Quantum Theory of Charged-Particle Beam Optics Sameen Ahmed Khan The Institute of Mathematical Sciences C.I.T. Campus, Tharamani, Chennai (Madras) – 600113, INDIA

• Publications Constituting the Thesis • Motivation for a quantum theory of charged-particle beam optics • The formalism • Some examples and the classical limit

Magnetic Round Lens Normal Magnetic Quadrupole Lens Skew Magnetic Quadrupole Lens • Some directions for further research • References

1. S. A. Khan and R. Jagannathan

Theory of relativistic electron beam transport based on the Dirac equation Proceedings of the 3rd National Seminar on Physics and Technology of Particle Accelerators and their Applications (Nov. 1993, Calcutta), Ed. S. N. Chintalapudi (IUC-DAEF, Calcutta) 102-107.

2. S. A. Khan and R. Jagannathan

Quantum mechanics of charged-particle beam optics: An operator approach Presented at the JSPS-KEK International Spring School on High Energy Ion Beams – Novel Beam Techniques and their Applications (March 1994, Japan),

Preprint: IMSc/94/11 (The Institute of Mathematical Sciences,

Madras, Mar. 1994).

3. S. A. Khan and R. Jagannathan

On the quantum mechanics of charged particle beam transport through magnetic lenses Phys. Rev. E 51, 2510-2516 (1995).

4. R. Jagannathan and S. A. Khan

Wigner functions in charged-particle optics Selected Topics in Mathematical Physics – Professor R. Vasudevan Memorial Volume, Eds. R. Sridhar, K. Srinivasa Rao and V. Lakshminarayanan (Allied Publishers, New Delhi, 1995) 308-321.

5. R. Jagannathan and S. A. Khan

Quantum theory of the optics of charged particles Advances in Imaging and Electron Physics Vol.97, Ed. P. W. Hawkes (Academic Press, San Diego, 1996) 257-358.

6. M. Conte, R. Jagannathan, S. A. Khan and M. Pusterla Beam optics of the Dirac particle with anomalous magnetic moment Particle Accelerators 56, 99-126 (1996).

7. S. A. Khan

Transport of Dirac-particle beams through magnetic quadrupoles

Preprint: IMSc/96/33 (The Institute of Mathematical Sciences,

Madras, Dec. 1996).

Motivation for a Quantum Theory of Charged-Particle Beam Optics

Charged particle beam optics, or the theory of transport of charged particle beams through electromagnetic systems, is traditionally dealt with using classical mechanics. This is the case in ion optics, electron microscopy, accelerator physics etc. Though the classical treatment has been very successful, in the designing and working of numerous optical components, it is natural to look for a prescription based on quantum theory, since any physical system is quantum at the fundamental level!. Such a prescription can be believed to lead surely to a deeper understanding of the working of charged particle beam devices.

• 1930 Glaser

Quantum theory of Image Formation in Electron Microscopy Nonrelativistic Schrödinger equation, Semiclassical

Paraxial exact Aberrations put by hand

• 1934 Rubinovicz, 1953 Durand, 1953 Phan-Van-Loc

Electron Diffraction based on the Dirac Equation

• 1986, Ferwerda et al

Justified the use of scalar (Klein-Gordon) equation for image formation, in practical microscopes

• 1989-90, Jagannathan et al For the first time focusing theory of electron lenses was derived using Dirac equation

1. R. Jagannathan, R. Simon, E. C. G. Sudarshan and N. Mukunda, Quantum theory of magnetic electron lenses based on the Dirac equation Phys. Lett. A 134 (1989) 457-464.

2. R. Jagannathan,

Dirac equation and electron optics, in Dirac and Feynman - Pioneers in Quantum Mechanics, Eds. R. Dutt and A. K. Ray (Wiley Eastern, New Delhi, 1993) p.75.

3. R. Jagannathan,

Quantum theory of electron lenses based on the Dirac equation Phys. Rev. A 42 (1990) 6674-6689.

• !!!

• 1992

Phase-space Wigner distribution functions

In paraxial approximation

• 1995

Quantum theory of aberrations to all orders

Klein-Gordon Theory Dirac Theory

• 1996

Spin dynamics of the Dirac-particle beam

Quantum Methodology

In designing and evaluating the performance of optical elements in a charged-particle beam device we are interested in studying the evolution of the device parameters along the optic axis of the system. Thus, if quantum methodology is used one would like to know the evolution of the wavefunction of the beam particle as a function of s, the coordinate along the optic axis. Hence, the appropriate equation for study is ih̄ ∂ ∂s ψ(x, y; s) = H(x, y; s)ψ(x, y; s) , (1)

where x, y and s constitute a curvilinear coordinate system adapted to the symmetry of the system. Whether one is dealing with the system using the nonrelativistic Schrödinger equation, or Klein-Gordon equation, Dirac equation, or any other relativistic wave equations (higher spin ones for example), the first step would be to cast the time-independent basic equation, relevant for treating the static or optical properties (not the dynamic or time-dependent elements), in the above form (1). Then, one must find a way to expand the optical Hamiltonian H as a series in |π̂_⊥/p_0| where p_0 is the design (or average) momentum of the beam particles moving predominantly along the direction of the optic axis and π̂_⊥ represents the small transverse kinetic momentum. The value of |π_⊥/p_0| is a measure of the divergence of the beam and when it is very small ≪ 1 the beam is paraxial or ideal. Deviation from this ideal paraxial situation leads to all the problems of nonlinearity or aberrations. Once the optical Hamiltonian is expanded in such a series one can use approximations to suit the situation by truncating the H appropriately. When H is suitably modeled (approximated to be hermitian, ignoring the dissipating terms) straightforward integration of (1) gives

ψ(x, y; s) = U (s, s_0) ψ (x, y; s_0) . (2)

Then, the transfer maps ⟨ ψ (s_0) | | |Ô^| ψ (s_0)^⟩ −→^⟨ψ (s)^|Ô^| ψ (s)^⟩ =^⟨ψ (s_0)^|U^†ÔU^| ψ (s_0)^⟩ (3)

for all the relevant observables {Ô} are what are wanted for obtaining a picture of the behaviour of the system; in the case of imaging systems the relevant observables are the transverse phase-space coordinates and in the case of polarized beam storage rings the spin components are also relevant. That is all for the general framework of quantum methodology in beam physics - the rest are the technical details of how to implement this programme in particular cases. In the case of electron beam storage rings approximation of H by a hermitian expression would not be appropriate since radiation losses (synchrotron radiation), occuring when the beam passes through bending magnets, will not be ignorable; in this case H will have contain also the nonhermitian dissipating terms.

