eigenvalue problem (4) has a solution w = 0,
u=0andp=(1,...,1)". The eigenvalue w = 0 is of algebraic multiplicity
one.

The problem (4) is hard to solve numerically, since it involves matrices
which are not symmetric and positive-definite. Therefore it makes sense to
transform it to a more convenient form. The singularity of C' does not allow
us to express p in terms of u from the second equation. However, a slight
perturbation of C', namely, C'+ 0 H, with H > 0, would make it regular.

For justification of such regularization, we must prove that the roots of
the polynomial in w

A—w?M B
P‘s(”):det( S2BT C’+5H)
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lie close to the roots of the polynomial Py(w), if |4 is small enough. For a
proof of this fact, the reader is referred to the fourth page of [3].

For H we choose the symmetric positive-definite matrix defined by the
application of the bilinear form

x(u,v) := / u(z)v(z)dr
Qp
to the finite element basis functions defined on Q.

Remark 2 Matrix C+0H is the stiffness matrixz for the differential operator
—A + 01 acting on Vi. Thus, the perturbation of matriz C' is equivalent to
a reqular perturbation of the differential equation.

Now we choose ¢ > 0 small enough and denote C :=C+dH. By replacing
C by C in (4), we can express p from the second equation:

p=—-w’C'Bw.
Substitution in the first equation yields
Au = (M 4+ BC7'B")w?u. (5)

Observe that both A and M + BC~'BT are symmetric positive-definite ma-
trices.

Note that by Remark 1 and the results in [3] (cf. Page 4), we must expect
that the problem (5) will have one eigenvalue close to zero. Since the zero
eigenvalue in (4) does not correspond to a nontrivial vibration mode, we
must exclude the small eigenvalue from the results.

Remark 3 7o impose the Dirichlet boundary condition on I'p, we add a
penalty term to the matriz A, namely, a matriz with entries

K / vi(x)v;(x)de,

where K is a large number. Note that the added matriz is symmetric and
non-negative.

We have seen, that the application of Finite Element Method to the
time-independent hydroelastic equations leads to a generalized eigenvalue
problem.
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4.1.1 Inverse Power Iteration for a Generalized Eigenvalue Prob-
lem.

We have arrived at a generalized eigenvalue problem of the type
Az =AMz, (6)

where A, M € R™" are symmetric positive-definite matrices. The goal is to
find such A\ € R, for which there exist x € R™\ {0} solving (6). Such values
of X\ are called generalized eigenvalues of the matrix pair (A, M). We observe
that if A and M are positive-definite, then by multiplying (6) from the left
with M1, we obtain a standard eigenvalue problem for a positive-definite
matrix, thus we expect, that there are n generalized eigenvalues (counting
the algebraic multiplicities), all of them positive.

There are many methods for finding the eigenvalues of a matrix. However,
in our particular problem we need to find only few smallest eigenvalues.

To find these eigenvalues, we apply an iterative method, called inverse
power iteration. This method attracted our attention because it is easy to
implement and understand. Due to the rather moderate size of the matrices
(n not being larger than some thousands), we are satisfied with the rate of
convergence of this simple method, and are not looking for more sophisticated
methods. However, we note that this is not the fastest method available (cf.
7).

We do not provide here a complete analysis of this method, but we explain
the idea, how the method works. The generalized eigenvalue problem is still
transformed to a standard eigenvalue problem for a single matrix, namely by
multiplication of (6) from left with A~!. We shall denote S = A~1 M.

For simplicity, we assume that some largest eigenvalues of S are distinct:
Al > o> M 2> Agrp > - > A\, > 0. Furthermore, we use the convention
that the eigenvectors are normed with respect to the norm induced by the
matrix M. Rewrite the problem in the form

Sz =\l

We start with finding the smallest generalized eigenvalue of the pair (A, M)
A1 and the corresponding generalized eigenvector xq : Az = A{Mxz;. Ob-
serve that \; is also the largest eigenvalue of S, and z; is the corresponding
eigenvector. To find it, we do the following iteration: start with a randomly
chosen vector vy € R™\ {0} and define recursively

Um = Svm—l/(vg;—lem—l) (7)

for m = 1,2,.... Now write S in its Jordan normal form: S = TJT!, so
Sk = TJFT=1. 1f we expand the initial guess vy in terms of columns z; of T,
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which are nothing but eigenvectors of S, i.e.,

Vo = Z k’j.Tj,
j=1
we see that, with k = (ky,...,k,)", and

Wy =TTy kjay = TJ"T"'Tk = TJ"k,

j=1

the sequence of v,, = w,,/(w, Mw,, 1) evidently converges to a vector
lying in the span of {z;}, unless k; = 0. (Indeed: in the product J™k, as
m — 00, the dominating term will be the one corresponding to the maximal
diagonal entry of J. Hence, the normed version of the product T'J™k will
converge to the same column of T, which is the eigenvector x;.) However, by
choosing vy randomly, we have generically k; # 0. Thus the vector sequence
(vy,) converges to an eigenvector .

