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ABSTRACT

This research was done in the three stages. In the first stage, the propagator

was obtained for a charged particle subjected to an electromagnetic field and being

under the influence of a non-local oscillator. The method of derivation was based on

a direct solution of the corresponding classical equation of motion.

In the second stage, an analytic expression of the ground state energy of the

polaron in a magnetic field was derived by J.D. Devreese and F. Brosens but no

numerical data was presented. So, the objective of this stage was to present some

numerical results.

Finally, the steady-state condition of an electron interacting with the phonons

of a crystal in finite electric and constant magnetic fields was determined via two

methods utilizing Feynman path integrals. The first method was called “Double Path”.

The second method was called “Single Path”. The loss rate of momentum when

applying fields was expressed in a form in which the lattice coordinates had been

eliminated exactly by path integrals methods. The quadratic influence functional

used to simulate the electron-lattice interaction was shown to be derived from a self-

consistent relation for the impedance tensor. The Feynman one-oscillator model is

discussed in terms of the self-consistency relation. The applied magnetic and electric

fields problem is discussed. Lastly, we have derived the explicit form of the effective

mass and the mobility of the polaron in a magnetic field.
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CHAPTER 1

REVIEW AND INTRODUCTION TO THE POLARON

1.1 The polaron

The Feynman path-integral formulation of quantum mechanics has become a major

tool in many areas of physics and chemistry, as illustrated by the various topics covered

in the Handbook of Feynman path integrals [1]

The subject of the polaron has continued to attract the attention of physicists.

Briefly, a polaron is an electron moving in a polar crystal together with the self -

induced polarization of the lattice. In particular, the polaron is characterized by its

binding energy, effective mass and by its response to external electric and magnetic

fields (i.e. mobility and impedance).

In general, there are two distinct types of polarons formed depending on which

electron-lattice interaction is of primary importance. A large polaron forms when

the electron-lattice interaction due to long-range Coulombic interactions between an

electronic carrier and a solid’s ions is of paramount importance. Competing effects

then determine the radius of a large polaron. By contrast, a small polaron can form

when a short range electron-lattice interaction, is dominant. A small polaron is shrunk

without limit until it is confined to a single site. This thesis is concerned with the

large polaron, or Fröhlich polaron

The polaron concept is of interest, not only because it describes the particular

physical properties of an electron in an polar crystal or ionic semiconductor but also

because it is an interesting field theoretical model consisting of a fermion interacting

with a scalar boson field.

The early work on polarons was devoted to the interaction between a charge

carrier and the long - wavelength optical phonons. The field - theoretical Hamiltonian
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describing this interaction was derived by Fröhlich [2]

Hpol =
P2

2m
+
∑
k

h̄ωka†kak +
1√
V

∑
k

(
Ckakeik·rτ + C∗

ka†ke−ik·rτ

)
(1.1)

where

Ck =
ih̄ωk

k

√√√√4πα

V

√
h̄

2mωk
(1.2)

Here V is the volume of the crystal, h̄ is the Planck’s constant, ωk is the frequency of

the longitudinal optical phonons and α is the dimensionless Fröhlich coupling constant.

The Hamiltonian Hpol is readily constructed by the standard conversion of the creation

and annihilation operators a†k and ak of a harmonic oscillator to the corresponding

position and momentum variables. r is the position coordinate operator of the electron

with mass m and P is its canonically conjugate momentum operator.

In the past, most works on polarons were devoted to calculating the ground-

state energy and the effective mass of the polaron at zero temperature. Analytical

results are available for these properties only for the limits of small and large values

of electron-phonon coupling strength [3–9]. The theory of Tyablikov [10] can prove re-

sults for both the weak coupling as well as strong-coupling limits, but the method can

not resolve intermediate coupling behavior. Feynman’s celebrated path integral [11,12]

theory of the polaron [14] addresses this. The path integral method offers a unique

advantage in discussing the electron-phonon system [15–17]. If the electron-lattice

interaction is linear in the lattice variables (the phonon approximation), then these

lattice variables can be eliminated exactly, and the problem can then be written in

terms of the electronic coordinates alone. The simplification thus achieved is remark-

able as demonstrated in previous papers discussing the polaron problem [14–17].

There is one difficulty, however. Written in terms of electron coordinates

alone, the method cannot be completed without making some approximation. The

most successful is due to Feynman [14] who attempted to simulate the exact influence

functional by an approximate harmonic one which imitated the exact functional as

well as possible while still permitting the calculation to be completed. After deriving
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a variational principle which gave an upper bound to the ground state energy of an

electron interacting with an arbitrary distribution of phonons, he used as an influence

functional the now well-known one-oscillator trial distribution whose strength and

frequency are variational parameters used to minimize the ground-state energy at zero

temperature. This method was soon generalized to finite temperature [18].

Following this success for calculating self-energy, transport properties includ-

ing mobility [19], impedance [15], and velocity-field characteristics [17] were investi-

gated using harmonics in place of the exact influence functionals. More recently in

the nonlinear problems of calculating the velocity-field dependence for arbitrary cou-

pling, temperature, and field strength, Thornber-Feynman [17] were forced to fall back

on the Feynman one-oscillator influence functional for lack of anything better. This

was particularly unfortunate because in the region of maximum energy loss per unit

distance the electron’ s relative motion is certainly appreciably faster than as given

by the one-oscillator model at the lattice temperature. Also, one can apply a strong

magnetic field to calculate Hall mobility and cyclotron mass, and again one expects

the harmonic influence functional to depend on the applied field. Finally, while the

one-oscillator model is physical for the polaron problem where an energy threshold

exists for phonon emission, in order to deal with optical phonons where phonons of

any energy can be emitted, it is clear one must have some procedure to determine a

more physical model interaction. Moreover, little motivation for this can be sought

from trying to minimize the free energy. For finite electric fields, the energy loss is so

important that the real and imaginary parts of the self-energy are comparable. For

the drifting electron problem, we must pass to imaginary velocity variables.

Thornber [20] has calculated both the linear and non-linear transport proper-

ties of electron-phonon systems with constant electric, a small time-dependent electric

field and magnetic fields. The expectation value of the rate of change of momentum

operator equation was calculated for a general harmonic influence functional. The

electron will acquire some steady-state expectation drift velocity which can be related
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to the strength of the electric and magnetic fields. Finally, he also comments on

the Hall mobility, cyclotron mass, and magnetoresistance for the Fröhlich polaron in

perpendicular electric and magnetic fields.

1.2 Objective of study

The purpose of this research is to study the following problem. Suppose we have an

electron interacting with the phonon modes of a crystal. Let us assume that in the

uniform lattice, the electron would move as a free particle. We are not interested in

the problem of an electron weakly coupled to the phonons, in which the unperturbed

electron states are better described by a band structure. We now take the crystal and

apply a spatially uniform and time-dependent electric field E and magnetic field B. An

electron is said to be in a steady-state if the expectation value of its acceleration is zero.

We find the steady-state relation between E and B for arbitrary lattice temperature,

electron-phonon coupling strengths and magnetic and small electric field. In various

limits we can recover drift and Hall mobility, and other interesting transport properties.

The specific objectives are stated as follows:

1. To study how to evaluate the ground state energy of a polaron in the magnetic field

by using the Devreese assumption [21,24] and minimize that energy to determine the

four parameters (υ‖, w‖, υ⊥, w⊥)

2. To study the steady-state condition of a polaron in a small electric field and an

arbitrary magnetic field. Of particular interest is the case where the electric field is

modeled by

Eτ = E0e
−iωτ (1.3)

where E0 is a constant vector, and e−iωτ is the time dependence of the oscillation of

frequency ω.

1.3 Outline of thesis

Chapter 2 reviews some basics of Feynman’s path integral and describes the elimi-

nation of the phonon coordinates. Chapter 3 evaluates the non-local action and the
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propagator. Chapter 4 determines the ground-state energy of a polaron in a magnetic

filed by using the J.T.Devresse and F.Brosens [24](hereafter refereed to as DB) tech-

nique and shows the numerical results. Chapter 5 evaluates the steady-state of the

electron in the applied fields, and shows self-consistence of the solution. Lastly we

express the effective mass and the mobility of the polaron in a magnetic field. Chapter

6 summaries conclusions.
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CHAPTER 2

INTRODUCTION TO THE FEYNMAN PATH
INTEGRAL

The conventional formulation of quantum mechanics in terms of operators in Hilbert

space is a Hamiltonain approach. It was invented and developed by Bohr, Born, Dirac,

Heisenberg, Jordan, Pauli, Schrödinger, and others in the years 1925-26. The basic

quantity in quantum mechanics is a certain complex function Ψ called a probability

amplitude or wave function associated with every quantum mechanical state. In the

simplest case of a single particle the wave function Ψ(r, t) is the total amplitude for

the particle to arrive at a particular point (r, t) in space and time from the past in

some situation. The probability (density) of finding the particle at the point r and at

the time t is |Ψ(r, t)|2. In the usual approach to quantum mechanics the wave function

is calculated by solving a differential equation, which for non-relativistic systems, is

the Schrödinger Equation

ih̄
∂Ψ
∂t

= HΨ (2.1)

Here H is a differential operator called the Hamiltonian or Schrödinger operator, which

is derived from the classical Hamiltonian H(p, r) of the associated classical system.

The Schrödinger Equation (2.1) is a kind of wave equation, and this explains why the

probability amplitude |Ψ(r, t)|2 is commonly called the (Schrödinger) wave function.

Obviously, the Schrödinger Equation (2.1) is a deterministic equation, since knowledge

of Ψ at ta implies knowledge at all subsequent times tb . However, the interpretation

of the probability of an event is an indeterministic interpretation. Introduction of the

Green function of the time-dependent Schrödinger Equation (2.1) allows the quantum

mechanical time evolution of the wave function to be explicitly given by the integral

relation

Ψ(rtb , tb) =
∫

drtaK(rtb , tb; rta , ta)Ψ(rta , ta) (2.2)
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which determines the probability amplitude at a final point rtb at time tb in terms of

the probability amplitude Ψ(rta , ta) at an initial point rtb at time ta. Eq(2.2) shown

that the Green function K plays the role of an integral kernel. In fact, K is identical

to the kernel of the quantum mechanical time-evolution operator (T = tb − ta > 0)

K(rtb , tb; rta , ta) = 〈rtb | e
− i

h̄
TH |rta〉 (2.3)

Since the integral relation Eq(2.2) is completely equivalent to the Schrödinger Equa-

tion(2.1), it offers the possibility of considering Eq(2.2) as the basic time-evolution

equation in quantum mechanics and thus as an alternative to the operator Schrödinger

equation. This is exactly Feynman’s approach in his path integral formulation of quan-

tum mechanics [12]. In this approach the integral kernel K is the primary object, and

that is the reason why the time-dependent Green function K is in this context is

commonly called the Feynman kernel. “A quantum mechanical system is described

equally well by specifying the function K, or by specifying the Hamiltonain H from

which it results. For some purpose the specification in terms of K is easier to use

and visualize” [13]. It is clear from Eq(2.2) and Eq(2.3) that the Feynman kernel

K(rtb , tb; rta , ta) has the meaning of a transition-probability amplitude to get from

the point (rta , ta) and (rtb , tb) , or in Feynman’s words : “A probability amplitude is

associated with an entire motion of a particle as a function of time, rather than simply

with a position of the particle at a particular time”. [11]

2.1 The propagator

Let us briefly sketch how Feynman arrived at his path integral. At time ta a particle is

prepared at rta . The probability amplitude (complex) that the particle will be found

at rtb at time tb is the propagator K. The propagator can be split in two parts: from

ta to an intermediate time t1 and from there to the final time tb. By means of Eq(2.2)

one can show that the propagator obeys the property

K(rtb , tb; rta , ta) =
∫

drt1K(rtb , tb; rt1 , t1)K(rt1 , t1; rta , ta) (2.4)
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We can also write

K(rtb , tb; rta , ta) =
∫

drt1

∫
drt2K(rtb , tb; rt2 , t2)K(rt2 , t2; rt1 , t1)K(rt1 , t1; rta , ta)

(2.5)

and so on. We slice time into N intervals, of width ε. By

tN = tb > tN−1 > tN−2 > ... > t2 > t1 > ta = t0

t0 = ta; tN = tb

tn = nε + ta; tb − ta = Nε, n = 1, 2, ..., N − 1

then

K(rtb , tb; rta , ta) =
∫

drt1 ...

∫
drN−1K(rtb , tb; rN−1, tN−1)

×K(rN−1, tN−1; rN−2, tN−2)...K(rt1 , t1; rta , ta) (2.6)

K(rtb , tb; rta , ta) = lim
N→∞,ε→0

[
N−1∏
n=1

∫
drn

]
K(rtb , rn−1; ε)....K(rt1 , rta ; ε) (2.7)

To visualize this pictorially, we consider a space-time plane, as shown in Fig-

ure 2.1. The initial and final space-time points are fixed to be (rta , ta) and (rtb , tb), re-

spectively. For each time segment, say between tn−1 and tn, we consider the transition

amplitude to go from (rn−1, tn−1) to (rn, tn); we then integrate over rt1 , rt2 , ..., rN−1.

This means that we must sum over all possible paths in the space-time plane with the

end points fixed.

Now, we consider

K(rn, rn−1; ε) =
〈
rn

∣∣∣e−i
h̄

Ĥε
∣∣∣ rn−1

〉
(2.8)

where Ĥ = p̂2

2m + V (r̂), and

K(rn, rn−1; ε) =
〈
rn

∣∣∣∣e−iε
h̄

( p̂2

2m
+V (r̂))

∣∣∣∣ rn−1

〉
=

〈
rn

∣∣∣∣e−iε
h̄

( p̂2

2m
+V (rn−1))

∣∣∣∣ rn−1

〉
(2.9)

We know
∫

dp |p〉 〈p| = 1 , where p is momentum, and Eq(2.9) becomes

K(rn, rn−1; ε) =
∫

dp 〈rn| e
−iε
h̄

( p̂2

2m
) |p〉 〈p| rn−1〉 e

−iε
h̄

V (rn−1)

=
∫

dpe
−iε
h̄

( p2

2m
) 〈rn| p〉 〈p| rn−1〉 e

−iε
h̄

V (rn−1) (2.10)
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Figure 2.1: Paths in r-t plane

We also know that 〈r| p〉 =
(

1
2πh̄

) 3
2 e

ipr
h̄ , so that

K(rn, rn−1; ε) =
(

1
2πh̄

) 3
2

e−
iε
h̄

V (rn−1)
∫

dpe
−iε
h̄

( p2

2m
)+

ip(rn−rn−1)

h̄ (2.11)

Consider

∫
dpe

−iε
h̄

p2

2m
+

ip(rn−rn−1)
h̄ =

∫
dpe

−iε
2mh̄

(
p2+

2mp(rn−rn−1)
ε

)

=
∫

dpe

−iε
2mh̄

[
(p−m

ε
(rn−rn−1)2)−m2(rn−rn−1)2

ε2

]
(2.12)

Let y = p− m
ε (rn − rn−1). Now Eq(2.11) becomes

K(rn, rn−1; ε) =
(

1
2πh̄

) 3
2

e−
iε
h̄

V (rn−1)e
im(rn−rn−1)2

2h̄ε

∫
dye−

iε
2mh̄

y2

=
(

2πmh̄

iε

1
2πh̄

) 3
2

e(
im
2εh̄

(rn−rn−1)2− iε
h̄

V (rn−1))

=
(

m

2πh̄iε

) 3
2

e
iε
h̄

(
m
2

(rn−rn−1)2

2
−V (rn−1)

)
(2.13)
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Finally we get the propagator of the particle from a −→ b

K(rtb , rta) = lim
N→∞,ε→0

[
N−1∏
n=1

∫
drn

](
m

2πiεh̄

) 3N
2

e

{
iε
h̄

N∑
n=1

(m
2

(
rn−rn−1)2

ε
)−V (rn−1)

}

= A

∫
D [rτ ] exp

 i

h̄

tb∫
ta

dt

(
m

2
ṙτ

2 − V (r)
) (2.14)

where Sclassical =
tb∫
ta

dt
(

m
2 ṙτ

2 − V (r)
)
, and

K (rtb , rta) = A

rtb∫
rta

D [rτ ]e
i
h̄

Sclassical (2.15)

where A is a constant independent of the dynamics of the system and symbol the D[rτ ]

is the “path differential measure” signifying summation or integration over all paths .

In this integration, the end points are held fixed and only the intermediate points are

integrated over the entire space. Any spatial configuration of the intermediate points,

of course, gives rise to a trajectory between the initial and the final points. Thus,

integrating over all such configurations is equivalent to summing over all the paths

connecting the initial and the final points.

2.2 Elimination of the phonon coordinates

In this section we want to eliminate the phonon coordinates by using Feynman’s path

integral. The Hamiltonian for this system may be written as

Hpol = He +
∑
k

h̄ωka†kak +
∑
k

(
Ckakeik·rτ + C∗

ka†ke−ik·rτ

)
(2.16)

where He is the Hamiltonian of the electron and rτ is the vector position of the electron.

Since Hpol is written in terms of the creation and annihilation operators, we must first

rewrite it using coordinates and momenta. If we quantize the motion of the crystal,

we must choose the creation and annihilation operators, so that

qk =

√
h̄

2ωk

(
ak + a†−k

)
(2.17)

pk = i

√
h̄ωk

2

(
a†−k − ak

)
(2.18)
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then

ak =
1
2

(√
2ωk

h̄
qk + i

√
2

h̄ωk
pk

)
(2.19)

a†k =
1
2

(√
2ωk

h̄
q†k − i

√
2

h̄ωk
p†k

)
(2.20)

From the Eq(2.16), the kinetic energy of the collective mode of the phonons is

Hphonon ≡
∑
k

h̄ωka†kak

=
1
4

∑
k

h̄ωk

(√
2ωk

h̄
qk + i

√
2

h̄ωk
pk

)(√
2ωk

h̄
q†k − i

√
2

h̄ωk
p†k

)

=
1
4

∑
k

h̄ωk

(
2ωk

h̄
q†kqk +

2
h̄ωk

p†kpk +
2i

h̄

[
q†kpk − p†kqk

])
(2.21)

From Eq(2.17) and Eq(2.18), we find q†k = q−k and p†k = p−k. We can show that

∑
k

q†kpk =
∑
k

q−kpk =
∑
k

qkp−k =
∑
k

qkp†k (2.22)

Since [
ak, a†k′

]
= δk,k′ (2.23)

thus

[qk, pk′ ] = ih̄δk,−k′ (2.24)

By using the properties Eq(2.22)-(2.24), Eq(2.21) becomes

Hphonon =
∑
k

(
1
2
p†kpk +

1
2
ω2

kq†kqk

)
+

1
2h̄

∑
k

[qk, p−k]h̄ωk

=
∑
k

(
1
2
p†kpk +

1
2
ω2

kq†kqk −
1
2
h̄ωk

)
(2.25)

The interaction term between the electron and the phonons in Eq(2.16) is of the form

Hinteraction =
∑
k

√
2ωk

h̄
Ckqkeik·rτ (2.26)

Substituting Eq(2.25) and Eq(2.26) into Eq(2.16), we have

Hpol = He +
∑
k

(
1
2
p†kpk +

1
2
ω2

kq†kpk −
1
2
h̄ωk

)
+
∑
k

√
2ωk

h̄
Ckqkeik·rτ (2.27)
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The qk and pk are not canonical and some analysis is required. Let ξ be the set

containing half the points in d-dimensional space for k > 0. We then conclude that

−k ∈ ξ′, and k = 0 is a spacial point not contained in either ξ or ξ′. We now define

=
1√
2

(pk + p−k) for k ∈ ξ

Pk = p0 for k = 0 (2.28)

=
i√
2

(pk − p−k) for k ∈ ξ′

and

=
1√
2

(qk + q−k) for k ∈ ξ

Qk = q0 for k = 0 (2.29)

=
i√
2

(qk − q−k) for k ∈ ξ′

which have the required property that

[Qk, Pk′ ] = ih̄δk,k′ (2.30)

Using Eq(2.28),(2.29), we obtain

∑
k

p†kpk =
∑
k

P 2
k (2.31)

and ∑
k

q†kqk =
∑
k

Q2
k (2.32)

From Eq(2.29), we have

=
1√
2

(Qk + iQ−k) for k ∈ ξ

qk = Q0 for k = 0 (2.33)