Dirac Equation

Ĥ_D |ψ_D⟩ = E |ψ_D⟩ , (4)

where |ψ_D⟩ is the time-independent 4-component Dirac spinor, E is the energy of the beam particle and the Hamiltonian Ĥ_D, including the Pauli term is given by

Ĥ_D = βm_0c^2 + cα · (−ih̄∇ − qA) − μ_aβΣ · B ,

β = 1l 0 0 −1l

, α = 0 σ σ 0 , Σ = σ 0 0 σ , 1l = 1 0 0 1 , 0 = 0 0 0 0 , I =

1l 0

0 1l , σ_x = 0 1 1 0 , σ_y =

0 −i i 0 , σ_z = 1 0 0 −1

. (5)

Note that we are dealing with the scattering states of the timeindependent Hamiltonian Ĥ_D with conserved positive energy

E = +^√m^2_0c^4 + c^2p^2_0 , p_0 = |p_0| , (6)

where p_0 is the momentum of the beam particle entering the system from the field-free input region.

Paraxial Condition

|p_x| ≪ p_0 , |p_y| ≪ p_0 .p_z ≈ p_0 = |p_0| = √ p^2_x + p^2_y + p^2_z (7)

The Desired Form We are interested in the evolution of the beam parameters along the optic axis of the system, the desired form of the Dirac equation is: ih̄ ∂ ∂z |ψ_D⟩ = Ĥ_D |ψ_D⟩ , (8) So we multiply Ĥ_D (on the left) by α_z/c and rearrange the terms to get the desired form : The result is that

Ĥ_D = −p_0βχα_z − qA_zI + α_zα_⊥ · π̂_⊥ + (μ_a/c)βα_zΣ · B ,

χ = ξ1l 0 0 −ξ^{−1}1l

, ξ =

E + m_0c^2 E − m_0c^2 , π̂_⊥ = (−ih̄∇_⊥ − qA_⊥) = (p̂_⊥ − qA_⊥) . (9)

To Obtain the Standard Form Define, M = 1 √ 2 (I + χα_z) , M^{−1} = 1 √ 2 (I − χα_z) . (10) and |ψ_D⟩ −→ |ψ^′⟩ = M |ψ_D⟩ . (11) Then

ih̄ ∂ ∂z |ψ^′⟩ = Ĥ^′ |ψ^′⟩ , Ĥ^′ = MĤ_DM^{−1} = −p_0β + Ê + Ô , (12)

with the matrix elements of Ê and Ô given by Ê_{11} = −qA_z1l − (μ_a/2c)^{{(}ξ + ξ^{−1)} σ_⊥ · B_⊥ +^(ξ − ξ^{−1)} σ_zB_z^} , Ê_{12} = Ê_{21} = 0 , Ê_{22} = −qA_z1l − (μ_a/2c)^{{(}ξ + ξ^{−1)} σ_⊥ · B_⊥ −^(ξ − ξ^{−1)} σ_zB_z^} ,(13) and Ô_{11} = Ô_{22} = 0 , Ô_{12} = ξ^[σ_⊥ · π̂_⊥ − (μ_a/2c)^{i^(ξ − ξ^{−1)} (B_xσ_y − B_yσ_x) −^(ξ + ξ^{−1)} B_z1l^{}]} , Ô_{21} = −ξ^{−1 [}σ_⊥ · π̂_⊥ + (μ_a/2c)^{i^(ξ − ξ^{−1)} (B_xσ_y − B_yσ_x) +^(ξ + ξ^{−1)} B_z1l^{}]} . (14)

The Significance of the above transformation: Example of the standard free Dirac plane-wave:

ψ_{F D1}(r_⊥, z) ψ_{F D2}(r_⊥, z) ψ_{F D3}(r_⊥, z) ψ_{F D4}(r_⊥, z) = 1 4 ξcp π^3h̄^3E s_+ s_− {s_−p_− + s_+p_z}/ξp {s_+p_+ − s_−p_z}/ξp

× exp { i h̄ (p_⊥ · r_⊥ + p_zz) } , r_⊥ = (x, y) , |s_+|^2 + |s_−|^2 = 1 , p_+ = p_x + ip_y , p_− = p_x − ip_y . (15)

Correspondingly,

ψ^′_{F 1}(r_⊥, z) ψ^′_{F 2}(r_⊥, z) ψ^′_{F 3}(r_⊥, z) ψ^′_{F 4}(r_⊥, z) = 1 4 ξcp 2π^3h̄^3E

{s_+(p + p_z) + s_−p_−}/p {s_−(p + p_z) − s_+p_+}/p −{s_+(p − p_z) − s_−p_−}/ξp {s_−(p − p_z) + s_+p_+}/ξp

× exp { i h̄ (p_⊥ · r_⊥ + p_zz) } , (16)

Lower spinor components are very small compared to the upper spinor components!