The eigenvalue A; can be found from (6), by multiplying it from the left
side with 7 and substituting = with x;:

\ x| Ary
1= :
x| Mz,

(8)

We have computed a generalized eigenvector of (A, M) corresponding to
the smallest eigenvalue. A slight modification of this algorithm allows us to
find the other eigenvalues, in the order of increasing magnitude. The key idea
is to project the approximation of the "next” eigenvector (computed by (7))
M-orthogonally onto the orthogonal complement of the subspace spanned
by the set of already computed eigenvectors, i.e., using the formula (9) given
below instead of (7).

The inverse power method is ”canned” in the following algorithm. Given
a regular matrix A and a symmetric positive-definite matrix M of equal
dimensions n x n. We want to find £ < n smallest generalized eigenvalues of
(A, M) and the corresponding eigenvectors.

Algorithm 1 Compute S = A~*M.
Forl=0,1,...k—1<mn do

1. Choose vy™ € R™\ {0} randomly.

2. Form=1,2,... compute

I+1 _ I+1 I+1 T I+1
wm _Swm—l (wm—l Mwm—l)’
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and
l

=t =) (] M. (9)

j=1

v

Repeat it until a criterion for convergence is satisfied, or until a limit
of number of iterations is reached.

3. Define 141 = vl / (vl Mol

-
Ty A4

4. Compute \j11 =

—
$l+1M$l+1

The arguments, why the sequence of w!t! converges to an eigenvector of

S foralll=1,..., k are similar as we have shown for the case [ = 0 above.

A detailed proof of convergence and estimate of performance of the power
methods may be found in any good textbook on numerical linear algebra,
e.g., in [2].

4.1.2 Results

In this section, we describe a model problem with a simple geometry, which
can easily be handled by the methods presented in the above chapters. We
present and discuss the obtained results, as well as observe the advantages
and limitations of the proposed method.

We consider a two-dimensional model of a closed steel vessel filled with
incompressible fluid (oil). The thickness of the walls is set to 10 centimeters,
and the distance between opposite walls is set to 1 meter (see Figure 4.1.2).

We suppose that the natural vibrations of this system are limited in
the plane of drawing. We pose the task to find the natural frequencies of
vibrations of this solid-fluid system.

The mechanical behaviour of the system in question is governed by the
hydroelastic equations in two dimensions. To numerically approximate this
system of equations, we employ the finite element method described in the
previous sections.

For the material properties, we use values found in engineering hand-
books: steel density ps = 7.8 - 103kg/m?, Young modulus F = 2 - 10'!Pa,
Poisson ratio v = 0.29; oil density pr = 0.9 - 103kg/m?.

The triangulation of the domain is done by using NETGEN software (see
[10]). We use two different triangulations: one consisting of 146 triangles
(further denoted by T7), and the other consisting of 1188 triangles (denoted

The results - four smallest angular eigenfrequencies (in rad/s) - are sum-
marized in the following table.
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Figure 5: Domain

QF

10 cm Im

Figure 6: The geometry of the model problem
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Triangulation — w; Wa w3 Wy
T 791 2831 4710 5778
Ts 480 1765 2977 5166

Frequency A (in 1/s) can be obtained from the angular frequency w by
the linear relation A = w/(27).

Numerical experiments with a greater variety of meshes should be per-
formed to draw conclusions about convergence of the method with respect
to mesh size.

4.2 Numerics for the Plate/Beam Model

We describe now the implementation of the two-dimensional model combin-
ing the three beams model and the Euler’s equation in Lagrange coordinates.
The analysis for the 3 dimensional five plates model is similar.

The domain we are considering is simple and can be discretized in order
to use a scheme of finite differences.

Our model reads as follows.

Equation for the beams:

W

51 = W2 BW + p,

where 7 is the tangential coordinate, and [ contains all the other physi-
cal constants used in the Euler-Bernoulli equation. For the fluid, we take
the equations stated in the subsection 3.2, use the ansatz that the physical
magnitudes v and p are time-harmonic and eliminate the displacement wu,
obtaining the Laplace equation

Ap = 0.
In the interface we have an additional condition:
Vp-n = wW.

In our particular problem, the geometry is simple. We are considering
a square for the 2d transformer. In this case is easy to apply the method
of finite differences, using the additional condition of fixed corners and the
rotation of torques for the adjacent beams.