=
i√
2

(Qk − iQ−k) for k ∈ ξ′

Substituting Eq(2.33) into Eq(2.26), we have

Hinteraction =
∑
k∈ξ

1√
2

√
2ωk

h̄
Ck (Qk + iQ−k) eik·rτ +

√
2ω0

h̄
C0Q0
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+
∑
k∈ξ′

1√
2

√
2ωk

h̄
Ck (Q−k − iQk) eik·rτ

=
√

2ω0

h̄
C0Q0 +

∑
k∈ξ

√
ωk

h̄

(
eik·rτ [Qk + iQ−k]

e−ik·rτ [Qk + iQ−k]
)

=
√

2ω0

h̄
C0Q0 +

∑
k∈ξ

2
√

ωk

h̄
CkQk cosk · rτ +

∑
k∈ξ′

2
√

ωk

h̄
CkQk sink · rτ

= 2
∑
k

√
ωk

h̄
CkQkfk,τ (2.34)

where

= cosk · rτ for k ∈ ξ

fk,τ =
1√
2

for k = 0 (2.35)

= sink · rτ for k ∈ ξ′

We now substitute Eqs(2.31), (2.32) and (2.34) into Eq(2.27), and we have

Hpol = He +
∑
k

(
P 2

k

2
+

1
2
ω2

kQ2
k −

1
2
h̄ωk

)
+ 2

∑
k

√
ωk

h̄
CkQkfk,τ (2.36)

The propagator for the above system is given by

K
(
rtb , Q

b
k, tb; rta , Q

a
k, ta

)
≡

〈
rtb , Q

b
k, tb

∣∣∣ rta , Q
a
k, ta〉

=

rtb∫
rta

D[rτ ]
∏
k

Qb
k∫

Qa
k

D[Qk]e
i
h̄

S (2.37)

where

S =
tb∫

ta

dτ

(
Le +

∑
k

(
1
2
Q̇2

k −
1
2
ω2

kQ2
k −

1
2
h̄ωk

)
− 2

∑
k

√
ωk

h̄
CkQkfk,τ

)
(2.38)

Now we write

K
(
rtb , Q

b
k, tb; rta , Q

a
k, ta

)
=

rtb∫
rta

D[rτ ]e
i
h̄

tb∫
ta

dτLe ∏
k

K0

(
Qb

k, tb;Qa
k, ta

)
(2.39)

where

K0

(
Qb

k, tb;Qa
k, ta

)
=

Qb
k∫

Qa
k

D[Qk]e
i
h̄

tb∫
ta

dτLk

(2.40)



Sikarin Yoo-kong Introduction to The Feynman Path Integral / 14

with

Lk =
1
2
Q̇2

k −
1
2
ω2

kQ2
k +

1
2
h̄ωk + Fk,τQk (2.41)

is the transformation function for a force harmonic oscillator with the forcing function

Fk,τ = −2
√

ωk

h̄
Ckfk,τ (2.42)

The path integral over the phonon coordinates can be performed exactly because the

potential energy is a quadratic function. Let us consider the following. The action

integral is given as

Sk =
tb∫

ta

dτ

(
1
2
Q̇2

k −
1
2
ω2

kQ2
k + Fk,τQk

)
(2.43)

We obtain the corresponding classical equation of motion as

Q̈k + ω2
kQk = Fk (2.44)

which has solution

Qk,τ =
1

sinωkT

(
Qb

k sinωk (τ − ta) + Qa
k sinωk (tb − τ)

− 1
ωk

tb∫
ta

dτFk,τ sinωk (τ − ta) sinωk (tb − σ)

− 1
ωk

tb∫
ta

dτFk,τ sinωk (σ − ta) sin ωk (tb − τ)) (2.45)

Using Eq(2.44) and Eq(2.45), Eq(2.43) becomes;(T = tb − ta)

Sk =
ωk

2 sinωkT

{(
(Qb

k)2 + (Qa
k)2
)

cos ωkT − 2Qb
kQa

k

+
1

sinωkT

tb∫
ta

dτ
(
Qa

k sin ωk (tb − τ) + Qb
k sinωk (τ − ta)

)
Fk,τ

− 1
ωk sinωkT

tb∫
ta

dτ

tb∫
ta

dσ sinωk (tb − τ) sinωk (σ − ta) Fk,τFk,σ

 (2.46)

We now introduce the following Fourier transforms

A (ωk) =
1

2ωk

tb∫
ta

dτe−iωk(τ−ta)Fk,τ (2.47)

B (ωk) =
1

2ωk

tb∫
ta

dτe−iωk(tb−τ)Fk,τ = −A (−ωk) e−iωkT (2.48)
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Then the propagator K0 becomes

K0

(
Qb

k, tb;Qa
k, ta

)
=

(
eiωk

T
2

2πih̄ sinωkT

) 3
2

exp

{∑
k

[
iωk

2h̄ sinωkT

([
(Qb

k)2 + (Qa
k)2
]

cos ωkT

−2Qb
k

(
A (ωk) eiωkT −B (ωk)

)
+2Qa

k

(
B (ωk) eiωkT −A (ωk)

))
− iωk

2h̄ sinωkT

(
eiωkT

(
A2 (ωk) + B2 (ωk)

)
− 2A (ωk) B (ωk)

)

−2Qb
kQa

k +
i

4h̄ωk

tb∫
ta

dτ

tb∫
ta

dσe−iωk|τ−σ|Fk,τFk,σ

 (2.49)

We now take the trace over the field coordinates in Eq(2.49) according to the following

steps. i) set Qa
k = Qb

k = Qk. ii) integrate over Qk by using
∫

e−ax2+bxdx =
√

π
ae

b2

4a .

Thus, the propagator in Eq(2.39) becomes

K (rtb , tb; rta , ta) =
∏
k

(
eiωk

T
2

2πih̄ sin ωkT

)3 rtb∫
rta

D[rτ ]e
i
h̄

tb∫
ta

dτLe

× exp

∑
k

 i

4h̄ωk

tb∫
ta

dτ

tb∫
ta

dσe−iωk|τ−σ|Fk,τFk,σ

+
iωk

2 sinωkT/2
eiωkT A (ωk) B (ωk)

]}
(2.50)

We can rearrange the above equation by using Eq(2.47) and Eq(2.48) to read

K (rtb , tb; rta , ta) =
∏
k

(
eiωk

T
2

2πih̄ sinωkT

)3 rtb∫
rta

D[rτ ] exp
{

i

h̄

tb∫
ta

dτLe

+
∑
k

i

4h̄ωk

tb∫
ta

dτ

tb∫
ta

dσ
cos ωk (|τ − σ| − T/2)

sinωkT/2
F ∗

k,τFk,σ

(2.51)

where

F ∗
k,τFk,σ = 4

ωk

h̄
|Ck|2 eik·(rτ−rσ) (2.52)

Substituting Eq(2.52) into Eq(2.51), we obtain

K (rtb , tb; rta , ta) =
∏
k

(
eiωk

T
2

2πih̄ sinωkT

)3 rtb∫
rta

D[rτ ]e
i
h̄

Spol(ṙ,r,τ) (2.53)

with

Spol =
tb∫

ta

dτLe +
1
2h̄

∑
k

|Ck|2
tb∫

ta

dτ

tb∫
ta

dσ
cos ωk (|τ − σ| − T/2)

sinωkT/2
eik·(rτ−rσ) (2.54)
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We now replace |Ck|2 = 2
√

2πα
k2

√
h̄

mωk
h̄2ω2

k ,
∑
k

=
∫ d3k

(2π)3
and performing integration

over the wave number k, we find

Spol =
tb∫

ta

dτLe +
α

2
√

2

√
h̄

mωk
h̄ω2

k

tb∫
ta

dτ

tb∫
ta

dσ
cos ωk (|τ − σ| − T/2)

sinωkT/2
1

|rτ − rσ|
(2.55)

Eq(2.55) describes the coupling of an electron at a certain time with its position at an

earlier time by a “Coulomb interaction”.

2.3 Equilibrium density matrix (imaginary time path integral)

We write the equilibrium density operator

ρ =
1
Z

e−βH (2.56)

with the partition function

Z = Tr
(
e−βH

)
(2.57)

in position representation

ρ (rβ , r0) =
1
Z
〈rβ| e−βH |r0〉 (2.58)

Comparing 〈rt| e−iHt/h̄ |r0〉 and 〈rβ| e−βH |r0〉 one concludes that the equilibrium den-

sity matrix apart from the partition function is equivalent to a propagator in imaginary

time t → −ih̄β.

How does the action look like in imaginary time?
t∫

0

dτ

[
m

2
ṙ2
τ − V (r)

]
=

−ih̄β∫
0

dτ

[
m

2

(
dr
dτ

)2

− V (r)

]

= −i

h̄β∫
0

dσ

[
−m

2

(
dr
dσ

)2

− V (r)

]
;σ = iτ

= i

h̄β∫
0

dσ

[
m

2

(
dr
dσ

)2

+ V (r)

]

= iSβ (2.59)

where the last line define the so-called Euclidean action. We now have a path integral

expression for the equilibrium density matrix.

〈rβ| e−βH |r0〉 =

rβ∫
r0

D [rτ ]e−
1
h̄

Sβ
(2.60)
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For the polaron system considered in section 2.2, rewriting the expression for the

propagator into imaginary time t → −ih̄β one obtains

ρ (rβ, r0) =
∏
k

1
Z

(
eh̄ωkβ/2

2πh̄ sinhωkh̄β

)3 rβ∫
r0

D [rτ ]e
− 1

h̄
Sβ

pol (2.61)

where

Sβ
pol =

h̄β∫
0

dτLe −
α

2
√

2

√
h̄

mωk
h̄2ω2

k

h̄β∫
0

dτ

h̄β∫
0

dσ
coshωk (|τ − σ| − h̄β/2)

sinhωkh̄β/2
1

|rτ − rσ|
(2.62)

2.4 Non-equilibrium statistical operator of the polaron system

In section 2.2 we had eliminated the phonon coordinates to obtain an effective action

for the electron coordinates only by using Feynman’s path integral or a “single path

integral”. In this section, we now want to perform the elimination of the phonon

coordinates within the “double path integral” approach [12].

We first illustrate the idea by considering the time evolution of the density

matrix

W
(
rt, Q

t
k, t; r0, Q

0
k, 0

)
=

∫
drtdr′0dQt

kdQ
′0
k K

(
rt, Q

t
k, t; r0, Q

0
k, 0

)
W0

(
r0, Q

0
k; r′0, Q

′0
k

)
×K∗

(
r′t, Q

′t
k , t; r′0, Q

′0
k , 0

)
(2.63)

where rtb = rt, rta = r0, Q
b
k = Qt

k, Qa
k = Q0

k. Eq(2.63) is just the coordinate repre-

sentation of the familiar operator eqaution W (t) = e−iHt/h̄W0e
iHt/h̄. The phonon is

assumed to be in thermal equilibrium while the system may be in a non-equilibrium

state. If we neglect initial correlations between electron and phonons, that is if we

switch on the coupling after the initial state, the initial density matrix may be written

in factorized form

W0

(
r0, Q

0
k; r′0, Q

′0
k

)
= ρ

(
r0; r′0

)
Wβ

(
Q0

k;Q
′0
k

)
(2.64)

If we are only interested in the dynamics of the electron, we may trace out the

phonon coordinates. Then the time evolution may be expressed as

J
(
rt, r′t, t

)
=
∫

dr0dr′0ρ
(
rt, r′t, t; r0, r′0, 0

)
ρ
(
r0; r′0

)
(2.65)
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with the propagator function

ρ
(
rt, r′t, t; r0, r′0, 0

)
=

∫
dQt

kdQ0
kdQ

′0
k K

(
rt, Q

t
k, t; r0, Q

0
k, 0

)
Wβ

(
Q0

k;Q
′0
k

)
×K∗

(
r′t, Q

′t
k , t; r′0, Q

′0
k , 0

)
(2.66)

The propagators K and K∗ may be written as real time path integrals while the

equilibrium density matrix of the bath is given by a path integral in imaginary time.

The functional integration Eq(2.66) is over the set of paths rτ , r′τ of the polaron

described above. We now write

ρ
(
rt, r′t, t; r0, r′0, 0

)
=

∫
dQt

kdQ0
kdQ

′0
k

rt∫
r0

D [rτ ]

r′t∫
r′0

D
[
r′τ
] Qt

k∫
Q0

k

D [Qτ
k]

Q
′t
k∫

Q
′0
k

D
[
Q
′τ
k

]
Q0

k∫
Q
′0
k

D
[
Qβ

k

]
e

i
h̄

{
Se[rτ ]−Se[r′τ ]+Sk[rτ ,Qτ

k]−Sk

[
r′τ ,Q

′τ
k

]}
− 1

h̄
Sβ

phonon

[
Qβ

k

]

(2.67)

where

Se [rτ ] =
t∫

0

dτLe (2.68)

Sk [rτ , Qk] =
t∫

0

dτ

(
1
2
Q̇2

k −
1
2
ω2

kQ2
k + Fk,τQk

)
(2.69)

Sβ
phonon

[
Qβ

k

]
=

h̄β∫
0

dτ

(
1
2
Q̇2

k +
1
2
ω2

kQ2
k

)
(2.70)

and Fk,τ is defined in Eq(2.42). Eq(2.69) is a Gaussian functional integral over all

paths Qτ
k which can be evaluated exactly[see Eq(2.46)]. One finds

Sk [rτ , Qk] =
ωk

2 sinωkt

{(
(Qt

k)2 + (Q0
k)2
)

cos ωkt− 2Qt
kQ0

k

+
1

sinωkt

t∫
0

dτ
(
Q0

k sinωk (t− τ) + Qt
k sinωk (τ)

)
Fk,τ

− 1
ωk sinωkt

t∫
0

dτ

t∫
0

dσ sin ωk (t− τ) sinωk (σ) Fk,τFk,σ

 (2.71)

The functional Eq(2.70) may also be decomposed according to

Sβ
phonon

[
Q0

k, Q
′0
k

]
=

ωk

2 sinh ωkh̄β

{[(
Q0

k

)2
+
(
Q
′0
k

)2
]
coshωkh̄β − 2Q0

kQ
′0
k

}
(2.72)
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Here, the trace has been performed by setting Qt
k = Q

′t
k and integrating over these

coordinates. The remaining evolution of the Gaussian integrals over the intermediate

coordinates Q0
k, Q

′0
k is straightforward but tedious. After some algebra one obtains.

ρ
(
rt, r′t, t; r0, r′0, 0

)
=
∫

D [rτ ]
∫

D
[
r′τ
]
e

i
h̄
{Se[rτ ]−Se[r′τ ]}− 1

h̄
Φ[rτ ,r′τ ] (2.73)

where

Φ
[
rτ , r′τ

]
=

t∫
0

dτ

τ∫
0

dσ
{
F ∗

k,τ − F
′∗
k,τ

}{
Tωk

(τ − σ) Fk,τ − T ∗
ωk

(τ − σ) F ′
k,τ

}
(2.74)

Substituting Fk,τ into Eq(2.74) we have

Φ
[
rτ , r′τ

]
=
∑
k

|Ck|2

h̄2

t∫
0

dτ

τ∫
0

dσ
{
eik·rτ − eik·r′τ

}{
Tωk

(τ − σ) e−ik·rσ

−T ∗
ωk

(τ − σ) e−ik·r′σ
}

(2.75)

Here we have introduce the kernel

Tωk
(τ − σ) =

cos [iωk (τ − σ − ih̄β/2)]
sinhωkh̄β/2

(2.76)

We can now completely express the non-equilibrium density matrix in terms of the

electron coordinates only.

In Feynman [14],Feynman-Hellwarth-Iddings-Plaztman [15] and Thornber-Feynman

[17] a path integral similar to Eq(2.61) and Eq(2.73), had to be evaluated. They worked

there in some rough approximation which we will show in details in chapters 3 and 5.
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CHAPTER 3

THE NON-LOCAL ACTION AND THE
PROPAGATOR

3.1 Introduction to the trial action

In the context of a path integral theory, a non-local action or two-time action arises in

many physical systems. Historically, Feynman was the first to introduce a non-local

action in his path integral theory of the polaron problem [14] to calculate the ground

state energy. Subsequently many others have employed this type of action to treat

several aspects of the polaron problem [15–17] and it has also been exploited in the

calculation of the density of electronic states in disordered [25] systems.

It is convenient to describe the dynamics of the polaron system by a path

integral over the electron and phonon coordinates. For Feynman’s approximation we

use a “trial action” in which the electron is coupled to the lattice(a fictitious particle).

The coupling is by some spring between the electron and the lattice particle. Such

a system, in which the electron interacts with a single particle is described by the

Lagrangian

Ltrial = Le +
M

2
ẏτ

2 − κ

2
(rτ − yτ )

2 (3.1)

where Le is the Lagrangian for the electron system. M and y refer to the mass and

coordinate of the fictitious particle, and κ is a force constant. The propagator of the

two-particle system can be written in the path integral form as

K (rtb ,ytb , tb; rta ,yta , ta) =

rtb∫
rta

D[rτ ]

ytb∫
yta

D[yτ ]e
i
h̄

tb∫
ta

dτ(Le−κr2
τ)

e

i
h̄

tb∫
ta

dτ(M
2

ẏ2
τ−κ

2
y2

τ+κrτyτ)

=
(

MΩ
2πi sinΩT

)3
rtb∫

rta

D[rτ ]e
i
h̄

tb∫
ta

dτ(Le−κr2
τ)

e
i
h̄

S0 (3.2)
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where

S0 =
MΩ

2 sinΩT

{(
y2

tb
− y2

ta

)
cos ΩT − 2ytbyta + 2

ytbκ

MΩ

tb∫
ta

dτrτ sinΩ (τ − ta)

+2
ytaκ

MΩ

tb∫
ta

dτrτ sinΩ (tb − τ)− 2κ2

M2Ω2

tb∫
ta

dτ

tb∫
ta

dσrτ sinΩ (tb − τ) sinΩ (σ − ta) rσ

(3.3)

with Ω =
√

κ
M . The fictitious particle coordinate can now be eliminated by first setting

ytb = yta = y and then integrating with respect to y, to obtain

K (rtb , tb; rta , ta) =
(

MΩ
2πi sinΩT

)3
rtb∫

rta

D[rτ ]e
i
h̄

tb∫
ta

dτ(Le−κr2
τ)

e

i
h̄

κ2

MΩ

tb∫
ta

dτ

tb∫
ta

dσrτ
cos Ω(|τ−σ|−T/2)

sin ΩT/2
rσ

(3.4)

Using; T = tb − ta

tb∫
ta

dτr2
τ =

Ω
2 sinΩT/2

tb∫
ta

dτ

tb∫
ta

dσ cos Ω (|τ − σ| − T/2)
(
r2
τ + r2

σ

)
(3.5)

and rearranging terms in the exponent of Eq(3.4) with the help of Eq(3.5), we have

(ta = 0, tb = t)

K (rt, t; r0, 0) =
(

MΩ
2πi sinΩT

)3
rt∫

r0

D[rτ ]e
i
h̄

Strial(ṙ,r,τ) (3.6)

where Strial is the trial action for the system after the coordinates of the fictitious

particle have been eliminated

Strial =
t∫

0

dτLe −
κΩ
8

t∫
0

dτ

t∫
0

dσ
cos Ω (|τ − σ| − t/2)

sinΩt/2
(rτ − rσ)2 (3.7)

We now interested in solving for the propagator which Le consists of

Le =
m

2

(
ṙ2
τ − ω2

0r
2
τ + ωc [ẋτyτ − xτ ẏτ ]

)
+ fτ · rτ (3.8)

where ωc is the cyclotron frequency. Then for 3-dimensions, the form of such a trial

action considered in this section is

Strial =
m

2

t∫
0

dτ
(
ṙ2
τ − ω2

0r
2
τ + ωcṙτJrτ

)
+

t∫
0

dτ fτ · rτ

−1
2

t∫
0

dτ

t∫
0

dσ (rτ − rσ) ·G|τ−σ| · (rτ − rσ) (3.9)
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where

J =


0 −1 0

1 0 0

0 0 0

 (3.10)

with the diagonal tensor

Gij
|τ−σ| = δij

κijΩij

4
cos Ωij (|τ − σ| − t/2)

sinΩijt/2
(3.11)

ω0, ωc,Ωij and κij are distinct positive parameters where Ω11 = Ω22 = Ω⊥, κ11 =

κ22 = κ⊥, Ω33 = Ω‖ and κ33 = κ‖. The final expression for the propagator will depend

on the time parameter t and the end point parameters rt and r0. We emphasize that

these parameters are kept absolutely general throughout the derivation. The meanings

of the terms in the action Eq(3.9) are as follows. The first term is the kinetic energy

of the particle of mass m. The second term is the local harmonic oscillator. The third

term is the interaction of the particle with a magnetic field. The fourth is due to an

arbitrary driving force fτ . The last term consists of a non-local oscillator. We now

propose a new equivalent form for the trial action as

Strial =
m

2

t∫
0

dτ ṙ2
τ +

t∫
0

dτ fτ · rτ +
1
2

t∫
0

dτ

t∫
0

dσrτ · Ḡ|τ−σ| · rσ (3.12)

where

Ḡij
|τ−σ| = m(

κij

m
− ω2

0)δ (τ − σ) + mωcJij δ̇ (τ − σ)− κijΩijδij

2
cos Ωij (|τ − σ| − t/2)

sinΩijt/2
(3.13)

After integrating by parts of Eq(3.12), we obtain for the classical action

S̄trial =
m

2
(rt · ṙt − r0 · ṙ0) +

t∫
0

dτ fτ · rτ (3.14)

Since the action Strial is a quadratic function of the coordinates, it can be shown [12]

that

K (rt, t; r0, 0) = F (t, 0) e
i
h̄

S̄trial(rt,t;r0,0) (3.15)

The prefactor F is given by [26]

F (t, 0) =
0∫

0

D[rτ ]e
i
h̄

Strial,f=0 (3.16)
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and is independent of the coordinates r0 and rt. An explicit expression for this pref-

actor may be derived from the classical solution.