The Anology

Standard Dirac Equation Beam Optical Form m_0c^2β + Ê_D + Ô_D −p_0β + Ê + Ô ih̄^∂_{∂t} ih̄^∂_{∂z} Positive Energy Forward Propagation Nonrelativistic, |π| ≪ m_0c Paraxial Beam, |π_⊥| ≪ p_0 Non relativistic Motion Paraxial Behavior + Relativistic Corrections + Aberration Corrections

The Beam Optical Form ≡ The Standard Dirac Equation

The Foldy-Wouthuysen-like Transformation Technique

It reduces the strength of the odd operator which couples the upper pair and lower pair components of the Dirac spinor.

|ψ^′⟩ = exp ( 1 2p_0 βÔ ) | | |ψ^{(1)⟩} . (17)

Then

ih̄ ∂ ∂z | | |ψ^{(1)⟩} = Ĥ^{(1) |}ψ^{(1)⟩} ,

Ĥ^{(1)} = exp ( − 1 2p_0 βÔ ) Ĥ^′ exp ( 1 2p_0 βÔ )

−ih̄ exp ( − 1 2p_0 βÔ ) ∂ ∂z { exp ( 1 2p_0 βÔ )}

= −p_0β + Ê^{(1)} + Ô^{(1)} , Ê^{(1)} = Ê − 1 2p_0 βÔ^2 + · · · ,

Ô^{(1)} = − 1

2p_0 β {[ Ô, Ê^] + ih̄ ∂ ∂z Ô } + · · · . (18)

The 11-block element of Ĥ^{(1)} :

Ĥ^{(1)}_{11} = −p_01l + Ê^{(1)}_{11} = −p_0 − qA_z + 1 2p_0 π̂^2_⊥ − ϵh̄^2 4p^2_0

(curl B)_z + ϵ^2h̄^2 8p^3_0 ( B^2_⊥ + γ^2B^2_z^) 1l − 1 p_0

{(q + ϵ)B_zS_z + γϵB_⊥ · S_⊥} + ϵ 2p^2_0

{γ (B_zS_⊥ · π̂_⊥ + S_⊥ · π̂_⊥B_z) − (B_⊥ · π̂_⊥ + π̂_⊥ · B_⊥) S_z} ,

π̂^2_⊥ = π̂^2_x + π̂^2_y , ϵ = 2m_0μ_a/h̄ , γ = E/m_0c^2 , S = 1 2 h̄σ . (19) ih̄ ∂ψ^{(3)} ∂z ≈ Ĥ^{(3)}ψ^{(3)} (20)

Ĥ^{(3)} = −p_0β + Ê − 1 2p_0 βÔ^2 − 1 8p^2_0 Ô, [ Ô, Ê^] + ih̄ ∂Ô ∂z + 1 8p^3_0 β Ô^4 + [ Ô, Ê^] + iλ^0 2π ∂Ô ∂z 2 . (21)

ih̄ ∂ ∂z T̂^(z, z^{(1))} = Ĥ_oT̂^(z, z^{(1))} , T̂^(z^{(1)}, z^{(1))} = Î

T̂^(z^{(2)}, z^{(1))} = ℘ { exp ( − i h̄ ∫ z(2)

z^{(1)} dz

Ĥ_o(z) )}

= Î − i h̄ ∫ z(2)

z^{(1)} dz

Ĥ_o(z) + ( − i h̄ )2 ∫ z^{(2)}

z^{(1)} dz ∫ z z^{(1)} dz

′ Ĥ_o(z)Ĥ_o(z^′) + ( − i h̄ )3 ∫ z^{(2)}

z^{(1)} dz ∫ z z^{(1)} dz ′ ∫ z′

z^{(1)} dz

′′ Ĥ_o(z)Ĥ_o(z^′)Ĥ_o(z^{′′})

+ . . . , (22)

⟨r_⊥⟩ (z) = ⟨ T̂^{I †}Û^†_p r_⊥Û_pT̂^{I ⟩} (z_o) (23)

⟨p_⊥⟩ (z) = ⟨ T̂^{I †}Û^†_pp̂_⊥Û_pT̂^{I ⟩} (z_o) . (24)

Beam-Optical Form −→ Accelerator Optical Form

Laboratory frame −→ Instantaneous Rest frame | | |ψ̃^⟩ = exp { i 2p_0

(π̂_xσ_y − π̂_yσ_x) } | | |ψ^{(A)⟩} . (25)

Then

ih̄ ∂ ∂z | |ψ^{(A)⟩} = Ĥ^{(A) |}ψ^{(A)⟩} ,

Ĥ^{(A)} ≈ ( −p_0 − qA_z + 1 2p_0 π̂^2_⊥ ) + γm_0 p_0

Ω_s · S ,

with Ω_s = − 1 γm_0 { qB + ϵ^(B_‖ + γB_⊥^{)}} , (26)

For any observable O, associated with the operator Ô_D in the standard Dirac representation the corresponding Ô^{(A)} can be obtained as follows :

Ô^{(A)} = the hermitian part of the 11 − block element of ( exp { − i 2p_0

(π̂_xΣ_y − π̂_yΣ_x) }

× exp ( − 1 2p_0 βÔ ) MÔ_DM^{−1} exp ( 1 2p_0 βÔ )

× exp { i 2p_0

(π̂_xΣ_y − π̂_yΣ_x) }) . (27)

In the Dirac representation the operator for the spin unit vector corresponding to the spin as defined in the instantaneous rest frame of the particle

S_R = h̄ 2 σ −^{c2(}σ^{·^}π^{+^}π^·σ^)

2E(E+m_0c^2)

cπ̂_E

cπ̂_E −σ + c^2(σ ·^^π+^^π·σ )

2E(E+m_0c^2)

. (28)

S^{(A)}_R ≈ h̄ 2 σ (29)

Normal Magnetic Quadrupole B = (−Gy, −Gx, 0), (30) A = ( 0, 0, 1 2 G^(x^2 − y^{2)} ) , (31) Accelerator optical Hamiltonian

Ĥ(z) =

Ĥ_F = −p_0 +^1_{2p0}p̂ 2_⊥ , for z < z_n and z > z_x , Ĥ_L(z) = −p_0 +^1_{2p0}p̂ 2_⊥ −^1_2qG^(x2 − y2^) +^{ηp}0_ℓ (yσ_x + xσ_y) , for z_n ≤ z ≤ z_x , with η = (q + γϵ)Gℓh̄/2p^2_0 . (32) Ĥ(z) = ^̄H(z) + ^̃H(z) ,

^̄H(z) =

^̄H_F ≡ Ĥ_F , for z < z_n and z > z_x , ^̄H_L(z) = −p_0 + 1_{2p0}p̂ 2_⊥ − 1_2qG^(x2 − y2^) , for z_n ≤ z ≤ z_x .