Consider the dimensions of the domain to be 1. We will perform a dis-
cretization of the model using N discretization intervals per side. Thus, the
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i 2
W, Fy Lot S sz} W
Ff
WG
W
Fo P Py

Figure 7: Square domain for the fluid and three intervals for the beams

three beams contain 3N intervals (N for each beam). The deformation of
the beams can be represented using a vector:

W - (Wo, Wl, ceey WN, ceey W2Na ceey WgN).

Note that the corners correspond to the points with numbers N, 2N. So the
values of Wy, Wy, Wan and W3y are zero.

The fluid domain (look at the picture) can be also discretized using the
same number of intervals in each horizontal layer. The pressure field can be
expresed in a single vector:

P = (po, ---pN(N+2))-

In the finite difference method the derivatives are substituted for differ-
ences in the following way:
A fon—f
dr =~ h
where h is the discretization step (we use uniform meshes throughout this
section).
For higher order derivatives or for partial derivatives it is also possible to
use similar discretization in a very direct way. In the beam-fluid equations,
the following differential operators need to be discretized:

d*w  Wigo =AWy + 6W; — AW, 1 + Wi
det R ’
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Ap ~ Piv1,j t+ Di—1 +p232'+1 +Pij-1— 4172',]'7

vp on A Pboundary — Pinterior
h
The model equations are defined in two domains, a one-dimensional do-
main for beam equations and a two-dimensional domain for fluid equation.
Using the discretization explained above, the difference equations can be
expressed in a matrix notation in the following way:

A B! W\ of MO W
(5 e)(5)=(00)(5)

Here the matrix A represents the beam equation, the matrix B and B?
represents the interaction between fluid and solid in the boundary, and the
matrix C' represents the Laplace equation in the fluid domain for the pressure.
All for the finite difference scheme.

Like in the hydroelasticity model, once the displacements field where
found, it is possible to substitute the values to obtain the pressure vector an
recover all the information. In the figure are shown the modes and pressure
field in the fluid for a two-dimensional model of three beams with fluid in

the interior.
The equation can be transformed to a generalized eigenvalue problem,

AW = w*(M + BT"CHW.

This problem can be solved by the method given in section 4.1.1. It is
also possible to recover the information related to the pressure from the
deformations of the beams.

The graphic in the bottom shows the first eigenfrequencies for the same
three beams model, one with fluid (circles) and the second without fluid
(stars). As expected, the frequencies are reduced by the fluid.

4.2.1 Five plates without fluid

In the same way is it possible to model the casing in three dimensions by
using the five plate model for the casing. The analysis is similar, but the
assembling of the matrix is a little awkward. The next pictures shows the
first and third modes for a cube clamped in the bottom, however with no
fluid inside.
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Figure 8: Modes, Pressure Field and First eigenfrequencies for 3 beam model

with (o) and without (*) fluid.

Figure 9: First mode for the 5 plate model
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5 Conclusions

Working on the problem of finding the natural (resonance) frequencies of a
transformer, treated as a solid structure filled with an incompressible liquid,
we have considered several ways of modelling such a system as well as numer-
ical methods for evaluation of the constructed models. These methods are
by no means limited to applications on transformers, but are general enough
to be employed in modelling various hydroelastic systems.

The liquid has been treated as an ideal (i.e., incompressible, with negli-
gible viscosity) fluid. However, the model of fluid can be adapted according
to the accuracy requirements for the model, without major changes of the
other parts of this model.

In the finite element formulation, it is possible to exclude all vectorial fluid
variables from the equations, leaving the pressure as the only fluid variable.
This makes it possible to reduce the dimensions of the linear system to be
solved, and thus treat computationally large problems in reasonable time.

For the solid we have used two types of models. The first is a beam or
plate model. The obvious advantage of these models is that a 3D problem is
reduced to a 1- or 2D problem respectively. A drawback of these simple mod-
els is the difficulties to adequately model a casing with complicated shape,
leading to model errors. Such models are approximated numerically by finite
difference methods.

The second model for the solid we have applied is the full 3D linear elas-
ticity model. For numerical approximation of this model, we have used a
finite element method. The main advantage of this model is that it is physi-
cally more correct description of solid bodies. A drawback is the neccessity
to discretize a 3D domain. If the solid body is very thin in one direction, like
a wall of transformer, then very fine discretization is required to ensure the
shape regularity of the spatial mesh. Due to this problem, we have chosen a
2D model problem with geometry, that is easy to discretize.

Therefore, to simulate the 3D problem with a high accuracy, models com-
bining shell theory (for thin structures) and elasticity may be preferable (cf.

[9])-
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