3.2 The classical solution

To solve the stationary parts, we start from the equation of motion

mr̈τ −
t∫

0

dσḠτ−σ · rσ = fτ (3.17)

We now introduce a transformation matrix

U =
1√
2


1 −i 0

i −1 0

0 0
√

2

 with U † =
1√
2


1 −i 0

i −1 0

0 0
√

2

 (3.18)

So we write

mR̈τ −
t∫

0

dσgτ−σ ·Rσ = Fτ (3.19)

where

Rτ = U †rτ (3.20)

Fτ = U †fτ (3.21)

gτ−σ = U †Ḡτ−σU = gij
τ−σδij (3.22)

We now solve for R1
τ using

mR̈1
τ −

t∫
0

dσg11
τ−σR1

σ = F 1
τ (3.23)

and R1
τ may be written as

R1
τ = µ1

τ +
t∫

0

dσC1
τ−σF 1

σ (3.24)

where µ1
τ is the solution of Eq(3.23) for the homogeneous case. It satisfies

mµ̈1
τ −

t∫
0

dσg11
τ−σµ1

σ = 0 (3.25)

C1
τ−σ is the Green’s function from

m
∂2

∂τ2
C1

τ−σ −
t∫

0

dσ′g11
τ−σ′C

1
σ′−σ = δ (τ − σ) (3.26)



Sikarin Yoo-kong The Non-Local Action and The Propagator / 24

with “boundary conditions” as C1 (t, σ) = C1 (0, σ) = 0 and R1
t = µ1

t , R1
0 = µ1

0. We

now let g11
τ−σ =

∑
n

g11
n eiνn(τ−σ); g11

n = g11
−n, νn = 2πn

t , and Eq(3.23) becomes

mR̈1
τ −

∑
n

g11
n

t∫
0

dσeiνn(τ−σ)R1
σ = F 1

τ (3.27)

or

m

t

t∫
0

dτR̈1
τe
−iνnτ = g11

n

t∫
0

dτR1
τe
−iνnτ +

1
t

t∫
0

dτF 1
τ e−iνnτ

= B1
n (3.28)

Then

B1
n = B1

0 + iνn
m

t

(
R1

t −R1
0

)
− ν2

n

m

t

t∫
0

dτR1
τe
−iνnτ (3.29)

and

∑
n6=0

B1
n

ν2
n

(
eiνnτ − 1

)
= B1

0

∑
n6=0

(
eiνnτ − 1

)
ν2

n

+
m

t

(
R1

t −R1
0

)∑
n6=0

i
(
eiνnτ − 1

)
νn

−m

t

t∫
0

dσR1
σ

∑
n6=0

e−iνnσ
(
eiνnτ − 1

)
(3.30)

where

∑
n6=0

(
eiνnτ − 1

)
ν2

n

= 2
∑
n=1

(cos νnτ − 1)
ν2

n

(3.31)

i
∑
n6=0

(
eiνnτ − 1

)
νn

= −2
∑
n=1

sin νnτ

νn
(3.32)

and

∑
n6=0

e−iνnσ
(
eiνnτ − 1

)
=
∑
n=1

e−iνnσ
(
eiνnτ − 1

)
= t

∑
n=1

(δ (σ − τ − nt)− δ (σ − nt))

(3.33)

So Eq(3.30) becomes

∑
n6=0

B1
n

ν2
n

(
eiνnτ − 1

)
= B1

0

τ

2
(τ − t) + m

(
R1

t −R1
0

)(τ

t
− 1

2

)
−mR1

τ +
m

2

(
R1

t + R1
0

)
(3.34)

We can obtain R1
τ as

R1
τ = R1

0 +
(
R1

t −R1
0

) τ

t
+

B1
0

m

τ

2
(τ − t)− 1

m

∑
n6=0

B1
n

ν2
n

(
eiνnτ − 1

)
(3.35)
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Now defining

F 1
n =

1
t

t∫
0

dτF 1
τ e−iνnτ (3.36)

Eq(3.28) becomes

B1
n = F 1

n + g11
n

t∫
0

dτR1
τe
−iνnτ (3.37)

From Eq(3.35), we have (n 6= 0)
t∫

0

dτR1
τe
−iνnτ =

t∫
0

dτ

(
R1

0 +
[
R1

t −R1
0

] τ

t

)
e−iνnτ +

B1
0

2m

t∫
0

dτe−iνnττ (τ − t)

− 1
m

∑
n′ 6=0

B1
n′

ν2
n′

t∫
0

dτ
(
e−iνn′τ − 1

)
e−iνnτ

=
i

νn

(
R1

t −R1
0

)
+

B1
0t

mν2
n

− B1
nt

mν2
n

(3.38)

and (
1 +

tg11
n

mν2
n

)
B1

n = F 1
n +

ig11
n

νn

(
R1

t −R1
0

)
+

g11
n B1

0t

mν2
n

(3.39)

For n = 0 ,Eq(3.38) becomes
t∫

0

dτR1
τ =

t

2

(
R1

t + R1
0

)
− B1

0t3

12m
+
∑
n6=0

B1
nt

mν2
n

(3.40)

From Eq(3.39), we have

B1
n

mν2
n

=
F 1

n

mν2
n + tg11

n

+
ig11

n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)
+

g11
n B1

0t

mν2
n (mν2

n + tg11
n )

(3.41)

∑
n6=0

B1
n

mν2
n

=
∑
n6=0

F 1
n

mν2
n + tg11

n

+
∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)
+
∑
n6=0

g11
n B1

0t

mν2
n (mν2

n + tg11
n )

=
∑
n6=0

F 1
n

mν2
n + tg11

n

+
∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)
+i
∑
n6=0

(
1

mν2
n

− 1
mν2

n + tg11
n

)
B1

0

t
∑
n6=0

B1
n

mν2
n

= t
∑
n6=0

F 1
n

mν2
n + tg11

n

+ t
∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)

+
B1

0t3

12m
−
∑
n6=0

B1
0t

mν2
n + tg11

n

(3.42)

Substituting Eq(3.42) into Eq(3.40), we obtain
t∫

0

dτR1
τ =

t

2

(
R1

t + R1
0

)
+ t

∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)

+t
∑
n6=0

F 1
n

mν2
n + tg11

n

−
∑
n6=0

B1
0t

mν2
n + tg11

n

(3.43)
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Using Eq(3.43), we obtain for B1
0

B1
0 = F 1

0 +
tg11

0

2

(
R1

t + R1
0

)
+ tg11

0

∑
n6=0

F 1
n

mν2
n + tg11

n

− g11
0

∑
n6=0

B1
0t

mν2
n + tg11

n

+itg11
0

∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)
(3.44)

and1 + tg11
0

∑
n6=0

1
mν2

n + tg11
n

B1
0 = F 1

0 +
tg11

0

2

(
R1

t + R1
0

)
+ tg11

0

∑
n6=0

F 1
n

mν2
n + tg11

n

+itg11
0

∑
n6=0

ig11
n

νn (mν2
n + tg11

n )

(
R1

t −R1
0

)
(3.45)

For F 1
n = 0, Eq(3.35) becomes

µ1
τ = R1

0 +
τ

t

(
R1

t −R1
0

)
+

B1
0

2m

τ

2
(τ − t)− 1

m

∑
n6=0

B1
n

ν2
n

(
eiνnτ − 1

)
(3.46)

From Eq(3.41), we can write

1
m

∑
n6=0

B1
n

mν2
n

(
eiνnτ − 1

)
= i

(
R1

t −R1
0

)∑
n6=0

g11
n

(
eiνnτ − 1

)
νn (mν2

n + tg11
n )

+B1
0t
∑
n6=0

g11
n

(
eiνnτ − 1

)
mν2

n (mν2
n + tg11

n )

=
im

t

(
R1

t −R1
0

)∑
n6=0

(
νn

mν2
n

− νn

mν2
n + tg11

n

)(
eiνnτ − 1

)
+
∑
n6=0

(
1

mν2
n

− 1
mν2

n + tg11
n

)(
eiνnτ − 1

)
B1

0

=
m

t

(
R1

t −R1
0

)∑
n6=0

∂

∂τ

(
1

mν2
n

− 1
mν2

n + tg11
n

)(
eiνnτ − 1

)
+
∑
n6=0

(
1

mν2
n

− 1
mν2

n + tg11
n

)(
eiνnτ − 1

)
B1

0 (3.47)

Defining

D1
τ ≡

1
t

∑
n6=0

eiνnτ

mν2
n + tg11

n

(3.48)

We have

∑
n6=0

B1
n

mν2
n

(
eiνnτ − 1

)
=

(
R1

t −R1
0

) m

t

(
1
m

(
τ − t

2

)
− tḊ1

τ

)
−
(

1
2

+ Ḋ1
0

)(
R1

t −R1
0

)
+
(

τ

2m
(τ − t)− tD1

τ + tD1
0

)
B1

0 (3.49)
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Inserting Eq(3.49) into Eq(3.46), we have

µ1
τ =

1
2

(
R1

t + R1
0

)
+mḊ1

τ

(
R1

t −R1
0

)
+
(
D1

τ −D1
0

)
B1

0t−
(

1
2

+ Ḋ1
0

)(
R1

t −R1
0

)
(3.50)

From Eq(3.45), for F 1
0 = 0

B1
0t =

tg11
0

2
(
1 + tg11

0 D1
0

) (R1
t + R1

0

)
− tg11

0(
1 + tg11

0 D1
0

) (1
2

+ Ḋ1
0

)(
R1

t −R1
0

)
(3.51)

Then Eq(3.50) becomes

µ1
τ =

1
2

(
1 + tg11

0 D1
τ

1 + tg11
0 D1

0

)(
R1

t + R1
0

)
+ mḊ1

τ

(
R1

t −R1
0

)
−
(

1 + tg11
0 D1

τ

1 + tg11
0 D1

0

)(
1
2

+ Ḋ1
0

)(
R1

t −R1
0

)
(3.52)

If g11
0 6= 0, we define

D̄1
τ =

1
t

∑
n=0

eiνnτ

mν2
n + tg11

n

(3.53)

Then we have D̄1
τ = D1

τ + 1
t2g11

0
, ˙̄D1

τ = Ḋ1
τ , and we can rewrite Eq(3.52) as

µ1
τ =

1
2

(
D̄1

τ

D̄1
0

)(
R1

t + R1
0

)
+ m ˙̄D1

τ

(
R1

t −R1
0

)
− D̄1

τ

D̄1
0

(
1
2

+ ˙̄D1
0

)(
R1

t −R1
0

)
(3.54)

Next we evaluate C1
τ−σ. Consider

C1
τ−σ =

δR1
τ

δF 1
τ

=
δB1

0

δF 1
τ

τ

2m
(τ − t)− 1

m

∑
n6=0

1
ν2

n

δB1
0

δF 1
τ

(
eiνnτ − 1

)
(3.55)

For n 6= 0

δB1
0

δF 1
τ

(
1 +

tg11
n

mν2
n

)
=

δF 1
n

δF 1
σ

+
tg11

n

mν2
n

δB1
0

δF 1
σ

=
e−iνnσ

t
+

tg11
n

mν2
n

δB1
0

δF 1
σ

(3.56)

and

δB1
0

δF 1
τ

(
1 + tg11

n D1
0

)
=

δF 1
n

δF 1
σ

+ tg11
n

∑
n6=0

δF 1
0

δF 1
σ

1
mν2

n + tg11
n

1
t

+ g11
0

∑
n6=0

e−iνnσ

mν2
n + tg11

n

=
1
t

(
1 + t2g11

0 D1
σ

)
δB1

0

δF 1
σ

=
1
t

(
1 + t2g11

0 D1
σ

1 + t2g11
0 D1

0

)
(3.57)
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and

1
m

∑
n6=0

1
ν2

n

δB1
0

δF 1
σ

(
eiνnτ − 1

)
=

1
t

∑
n6=0

e−iνnσ
(
eiνnτ − 1

)
mν2

n + tg11
n

+
δB1

0

δF 1
σ

∑
n6=0

(
1

mν2
n

− 1
mν2

n + tg11
n

)(
eiνnτ − 1

)

= D1
τ−σ −D1

σ +
δB1

0

δF 1
σ

(
τ

2m
(τ − t)− tD1

τ + tD1
0

)
(3.58)

then for 0 ≤ τ ≤ t

C1
τ−σ = −D1

τ−σ + D1
σ + t

δB1
0

δF 1
σ

(
D1

τ −D1
0

)
= D1

τ + D1
σ −D1

τ−σ + D1
0 + t

t2g11
0

1 + t2g11
0 D1

0

(
D1

τ −D1
0

) (
D1

σ −D1
0

)
(3.59)

For g11
0 6= 0, C1

τ−σ becomes

C1
τ−σ =

D̄1
τ D̄

1
σ

D̄1
0

− D̄1
τ−σ (3.60)

We now write

R1
τ =

1
2

D̄1
τ

D̄1
0

(
R1

t + R1
0

)
+

(
m ˙̄D1

τ −
D̄1

τ

D̄1
0

(
1
2

+ ˙̄D1
0

))(
R1

t −R1
0

)

+
t∫

0

dσ

(
D̄1

τ D̄
1
σ

D̄1
0

− D̄1
τ−σ

)
F 1

σ (3.61)

In the same manner as the calculation of R1
τ , we can write R2

τ and R3
τ as

R2
τ =

1
2

D̄2
τ

D̄2
0

(
R2

t + R2
0

)
+

(
m ˙̄D2

τ −
D̄2

τ

D̄2
0

(
1
2

+ ˙̄D2
0

))(
R2

t −R2
0

)

+
t∫

0

dσ

(
D̄2

τ D̄
2
σ

D̄2
0

− D̄2
τ−σ

)
F 2

σ (3.62)

and

R3
τ =

1
2

D̄3
τ

D̄3
0

(
R3

t + R3
0

)
+

(
m ˙̄D3

τ −
D̄3

τ

D̄3
0

(
1
2

+ ˙̄D3
0

))(
R3

t −R3
0

)

+
t∫

0

dσ

(
D̄3

τ D̄
3
σ

D̄3
0

− D̄3
τ−σ

)
F 3

σ (3.63)
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So we now have the relation
R1

τ

R2
τ

R3
τ

 =
1
2


D̄1

τ

D̄1
0

0 0

0 D̄2
τ

D̄2
0

0

0 0 D̄3
τ

D̄3
0




R1
t + R1

0

R2
t + R2

0

R3
t + R3

0

+ m


˙̄D1
τ 0 0

0 ˙̄D2
τ 0

0 0 ˙̄D3
τ




R1
t −R1

0

R2
t −R2

0

R3
t −R3

0



−


D̄1

τ

D̄1
0

(
1
2 + ˙̄D1

0

)
0 0

0 D̄2
τ

D̄2
0

(
1
2 + ˙̄D2

0

)
0

0 0 D̄3
τ

D̄3
0

(
1
2 + ˙̄D3

0

)



R1
t −R1

0

R2
t −R2

0

R3
t −R3

0



+
t∫

0

dσ


D̄1

τ D̄1
σ

D̄1
0
− D̄1

τ−σ 0 0

0 D̄2
τ D̄2

σ

D̄2
0
− D̄2

τ−σ 0

0 0 D̄3
τ D̄3

σ

D̄3
0
− D̄3

τ−σ




F 1
σ

F 2
σ

F 3
σ

 (3.64)

Using rτ = URτ , we obtain for rτ

rτ =
1
8
D−1

0 ·Dτ · (rt + r0) +
1
4

(
mḊτ −

(
1
2

+ Ḋ0

)
·D−1

0 ·Dτ

)
· (rt − r0)

+
1
4

t∫
0

dσ
(
D−1

0 ·Dτ ·Dσ −Dτ−σ

)
· fσ (3.65)

where

Dτ =


D̄1

τ + D̄2
τ −i

(
D̄1

τ − D̄2
τ

)
0

i
(
D̄1

τ − D̄2
τ

)
D̄1

τ + D̄2
τ 0

0 0 D̄3
τ

 (3.66)

Next we consider

g11
τ−σ = m(

κ⊥
m

− ω2
0)δ (τ − σ)− iωcδ̇ (τ − σ)− κ⊥Ω⊥

cos Ω⊥ (|τ − σ| − t/2)
sinΩ⊥t/2

(3.67)

and the Fourier expansion of

Ω⊥
cos Ω⊥ (|τ − σ| − t/2)

2 sinΩ⊥t/2
=

Ω2
⊥
t

∞∑
n=−∞

e−iνn(τ−σ)

ν2
n − Ω2

⊥
(3.68)

Then

tg11
n = −mω2

0 −
κ⊥ν2

n

ν2
n − Ω2

⊥
−mωcνn

m

mν2
n + tg11

n

=
ν2

n − Ω2
⊥

ν4
n − ν2

n

(
Ω2
⊥ + κ⊥

m

)
+ ν3

nωc − νnωcΩ2
⊥ + ω2

0Ω
2
⊥

=
4∑

l=1

(
s2
l − Ω2

⊥
)∏

l 6=k
(sl − sk)

1
νn − sl

(3.69)
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where sl is a root of the polynomial of degree four in the denominator. Then

1
t

∑
n

eiνnτ

mν2
n + tg11

n

= D̄1
τ =

1
m

4∑
l=1

(
s2
l − Ω2

⊥
)∏

l 6=k
(sl − sk)

1
t

∞∑
n=−∞

eiνnτ

νn − sl
(3.70)

We let

Gτ (sl) =
1
t

∞∑
n=−∞

eiνnτ

νn − sl
(3.71)

and to calculate the sum we use the Poisson summation formula [27]

∞∑
m=−∞

f (m) =
∞∫

−∞

dς
∑
n

e2πiςnf (ς) (3.72)

so that

Gτ (sl) =
∞∑

n=−∞

∞∫
−∞

dν

2π

eiνnτ

νn − sl
eiνtn

=
∞∑

n=−∞
eiνtn

∞∫
−∞

dν

2π

eiνnτ

νn − sl + iη

=
∞∑

n=−∞
eisl(τ+tn)Θ(τ + tn) (3.73)

where Θ is the Heaviside function. Since this expression is periodic in t we can restrict

our attention to the basic interval τ ∈ [0, t). Then the sum can be done right-away

giving

Gτ (sl) =
0∑

n=−∞
eisl(τ+tn)

=
eislτ

1− eislt
(3.74)

Inserting Eq(3.74) into Eq(3.70), we obtain

D1
τ = − 1

m
∆+

τ (3.75)

where

∆+
τ =

4∑
l=1

(
s2
l − Ω2

⊥
)∏

l 6=k
(sl − sk)

eislτ

(eislt − 1)
(3.76)

In the same way, we can write

D2
τ =

1
m

∆−
τ (3.77)
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with

∆−
τ = −

4∑
l=1

(
s2
l − Ω2

⊥
)∏

l 6=k
(sl − sk)

e−islτ

(e−islt − 1)
(3.78)

Next, we consider

g33
τ−σ = m(

κ‖
m
− ω2

0)δ (τ − σ)− κ‖Ω‖
cos Ω‖ (|τ − σ| − t/2)