^̃H(z) =

H̃_F = 0 , for z < z_n and z > z_x , ^̃H_L(z) = ηp_{0ℓ} (yσ_x + xσ_y) , for z_n ≤ z ≤ z_x .

(33)

Let us take z_o and z to be respectively in the field-free input and output regions of the quadrupole magnet : z_o < z_n , z > z_x .

^̄U (z, z_o) = ^̄U_F (z, z_x) ^̄U_L(z_x, z_n) ^̄U_F (z_n, z_o) ,

^̃U_i (z, z_o) = ^̃U_{i,F} (z, z_x) ^̃U_{i,L}(z_x, z_n) ^̃U_{i,F} (z_n, z_o) ≡ ^̃U_{i,L}(z_x, z_n) ,

^̄U_F (z, z_x) = exp^{ i h̄ Δz_> ( p_0 − 1 2p_0 p̂^2_⊥ )} , with Δz_> = z − z_x ,

^̄U_L(z_x, z_n) = exp^{ i h̄ ℓ [( p_0 − 1 2p_0 p̂^2_⊥ ) + 1 2 p_0K(x^2 − y^2) ]} , with K = qG/p_0 ,

^̄U_F (z_n, z_o) = exp^{ i h̄ Δz_< ( p_0 − 1 2p_0 p̂^2_⊥ )} , with Δz_< = z_n − z_o ,

^̃U_{i,L}(z_x, z_n)

= exp − i h̄ η sinh^( √ K ℓ^) √ K ℓ p_0x + cosh^( √ K ℓ^) − 1 Kℓ p̂_x σ_y + sin^( √ K ℓ^) √ K ℓ p_0y − cos^( √ K ℓ^) − 1 Kℓ p̂_y σ_x . (34)

The Transfer Maps

⟨x⟩(z) ⟨p̂_x⟩ (z)/p_0 ⟨y⟩(z) ⟨p̂_y⟩ (z)/p_0 ≈

T^x_{11} T^x_{12} 0 0 T^x_{21} T^x_{22} 0 0 0 0 T^y_{11} T^y_{12} 0 0 T^y_{21} T^y_{22}

⟨x⟩(z_o) ⟨p̂_x⟩ (z_o)/p_0 ⟨y⟩(z_o) ⟨p̂_y⟩ (z_o)/p_0

+ η

( cosh ( √ K ℓ)−1 Kℓ ) ⟨σ_y⟩ (z_o) − ( sinh ( √ K ℓ) √ K ℓ ) ⟨σ_y⟩ (z_o) − ( cos (^√K ℓ)−1 Kℓ ) ⟨σ_x⟩ (z_o) − ( sin (^√K ℓ) √ K ℓ ) ⟨σ_x⟩ (z_o)

,

T^x_{11} T^x_{12} T^x_{21} T^x_{22} = 1 Δz_> 0 1 cosh^( √ K ℓ^{) 1√}_K sinh^( √ K ℓ^) √ K sinh^( √ K ℓ^) cosh^( √ K ℓ^) ,

1 Δz_< 0 1 T^y_{11} T^y_{12} T^y_{21} T^y_{22} = 1 Δz_> 0 1 cos^( √ K ℓ^{) 1√}_K sin^( √ K ℓ^) − √ K sin^( √ K ℓ^) cos^( √ K ℓ^)

1 Δz_< 0 1 ,

⟨S_x⟩ (z) ≈ ⟨S_x⟩ (z_o) + 4πη λ_0 sinh^( √ K ℓ^) √ K ℓ ⟨xS_z⟩ (z_o) + cosh^( √ K ℓ^) − 1

Kℓp_0

⟨p̂_xS_z⟩ (z_o) , ⟨S_y⟩ (z) ≈ ⟨S_y⟩ (z_o) − 4πη λ_0 sin^( √ K ℓ^) √ K ℓ ⟨yS_z⟩ (z_o) − cos^( √ K ℓ^) − 1

Kℓp_0

⟨p̂_yS_z⟩ (z_o) , ⟨S_z⟩ (z) ≈ ⟨S_z⟩ (z_o) − 4πη λ_0 sinh^( √ K ℓ^) √ K ℓ ⟨xS_x⟩ (z_o) − sin^( √ K ℓ^) √ K ℓ ⟨yS_y⟩ (z_o) + cosh^( √ K ℓ^) − 1

Kℓp_0

⟨p̂_xS_x⟩ (z_o) + cos^( √ K ℓ^) − 1

Kℓp_0

⟨p̂_yS_y⟩ (z_o) . (35)

The above transfer maps are consistent with the Thomas-BMT Equa-

tion.

(to be Generalized!)