2 sinΩ‖t/2
(3.79)

and

tg33
n = −

κ‖ν
2
n

ν2
n − Ω2

‖

m

mν2
n + tg33

n

=
ν2

n − Ω2
‖

ν4
n − ν2

n

(
Ω2
‖ + κ‖

m

)
=

1
z2
1 − z2

2

(
z2
1 − Ω2

‖

ν2
n − z2

1

−
z2
2 − Ω2

‖

ν2
n − z2

2

)
(3.80)

where 2z2
1,2 =

(
Ω2
‖ + κ‖

m

)2
±
√(

Ω2
‖ + κ‖

m

)4
− 4ω2

0Ω
2
‖. Then

D̄3
τ =

1
t

∑
n

eiνnτ

mν2
n + tg33

n

=
1

m
(
z2
1 − z2

2

) (z2
1 − Ω2

‖

z2
1

z2
1

t

∑
n

eiνnτ

ν2
n − z2

1

−
z2
2 − Ω2

‖

z2
2

z2
2

t

∑
n

eiνnτ

ν2
n − z2

2

)
(3.81)

Using Eq(3.72), we obtain

D̄3
τ = − 1

m
∆3

τ (3.82)

with

∆3
τ =

1
2

z2
1 − Ω2

‖

z2
1 − z2

2

cos z1 (τ − t/2)
z1 sin z1t/2

− 1
2

z2
2 − Ω2

‖

z2
1 − z2

2

cos z2 (τ − t/2)
z2 sin z2t/2

(3.83)

The solution of the classical equation of motion is now given. From equation Eq(3.65),

Eq(3.75), Eq(3.77) and Eq(3.82), we see that

rτ =
1
2
∆−1

0 ·∆τ · (rt + r0) +
(
∆̇τ −

(
1
2

+ ∆̇0

)
·∆−1

0 ·∆τ

)
· (rt − r0)

+
1
m

t∫
0

dσ
(
∆−1

0 ·∆τ ·∆t−σ −∆τ−σ

)
· fσ (3.84)

where

∆τ =
1
2


∆+

τ + ∆−
τ −i (∆+

τ −∆−
τ ) 0

i (∆+
τ −∆−

τ ) ∆+
τ + ∆−

τ 0

0 0 ∆3
τ

 (3.85)
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With the classical action S̄trial given by Eq(3.14), rτ given by Eq(3.84), the velocity

ṙτ is given by differentiating Eq(3.84)

ṙτ =
1
2
∆−1

0 · ∆̇τ · (rt + r0) +
(
∆̈τ −

(
1
2

+ ∆̇0

)
·∆−1

0 · ∆̇τ

)
· (rt − r0)

+
1
m

t∫
0

dσ∆−1
0 · ∆̇τ ·∆t−σ · fσ −

1
m

τ∫
0

dσ∆̇τ−σ · fσ +
1
m

t∫
τ

dσ∆̇σ−τ · fσ

(3.86)

so that

ṙt =
1
2
∆−1

0 · ∆̇t · (rt + r0) +
(
∆̈t −

(
1
2

+ ∆̇0

)
·∆−1

0 · ∆̇t

)
· (rt − r0)

+
1
m

t∫
0

dσ∆−1
0 · ∆̇t ·∆t−σ · fσ −

1
m

t∫
0

dσ∆̇t−σ · fσ (3.87)

and

ṙ0 =
1
2
∆−1

0 · ∆̇0 · (rt + r0) +
(
∆̈0 −

(
1
2

+ ∆̇0

)
·∆−1

0 · ∆̇0

)
· (rt − r0)

+
1
m

t∫
0

dσ∆−1
0 · ∆̇0 ·∆t−σ · fσ +

1
m

t∫
0

dσ∆̇σ · fσ (3.88)

A final expression for S̄trial is obtain by substitution in Eq(3.14). The manipulations

are stranghtforward but somewhat lengthy. We find that (Γ =
(

1
2 + ∆̇0

)
∆−1

0 )

S̄trial =
m

2
(rt − r0) ·

(
∆̈0 − Γ2∆0

)
· (rt − r0) +

m

2
(rt + r0) ·∆−1

0 · (rt + r0)

+
m

4
(rt − r0) · (Γ− J) · (rt − r0)−

m

4
(rt − r0) · Γ · (rt − r0)

−(rt − r0)
2

t∫
0

dτ
(
Γ∆t−τ − ∆̇t−τ

)
· fτ +

1
2

t∫
0

dτ fτ ·
(
Γ∆τ − ∆̇τ

)
· (rt − r0)

−(rt + r0)
4

t∫
0

dτ∆−1
0 ·∆t−τ · fτ −

1
4

t∫
0

dτ fτ ·∆−1
0 ·∆τ · (rt + r0)

+
(rt − r0)

2

t∫
0

dτ∆̇t−τ · fτ −
1

2m

t∫
0

dτ

t∫
0

dσfτ ·
(
∆−1

0 ·∆τ ·∆t−σ −∆|τ−σ|
)
· fσ

(3.89)

3.3 The prefactor

The prefactor F (t, 0) for the propagator is defined in Eq(3.16). An explicit expression

for this function may be given from the classical solution by introducing a generating
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functional. Firstly, we consider a generating functional

Z (fτ ) ≡
〈

e

i
h̄

t∫
0

dτ fτ ·rτ
〉

(3.90)

= e

i
h̄

t∫
0

dτ fτ ·rτ+ 1
2

t∫
0

dτ
t∫
0

dσfτ ·C(τ−σ)·fσ
(3.91)

where

Cτ−σ =


C11

τ−σ C12
τ−σ 0

C21
τ−σ C22

τ−σ 0

0 0 C33
τ−σ

 (3.92)

with

C11
τ−σ =

1
4

(
D̄1

τ D̄
1
σ

D̄1
0

− D̄1
τ−σ +

D̄2
τ D̄

2
σ

D̄2
0

− D̄2
τ−σ

)
= C22

τ−σ (3.93)

C21
τ−σ =

−i

4

(
D̄1

τ D̄
1
σ

D̄1
0

− D̄1
τ−σ −

D̄2
τ D̄

2
σ

D̄2
0

+ D̄2
τ−σ

)
= −C12

τ−σ (3.94)

C33
τ−σ =

1
4

(
D̄3

τ D̄
3
σ

D̄3
0

− D̄3
τ−σ

)
(3.95)

Using Eq(3.92), Eq(3.91) becomes

Z (fτ ) = exp
i

h̄

 t∫
0

dτ
[
f1

τ r1
τ + f2

τ r2
τ + f3

τ r3
τ

]
+

1
2

t∫
0

dτ

t∫
0

dσ
[
C33

τ−σf3
τ f3

σ

C11
τ−σ

(
f1

τ f1
σ + f2

τ f2
σ

)
+ C21

τ−σ

(
f1

τ f2
σ − f1

τ f2
σ

)])
(3.96)

Now, we replace Ḡ by λḠ. The propagator is

eMλ(fτ ) ≡
rt∫

r0

D[rτ ]e
i
h̄

Sλ(ṙτ ,rτ ,τ) (3.97)

where

Sλ =
t∫

0

dτ

(
m

2
ṙ2 + fτ · rτ

)
+

1
2

t∫
0

dτ

t∫
0

dσrτ · λḠτ−σ · rσ (3.98)

So

eMλ(fτ ) ∂

∂λ
Mλ (fτ ) =

i

2h̄

t∫
0

dτ

t∫
0

dσ

rt∫
r0

D[rτ ]
(
rτ · Ḡτ−σ · rσ

)
e

i
h̄

Sλ(ṙτ ,rτ ,τ)

=
i

2h̄

t∫
0

dτ

t∫
0

dσ

rt∫
r0

D[rτ ]
{
g33
τ−σ

(
r1
τr

1
σ + r2

τr
2
σ + r3

τr
3
σ

)
+mωcδ̇ (τ − σ)

(
r2
τr

1
σ − r1

τr
2
σ

)}
e

i
h̄

Sλ(ṙτ ,rτ ,τ) (3.99)
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Next we consider

〈
ri
τ

〉
=

h̄

i

δZ

δf i
τ

∣∣∣∣
f=0

= µi
τ , then 〈rτ 〉 = µτ (3.100)

〈
ri
σ

〉
=

h̄

i

δZ

δf i
σ

∣∣∣∣
f=0

= µi
σ, then 〈rσ〉 = µσ (3.101)

〈
ri
τr

i
σ

〉
=

(
h̄

i

)2 δ2Z

δf i
τδf

i
σ

∣∣∣∣∣
f=0

= µi
τµ

i
σ −

ih̄

2

(
Cij

τ−σ + Cij
σ−τ

)
δij (3.102)

so that

〈
ri
τr

j
σ

〉
= µi

τµ
j
σ −

ih̄

2

(
Cij

τ−σ + Cij
σ−τ

)
(3.103)〈

rj
τr

i
σ

〉
= µj

τµ
i
σ +

ih̄

2

(
Cij

τ−σ + Cij
σ−τ

)
(3.104)

Using Eq(3.100)-(3.104), Eq(3.99) gives

eMλ(fτ ) ∂

∂λ
Mλ (fτ ) =

i

2h̄

t∫
0

dτ

t∫
0

dσ

rt∫
r0

D[rτ ]

{
g33
τ−σ

3∑
i=1

δ2

δf i
τδf

i
σ

+mωcδ̇ (τ − σ)

(
δ2

δf2
τ δf1

σ

− δ2

δf1
τ δf2

σ

)}
e

i
h̄

Sλ(ṙτ ,rτ ,τ)

∂

∂λ
Mλ (fτ ) =

i

2h̄

t∫
0

dτ

t∫
0

dσ

rt∫
r0

D[rτ ]

{
g33
τ−σe−Mλ(fτ )

3∑
i=1

δ2

δf i
τδf

i
σ

eMλ(fτ )

+mωcδ̇ (τ − σ) e−Mλ(fτ )

(
δ2

δf2
τ δf1

σ

− δ2

δf1
τ δf2

σ

)
eMλ(fτ )

}

∂

∂λ
Mλ (fτ ) =

1
2

t∫
0

dτ

t∫
0

dσ

{
g33
τ−σ

3∑
i=1

(
δ2Sλ

δf i
τδf

i
σ

+
i

h̄

δSλ

δf i
τ

δSλ

δf i
σ

)∣∣∣∣∣
f=0

+mωcδ̇ (τ − σ)

(
δ2Sλ

δf2
τ δf1

σ

+
i

h̄

δSλ

δf2
τ

δSλ

δf1
σ

− δ2Sλ

δf1
τ δf2

σ

− i

h̄

δSλ

δf1
τ

δSλ

δf2
σ

)∣∣∣∣∣
f=0

 (3.105)

Consider now the case rt = r0 = 0 for which
t∫

0

dτ fτ · rτ = 0 (3.106)

i.e. µτ = 0. Then

∂

∂λ
Mλ (fτ ) =

t∫
0

dτ

t∫
0

dσ

(
g33
τ−σC11

τ−σ,λ +
1
2
g33
τ−σC33

τ−σ,λ + mωcδ̇ (τ − σ) C21
τ−σ,λ

)
(3.107)
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From Eq(3.15), we have

Kλ (0, t; 0, 0) = F (t, 0) e
i
h̄

S̄λ(0,0) (3.108)

Now consider the quantity

Mλ (fτ ) = lnKλ (0, t; 0, 0) (3.109)

According to Eq(3.108) we will only need M1(0) in the final stage. Writing

M1 (0) = M0 (0) +
1∫

0

dλ
∂

∂λ
Mλ (0) (3.110)

we have to specify the “initial” value M0(0) and the derivative ∂
∂λMλ (fτ ). From the

normalization factor of the transition probability density of the Wiener process or,

equivalently, from the canonical density matrix of a free particle [12], it is well known

that

M0 (0) = ln
[

m

2πih̄t

] 3
2

(3.111)

so that

lnF (t, 0) = ln
[

m

2πih̄t

] 3
2

+
1∫

0

dλ

t∫
0

dτ

t∫
0

dσ
(
g33
τ−σC11

τ−σ,λ

+
1
2
g33
τ−σC33

τ−σ,λ + mωcδ̇ (τ − σ) C21
τ−σ,λ

)
(3.112)

Next we consider

1
2

t∫
0

dτ

t∫
0

dσg33
τ−σC33

τ−σ,λ =
1
2

t∫
0

dτ

t∫
0

dσg33
τ−σ

{
D3

τ,λ + D3
σ,λ −D3

τ−σ,λ −D3
0,λ

+
t2λg33

0

1 + t2λg33
0 D3

0,λ

(
D3

τ,λ −D3
0,λ

) (
D3

σ,λ −D3
0,λ

)}
(3.113)

where

t∫
0

dτ

t∫
0

dσg33
τ−σD3

τ−σ,λ =
t∫

0

dτ

t∫
0

dσ
∑
n=0

g33
n eiνn(τ−σ) 1

t

∑
n′=0

eiνn′ (τ−σ)

mν2
n′ + tλg33

n′

= t
∑
n6=0

g33
n

mν2
n + tλg33

n

(3.114)
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t∫
0

dτ

t∫
0

dσg33
τ−σD3

τ,λD3
σ,λ =

∑
n=0

g33
n

 t∫
0

dτeiνnτ 1
t

∑
n′ 6=0

eiνn′τ

mν2
n′ + tλg33

n′

2

=
∑
n6=0

g33
n

(
1

mν2
n′ + tλg33

n′

)2

= − ∂

∂λ
D3

0,λ (3.115)

t∫
0

dτ

t∫
0

dσg33
τ−σD3

τ,λ = tg33
0

t∫
0

dτD3
τ,λ = 0 (3.116)

and
t∫

0

dτ

t∫
0

dσg33
τ−σ = tg33

0 (3.117)

Inserting Eqs(3.114)-(3.117) into Eq(3.113) we find that

t∫
0

dτ

t∫
0

dσg33
τ−σC33

τ−σ,λ = −t
∑
n6=0

g33
n

mν2
n + tλg33

n

− t2g33
0 D3

0,λ

+
t2λg33

0

1 + t2λg33
0 D3

0,λ

(
t2g33

0 D3
0,λD3

0,λ −
∂

∂λ
D3

0,λ

)

= − ∂

∂λ

∑
n6=0

ln
(
mν2

n + tλg33
n

)
+ ln

(
1 + t2λg33

0 D3
0,λ

)
(3.118)

so that

1
2

1∫
0

dλ

t∫
0

dτ

t∫
0

dσg33
τ−σC33

τ−σ,λ =
∑
n6=0

ln

(
1 +

tg33
n

mν2
n

)− 1
2

+ ln
(
1 + t2g33

0 D3
0

)− 1
2

(3.119)

Next we consider

t∫
0

dτ

t∫
0

dσ
(
g33
τ−σC11

τ−σ,λ + mωcδ̇ (τ − σ) C21
τ−σ,λ

)

=
t∫

0

dτ

t∫
0

dσg11
τ−σ

(
D̄1

τ,λD̄1
σ,λ

D̄1
0,λ

− D̄1
τ−σ,λ

)
+

t∫
0

dτ

t∫
0

dσg22
τ−σ

(
D̄2

τ,λD̄2
σ,λ

D̄2
0,λ

− D̄2
τ−σ,λ

)

=
t∫

0

dτ

t∫
0

dσg11
τ−σ {D

1
τ,λ + D1

σ,λ −D1
τ−σ,λ −D1

0,λ +
t2λg11

0

1 + t2λg11
0 D1

0,λ

(
D1

τ,λ −D1
0,λ

)
(
D1

σ,λ −D1
0,λ

)}
+

t∫
0

dτ

t∫
0

dσg22
τ−σ {D

2
τ,λ + D2

σ,λ −D2
τ−σ,λ −D2

0,λ

+
t2λg22

0

1 + t2λg22
0 D2

0,λ

(
D2

τ,λ −D2
0,λ

) (
D2

σ,λ −D2
0,λ

)}
(3.120)
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and

1∫
0

dλ

t∫
0

dτ

t∫
0

dσ
(
g33
τ−σC11

τ−σ,λ + mωcδ̇ (τ − σ) C21
τ−σ,λ

)

=
∑
n6=0

ln

(
1 +

tg11
n

mν2
n

)−1(
1 +

tg22
n

mν2
n

)−1

+ ln
(
1 + t2g11

0 D1
0

)−1 (
1 + t2g22

0 D2
0

)−1

(3.121)

Inserting Eq(3.119) and (3.121) into Eq(3.112), we obtain the prefactor as

F (t, 0) =
[

m

2πih̄t

] 3
2 ∏

n6=0

(
1 +

tg11
n

mν2
n

)−1 ∏
n6=0

(
1 +

tg22
n

mν2
n

)−1 ∏
n6=0

(
1 +

tg33
n

mν2
n

)−1

×
(
1 + t2g11

0 D1
0

)−1 (
1 + t2g22

0 D2
0

)−1 (
1 + t2g33

0 D3
0

)− 1
2 (3.122)

Using Eq(3.67) and Eq(3.79)

F (t, 0) =
[

m

4πih̄t

] 3
2 sin

(
Ω‖

t
2

)
sin2

(
Ω⊥

t
2

)
sin
(
z1

t
2

)
sin
(
z2

t
2

) 4∏
l=1

sin
(
sl

t
2

)
×
(

z2
1 − Ω2

‖

z2
1 − z2

2

cot
(
z1

t
2

)
z1

+
z2
2 − Ω2

‖

z2
2 − z2

1

cot
(
z2

t
2

)
z2

)− 1
2

×

 4∑
j=1

(
s2
j − Ω2

⊥

)
cot

(
sj

t
2

)∏
j 6=k

(sj − sk)


−1

(3.123)

We now have a complete expression for the propagator corresponding to the

action of Eq(3.9) by using the Adamowski-Gerlach-Leschke [28] technique. It is given

by Eqs(3.6), (3.89), (3.123) and agrees with reference [29] for Λx and Λy zero. For the

case of zero magnetic field(Ω⊥ −→ Ω‖) this expression agrees with reference [30].
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CHAPTER 4

THE GROUND STATE ENERGY OF THE POLARON

4.1 Introduction

The Feynman path integral formulation of quantum mechanics provides the following

upper bound for the ground-state energy of a system:

EG ≤ Etrial + lim
β→∞

〈Spol − Strial〉trial

β
(4.1)

if Spol and Strial are real. In Eq(4.1), Etrial is the ground state energy of some “trial”

model with action functional Strial for imaginary values of the variable. Spol is the

action functional of the system under study. The path integral average 〈....〉trial is

defined with a probability density exp(Strial)/
∫

D[rτ ]exp(Strial):

〈....〉trial =
∫

D[rτ ](....)eStrial∫
D[rτ ]eStrial

(4.2)

where the denominator is the path integral ( for imaginary time variables ) of the

“trial” model. The condition that Spol and Strial are real implies the applicability

of the Jensen inequality
〈
eX
〉
≥ eX of probability theory (often called the Jensen-

Feynman inequality in its path integral application), which is valid for real random

variables X with some normalized probability density.

The requirement that the actions (both Spol and Strial) are real after the trans-

formation to imaginary time variables presents a conceptual difficulty. For example, in

the case where the Lagrangian describes a system of (charged) particles in a magnetic

field, there is an imaginary term in the action. This difficulty was already recognized

by Feynman and Hibbs [12], who suspected that only a “minor modification” in the

formulation of the Feynman inequality is required for its application to a system which

contains charged particles in a non-zero magnetic field.
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The problem of the extension of the Feynman inequality Eq(4.1) to the case

of a non-zero magnetic field has attracted particular attention with polarons, precisely

because Feynman’s variational treatment of the Fröhlich polaron, which is superior for

ωc = 0 (with ωc the cyclotron frequency of a charged particle in a magnetic field) and

arbitrary coupling strength-is in general not justified for ωc 6= 0. The Jensen-Feynman

inequality has been shown [32] to remain valid if the difference Spol − Strial is real,

as is an example, the case in the study of the diamagnetic properties of the Fröhlich

polaron in reference [16].

Despite the lack of a justification of the Feynman inequality for a non-zero

magnetic field, approximation schemes have been developed [21,31] for the free energy

of a polaron in a magnetic field, based on the working hypothesis that the Feynman

inequality remains valid for ωc 6= 0. For a polaron in two dimensions subjected to a

magnetic field it has been argued [23,33] that at least in the asymptotic limit ωc →∞

this working hypothesis leads to an approximation for free energy which lies below the

exact free energy. Although the argument of reference [23] might be questionable [34],

the Jensen-Feynman inequality indeed has no variational justification for a particle

subjected to a magnetic field, and does not a priori provide an upper bound to the

ground state for non-zero magnetic field.

References [35,36] have given an unambiguous analytical proof that the Feynman-

Jensen inequality in its unmodified form does not hold in the limit of a free particle

in a magnetic field, and would yield an estimate of the ground state energy which lies

below the exact value.

Recently DB [24] have extended the Feynman inequality to the case of a

charged particle in a magnetic field. They uesd four adjustable parameters: v⊥, w⊥, v‖, w‖.

The parameters are the natural generalizations of the parameters v and w in Feyn-

man’s upper bound to the ground-state energy of a polaron with out a magnetic field.

In the Feynman model, w accounts for the retardation effect due to the elimination

of the phonons, and v is the frequency of the couple harmonic oscillators of the trial
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system.

Reference [24] has derived the analytic results but no numerical data was

presented. In this chapter we would like to present some numerical result for the

upper bound of the ground-state energy of the polaron in a magnetic field.

4.2 An upper bound for the ground-state energy of a particle in a
magnetic field

In this section we briefly summarize how to get the upper bound for the ground-state

energy. For the study of the Fröhlich polaron in a magnetic field B, DB first consider

the more general Hamiltonian:

Hpol = H0
pol +

∑
k

(
Ckeik·rak + C∗

ke−ik·ra†k

)
(4.3)

where

H0
pol =

1
2m

(
p− e

c
A
)2

+
∑
k

h̄wa†kak (4.4)

or, in the gauge A = (−By,Bx, 0) with the z axis in the direction of the magnetic

field:

H0
pol =

1
2m

[
(px −mωcy)2 + (py + mωcx)2

]
+

1
2m

p2
z +

∑
k

h̄wa†kak (4.5)

In analog with Feynman’s quadratic action Strial in his treatment of the polaron, DB

propose the Hamiltonian Htrial as

Htrial = H⊥ + H‖ (4.6)

H⊥ =
1

2m

[
(px −mωcy)2 + (py + mωcx)2

]
+
∑

i=x,y

[
P 2

i

2m′ +
1
2
κ⊥ (ri −Ri)

2

]
(4.7)

H‖ =
p2

z

2m
+

P 2
Z

2m′ +
1
2
κ‖ (z − Z)2 (4.8)

This Hamiltonian describes an electron with coordinates (r,p) and mass m,

subjected to a magnetic field B = Bẑ and interacting with a second particle, called

the the fictitious particle, with coordinates (R,P).

To obtain the upper bound of the ground-state energy Eq(3.17) in reference

[24], they need to diagonalize the Hamiltonian Eq(4.6) by using standard techniques
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[21], resulting in the Hamiltonain of these independent harmonic osillators:

H⊥ = −h̄w⊥ +
3∑

j=1

h̄sj

(
b†jbj +

1
2

)
(4.9)

where bj and b†j are boson annihilation and creation operators. The eigenfrequencies

sj are the solutions of the equations:

sj

(
s2
j − Ω2 − w2

⊥

)
= (−1)j+1 ωc

(
s2
j − w2

⊥

)
; j = 1, 2, 3 (4.10)

where

Ω2 =
4C⊥
h̄w⊥

(4.11)

In the process of diagonalization of Eq(4.9) two canonically conjugate con-

structs of motion Π, Q enter, which satisfy the commutation relation [Π, Q] = h̄/i.

They are related to the classical orbit center [21], but do not appear in the Hamil-

tonian. The explicit transformations of the position and momentum operators into

the creation and annihilation operators bj , b†j for this diagonalization also involve the

expectation coefficients cj , given by

c2
j =

h̄

2m

s2
j − w2

⊥
sj

1
3s2

j − 2 (−1)j+1 ωcsj − Ω2 − w2
⊥

(4.12)

which play an important role in the further treatment.

Using the above result and calculating the matrix elements of Eq(3.17) in

reference [24], it can be shown that the upper bound for the ground-state energy of a

polaron in a magnetic field is: (see more detial in reference [24])

EDB
G = h̄

ωc

2
+ h̄

(
υ‖ − w‖

)2

4υ‖
+ h̄

(s2 − w⊥)2
(
s2
2 − ωcw⊥

)
2s3

2 + ωcs2
2 + ωcw2

⊥
+ Eb (4.13)

Introducing

D‖ (τ) =
h̄τ

2m

w2
‖

υ2
‖

(
1 +

υ2
‖ − w2

‖

w2
‖

1− e−υ‖τ

υ‖τ

)
(4.14)

D⊥ (τ) =
3∑

j=1

c2
j

(
1− e−sjτ ) (4.15)

Eb can be rewritten as

Eb = −1
h̄

∑
k

|Ck|2
∞∫
0

dτe−ωkτe−k2
⊥D⊥(τ)e−k2

zD‖(τ) (4.16)
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and the summation over the wave vectors can be done analytically:

Eb = −αh̄ωk

2
√

π

√
h̄ωk

2m

∞∫
0

dτ
e−ωkτ√
D‖ (τ)

F

(
D‖ (τ)
D⊥ (τ)

)
(4.17)

with

F (x) = 2
√

x

x− 1
ln
(√

x +
√

x− 1
)

(4.18)

Note that in the limit ωc = 0 one immediately recovers the Feynman result for the

Fröhlich polaron in the absence of a magnetic field.

To do numerical work it is useful to express the frequencies s1 and s3 in terms

of s2 with the help of Eq(4.7) in reference [24].

s1,3 =
ωc + s2 ± 2W

2
(4.19)

W =

√(
ωc + s2

2

)2

−
ωcw2

⊥
s2

(4.20)

and similarly

c2
1 =

h̄

2mωc

s3 − ωc

s3 − s1
+

s3 + s2

s3 − s1
c2
2 (4.21)

c2
3 =

h̄

2mωc

ωc − s3

s3 − s1
− s3 + s2

s3 − s1
c2
2 (4.22)

Using Eqs(4.19)-(4.22), the function D⊥(τ) can also be completely expressed in s2 and

w⊥:

D⊥ (τ) =
(

h̄

2mωc
+ c2

2

)
T1 (τ) + c2

2T2 (τ) (4.23)

where

T1 (τ) = 1− e−(ωc+s2)τ/2
(

coshWτ +
s2 − ωc

2W
sinhWτ

)
(4.24)

T2 (τ) = 1− e−s2τ − e−(ωc+s2)τ/2 s2 + ωc

W
sinhWτ (4.25)

In Table 4.1-4.2 we show the numerical results of Eq(4.13) for α = 1 α = 3.

To obtain the results in the tables we use a Fortran 90 programme which is given in

Appendix C.

In Table 4.1-4.2 the ground-state energies obtained by different assumptions

(EDB
G and EPD

G [22]) are compared as a function of the magnetic field for several values
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ωc EDB
G EPD

G υ‖ w‖ υ⊥ w⊥

0.2 -0.92925 -0.92920 2.973 2.7266 3.0700 2.8149

0.4 -0.84495 -0.84492 2.8589 2.6048 3.1024 2.8300

0.6 -0.76017 -0.76015 2.7645 2.5025 3.2342 2.9445

0.8 -0.67490 -0.67488 2.6864 2.4164 3.5186 3.2140

1 -0.58918 -0.58914 2.6211 2.3429 4.0243 3.7097

1.2 -0.50305 -0.50300 2.5655 2.2791 4.7834 4.4649

1.4 -0.41650 -0.41648 2.5182 2.2234 5.7648 5.4473

1.6 -0.32960 -0.32957 2.4785 2.1752 6.9216 6.6083

1.8 -0.24235 -0.24232 2.4456 2.1337 8.2211 7.9133

2 -0.15476 -0.15442 2.4188 2.0981 9.6422 9.3407

3 0.28801 0.28806 2.3392 1.9764 3.9607 3.9607

5 1.19337 1.1930 2.3335 1.8903 3.0144 3.0112

10 3.52007 3.5201 2.4416 1.8390 3.0164 3.0112

Table 4.1: The upper bound on the ground-state energy of polaron in a magnetic field
for α = 1 for the following assumptions: Devreese and Brosens(EDB

G ), Peeters and
Devreese(EPD

G ).

of the electron-phonon coupling constant (α). To obtained the ground-state energy,

DB used the Rayleigh-Ritz variational principle, based on the maximum priciple. At

any stage in the calculation this corresponds to the Feynman path integral method.

However, PD worked on the hypothesis that the Feynman-Jensen inequality valid for

ωc 6= 0. So, the EDB
G has higher upper bound than EPD

G .
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ωc EDB
G EPD

G υ‖ w‖ υ⊥ w⊥

0.2 -3.08291 -3.080 3.3482 2.4612 3.4077 2.5027

0.4 -3.02716 -3.025 3.2892 2.3758 3.4214 2.4706

0.6 -2.97047 -2.969 3.2424 2.3021 3.4621 2.4645

0.8 -2.91466 -2.912 3.2057 2.2385 3.5334 2.4812

1 -2.85599 -2.853 3.1774 2.1831 3.6459 2.5566

1.2 -2.79414 -2.793 3.1558 2.1346 3.8263 2.6965

1.4 -2.73525 -2.732 3.1384 2.0909 4.1479 2.9887

1.6 -2.67356 -2.671 3.1210 2.0487 4.8071 3.6456

1.8 -2.61170 -2.609 3.0988 2.0024 6.0243 4.8991

2 -2.54840 -2.546 3.0775 1.9039 7.6063 6.5311

3 -2.23330 -2.231 3.0684 1.7788 17.2926 16.3963

5 -1.56921 -1.558 3.2632 1.6142 6.2213 6.2213

10 0.31405 0.3141 3.9339 1.4668 5.5890 5.5889

Table 4.2: The upper bound on the ground-state energy of polaron in a magnetic field
for α = 3 for the following assumptions: Devreese and Brosens(EDB

G ), Peeters and
Devreese(EPD

G ).
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CHAPTER 5

POLARON MOTION IN APPLIED FIELDS

5.1 Introduction

In this chapter we treat the motion of an electron in a polarizable crystal at arbitrary

temperature subjected to a time dependent electric field and a constant magnetic field.

The coupling of the electron to the lattice is also arbitrary. Many authors have already

treated other aspects of the polaron problem [14–20]. Here we find a rather simple

explicit relationship between the electric field and magnetic field strength in the lattice

and the expectation value of the velocity of the electron.

In carrying out the solution, we maintain the standard polaron model of the

electron coupled only to the optical phonons. The crystal with electric field and

magnetic field is assumed to be initially in thermal equilibrium, and the steady-state,

translational motion of the electron subsequent to its injection into the lattice is deter-

mined. Phonons emitted from (or absorbed in) the polaron are assumed to propagate

away to infinity without interacting with the phonons already present in thermal equi-

librium. If the electric field is so strong as to alter the frequency of the optical modes,

it is these new frequencies that we must use in our expressions.

Using this model we present two approaches for the solution of the problem.

In the first approach we find the expectation value of the displacement of the elec-

tron using Feynman’s path integral method. The coordinates of the lattice oscillators

are exactly eliminated, but since we cannot perform the path integrals over electron

coordinates exactly, we approximate the effective lattice potential by an arbitrary dis-

tribution of oscillators, and then carry out a perturbation approach similar to that of

Feynman-Hellwarth-Iddings-Platzman [15](hereafter refereed to as FHIP) .

We emphasize that this perturbation approach does not involve an expansion

in the electric field : the electric field term is never approximated. Having obtained



Sikarin Yoo-kong Polaron Motion in Applied Fields / 46

the expectation value of the displacement, that of velocity follows immediately from

differentiation.

The second approach involves calculating the steady-state by using a single

path integral based on the minimization principle of the ground state energy. In

contrast to Thornber’s method, we utilize the steady-state condition in the single

path integral represenatation which it is much simpler and more straightforward than

Thornber’s.

Finally, we then consider the self-consistent influence functional for the impedance

problem of FHIP and find that the Feynman one-oscillator model approximations a

distribution of oscillator. We also comment on mobility and effective mass for the

Fröhlich polaron in electric and magnetic fields.

5.2 First approach: the double path integral

5.2.1 Outline of the method

To determine the displacement in time of an electron in a polarizable crystal in a

uniform, static, electric field, constant magnetic field, we proceed as follows. First

the expectation value of the displacement of the electron is cast into the form of a

Feynman path integral, from which all the coordinates associated with the lattice can

be eliminated exactly, leaving only the coordinates of the electron. Then the action

in the path integral is approximated by a distribution of harmonic oscillators, which

enables us to expand the displacement in a power series in terms of the difference

between the exact and approximate actions. Using an expansion motivated by an

exact summation of such a series for a similar problem, we rewrite our series expansion

in a form which more accurately represents the physics of the problem. Finally, a

comparison of this result with various special cases can be solved by other means and

leads directly to the final expression.
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5.2.2 The expectation value of the displacement of the electron

If we let ρ be the density matrix of an electron-lattice system and r be the position

operator, then the expectation value of the displacement of the electron at time t, 〈rt〉,

given that its value at t = 0 is zero, is

〈rt〉 = Tr (rρt) (5.1)

For thermal equilibrium problems, one can use ρ = e−βH , where β = 1/kT

and H is the Hamiltonian of the system. In our problem, however, we only have

ρ0 = e−βH . We have assume thermal equilibrium initially. To determine the density

matrix for t > 0, we solve its time-evolution equation

ih̄
∂ρ

∂τ
= [H, ρ] (5.2)

and therefore

ρt = e
− i

h̄

t∫
0

H(σ)dσ

ρ0e
+ i

h̄

t∫
0

H′(σ)dσ

(5.3)

Here the time-ordered operator notation is used: unprimed operators to the left and

ordered right to left with increasing time, and primed operators to the right and

ordered left to right with increasing time.

The Hamiltonian appropriate for an electron interacting with the longitudinal

optical modes of an ionically bound crystal in an oscillating electric-field(Eτ = E0e
iωτ ),

which preserves the essential physics of the problem, is

Hpol =
1

2m

(
p− q

A
c

)2

− qEτ · rτ +
∑
k

h̄ωka†kak +
1√
V

∑
k

(
Ckakeik·rτ + C∗

ka†keik·rτ

)
(5.4)

To evaluate Eq(5.1) we note that since the energy of the electron and its

interaction with the lattice is completely negligible compared with that of the heat

bath, we may set

ρ0 = exp

(
−β

∑
k

h̄ωka†kak

)
(5.5)

as in Feynman [14], FHIP and TF. (If one questions the validity of this approximation,

or in fact the entire approach, for zero temperature, we may compute the expectation
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value directly without resorting to statistical means, because in this case the initial

wave function for the lattice as well as for the electron is known. The result of such a

computation gives the β →∞ limit of our solution here)

The problem of integrating Trρt over the crystal oscillator coordinates has

been solved in chapter 2. We now calculate

〈rt2〉 =
1
i

∂

∂γ
Trρt2

∣∣∣∣
γ=0

(5.6)

As the first step in evaluating the expectation value of Eq(5.6), we then elimi-

nate the phonon coordinates exactly, cast the problem into the path-integral method,

transform to a frame of reference drifting [TF] with the expectation value of the elec-

tron’s velocity v, and then Trρt2 assumes the form

Trρt2 =
∫ ∫

eiΦeD[yτ ]D[y′τ ] (5.7)

where

Φe =
t2∫

0

dτ

{
m

2
ẏ2

τ + Fτ · yτ +
1
2
ẏτ ·B · yτ

}
−

t2∫
0

dτ

{
m

2
ẏ′

2
τ + F′

τ · y′τ +
1
2
ẏ′τ ·B · y′τ

}

+i
∑
k

|Ck|2
t2∫

0

dτ

τ∫
0

dσ
{
Sωk

(τ − σ) e−ik·(y′τ−y′σ) + S∗ωk
(τ − σ) eik·(yτ−yσ)

−Sωk
(τ − σ) eik·(y′τ−yσ) − S∗ωk

(τ − σ) e−ik·(y′τ−yσ)
}

(5.8)

and

Fτ = Eτ + v ×B (5.9)

Sωk
(τ) = Tωk

(τ)e−ik·vτ (5.10)

Tωk
(τ) =

eiωkτ

1− e−βωk
+

e−iωkτ

eβωk − 1
(5.11)

Although Eq(5.8) represents quite a simplification in that the oscillator coordinates

have been eliminated from Eq(5.1) and (5.4) exactly. We know of no way to perform

the last two path-integrals. For these we must use an approximation method.
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5.2.3 The method of approximation

The method of approximation that is physically a very reasonable one and that has

worked particularly well on two priori occasions [14,15] is to replace
∑
k
|Ck|2eik·rτ ,which

is a 1
r potential for the Fröhlich Hamiltonian, by a harmonic oscillator potential r2

τ .

This means replacing, for example, the term
∑
k
|Ck|2Sωk

(τ − σ) e−ik·(y′τ−y′σ) in the

exact action Φe, which is α√
2
Sωk

(τ − σ) |y′τ − y′σ|
−1 for the Frohlich case, by (y′τ − y′σ)·

↔
Gτ−σ · (y′τ − y′σ), where

↔
Gτ−σ =

∞∫
−∞

dΩ
↔
G (Ω)e−iΩ(τ−σ) (5.12)

where
↔
G (Ω) is the distribution function which is proposed in references [15, 17, 20].

We now write
↔
G (Ω) in the symmetric form as

↔
G (Ω) =


G+ (Ω) 0 0

0 G− (Ω) 0

0 0 G‖ (Ω)

 (5.13)

If we use the Feynman one-oscillator approximation, we write

G+ (Ω) = G− (Ω) = C⊥δ (Ω− w⊥) (5.14)

G‖ (Ω) = C‖δ
(
Ω− w‖

)
(5.15)

Thus let us set

Φ0 =
t2∫

0

dτ

{
m

2
ẏ2

τ + Fτ · yτ +
1
2
ẏτ ·B · yτ

}
−

t2∫
0

dτ

{
m

2
ẏ′

2
τ + F′

τ · y′τ +
1
2
ẏ′τ ·B · y′τ

}

−i

t2∫
0

dτ

τ∫
0

dσ
{(

y′τ − y′σ
)
·
↔
Gτ−σ ·

(
y′τ − y′σ

)
+ (yτ − yσ) ·

↔
G
∗
τ−σ · (yτ − yσ)

+
(
y′τ − yσ

)
·
↔
Gτ−σ ·

(
y′τ − yσ

)
+
(
yτ − y′σ

)
·
↔
G
∗
τ−σ ·

(
yτ − y′σ

)}
(5.16)

and expand Eq(5.7) as follows:

∫ ∫
eiΦe =

∫ ∫
eiΦ0ei(Φe−Φ0)

=
∫ ∫

eiΦ0 (1 + i (Φe − Φ0) + ...) (5.17)
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While each term in the power series expansion Eq(5.17) can be evaluated

knowing the one basic path integral evaluated in the Appendix A, this approach would

be algebraically unwieldy. We therefore make use of another argument motivated in

FHIP, which gives us a means to obtain what we believe to be a physically accurate

estimate for the sum in Eq(5.17).

It turns out that for our problem where we are interested only in the expecta-

tion value of the velocity in the limit t2 −→∞ (steady-state), that only the zero-order

and first-order terms in Eq(5.17) need be calculated in order to sum the series. (The

other terms are not zero, however)

To present this more clearly we refer to the following expansion:

〈yt2〉e = 〈yt2〉0 + e 〈yt2〉0 − 0 〈yt2〉0 + ... (5.18)

where

j 〈yt2〉k =
1
i

∂

∂γ

∫ ∫
iΦje

iΦkD[yτ ]D[y′τ ] (5.19)

〈yt2〉k =
1
i

∂

∂γ

∫ ∫
eiΦkD[yτ ]D[y′τ ] (5.20)

Also

jvk = lim
t2→∞

d

dt2
j 〈yt2〉k (5.21)

vk = lim
t2→∞

d

dt2
〈yt2〉k (5.22)

The v’s represent the several velocities we must calculate. Upon evaluating

the four terms in Eq(5.18) and determining Eq(5.21) and Eq(5.22) we find

1
ve

=
1
v0

− ev0 − 0v0

v2
0

(5.23)

to be an exact expansion of the velocity ve. This is nothing more than the first order

expansion of the reciprocal of ve ' v0+(ev0−0v0), as would be found by retaining only

the first order terms in Eq(5.18). This correspondence, supplemented by the physical

reasoning for using such an expansion for this type of problem is given in FHIP. The
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consistency between this approach and their of reference [20] is also reassuring. Also

it turns out, moreover, that 1
v0

= − 0v0

v2
0

which reduces Eq(5.23) to

ve = − v2
0

ev0
(5.24)

This expression represents another step towards our E−B− v relationship.