Axially symmetric magnetic lens

ϕ(r) = 0 (36) A = ( − y 2 Π(r_⊥, z) , x 2 Π(r_⊥, z) , 0 ) , (37)

with

Π(r_⊥, z) =^{∞∑}_{n=0} 1 n!(n + 1)! − r^2_⊥ 4 n B^{(2n)}(z)

= B(z) − 1 8 r^2_⊥B^{′′}(z) + 1 192 r^4_⊥B^{′′′′}(z) − . . . , (38)

The corresponding magnetic field is

B_⊥ = − 1 2 ( B^′(z) − 1 8 r^2_⊥B^{′′′}(z) + . . . ) r_⊥

B_z = B(z) − 1 4 r^2_⊥B^{′′}(z) + 1 64 r^4_⊥B^{′′′′}(z) − . . . , (39)

ϕ(r) = 0 (40) A = ( − 1 2 yΠ(r_⊥, z) , 1 2 xΠ(r_⊥, z) , 0 ) , with Π(r_⊥, z) = B(z) − 1 8 r^2_⊥B^{′′}(z) . (41)

Then, the beam-optical Hamiltonian becomes Ĥ_o = ĤH_{o,p} + ĤH_{o,(4)} + Ĥ^{(λ}0^)_o (42)

ĤH_{o,p} = = −p_0 + 1 2p_0 ( p̂^2_⊥ + 1 4 q^2B^2(z)r^2_⊥ − qB(z)L̂_z ) , (43)

ĤH_{o,(4)} = 1

8p^3_0 p̂^4_⊥ − 1 2p^2_0 αp̂^2_⊥L̂_z − 1 8p_0 α^2 (p̂_⊥ · r_⊥ + r_⊥ · p̂_⊥)^2 + 3 8p_0 α^{2 (}p̂^2_⊥r^2_⊥ + r^2_⊥p̂^2_⊥^) + 1 8 ( α^{′′} − 4α^{3)} L̂_zr^2_⊥ + p_0 8 ( α^4 − αα^{′′)} r^4_⊥ ,

with α = qB(z) 2p_0

, L̂_z = xp̂_y − yp̂_x (44)

Ĥ^{(λ}0^)_o = λ_0 − dependent constant + ĤH^{(λ0)}_{o,p} + ĤH^{(λ0)}_{o,(4)} + A^{(λ}0^)_{o,p} (45)

ĤH^{(λ0)}_{o,p} = λ^{20}q^2

64π^2p^2_0

B(z)B^′(z) (r_⊥ · p̂_⊥ + p̂_⊥ · r_⊥) (46)

ĤH^{(λ0)}_{o,(4)} = λ^{20}q

256π^2p^2_0

B^{′′′}(z)L̂_z (r_⊥ · p̂_⊥ + p̂_⊥ · r_⊥) (47) − λ^2_0q^2 512π^2p^2_0

(B(z)B^{′′}(z))^{′ {}r^2_⊥, r_⊥ · p̂_⊥ + p̂_⊥ · r_⊥^} ,

A^{(λ0)}_{o,p} = iλ_0 8πp_0 ( 1 2 q^2B(z)B^′(z)r^2_⊥ − qB^′(z)L̂_z ) . (48)

⟨x⟩_{(3)}(z_i) ⟨y⟩_{(3)}(z_i) ⟨p_x⟩_{(3)}(z_i)/p_0 ⟨p_y⟩_{(3)}(z_i)/p_0 ≈ M 0 −1/f 1/M

⊗ R(ϑ)

× ⟨x⟩(z_o) ⟨y⟩(z_o) ⟨p_x⟩(z_o)/p_0 ⟨p_y⟩(z_o)/p_0 + (δx)_{(3)}(z_o) (δy)_{(3)}(z_o) (δp_x)_{(3)}(z_o)/p_0 (δp_y)_{(3)}(z_o)/p_0

(49) where (δx)_{(3)}(z_o) = C_s^⟨p̂_xp̂^2_⊥^⟩ (z_o)/p^3_0 +K ⟨ 1 2 {p̂_x , p̂_⊥ · r_⊥ + r_⊥ · p̂_⊥} + 1 2 { x , p̂^2_⊥^} ⟩ (z_o)/p^2_0 +k ⟨{ p̂_x , L̂_z } − 1 2 { y , p̂^2_⊥^} ⟩ (z_o)/p^2_0 +A ⟨1 2 {x , p̂_⊥ · r_⊥ + r_⊥ · p̂_⊥} ⟩ (z_o)/p_0 +a ⟨ 1 2 { x , L̂_z }

− 1 2 {y , p̂_⊥ · r_⊥ + r_⊥ · p̂_⊥} ⟩ (z_o)/p_0 +F ⟨ 1 2 { p̂_x , r^2_⊥^} ⟩ (z_o)/p_0 +D^⟨xr^2_⊥^⟩ (z_o) −d^⟨yr^2_⊥^⟩ (z_o) (50)

The corresponding aberration coefficients are:

C(z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} h^4 + 2α^2h^2h^{′2} + h^{′4}}

K(z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} gh^3 + α^2(gh)^′hh^′ + g^′h^{′3}}

k(z, z_o) = ∫ z z_o dz {( 1 8 α^{′′} − 1 2 α^3 ) h^2 − 1 2 αh^{′2} }

A(z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} g^2h^2 + 2α^2gg^′hh^′ + g^{′2}h^{′2} − α^{2}}

a(z, z_o) = ∫ z z_o dz {( 1 4 α^{′′} − α^3 ) gh − αg^′h^′ }

F (z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} g^2h^2 + α^{2 (}g^2h^{′2} + g^{′2}h^{2)} + g^{′2}h^{′2} + 2α^{2}}

D(z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} g^3h + α^2gg^′(gh)^′ + g^{′3}h^{′}}

d(z, z_o) = ∫ z z_o dz {( 1 8 α^{′′} − 1 2 α^3 ) g^2 − 1 2 αg^{′2} }

E(z, z_o) = 1 2 ∫ z z_o dz {( α^4 − αα^{′′)} g^4 + 2αg^2g^{′2} + g^{′4}} . (51)

r^{′′}_⊥(z) + α^2r_⊥(z) = 0 , (52)

Symmetry property of the aberration coefficients It is interesting to note the following symmetry of the nine aberration coefficients : under the exchange g ←→ h, the coefficients transform as C_s ←→ E, K ←→ D, k ←→ d, A ←→ F , and a remains invariant. To see the connection A ←→ F we have to use the relation gh^′ − hg^′ = 1.