5.2.4 The evaluation of the velocity

Once
∫ ∫

eiΦ0 Eq(5.20) has been evaluated, various algebraic manipulations may be

used to determine the v0 and ev0 for Eq(5.24). The calculation of this path integral is

long and is outlined in Appendix A. Using the result and calculating the Eq(5.20) by

substitute Fτ −→ Fτ + γδ(τ − t2) and F′
τ −→ F′

τ in Eq(5.16), and differentiate with

respect to γ. We may at once find 〈yt2〉0

〈yt2〉0 = −i

t2∫
0

dτ

{
↔
L (τ)−

↔
L
∗
(τ)
}
· Fτ (5.25)

where
↔
L (τ)−

↔
L
∗
(τ) =

∞∫
−∞

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 e−iντ (5.26)

and

↔
Zν = −m (ν + iε)2 I− i (ν + iε)∈ ·B− 4 (ν + iε)

∞∫
−∞

dΩ
Ω

↔
G (Ω)

Ω2 − (ν + iε)2
(5.27)

For zero frequency(Eτ −→ E0), we find

v0 ≡ 〈ẏt2〉0 = −2 (E0 + v ×B) Im
↔
L (t2) (5.28)

which Im
↔
L (t2) is independent of the temperature. The results express the fact that

in zero order, where we consider a weak coupling of the electron to a distribution

of harmonic oscillator potentials in place of the more correct Coulomb interaction.

The oscillators capable of contributing to the D.C. mobility are those of lowest fre-

quency. For Eq(5.28) is valid for all values of electric field and magnetic field, and the

relationship is linear as one would expect.
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The calculation of
∫ ∫

iΦee
iΦ0 Eq(5.20) to obtain ev0 can be performed using

∫ ∫
iΦee

iΦ0 = −
∑
k

|Ck|2
∞∫

−∞

dθ

θ∫
−∞

dη

{
Sωk

(θ − η)
∫ ∫

(1) + S∗ωk
(θ − η)

∫ ∫
(2)

−Sωk
(θ − η)

∫ ∫
(3)− S∗ωk

(θ − η)
∫ ∫

(4)
}

(5.29)

As a shorter notation, we designate the solution of
∫ ∫

eiΦ0 by
∫ ∫

{Fτ ,F′
τ} where we

specify the forces to be inserted into
∫ ∫

eiΦ0 . with

∫ ∫
(1) =

∫ ∫ {
Fτ + γδ (τ − t2) ,F′

τ + k (δ (τ − θ)− δ (τ − η))
}

(5.30)∫ ∫
(2) =

∫ ∫ {
Fτ + γδ (τ − t2) + k (δ (τ − θ)− δ (τ − η)) ,F′

τ

}
(5.31)∫ ∫

(3) =
∫ ∫ {

Fτ + γδ (τ − t2) + kδ (τ − θ) ,F′
τ + kδ (τ − η)

}
(5.32)∫ ∫

(4) =
∫ ∫ {

Fτ + γδ (τ − t2) + kδ (τ − η) ,F′
τ + kδ (τ − θ)

}
(5.33)

Again, doing the algebra and inserting the result for ev0 into Eq(5.23) yields

1
ve

= − 1
v2

0

−v0

F

∞∫
−∞

dξ
∑
k

|Ck|2 kSωk
(ξ) e−k·

↔
Lβ(ξ)·k

 (5.34)

where

F = E0 + v ×B (5.35)

↔
Lβ (ξ) =

↔
L (ξ)−

↔
L (0)

=
∞∫

−∞

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 1− e−iνξ

eβν − 1
(5.36)

The result obtained in Eq(5.34) for the approximate velocity ve as a function

of E0 and B, is unsatisfactory in one respect. The critical dependence through v0 of

the result for the weak coupling of the electron to the fictitious particle. To remedy this

we are motivated to replace v0 and ve in Eq(5.34) by v, the expectation, steady-state

velocity. The result is

E0 + v ×B =
∞∫

−∞

dξ
∑
k

|Ck|
2
kTωk

(ξ) e−ik·vξe−k·
↔
Lβ(ξ)·k (5.37)

and this is our fundamental equation relating the velocity to the electromagnetic fields.

Eq(5.37) agrees with Eq(12) in reference [20] which they used the method of rates.
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5.3 Second approach: the single path integral

In section(5.2.1), the conservation of the energy and momentum in the steady-state

was utilized in finding relationships between electromagnetic fields and velocity for

weak coupling. In this section we propose the single path integral approach to obtain

the steady-state condition.

With the Hamiltonian Eq(5.4) we can calculate expectation values of any

operator Q̂ at time t as follows:

〈
Q̂t

〉
=

0∫
0

D [rτ ]Q̂e
i
h̄

Spol|force=0 (5.38)

where the polaron action Spol was obtained after the exact elimination of the phonon

coordinates (chapter 2) and thus is a functional of the electron coordinates only. It is

given by

Spol =
t2∫

0

dτ

(
m

2
ṙ2
τ +

1
2
ṙτ ·B× rτ + Eτ · rτ

)

+
∑
k

|Ck|2
t2∫

0

dτ

t2∫
0

dσ
cos ωk (|τ − σ| − t2/2)

sinωkt2/2
eik·(rτ−rσ) (5.39)

5.3.1 The equation of motion

Using Eq(5.39) we can express the equation of motion of the polaron as

mr̈τ − ṙτ ×B−Eτ = i
∑
k

|Ck|2k
t2∫

0

dσ
cos ωk (|τ − σ| − t2/2)

sinωkt2/2
eik·(rτ−rσ) (5.40)

The expectation values of Eq(5.40) at time t2 is

m 〈r̈t2〉 − 〈ṙt2〉 ×B−Et2 = i
∑
k

|Ck|2k
t2∫

0

dσ
cos ωk (t2/2− σ)

sinωkt2/2

〈
eik·(rτ−rσ)

〉
t2

(5.41)

From Eq(5.38),we can write

〈
eik·(rτ−rσ)

〉
t2

=
0∫

0

D [rτ ]eik·(rt2−rσ)e
i
h̄

Spol (5.42)

The difficulty with the above path integral is that the polaron action Spol is not

quadratic in rτ and ṙτ . So, we now introduce the trial action S0 which allows to
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approximately evaluate the path integrals. We now write

〈
eik·(rτ−rσ)

〉
t2

=
0∫

0

D [rτ ]eik·(rt2−rσ)e
i
h̄(Spol−S0)e

i
h̄

S0

=
0∫

0

D [rτ ]eik·(rt2−rσ)
{

e
i
h̄

S0 +
i

h̄
(Spol − S0) e

i
h̄

S0 + ...

}
(5.43)

where

S0 =
t2∫

0

dτ

(
m

2
ṙ2
τ +

1
2
ṙτ ·B× rτ

)
−

t2∫
0

dτ

t2∫
0

dσ (rτ − rσ) ·
↔
G|τ−σ| · (rτ − rσ) (5.44)

with the diagonal matrix
↔
G

ij

τ−σ defined in Eq(3.11). The physical meaning of this

action is that of two-particle model system in which an electron is coupled to a second

fictitious particle in the magnetic field where the position of the fictitious particle has

been eliminated. The Hamiltonian for this two particle model system is defined in

Eq(4.6).

We now consider only the first term of Eq(5.43), and

〈
eik·(rτ−rσ)

〉
t2

=
0∫

0

D [rτ ]e
i
h̄

S′0 (5.45)

where

S0 =
t2∫

0

dτ

(
m

2
ṙ2
τ +

1
2
ṙτ ·B× rτ + fτ · rτ

)
−

t2∫
0

dτ

t2∫
0

dσ (rτ − rσ) ·
↔
G|τ−σ| · (rτ − rσ)

(5.46)

with

fτ = k (δ (τ − t2)− δ (τ − σ)) (5.47)

The path integral for Eq(5.46) can be solved exactly and we use the results of

Eq(3.15) and Eq(3.89) in chapter 3. We obtain for Eq(5.45)

〈
eik·(rτ−rσ)

〉
t2

= e
− i

2m

t2∫
0

dτ

t2∫
0

dσfτ ·(∆−1
0 ·∆τ ·∆t2−σ−∆|τ−σ|)·fσ

(5.48)

where

∆−1
0 ·∆τ ·∆t2−σ −∆|τ−σ| =

1
2


∆++

τ−σ −∆−−
τ−σ 0

∆−−
τ−σ ∆++

τ−σ 0

0 0 ∆33
τ−σ

 (5.49)
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and

∆++
τ−σ = −2

3∑
j=1

c2
j

(
cos sj

(
τ−σ

2

)
sin sj

σ
2 sin sj

( t2−τ
2

)
sin sj

t2
2

)
(5.50)

∆−−
τ−σ = −2

3∑
j=1

c2
j

(
sin sj

(
τ−σ

2

)
sin sj

σ
2 sin sj

( t2−τ
2

)
sin sj

t2
2

)
(5.51)

∆33
τ−σ = 2

(
v2
‖ − w2

‖

v3
‖

)
cos v‖

(
τ−σ

2

)
sin v‖

σ
2 sin v‖

( t2−τ
2

)
sin v‖

t2
2

+
w2
‖

v2
‖

σ

t2
(t2 − σ) (5.52)

Inserting Eq(5.47) into Eq(5.48), we find〈
eik·(rτ−rσ)

〉
t2

= e−
i

2m
k·(∆−1

0 ·∆t2−σ ·∆σ−∆0)·k (5.53)

Thus equation of motion becomes

m 〈r̈t2〉−〈ṙt2〉×B−Et2 = i
∑
k

|Ck|2k
t2∫

0

dσ
cos ωk (t2/2− τ)

sinωkt2/2
e−

i
2m

k·(∆−1
0 ·∆t2−σ ·∆σ−∆0)·k

(5.54)

5.3.2 An alternative derivative of the steady-state condition of Thorn-
ber

In reference [17,20], the equation of motion is transformed to a reference frame moving

with the electron. This change of reference frame leads to another difference which

should be included in the approximation, the change of variables rτ = yτ +vτ leading

to a modification of the frequency ωk → ωk ± k · v. Hence, now Eq(5.54) with m = 1

reads

〈ÿt2〉 − 〈ẏt2〉 ×B− v ×B−Et2 = i
∑
k

|Ck|2k
t2∫

0

dτ
cos ωk (t2/2− τ)

sinωkt2/2

×eik·vτe−
i

2m
k·(∆−1

0 ·∆t2−τ ·∆τ−∆0)·k

(5.55)

where 〈ÿt2〉 and 〈ẏt2〉 are the expectation values of the velocity and acceleration of the

linear response to the small probe electric field [20, 37]. We now change the real time

variables to the imaginary time (t2 → −iβ), and when the steady-state is reached, we

find

E0 + v ×B =
∑
k

|Ck|2k
∞∫

−∞

dξ
cos ωkξ

sinhωkβ/2
e−ik·v(ξ+iβ/2)e−

1
2(k2

x+k2
y)∆⊥(ξ)e−

1
2
k2

z∆‖(ξ)

(5.56)
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where

∆⊥ (ξ) =
3∑

j=1

c2
j

(
cosh sj

β
2 − cos sjξ

sinh sj
β
2

)
(5.57)

∆‖ (ξ) =
w2
‖

v2
‖

[(
v2
‖ − w2

‖

v‖w
2
‖

)
cosh v‖

β
2 − cos v‖ξ

sinh v‖
β
2

+
ξ2

β
+

β

4

]
(5.58)

Eq(5.56) agrees with Eq(23a) of Thornber [20] for the steady-state condition. The

correspondence between our notation and that of Thornber is ∆⊥ (ξ) → K ′
+(ξ) +

K ′
−(ξ),∆‖ (ξ) → K ′

0(ξ). The left hand side of Eq(5.56) is the rate of increase of

electron momentum and the right hand side may be interpreted as the net rate of

emission of longitudinal optical phonons of wave vector k, and k may be interpreted

as the change of momentum of the electron. So Eq(5.56) expresses the fact that in

steady-state the gain and loss just balance.

5.4 Low-frequency limit of impedance and self-consistency

Another check on our results is to find the zero-frequency limit of the real part of

the impedance calculated in FHIP[Eq(4)]. This limit gives the electronic mobility

for arbitrary coupling and temperature, and agrees with the low-velocity limit of our

result Eq(5.32)[B=0]. As was stressed in FHIP, careful attention had to be given

to this limit because the approach used to sum the expansion of the impedance was

subject to question for zero frequency. It can be derived using our approach which

avoids the zero-frequency problem. From section 5.2.4 we can show that

〈rt2〉 = −i

t2∫
0

dτ
↔
Y0 (t2 − τ) ·Eτ (5.59)

Using Eτ = E0e
−iωτ , we have

〈rt2〉 = i

t2∫
0

dξ
↔
Y0 (ξ)eiωξ ·E0e

−iωt2 (5.60)

Taking the Fourier transform of Eq(5.60) we obtain

rω =
↔
Y0 (ω) ·Eω (5.61)
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where
↔
Y0 (ω) is the Fourier transform of the response function given by

↔
Y0 (ω) =

∞∫
0

dξeiωξi

t2∫
0

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 e−iνξ ≡ 1
↔
Zω

(5.62)

We now derive for
↔
Zω from the equation of motion without imposing the steady-state

restriction and we have

Et2 + 〈ṙt2〉 ×B =
∑
k

k 〈Rk〉t2 + m 〈r̈t2〉 (5.63)

where Rk defined in Eq(8b) of reference [17] and make a change of variables rτ =

yτ+āe−iωτ , where ā is the amplitude of the vibration, and e−iωτ is the time-dependence

of the oscillator of frequency ω [FHIP use e+iντ ]. Calculating the 〈Rk〉t2 as in section

5.2, and expanding this result for ā small, we obtain

↔
Zω = −mω2

↔
I − iω ∈ ·B +

∞∫
0

dξ
(
1− eiωξ

)
Im

↔
S (ξ) (5.64)

where
↔
S (ξ) =

∑
k

|Ck|2kk2Tωk
(ξ) e−k·

↔
Lβ(ξ)·k (5.65)

and
↔
Lβ (ξ) =

∞∫
−∞

dν

2πi

 1
↔
Zν

(
4πi

↔
G (Ω)

) 1
↔
Z
†
ν

(1− e−iνξ
)

(5.66)

Next, using the identity

(
1− eiωξ

)
= 4ω2

∞∫
−∞

dΩ
4πi

e−iΩξ

Ω
1

Ω2 − ω2
(5.67)

it is straight forward to verify that

∞∫
0

dξ
(
1− eiωξ

)
Im

↔
S (ξ) = −4ω2

∞∫
−∞

dΩ
Ω

↔
G (Ω)

Ω2 − ω2
(5.68)

where
↔
G (Ω) ≡ 1

2

∑
k

|Ck|2kk
∞∫

−∞

dξ

2π
e−iΩξTωk

(ξ) e−k·
↔
Lβ(ξ)·k (5.69)

Eq(5.68) and Eq(5.64) gives
↔
Zω in terms of

↔
G (Ω), Eq(5.69) gives

↔
G (Ω) in terms of

↔
Lβ (ξ), and Eq(5.66) gives

↔
Lβ (ξ) in terms of

↔
G (Ω) and

↔
Zω. This set of equations

describes a self-consistent relationship from which
↔
G,

↔
Z and

↔
Lβ may be determined
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for arbitrary magnetic field B, reciprocal-lattice temperature β, and electron-phonon

interaction |Ck|2. We now write

↔
Zω = −mω2

↔
I − iω ∈ ·B + ↔

χ (ω) (5.70)

where

↔
χ (ω) ≡

∞∫
0

dξ
(
1− eiωξ

)
Im

↔
S (ξ) (5.71)

For numerical work it is convenient to use
↔
S in the form (using the results in Appendix

B)
↔
S (ξ) =

∫
d3k

(2π)3
|Ck|2kk2Tωk

(ξ) e−k2
⊥K⊥

β (ξ)e−k2
zK

‖
β
(ξ) (5.72)

where

K⊥
β (ξ) =

3∑
j=1

c2
j

(
cosh sjβ/2− cos sj (ξ − iβ/2)

sinh sjβ/2

)
(5.73)

K
‖
β (ξ) =

1
2m

w2
‖

υ2
‖

[(
υ2
‖ − w2

‖

υ‖w
2
‖

)
cosh υ‖β/2− cos υ‖ (ξ − iβ/2)

sinh υ‖β/2
− iξ +

ξ2

β

]
(5.74)

The first two terms on the right-hand side of Eq(5.70) represent a particle in

a magnetic field, while ↔
χ (ω) contains all of the corrections due to the interaction with

phonons. The entire dependence of our results Eq(5.70) on the trial action Φ0 is in

K⊥
β and K

‖
β .

5.5 Zero temperature; effective mass

Reference [15] discusses in more details the behavior of the impedance. In this section,

for Fröhlich’s case we firstly consider the case ω < 1, β = ∞. Then the path of

integration along the real axis may be rotated to a path along the positive or negative

imaginary axis ξ ∼= 0 to ±i∞ [15]. The resulting expression is

↔
Zω = −mω2

↔
I − iω ∈ ·B− 2

∞∫
0

e−u(1− coshωu)

×
∫

d3k

(2π)3
|Ck|2kke−k2

⊥K⊥(u)e−k2
zK‖(u) (5.75)

where

K‖ (u) =
1

2m

w2
‖

v2
‖

[(
v2
‖ − w2

‖

v‖w
2
‖

)(
1− e−v‖u

)
+ u

]
(5.76)
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K⊥(u) =
3∑

j=1

c2
j (1− e−sju) (5.77)

For extremely low frequencies ω we can approximate (1− coshωu) = −ω2u2/2. The

result is that for the impedance in the direction parallel with the magnetic field

Z‖ = −ω2

1 +
α√
π

∞∫
0

du
u2e−u(

K‖ −K⊥
) 3

2

ln


√

K‖ +
√

K‖ −K⊥√
K‖ +

√
K‖ −K⊥

− 2
√

K‖ −K⊥√
K‖




(5.78)

We now introduce

Z = −ω2 − α√
π

∞∫
0

du
ω2u2e−u√

K‖K⊥
(5.79)

We now obtain for the impedance in the direction perpendicular to the magnetic field

Z⊥ =
Z − Z‖

2

= −ω2

1 +
α

2
√

π

∞∫
0

duu2e−u

 1√
K‖K⊥

− 1(
K‖ −K⊥

) 3
2

×

ln


√

K‖ +
√

K‖ −K⊥√
K‖ +

√
K‖ −K⊥

− 2
√

K‖ −K⊥√
K‖


 (5.80)

From Eq(5.78) and Eq(5.80), we can see that the polaron behaves like a free particle

with an effective mass

m∗
‖ = 1 +

α√
π

∞∫
0

du
u2e−u(

K‖ −K⊥
) 3

2

ln


√

K‖ +
√

K‖ −K⊥√
K‖ +

√
K‖ −K⊥

− 2
√

K‖ −K⊥√
K‖

 (5.81)

m∗
⊥ = 1 +

α

2
√

π

∞∫
0

duu2e−u

 1√
K‖K⊥

− 1(
K‖ −K⊥

) 3
2

×

ln


√

K‖ +
√

K‖ −K⊥√
K‖ +

√
K‖ −K⊥

− 2
√

K‖ −K⊥√
K‖


 (5.82)

It is very easily to show that for zero magnetic field K⊥ → K‖ and

m∗
⊥ → m∗

‖ = 1 +
α

3
√

π

∞∫
0

du
u2e−u

K
3
2

‖

(5.83)

which is the result of Feynman [14,15]
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5.5.1 The mobility for Fröhlich’s polaron

The analytic properties of
↔
S (ξ) outlined in reference [15] allows one to rewrite the

expression for Im↔
χ (ω) in a form more convenient for computation. We may write

Eq(5.71) as

Im↔
χ (ω) = Im

∞∫
0

sinωu
↔
S (u) du (5.84)

We may change the contour of integration in Eq(5.84) as in reference [15]. The con-

tribution from the remaining part of the contour gives

Im↔
χ (ω) = sinh (βω/2)

∞∫
0

cos (ωu)
↔
Σ (u) du (5.85)

where
↔
Σ (u) =

↔
S (u + iβ/2) is given by; ωk = 1

↔
Σ (u) =

∫
d3k

(2π)3
|Ck|2kk2

cos (u)
sinh (β/2)

e−k2
⊥D⊥(u)e−k2

zD‖(u) (5.86)

with D⊥,‖(u) = K
⊥,‖
β (u + iβ/2)

D⊥ (u) =
3∑

j=1

c2
j

(
cosh sjβ/2− cos sj (u)

sinh sjβ/2

)
(5.87)

D‖ (u) =
1

2m

w2
‖

υ2
‖

[(
υ2
‖ − w2

‖

υ‖w
2
‖

)
cosh υ‖β/2− cos υ‖ (u)

sinh υ‖β/2
+

β

4
+

u2

β

]
(5.88)

The dc mobility for the polaron is given by 1/µ⊥

1/µ‖

 = lim
ω→0

 Imχ⊥(ω)
ω

Imχ‖(ω)

ω

 (5.89)

Our result Eq(5.85), therefore, gives the mobility in the direction parallel and perpen-

dicular with the magnetic field as 1/µ⊥

1/µ‖

 =
β

2

∞∫
0

 Σ⊥ (u) du

Σ‖ (u) du

 (5.90)

where

Imχ‖ (ω) = sinh (βω/2)
∞∫
0

cos (ωu)Σ‖ (u) du (5.91)

Σ‖ (u) =
∫

d3k

(2π)3
|Ck|2k2

z2
cos (u)

sinh (β/2)
e−k2

⊥D⊥(u)e−k2
zD‖(u)
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=
2α√

π

cos (u)
sinh (β/2)

1(
D‖ (u)−D⊥ (u)

)3/2

ln


√

D‖ (u) +
√

D‖ (u)−D⊥ (u)√
D‖ (u)−

√
D‖ (u)−D⊥ (u)

 − 2

√
D‖ (u)−D⊥ (u)√

D‖ (u)

(5.92)

We now introduce

Imχ (ω) = sinh (βω/2)
∞∫
0

cos (ωu)Σ (u) du (5.93)

where

Σ (u) =
∫

d3k

(2π)3
|Ck|2k22

cos (u)
sinh (β/2)

e−k2
⊥D⊥(u)e−k2

zD‖(u)

=
2α√

π

cos (u)
sinh (β/2)

1

D⊥ (u)
√

D‖ (u)
(5.94)

and

Imχ⊥ (ω) =
Imχ (ω)− Imχ‖ (ω)

2
(5.95)

It is very easily to show that in the limit of zero magnetic field D⊥ −→ D‖ and

correspondingly Imχ(ω) −→ 3
2 Imχ‖(ω). This implies

Imχ⊥ (ω) → Imχ‖ (ω) =
2α

3
√

π

sinh (βω/2)
sinh (β/2)

∞∫
0

cos (ωu) cos udu

D
3/2
‖ (u)

(5.96)

which is the result of FHIP.