• Firstly, there are the explicit λ_0-dependent contributions to the paraxial behaviour and aberration coefficients (of all order aberrations), which have no analogues in the classical treatment. For instance, we worked out the explicit λ_0-dependent corrections to the spherical aberration. It is seen that the effects of such quantum corrections can be of any significance only at low energies.

• Secondly, we find that the aberrations depend not only on the quantum mechanical averages of r_⊥ and p_⊥ but also on their higher order central moments corresponding to the wave packets. An immediate consequence of this fact is that contrary to the classical wisdom, coma, astigmatism, etc., cannot vanish for the object point situated on the optic axis.

Scherzer’s Theorem

An important result to be recalled in this connection is the Scherzer’s theorem which shows that the spherical aberration coefficient C_s is always positive and cannot be reduced below some minimum value governed by practical limitations.

C̃_s = 1 2 ∫ z_i

z_o dz ( α^4 − αα^{′′)} h^4 + λ^4_0 8π^2

(αα^{′′})^′ h^3h^′ + 2α^2h^2h^{′2} + h^{′4}

.(53)

Some Directions for Further Research • Systems with curved optic axis • Systems with non-monoenergetic beams • Extending the phase-space formalism to study:

Coherence Theory for charged-particle beams Image reconstruction etc.

• Generalization of the beam-optical form of the Thomas-BMT equation • Applications to spin-splitter devices • Analysis of global systems • Long term stability of particle motion is storage rings Quantum suppression of classical chaos • An Experiment! The Choice of the Position Operator ?

Further ideas are available in:

1. R. Jagannathan and S. A. Khan,

Quantum mechanics of accelerator optics, in: International Committee for Future Accelerators (ICFA) Newsletter No. 13, pp. 21-27 (April 1997).

2. M. Conte, R. Jagannathan, S. A. Khan and M. Pusterla, A quantum mechanical formalism for studying the transport of Dirac-particle beams through magnetic optical elements in accelerators In preparation

The Generalized Accelerator Optical Transformation ↓ Generalized beam-optcal form of the Thomas-BMT equation

Section IV of Ref. 2 above

References

[1] P. W. Hawkes and E. Kasper, Principles of Electron Optics, Vols. I and II (Academic Press, London, 1989).

[2] M. Szilagyi, Electron and Ion Optics (Plenum, New York, 1988).

[3] M. Conte and W. W. MacKay, An Introduction to the Physics of Particle Accelerators (World Scientific, Singapore, 1991).

[4] W. Glaser, Elektronen und Ionenoptik. Handbuch der Physik Vol.

33, Ed. S. Flügge, p. 123 (Springer, Berlin, 1956).

[5] P. W. Hawkes and E. Kasper, Principles of Electron Optics Vol.3:

Wave Optics (Academic Press, London and San Diego, 1994).

[6] H. A. Ferwerda, B. J. Hoenders and C. H. Slump, Opt. Acta 33, 145 (1986).

[7] H. A. Ferwerda, B. J. Hoenders and C. H. Slump, Opt. Acta 33, 159 (1986).

[8] R. Jagannathan, R. Simon, E. C. G. Sudarshan and N. Mukunda, Phys. Lett. A 134, 457 (1989).

[9] R. Jagannathan, Dirac equation and electron optics, Dirac and Feynman - Pioneers in Quantum Mechanics, Ed. R. Dutt and A. K. Ray (Wiley Eastern, New Delhi, 1993) 75.

[10] R. Jagannathan, Phys. Rev. A 42, 6674 (1990): corrigendum, ibid A 44, 7856 (1991).

[11] S. A. Khan and R. Jagannathan, Theory of relativistic electron beam transport based on the Dirac equation, Proc. of the 3rd National Seminar on Physics and Technology of Particle Accelerators and their Applications, (Nov. 1993, Calcutta, India) Ed. S. N. Chintalapudi (IUC-DAEF, Calcutta) 102.

[12] R. Jagannathan and S. A. Khan, Quantum theory of the optics of charged particles, Advances in Imaging and Electron Physics, Vol. 97, Ed. P. W. Hawkes (Academic Press, San Diego) 257 (1996).

[13] S. A. Khan and R. Jagannathan, Quantum mechanics of chargedparticle beam optics: An operator approach. Presented at the JSPS- KEK International Spring School on High Energy Ion Beams – Novel Beam Techniques and their Applications, March 1994, Japan, Preprint: IMSc/94/11 (The Institute of Mathematical Sciences, Madras, March 1994).

[14] S. A. Khan and R. Jagannathan, On the quantum mechanics of charged particle beam transport through magnetic lenses, Phys. Rev. E 51, 2510 (1995).

[15] A. J. Dragt, Lie Algebraic Methods for Ray and Wave Optics (University of Maryland Report, in preparation).

[16] A. J. Dragt and E. Forest, Adv. Electronics and Electron Phys. 67, 65 (1986).

[17] A. J. Dragt, F. Neri, G. Rangarajan, D. R. Douglas, L. M. Healy and R. D. Ryne, Ann. Rev. Nucl. Part. Sci. 38, 455 (1988).

[18] G. Rangarajan, A. J. Dragt and F. Neri, Part. Accel. 28, 119 (1990).

[19] R. D. Ryne and A. J. Dragt, Part. Accel. 35, 129 (1991).

[20] É. Forest and K. Hirata, A Contemporary Guide to Beam Dynamics KEK Report 92-12 (National Laboratory for High Energy Physics, Tsukuba).

[21] É. Forest, M. Berz and J. Irwin, Part. Accel. 24, 91 (1989).

[22] B. W. Montague, Phys. Rep. 113, 1 (1984).

[23] M. Conte, R. Jagannathan, S. A. Khan and M. Pusterla, Beam optics of the Dirac particle with anomalous magnetic moment, Preprint: IMSc/96/03/08, INFN/AE-96/08. Part. Accel. 56, 99 (1996).

[24] S. A. Khan, Transport of Dirac-particle beams through magnetic quadrupoles, Preprint: IMSc/96/33 (The Institute of Mathematical Sciences, Madras, December 1996).

[25] M. Conte, A. Penzo and M. Pusterla, Il Nuovo Cimento A 108, 127 (1995).

[26] R. Jagannathan and S. A. Khan, Selected Topics in Mathematical Physics – Professor R. Vasudevan Memorial Volume, Eds. R. Sridhar, K. Srinivasa Rao and V. Lakshminarayanan, (Allied Publishers, Delhi, 1995) 308.

[27] R. Fedele, F. Galluccio, V. I. Man’ko, G. Miele Phys. Lett. A209, 263 (1995).

[28] A. J. Dragt and J. Finn, J. Math. Phys. 17, 2215 (1976). [29] H. Feshbach and F. Villars, Rev. Mod. Phys. 30, 24 (1958). [30] L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). [31] J. D. Bjorken and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill, New York, San Francisco, 1964).

[32] M. H. L. Pryce, Proc. Roy. Soc. Ser. A 195, 62 (1949). [33] S. Tani, Prog. Theor. Phys. 6, 267 (1951).

[34] R. Acharya, and E. C. G. Sudarshan, J. Math. Phys. 1, 532 (1960). [35] R. S. Patton, Path Integrals From meV to MeV, Eds. M. Gutzwiller, A. Inomata, J. R. Klauder and L. Streit (World Scientific, Singapore, 1986) 98.

[36] J. Ximen, Adv. Electronics and electron Phys. 81, 231 (1991). [37] J. Ximen, Advances in Imaging. Electron Physics (Academic Press, San Diego) 97, 359 (1996) [38] G. S. Agarwal, and R. Simon, Optics Comm. 110, 23 (1994). [39] G. Dattoli, A. Renieri and A. Torre, Lectures on the Free Electron Laser Theory and Related Topics (World Scientific, Singapore, 1993).

[40] K. B. Wolf, SIAM J. Appl. Math. 40, 419 (1981).

[41] W. Glaser, Grundlagen der Elektronenoptik (Springer, Vienna 1952).

[42] W. Glaser and P. Schiske, Ann. Physik 12, 240, 267 (1953). [43] H. Busch, Ann. Phys. (Leipzig) 81, 974 (1926). [44] H. Busch, Arch. Elektrotech. 18, 583 (1927). [45] O. Scherzer, Z. Physik 101, 593 (1936). [46] O. Scherzer, J. Appl. Phys. 20, 20 (1949).

[47] M. Month and S. Turner, (Eds.) Frontiers of Particle Beams : Observation, Diagnosis and Correction (Springer-Verlag, Berlin, Heidelberg, 1989).

[48] H. Wiedemann, Particle Accelerator Physics : Basic Principles and Linear Beam Dynamics (Springer-Verlag, Berlin, Heidelberg, 1993) [49] H. Wiedemann, Particle Accelerator Physics II : Nonlinear and Higher-Order Beam Dynamics (Springer-Verlag, Berlin, Heidelberg, 1995) [50] A. Rubinowicz, Acta Phys. Polon. 3 143 (1934).

[51] A. Rubinowicz, Die Beugungswelle in der Kirchhoffschen Theorie der Beugung (Państwowe Wydawnictwo Nauk-owe, Warsaw, 1957); 2nd ed. (PWN, Warsaw and Springer, Berlin and New York, 1966).

[52] A. Rubinowicz, Acta Phys. Polon. 23, 727 (1963). [53] A. Rubinowicz, The Miyamoto-Wolf diffraction wave. Prog. Opt. 4, 199 (1965) (See Part II, Section 3: Diffraction wave in the Kirchhoff theory of Dirac electron waves).

[54] E. Durand, C. R. Acad. Sci. Paris 236, 1337 (1953). [55] Phan-Van-Loc C. R. Acad. Sci. Paris 237, 649 (1953). [56] Phan-Van-Loc, C. R. Acad. Sci. Paris 238, 2494 (1954). [57] Phan-Van-Loc, Ann. Fac. Sci. Univ. Toulouse 18, 178 (1955).

[58] Phan-Van-Loc, Interprétation physique de l’expression mathématique du principe de Huygens en theérie de l’électron de Dirac. Cahiers de Physique No. 97, 12, 327 (1958).

[59] Phan-Van-Loc, C. R. Acad. Sci. Paris 246, 388 (1960). [60] Phan-Van-Loc, Principes de Huygens en Théorie de l’El- ectron de Dirac. Thèse, Toulouse (1960).

[61] L. H. Thomas, Phil. Mag. 3, 1 (1927).

[62] V. Bargmann, L. Michel and V. L. Telegdi, Phys. Rev. Lett. 2, 435 (1959).

[63] A. A. Sokolov and I. M. Ternov, Radiation from Relativistic Electrons, Translated by S. Chomet and edited by C. W. Kilmister (American Institute of Physics, New York, 1986).

[64] I. M. Ternov, Physics - Uspekhi 38, 409 (1995). [65] J. S. Bell and J. M. Leinass, Nucl. Phys. B, 284 488 (1987). [66] L. N. Hand, and A. Skuja, Proc. Conf. on Spin and Polarization Dynamics in Nuclear & Particle Physics, Trieste, January 1988, Eds. A. O. Barut, Y. Onel and A. Penzo, (World Scientific, Singapore, 1990) 185.

[67] J. D. Jackson, Rev. Mod. Phys., 48, 417 (1976). [68] I. M. Ternov, Sov. Phys. JETP, 71, 654 (1990).