For zero magnetic field, FHIP calculated Imχ(ω) at β = 100. By contrast the

α = 3 and α = 5 results show that Imχ(ω) is relatively smooth in ω, whereas for

α = 7, relatively sharp peaks occur at ω ' mυ + 1, m = 0, 1, 2, 3, .... For m = 0 these

correspond to the absorption of quanta by the polaron and the subsequent emission

of a optical phonon, the polaron remaining in the ground state. For m = 1, the series

might represent the polaron excited in addition to the emission of a phonon.,etc (see

more details in reference [38]). This result is reproduced by F.M. Peeters and J.T.

Devreese [39] with the Heisenberg operator method.

For non-zero magnetic field, our expressions χ‖(ω) and χ⊥(ω) agree with refer-

ence [40] where they are called memory functions. In this reference three independent

configurations were of interest.
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i) Voigt configuration: The corresponding memory function is denoted by χ‖(ω) and

gives the linear response to an electric field parallel to the magnetic field.

ii) Faraday configuration for the cyclotron resonance active mode(+ωc): The memory

function in this case χ⊥(ω) describes the response to circular polarized light along the

z-axis (which leads to an electric field perpendicular to the B field)

iii) Faraday configuration for the cyclotron resonance inactive mode(−ωc): The mem-

ory function in this case is given by −χ⊥(−ω).

They also obtained the numerical results for the imaginary part of these func-

tions as in FHIP. To compute the imaginary part of the memory functions Eq(5.91) and

Eq(5.95), they suggested that the integrand of the integral of Eq(5.91) and Eq(5.95)

consists of a factor which decreases slowly where u → ∞ superimposed on a rapidly

oscillating component. As a consequence this representation for the imaginary part of

the memory functions Imχ‖(ω) and Imχ⊥(ω) is not suitable for numerical program-

ming. They presented another representation which it is more suitable for numerical

work.
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CHAPTER 6

CONCLUSION

We derived the propagator for a particle subjected to a local oscillator, an electro-

magnetic field and being under the influence of a one non-local oscillator (memory

potential). For the exact calculations of the corresponding path integral the classical

paths were determined explicitly.

In reference [24], it was shown that the Feynman-Jensen inequality failed to

apply for a particle in a magnetic field. An alternative method was proposed by J.D.

Devreese and F. Brosens. They derived the analytic result. We compared some of our

numerical results which were better than PD [21].

For the polaron motion in an applied field, we treated the motion of an elec-

tron in a polarizable crystal under the influence of an electric field and a magnetic

field. Starting with the crystal in thermal dynamic equilibrium, the electron was in-

jected with zero velocity, and its subsequent steady-state motion was determined using

two methods. For the first approach, in contrast to Thornber method (the method

of rates), we started from the expectation value of displacement of the electron and

then carry out a perturbation approach similar to that of FHIP. The time derivative

gave the steady-state velocity. In the other approach, we used a single path integral

to obtain the steady-state condition. The essential approximation to derive this lied

in the procedure to calculate 〈Spol − Strial〉. In both cases no approximation regarding

the field strength, velocity, lattice coupling constant, or temperature was ever made.

However, the part of the action describing the electron-lattice interaction was approx-

imated as close as possible to physical reality, and an expansion in the difference of

the exact and approximate actions were combined in manners suggested by the exact

solution of similar problems.
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At low-frequency of the electric field, we did not impose the steady-state. We

found the self-consistent relationship between
↔
G,

↔
L and

↔
Z that agrees with Thornber

[20]. We also expressed the effective mass and the mobility of the polaron in the

magnetic field.

Finally, we also calculated the dissipation as in FHIP for the polaron in the

magnetic field which agreed with that of reference [40]. We may improve the accuracy

of the numerical results in reference [40] by using our numerical data (v⊥, w⊥, v‖, w‖)

which were got from minimizing the upper bound ground-state energy based on De-

vreese’s assumption.
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APPENDIX A

THE CALCULATION OF THE DOUBLE PATH

In this Appendix we evaluate

I =
∫ ∫

eΦ̃0(ṙ,r,ṙ′,r′,τ)D[rτ ]D[r′τ ] (A.1)

where

Φ̃0(ṙ, r, ṙ′, r′, τ) = S0(ṙ, r, τ)− S′0(ṙ′, r
′, τ)− Φ̃(r, r′, τ, σ), (A.2)

S0(ṙ, r, τ) =
∞∫

−∞

dτ

(
m

2
ṙτ · ṙτ −

mω2
0

2
rτ · rτ +

1
2
ṙτ · ∈ ·B · rτ +fτ · rτ ) , (A.3)

S′0(ṙ′, r
′, τ) =

∞∫
−∞

dτ

(
m

2
ṙ′τ · ṙ′τ −

mω2
0

2
r′τ · r′τ +

1
2
ṙ′τ · ∈ ·B · r′τ +f ′τ · r′τ

)
,(A.4)

Φ̃(r, r′, τ, σ) = Φ̃1(r′τ , r
′
τ ) + Φ̃2(rτ , rτ ) + Φ̃3(rτ , r′τ ) + Φ̃4(r′τ , rτ ), (A.5)

Φ̃1(r′τ , r
′
σ) = i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ
(
(r′τ − r′σ) ·

↔
G(Ω) · (r′τ − r′σ)

)
eiΩ(τ−σ),(A.6)

Φ̃2(rτ , rσ) = i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ
(
(rτ − rσ) ·

↔
G(Ω) · (rτ − rσ)

)
e−iΩ(τ−σ),(A.7)

Φ̃3(rτ , r′σ) = i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ
(
(rτ − r′σ) ·

↔
G(Ω) · (rτ − r′σ)

)
eiΩ(τ−σ),(A.8)

Φ̃4(r′τ , rσ) = i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ
(
(r′τ − rσ) ·

↔
G(Ω) · (r′τ − rσ)

)
e−iΩ(τ−σ)(A.9)

∈ is the third-rank totally antisymmentric tensor. The expression a· ∈ ·b · c is defined

in perfect analogy to a ·b×c = ai ∈ijk bjck . Now we express rτ , r′τ , fτ and f ′τ by their

Fourier transform

rν =
∞∫

−∞

dτrτeiντ
, fν =

∞∫
−∞

dτ fτeiντ (A.10)

and

rτ =
∞∫

−∞

dν

2π
rνe−iντ

, fτ =
∞∫

−∞

dν

2π
fνe−iντ (A.11)



Sikarin Yoo-kong The Calculation of The Double Path / 70

Consider

S0 (ṙ, r, τ)

=
∞∫

−∞

dτ


∞∫

−∞

dν

2π

∞∫
−∞

dν ′

2π
νν ′mrν · rν′ei(ν+ν′)τ − ω2

0

2

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
mrν · rν′ei(ν+ν′)τ

+
i

2

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
νrν · ∈ ·B · rν′ei(ν+ν′)τ +

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
fν · rν′ei(ν+ν′)τ


=

∞∫
−∞

dν

2π

∞∫
−∞

dν

∞∫
−∞

dτ

2π

{
νν ′

2
mrν · rν′ −

mω2
0

2
rν · rν′

+
iν

2
rν · ∈ ·B · rν′ + fν · r

}
ei(ν+ν′)τ

=
∞∫

−∞

dν

2π

∞∫
−∞

dν

{
νν ′

2
mrν · rν′ −

mω2
0

2
rν · rν′

+
iν

2
rν · ∈ ·B · rν′ + fν · rν′

}
δ(ν + ν ′)

=
∞∫

−∞

dν

2π

{
−ν2

2
mrν · r−ν −

mω2
0

2
rν · r−ν +

iν

2
rν · ∈ ·B · r−ν + fν · r−ν

}
(A.12)

so that we can express S′0 as

S′0

(
ṙ′, r′, τ

)
=

∞∫
−∞

dν

2π

{
−ν2

2
mr′ν · r′−ν −

mω2
0

2
r′ν · r′−ν +

iν

2
r′ν · ∈ ·B · r′−ν + f ′ν · r′−ν

}
(A.13)

Next we consider

Φ̃1
(
r′τ , r

′
σ

)
= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ


∞∫

−∞

dν

2π

∞∫
−∞

dν ′

2π

(
r′ν ·

↔
G(Ω) · r′ν′ei(ν+ν′)τeiΩ(τ−σ)

−r′ν ·
↔
G(Ω) · r′ν′eiν′τeiνσeiΩ(τ−σ) − r′ν ·

↔
G(Ω) · r′ν′eiντeiν′σeiΩ(τ−σ)

+r′ν ·
↔
G(Ω) · r′ν′ei(ν+ν′)σeiΩ(τ−σ)

)}
(A.14)

Using the symmetry of
↔
G(Ω), eq(A.14) becomes

= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · r′ν′

{
ei(ν+ν′+Ω)τe−iΩσ

−2ei(ν−Ω)τe−i(ν′+Ω)σ + ei(ν+ν′−Ω)σeiΩτ
}

= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · r′ν′

{
ei(ν+ν′+Ω)τe−iΩσ

−iΩ

∣∣∣∣∣
τ

−∞
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− 2ei(ν−Ω)τe−i(ν′+Ω)σ

i(ν − Ω)

∣∣∣∣∣
τ

−∞
+

ei(ν+ν′−Ω)σeiΩτ

i(ν + ν ′ − Ω)

∣∣∣∣∣
τ

−∞

}

= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · r′ν′ei(ν+ν)τ

{
− 1

Ω
− 2

ν − Ω

+
1

ν + ν ′ + Ω

}

= i

∞∫
−∞

dΩ
∞∫

−∞

dν

2π
r′ν ·

↔
G(Ω) · r′−ν

{
− 1

Ω
− 2

ν − Ω
+

1
Ω

}

= 2
∞∫

−∞

dΩ
∞∫

−∞

dν

2π
r′ν ·

↔
G(Ω) · r′−ν

ν

Ω (Ω− ν)
(A.15)

A quick inspection shows that the integration has a pole at ν = +Ω . Therefore, we

must specify a contour in the complex ν-plane in order to evaluate the integral. We

choose an enclosing the contour in the upper half plane above the real axis of ν. So

Eq(A.15) becomes

Φ̃1
(
r′τ , r

′
σ

)
= 2

∞∫
−∞

dΩ
∞∫

−∞

dν

2π
r′ν ·

↔
G(Ω) · r′−ν

ν

Ω (Ω− ν + iε)
(A.16)

Next we consider

Φ̃2 (rτ , rσ) = i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · rν′

{
ei(ν+ν′−Ω)τeiΩσ

−2ei(ν+Ω)τe−i(ν′−Ω)σ + ei(ν+ν′+Ω)τe−iΩσ
}

= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
rν ·

↔
G(Ω) · rν′

{
ei(ν+ν′−Ω)τeiΩσ

iΩ

∣∣∣∣∣
τ

−∞

− 2ei(ν+Ω)τe−i(ν′−Ω)σ

i(ν + Ω)

∣∣∣∣∣
τ

−∞
+

ei(ν+ν′+Ω)σe−iΩτ

i(ν + ν ′ + Ω)

∣∣∣∣∣
τ

−∞

}

= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
rν ·

↔
G(Ω) · rν′e

i(ν+ν′)τ
{

1
Ω
− 2

ν + Ω

+
1

ν + ν ′ + Ω

}

= i

∞∫
−∞

dΩ
∞∫

−∞

dν

2π
rν ·

↔
G(Ω) · r−ν

{
1
Ω
− 2

ν + Ω
+

1
Ω

}

= 2
∞∫

−∞

dΩ
∞∫

−∞

dν

2π
rν ·

↔
G(Ω) · r−ν

ν

Ω (Ω + ν − iε)
(A.17)
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Next we consider

Φ̃3
(
rτ , r′σ

)
= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ


∞∫

−∞

dν

2π

∞∫
∞

dν ′

2π
(rν ·

↔
G(Ω) · rν′e

i(ν+ν′+Ω)τe−iΩσ

−2r′ν ·
↔
G(Ω) · rν′e

i(ν′−Ω)τei(ν−Ω)σ +r′ν ·
↔
G(Ω) · r′ν′ei(ν+ν′−Ω)τeiΩσ

)}
= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π

{
rν ·

↔
G(Ω) · rν′

ei(ν+ν′+Ω)τe−iΩσ

−iΩ

∣∣∣∣∣
τ

−∞

+r′ν ·
↔
G(Ω) · r′ν′

ei(ν+ν′−Ω)τeiΩσ

i(ν + ν ′ − Ω)

∣∣∣∣∣
τ

−∞

}

−2i

∞∫
−∞

dΩ
∞∫

−∞

dτ

∞∫
−∞

dσ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · rν′e

i(ν−Ω)σei(ν′+Ω)τ

=
∞∫

−∞

dΩ
∞∫

−∞

dν

2π

{
−rν ·

↔
G(Ω) · r−ν

1
Ω
− r′ν ·

↔
G(Ω) · r′−ν

1
Ω

}

−2i

∞∫
−∞

dΩ
∞∫

−∞

dσ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′

2π
r′ν ·

↔
G(Ω) · rν′δ

(
ν ′ + Ω

)
ei(ν−Ω)σ

= −
∞∫

−∞

dΩ
Ω

∞∫
−∞

dν

2π

{
rν ·

↔
G(Ω) · r−ν + r′ν ·

↔
G(Ω) · r′−ν

}

−2i

∞∫
−∞

dΩ
∞∫

−∞

dσ

∞∫
−∞

dν

2π

∞∫
−∞

dν ′r′ν ·
↔
G(Ω) · rν′e

i(ν+ν′)σ

= −
∞∫

−∞

dΩ
Ω

∞∫
−∞

dν

2π

{
rν ·

↔
G(Ω) · r−ν + r′ν ·

↔
G(Ω) · r′−ν

}

−2i

∞∫
−∞

dΩ
∞∫

−∞

dνr′ν ·
↔
G(Ω) · rν′δ(ν + ν ′)

= −
∞∫

−∞

dΩ
Ω

∞∫
−∞

dν

2π

{
rν ·

↔
G(Ω) · r−ν + r′ν ·

↔
G(Ω) · r′−ν

}

−4πi

∞∫
−∞

dΩ
∞∫

−∞

dν

2π
r′ν ·

↔
G(Ω) · r−νδ(ν − Ω) (A.18)

and

Φ̃4
(
r′τ , rσ

)
= i

∞∫
−∞

dΩ
∞∫

−∞

dτ

τ∫
−∞

dσ


∞∫

−∞

dν

2π

∞∫
∞

dν ′

2π
(rν ·

↔
G(Ω) · r′ν′ei(ν+ν′−Ω)τeiΩσ

−2r′ν ·
↔
G(Ω) · rν′e

i(ν′+Ω)τei(ν+Ω)σ +r′ν ·
↔
G(Ω) · r′ν′ei(ν+ν′+Ω)τe−iΩτ

)}
=

∞∫
−∞

dΩ
Ω

∞∫
−∞

dν

2π

{
r′ν ·

↔
G(Ω) · r′−ν + rν ·

↔
G(Ω) · r−ν

}
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+4πi

∞∫
−∞

dΩ
∞∫

−∞

dν

2π
r′ν ·

↔
G(Ω) · r−νδ(ν + Ω) (A.19)

Using Eqs(A.12), (A.13), (A.17), (A.18), (A.19) and (A.20), Eq (A.1) becomes

I =
∫ ∫

eiΦ̃′0(rν ,r−ν ,r′ν ,r′−ν)D[rν ]D[r−ν ]D[r′ν ]D[r′−ν ] (A.20)

where

Φ̃′
0(rν , r−ν , r′ν , r

′
−ν) =

∞∫
−∞

dν

2π

{
L0 (rν , r−ν)− L′

0 (rν , r−ν)
}

+2
∞∫

−∞

dΩ
∞∫

−∞

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν) (A.21)

and

L0 (rν , r−ν) = −mν2

2
rν · r−ν −

mω2
0

2
rν · r−ν +

iν

2
rν · ∈ ·B · r−ν + fν · r−ν (A.22)

L′
0 (rν , r−ν) = −mν2

2
r′ν · r′−ν −

mω2
0

2
r′ν · r′−ν +

iν

2
r′ν · ∈ ·B · r′−ν + f ′ν · r′−ν (A.23)

Ξ(rν , r−ν , r′ν , r
′
−ν) = r′ν ·

↔
G(Ω) · r′−ν

ν

Ω (Ω− ν + iε)
− rν ·

↔
G(Ω) · r−ν

ν

Ω (Ω + ν − iε)

−2πirν ·
↔
G(Ω) · r−ν (δ(ν − Ω) + δ(ν + Ω)) (A.24)

We note that since rτ , r′τ , fτ and f ′τ are real, rν ≡ r∗−ν , fν ≡ f∗−ν . Thus by changing
∞∫

−∞
dν →

∞∫
0

dν, we have

Φ̃′
0(rν , r−ν , r′ν , r

′
−ν) =

0∫
−∞

dν

2π
L0 (rν , r−ν) +

−∞∫
0

dν

2π
L0 (rν , r−ν)

−
0∫

−∞

dν

2π
L′

0 (rν , r−ν)−
∞∫
0

dν

2π
L′

0 (rν , r−ν)

+2
0∫

−∞

dΩ

 0∫
−∞

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν) +

∞∫
0

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν)


+2

∞∫
0

dΩ

 0∫
−∞

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν) +

∞∫
0

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν)


(A.25)
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We consider

0∫
−∞

dν

2π
L0 (rν , r−ν) =

∞∫
0

dν

2π

{
−mν2

2
rν · r−ν −

mω2
0

2
rν · r−ν +

iν

2
rν · ∈ ·B · r−ν

+fν · r−ν}∗

=
∞∫
0

dν

2π

{
−mν2

2
r∗−ν · r∗ν −

mω2
0

2
r∗−ν · r∗ν +

iν

2
r∗−ν · ∈ ·B · r∗ν

+r∗−ν · f∗ν
}

=
∞∫
0

dν

2π

{
−mν2

2
rν · r∗ν −

mω2
0

2
rν · r∗ν +

iν

2
rν · ∈ ·B · r∗ν

+rν · f∗ν } (A.26)

and

0∫
−∞

dν

2π
Ξ(rν , r−ν , r′ν , r

′
−ν) =

∞∫
0

dν

2π
Ξ∗(rν , r−ν , r′ν , r

′
−ν)

=
∞∫
0

dν

2π

{
r′ν ·

↔
G(Ω) · r′∗ν

ν

Ω (Ω− ν − iε)

−rν ·
↔
G(Ω) · r∗ν

ν

Ω (Ω + ν + iε)

+2πirν ·
↔
G(Ω) · r∗ν (δ(ν − Ω) + δ(ν + Ω))