[69] H. C. Corben, Classical and Quantum Theories of Spinning Particle (Holden-Day, Inc., San Francisco, 1968).

[70] Ya. S. Derbenev and A. M. Kondratenko, Sov. Phys. JETP, 37, 968 (1973).

[71] K. Heinemann, On Stern-Gerlach forces allowed by special relativity and the special case of the classical spinning particle of Derbenev- Kondratenko, e-print: physics/9611001

[72] D. P. Barber, K. Heinemann and G. Ripken, Z. Phys. C, 64, 117 (1994).

[73] D. P. Barber, K. Heinemann and G. Ripken, Z. Phys. C, 64, 143 (1994).

[74] Y. Onel, A. Penzo and R. Rossmanith, AIP Conf. Proc. 150 Eds. R.

G. Lernerand and D. F. Geesaman, (American Institute of Physics, New York, 1986) 1229.

[75] T. Niinikoski and R. Rossmanith, Nucl. Instrum. Methods A, 255, 46 (1987).

[76] M. Conte, A. Penzo, A. Pisent and M. Pusterla, Analytical treatment of the spin splitter, Internal Report : INFN/TC-88/25.

[77] M. Conte, Proc. Conf. on Spin and Polarization Dynamics in Nuclear & Particle Physics, Trieste, January 1988, Eds. A. O. Barut, Y. Onel and A. Penzo (World Scientific, Singapore, 1990) 316.

[78] A. Pisent, Proc. Conf. on Spin and Polarization Dynamics in Nuclear & Particle Physics, Trieste, January 1988, Eds. A. O. Barut, Y. Onel and A. Penzo (World Scientific, Singapore, 1990) 327.

[79] M. Conte, and M. Pusterla, Il Nuovo Cimento A, 103, 1087 (1990).

[80] M. Conte, Y. Onel, A. Penzo, A. Pisent, M. Pusterla and R. Rossmanith, The spin-splitter concept, Internal Report : INFN/TC- 93/04.

[81] J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, New York, 1962).

[82] K. Hagedorn, Relativistic Kinematics (W. A. Benjamin, New York, 1963).

[83] V. M. Castaño, Optik 81, 35 (1988).

[84] V. M. Castaño, Computer Simulation of Electron Microscope Diffraction and Images, Eds. W. Krakow and M. A. O’Keefe (Minerals, Metals and Materials Society, Warrendale, PA, 1989) 33.

[85] V. M. Castaño, G. Vázquez-Polo and R. Gutierrez-Castrejón, Signal and Image Processing in Microscopy and Microanalysis. Proc. of the 10th Pfefferkorn Conference, Cambridge, 1991, Eds. P. W. Hawkes, W. O. Saxton and M. A. O’Keefe (Scanning Microsc. Suppl. 6 (published 1994)) 414.

[86] G. V. Polo, D. R. Acosta and V. M. Castaño, Optik 89, 181 (1992). [87] E. P. Wigner, Phys. Rev. Lett. 40, 749 (1932).

[88] M. Hillery, R. F. O’Connell, M. O. Scully and E. P. Wigner, Phys.

Rep. 106 121 (1984).

[89] N. Z. Balazs and B. K. Jennings, Phys. Rep. 104, 347 (1984). [90] V. I. Tatarskiĭ, Sov. Phys. Usp. 26, 311 (1983).

[91] P. Carruthers and F. Zachariassen, Rev. Mod. Phys. 55 245 (1983). [92] N. Mukunda, Pramana 11, 1 (1978).

[93] K. H. Mariwalla, Proc. Conference on Probability, Stochastic Process and Statistical Mechanics, MATSCIENCE Report No.97 (The Institute of Mathematical Sciences, Madras, 1979) [94] R. Jagannathan, R. Simon, E. C. G. Sudarshan and R. Vasudevan, Phys. Lett. A120, 161 (1987).

[95] M. J. Bastians, Optik 82, 173 (1989).

[96] R. Simon, E. C. G. Sudarshan and N. Mukunda, Phys. Rev. A36, 3868 (1987).

[97] F. Lenz in Magnetic Electron Lenses, Topics in Current Physics Vol.

18 ed. P. W. Hawkes, (Springer-Verlag, Berlin 1982). [98] B. R. Mallow, Phys. Rev. 162, 1256 (1967). [99] A. Grossmann, Comm. Math. Phys. 48, 191 (1976). [100] A. Royer, Phys. Rev. 15, 449 (1977).

[101] G. Dattoli, C. Mari and A. Torre, A note on Wigner phase space and beam transport, Report No. RI/INN/91/30 ENEA, Rome.

[102] G. R. Shin, I. Bialynicki-Birula and J. Rafelski, Phys. Rev. A46, 645 (1982).

[103] H. T. Elze and U. Heinz, Phys. Rep. 183, 81 (1989). [104] J. Liñares, Optical propagators in vector and spinor theories by path integral formalism, in Lectures on Path Integration: Trieste 1991 ed. H. A. Cerdeira et al., (World Scientific, Singapore, 1993).

[105] E. Bauer, Rep. Prog. Phys. 57, 895 (1994).

[106] T. D. Newton and E. P. Wigner, Rev. Mod. Phys. 21, 400 (1949). [107] A. O. Barut, and R. Raczka, Theory of Group Representations and Applications (World Scientific, Singapore 1986).

[108] D. R. Brill and J. A. Wheeler, Rev. Mod. Phys. 29, 465 (1957). [109] W. Magnus, Comm. Pure. Appl. Math. 7, 649 (1954). [110] R. M. Wilcox, J. Math. Phys. 4, 962 (1967).

[111] R. Bellman, and R. Vasudevan, Wave Propagation : An Invariant Imbedding Approach (D. Reidel, Dordrecht, 1986).

[112] K. B. Wolf, Integral Transforms in Science and Engineering (Plenum, New York, 1979).