}
(A.27)

Using the results of Eq(A.26) and Eq(A.27), we obtain

I =
∫ ∫

eiΦ̃′′0 (rν ,r∗ν ,r′ν ,r′∗ν )D[rν ]D[r∗ν ]D[r′ν ]D[r′∗ν ] (A.28)

where

Φ̃′′
0(rν , r∗ν , r

′
ν , r

′∗
ν ) =

∞∫
0

dν

2π

(
r∗ν · fν + f∗ν · rν − r

′∗
ν · f ′ν − f

′∗
ν · r′ν − r

′∗
ν ·
[
↔
Z
∗
+ −

↔
Z+

]
· rν

−r∗ν · [
↔
Z
∗
− −

↔
Z−] · r′ + r∗ν · [−

↔
Z+ −

↔
Z− + iν ∈ ·B] · rν

−r′∗ν · [−
↔
Z
∗
+ −

↔
Z
∗
− + iν ∈ ·B] · r′ν

)
(A.29)

and
↔
Z+ = −m

2
ν2

↔
I − mω2

0

2
↔
I − 4ν2

∞∫
0

dΩ
Ω

↔
G(Ω)

(Ω− iε)2 − ν2
(A.30)

↔
Z− = −m

2
ν2

↔
I − mω2

0

2
↔
I − 4ν2

0∫
−∞

dΩ
Ω

↔
G(Ω)

(Ω− iε)2 − ν2
(A.31)
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where
↔
I is the identity tensor. Next we perform the integral in Eq(A.28)

I =
∫ exp

−i

∞∫
0

dν

2π
(−r′∗ν · f ′ν − f ′ν · r′ν − r′∗ν ·

↔
Z2 · r′ν)


×
∫

exp

i

∞∫
0

dν

2π
(r∗ν ·

↔
Z1 · rν − [r′∗ν · (

↔
Z
∗
+ −

↔
Z+) + f∗ν ] · rν

−r∗ν · [(
↔
Z
∗
− −

↔
Z−) · r′ − fν ]

)
D[rν ]D[r∗ν ]

}
D[r′ν ]D[r′∗ν ] (A.32)

where
↔
Z1 = −

↔
Z+ −

↔
Z− + iν ∈ ·B (A.33)

↔
Z2 = −

↔
Z
∗
+ −

↔
Z
∗
− + iν ∈ ·B (A.34)

= exp

i

∞∫
0

dν

2π

f∗ν ·
1

↔
Z+ +

↔
Z
∗
− − iν ∈ ·B

· (f ′ν − fν)

+f ′ν ·
1

↔
Z
∗
+ +

↔
Z− + iν ∈ ·B

· (f ′∗ν − f∗ν ) + (f ′ν − fν) ·
1

↔
Z+ +

↔
Z
∗
− − iν ∈ ·B

× [
↔
Z+ −

↔
Z
∗
+ +

↔
Z− −

↔
Z
∗
−] · 1

↔
Z
∗
+ +

↔
Z− − iν ∈ ·B

· (f ′∗ν − f∗ν )

 (A.35)

Defining

↔
Zν =

↔
Z+ +

↔
Z
∗
− − iν ∈ ·B

= −mν2
↔
I −mω2

0

↔
I − iν ∈ ·B− 4ν2

∞∫
−∞

dΩ
Ω

↔
G(Ω)

Ω2 − ν2 − iε
; ν ≥ 0 (A.36)

we replace fν and f ′ν by their integral representations

fν =
∞∫

−∞

dτ fτe−iντ , f ′ν =
∞∫

−∞

dτ f ′τe
−iντ

Then Eq(A.35) becomes

I = exp


∞∫

−∞

dτ

∞∫
−∞

dσ(fτ − f ′τ ) · [
↔
L
∗
(τ − σ) · fσ −

↔
L(τ − σ) · f ′σ]

 (A.37)

where

↔
L(ξ) =

∞∫
0

dν

2π

1
↔
Zν

· [
↔
Z− −

↔
Z
∗
−] · 1

↔
Z
†
ν

e−iνξ +
∞∫
0

dν

2π

1
↔
Z
∗
ν

· [
↔
Z+ −

↔
Z
∗
+] · 1

↔
Zν

eiνξ (A.38)
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To pass from Eq(5.22) to Eq(5.23) in the text, we must calculate

↔
L (ξ)−

↔
L
∗
(ξ) =

∞∫
0

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 e−iνξ +

 1
↔
Z
∗
ν

− 1
↔̃
Zν

 eiνξ

 (A.39)

which follows at once from Eq(A.38) and the symmetry of
↔
Z± (ν). If as in TF we

generalize
↔
Zν to −∞ ≤ ν ≤ ∞ by writing

↔
Zν as

↔
Zν = −m (ν + iε)2

↔
I −mω2

0

↔
I − i (ν + iε) ∈ ·B− 4 (ν + iε)2

∞∫
−∞

dΩ
Ω

↔
G (Ω)

Ω2 − (ν + iε)2

(A.40)

then
↔
Zν =

↔
Z
∗
−ν and

↔̃
Zν =

↔
Z
†
−ν and Eq(A.39) becomes

↔
L (ξ)−

↔
L
∗
(ξ) =

∞∫
−∞

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 e−iνξ (A.41)

as desired. In the text we also need to follow the relationships easily obtainable from

Eqs(A.30), (A.31) and (A.36)

↔
Z
∗
+ −

↔
Z+ =

↔
Z
∗
+ −

↔̃
Z+ = 4πi

↔
G (ν) (A.42)

↔
Z
∗
− −

↔
Z− =

↔
Z
†
− −

↔
Z− = 4πi

↔
G (−ν) (A.43)

↔
Z
†
ν −

↔
Zν =

↔̃
Z−ν −

↔
Z
∗
−ν = 4πi

[↔
G (ν)−

↔
G (−ν)

]
(A.44)
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APPENDIX B

THE CALCULATION OF THE
↔
Lβ(ξ)

In this appendix we evaluate the function

↔
Lβ(ξ) =

∞∫
−∞

dν

2πi

 1
↔
Zν

− 1
↔
Z
†
ν

 1− e−iνξ

eβν − 1

=


K+

β (ξ) −K−
β (ξ) 0

K−
β (ξ) K+

β (ξ) 0

0 0 K
‖
β(ξ)

 (B.1)

where

K±
β (ξ) =

∞∫
−∞

dν

2πi

(
1

Z+
± 1

Z−

)
1− e−iνξ

eβν − 1
(B.2)

K
‖
β(ξ) =

∞∫
−∞

dν

2πi

1
Z‖

(
1− eiνξ

1− e−βν
+

1− e−iνξ

eβν − 1

)
(B.3)

Z± = −mν2 −mω2
0 ± νB − 4ν2

∞∫
−∞

dΩ
Ω

G±(Ω)
Ω2 − ν2 − iε

(B.4)

Z‖ = −mν2 −mω2
0 − 4ν2

∞∫
−∞

dΩ
Ω

G‖(Ω)
Ω2 − ν2 − iε

(B.5)

Using the Feynman one oscillator approximation

G±(Ω) = C⊥δ(Ω− w⊥) (B.6)

G‖(Ω) = C‖δ(Ω− w‖) (B.7)

Inserting G‖(Ω) into Eq(B.5), we have

−Z‖ = mν2 + mω2
0 +

4C‖ν
2

w‖(w2
‖ − ν2 − iε)

=
mν2(w2

‖ + 4C‖
w‖

+ ω2
0)−mν2 −mν2iε + mω2

0w
2
‖ + mω2

0iε

(w2
‖ − ν2 − iε)

Z‖ =
mν4 −mν2(υ2

‖ + ω2
0 + iε) + mω2

0w
2
‖ −mω2

0iε

(w2
‖ − ν2 − iε)
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; υ2
‖ = w2

‖ +
4C‖
w‖

Z‖ = m
(z2

1 − ν2)(z2
2 − ν2)

(w2
‖ − ν2 − iε)

(B.8)

where

z2
1 =

(υ2
‖ + ω2

0 + iε)

2
+

√
(υ2
‖ + ω2

0 + iε)2 + 4(w2
‖ω

2
0 − ω2

0iε)

2
(B.9)

z2
2 =

(υ2
‖ + ω2

0 + iε)

2
−

√
(υ2
‖ + ω2

0 + iε)2 + 4(w2
‖ω

2
0 − ω2

0iε)

2
(B.10)

Substituting Eq(B.8) into Eq(B.3)

K
‖
β(ξ) =

1
m

∞∫
−∞

dν

2πi

(w2
‖ − ν2 − iε)

(z2
1 − ν2)(z2

2 − ν2)

(
1− eiνξ

1− e−βν
+

1− e−iνξ

eβν − 1

)

=
1
m

∞∫
−∞

dν

2πi

(w2
‖ − ν2 − iε)

(z1 − ν)(z1 + ν)(z2 − ν)(z2 + ν)

×
(

1− eiνξ

1− e−βν
+

1− e−iνξ

eβν − 1

)
(B.11)

A quick inspection shows that the integration has poles at ±z1 and ±z2, and

K
‖
β(ξ) =

1
m

(w2
‖ − z2

1 − iε)

2z1(z2
2 − z2

1)

(
1− eiz1ξ

1− e−βz1
+

1− e−iz1ξ

eβz1 − 1

)

+
1
m

(w2
‖ − z2

2 − iε)

2z2(z2
1 − z2

2)

(
1− eiz2ξ

1− e−βz2
+

1− e−iz2ξ

eβz2 − 1

)

=
1
m

(z2
1 − w2

‖ + iε)

2(z2
1 − z2

2)

cosh
(

z1β
2

)
− cos z1

(
ξ − iβ

2

)
z1 sinh

(
z1β
2

)
+

1
m

(z2
2 − w2

‖ + iε)

2(z2
2 − z2

1)

cosh
(

z2β
2

)
− cos z2

(
ξ − iβ

2

)
z2 sinh

(
z2β
2

) (B.12)

So

lim
ε→0

K
‖
β(ξ) =

1
m

(z2
1 − w2

‖)

2(z2
1 − z2

2)

cosh
(

z1β
2

)
− cos z1

(
ξ − iβ

2

)
z1 sinh

(
z1β
2

)
+

1
m

(z2
2 − w2

‖)

2(z2
2 − z2

1)

cosh
(

z2β
2

)
− cos z2

(
ξ − iβ

2

)
z2 sinh

(
z2β
2

) (B.13)

For ω0 −→ 0, then z1 = υ‖ and z2 = 0, Eq(B.13) becomes

K
‖
β(ξ) =

1
m

(υ2
‖ − w2

‖)

2υ3
‖

cosh
(

υ‖β

2

)
− cos υ‖

(
ξ − iβ

2

)
sinh

(
υ‖β

2

) − 1
2m

w2
‖

υ2
‖

(
iξ +

ξ2

β

)

=
1

2m

w2
‖

υ2
‖

(υ2
‖ − w2

‖

υ‖w
2
‖

)
cosh

(
υ‖β

2

)
− cos υ‖

(
ξ − iβ

2

)
sinh

(
υ‖β

2

) − iξ +
ξ2

β

(B.14)



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Physics) / 79

Next we insert G+(Ω) into Eq(B.4), and we have

−Z+ = mν2 + mω2
0 + νB +

4ν2C⊥
w⊥(w2

⊥ − ν2 − iε)

=
mν2(υ2

⊥ + ω2
0 − iε)−mν4 + ν3B + ν(iε− w2

⊥)B + mω2
0w

2
⊥ −mω2

0iε

(w2
⊥ − ν2 − iε)

; υ2
⊥ = w2

⊥ +
4C⊥
w⊥

Z+ = m
(s1 − ν)(s2 − ν)(s3 − ν)(s4 − ν)

(w2
⊥ − ν2 − iε)

(B.15)

where si is the solution of the polynomial degree four

mν4 + ν3B −mν2(υ2
⊥ + ω2

0 − iε)− ν(iε− w2
⊥)B + mω2

0w
2
⊥ + mω2

0iε (B.16)

Next we insert G−(Ω) into Eq(B.4), and we have

−Z− = mν2 + mω2
0 − νB +

4ν2C⊥
w⊥(w2

⊥ − ν2 − iε)

=
mν2(υ2

⊥ + ω2
0 − iε)−mν4 − ν3B − ν(iε− w2

⊥)B + mω2
0w

2
⊥ −mω2

0iε

(w2
⊥ − ν2 − iε)

; υ2
⊥ = w2

⊥ +
4C⊥
w⊥

Z− = m
(s1 + ν)(s2 + ν)(s3 + ν)(s4 + ν)

(w2
⊥ + ν2 − iε)

(B.17)

where −si is the solution of the polynomial degree four

mν4 − ν3B −mν2(υ2
⊥ + ω2

0 − iε) + ν(iε− w2
⊥)B + mω2

0w
2
⊥ + mω2

0iε (B.18)

Inserting Eq(B.15) and Eq(B.17) into Eq(B.2), we find

K+
β (ξ) =

∞∫
−∞

dν

2πi

(
1

Z+
+

1
Z−

)
1− e−iνξ

eβν − 1

=
∞∫

−∞

dν

2πi

(
(w2

⊥ − ν2 − iε)
(s1 − ν)(s2 − ν)(s3 − ν)(s4 − ν)

+
(w2

⊥ − ν2 − iε)
(ν + s1)(ν + s2)(ν + s3)(ν + s4)

)
1− e−iνξ

eβν − 1
(B.19)

A quick inspection shows that the integration has poles at ±si, and Eq(B.19) becomes

K+
β (ξ) =

1
m

{
− (w2

⊥ − s2
1 − iε)

(s1 − s2)(s1 − s3)(s1 − s4)
1− e−is1ξ

eβs1 − 1

+
(w2

⊥ − s2
1 − iε)

(s1 − s2)(s1 − s3)(s1 − s4)
1− eis1ξ

1− e−βs1
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− (w2
⊥ − s2

2 − iε)
(s2 − s1)(s2 − s3)(s2 − s4)

1− e−is2ξ

eβs2 − 1

+
(w2

⊥ − s2
2 − iε)

(s2 − s1)(s2 − s3)(s2 − s4)
1− eis2ξ

1− e−βs2

− (w2
⊥ − s2

3 − iε)
(s3 − s1)(s3 − s2)(s3 − s4)

1− e−is3ξ

eβs3 − 1

+
(w2

⊥ − s2
3 − iε)

(s3 − s1)(s3 − s2)(s3 − s4)
1− eis3ξ

1− e−βs3

− (w2
⊥ − s2

4 − iε)
(s4 − s1)(s4 − s2)(s4 − s3)

1− e−is4ξ

eβs4 − 1

+
(w2

⊥ − s2
4 − iε)

(s4 − s1)(s4 − s2)(s4 − s3)
1− eis4ξ

1− e−βs4

}
(B.20)

Then

K+
β (ξ) =

1
m

4∑
j=1

(s2
j − w2

⊥ + iε)∏
j 6=i

(sj − si)

(
1− e−isjξ

eβsj − 1
− 1− eisjξ

e−βsj − 1

)

=
1
m

4∑
j=1

(s2
j − w2

⊥ + iε)∏
j 6=i

(sj − si)

cosh
(

sjβ
2

)
− cos sj

(
ξ − iβ

2

)
sinh

(
sjβ
2

)
lim
ε→0

K+
β (ξ) =

1
m

4∑
j=1

(s2
j − w2

⊥)∏
j 6=i

(sj − si)

cosh
(

sjβ
2

)
− cos sj

(
ξ − iβ

2

)
sinh

(
sjβ
2

) (B.21)

For ω0 −→ 0, s4 = 0, we get

K+
β (ξ) =

1
m

3∑
j=1

(s2
j − w2

⊥)
sj
∏
j 6=i

(sj − si)

cosh
(

sjβ
2

)
− cos sj

(
ξ − iβ

2

)
sinh

(
sjβ
2

) (B.22)

For convenience we will use the Devreese expression [24], so that Eq(B.22) becomes

K+
β (ξ) =

3∑
j=1

c2
j

cosh
(

sjβ
2

)
− cos sj

(
ξ − iβ

2

)
sinh

(
sjβ
2

) (B.23)

where

c2
j =

1
2m

s2
j − w2

⊥
sj

1
3s2

j − 2 (−1)j+1 ωcsj − υ2
⊥

(B.24)

Using the results of Eq(B.15) and Eq(B.17), we express K−
β (ξ) as

K−
β (ξ) =

3∑
j=1

c2
j

sinh
(

sjβ
2

)
+ i sin sj

(
ξ − iβ

2

)
sinh

(
sjβ
2

) (B.25)

Finally it is very easy to show that

k ·
↔
Lβ (ξ) · k = k2

⊥K⊥
β (ξ) + k2

zK
‖
β (ξ) (B.26)
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where

K⊥
β (ξ) = K+

β (ξ) (B.27)
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APPENDIX C

GROUND STATE ENERGY CALCULATION
PROGRAM

*************************************************************************

c program: Ground state energy of a polaron in a magnetic field

c purpose: To minimize ground state energy of the polaron in a

c magnetic field

*************************************************************************

program ground

implicit real*8(a-h,o-z)

*************************************************************************

c Global-variable declaration

*************************************************************************

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

common/gruss/xi(48),wi(48)

common/quad/nstrip

common/range/scale

*************************************************************************

c Initialize default value to all parameter

*************************************************************************

call setpquad

call setglob

call initialvalue

write(6,*)’tol’,tol

write(6,*)’sta’,sta
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write(6,*)’fin’,fin

write(6,*)’nst’,nst

total=0.d0

hold=e0()

write(6,*)’before search’

write(6,*)’v1’,v1

write(6,*)’w1’,w1

write(6,*)’s2’,s2

v2=dsqrt(s2*s2+wc*s2-wc*w2*w2/s2)

write(6,*)’v2’,v2

write(6,*)’w2’,w2

write(6,*)’wc’,wc

write(6,*)’(v1*v1)/(w1*w1)’,(v1*v1)/(w1*w1)

write(6,*)’(v2*v2)/(w2*w2)’,(v2*v2)/(w2*w2)

write(6,*)’energy’,hold

bigh=hold

write(6,*)’alpha’,alpha

write(6,*)’searching’

*************************************************************************

c Optiminze parameters;including v1,w1,v2,w2

*************************************************************************

scale=1.d0*sta

40 l=0

10 call search()

l=l+1

if(l.lt.1000)goto 10

*************************************************************************

c Show energy and parameters after calculation 1000 times
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*************************************************************************

write(6,*)’energy’,hold

write(6,*)’scale’,scale

write(6,*)’V1’,V1

write(6,*)’v1’,v1

write(6,*)’w1’,w1

write(6,*)’s2’,s2

v2=dsqrt(s2*s2+wc*s2-wc*w2*w2/s2)

write(6,*)’v2’,v2

write(6,*)’w2’,w2

write(6,*)’wc’,wc

write(6,*)’(v1*v1)/(w1*w1)’,(v1*v1)/(w1*w1)

write(6,*)’(v2*v2)/(w2*w2)’,(v2*v2)/(w2*w2)

diffen=abs(bigh-hold)

total=total+diffen

if(diffen.lt.tol)scale=.5d0*scale

bigh=hold

if(scale.ge.fin)goto 40

write(6,*)’total change is’,total

28 write(6,*)’input nstrip for integral check’

read(5,*)nst

if(nst.eq.0)goto 29

hold=e0()

write(6,200)hold

goto 28

29 continue

*************************************************************************

c Format of reading data from field’data.dat’
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*************************************************************************

200 format(3f23.15)

300 format(23x,2f23.15)

400 format(2f10.5,I4)

stop

end

*************************************************************************

c Subroutine search

*************************************************************************

subroutine search()

implicit real*8 (a-h,o-z)

real*4 urand

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

common/range/scale

data iseed/0/

rand=(urand(iseed)-.5)*v1

rand=scale*urand(iseed)*rand

v1=v1+rand

if(v1.ge.w1.and.v1.ge.1.d0)then

e=e0()

if(hold.gt.e)then

hold=e

goto 3

endif

endif

v1=v1-rand

3 rand=(urand(iseed)-.5)*w1

rand=scale*urand(iseed)*rand
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w1=w1+rand

if(w1.le.v1.and.w1.ge.1.d0)then

e=e0()

if(hold.gt.e)then

hole=e

goto 4

endif

endif

w1=w1-rand

4 rand=(urand(iseed)-.5)*s2

rand=scale*urand(iseed)*rand

s2=s2+rand

if(s2.ge.w2.and.s2.gt.wc)then

e=e0()

if(hold.gt.e)then

hole=e

goto 4

endif

endif

s2=s2-rand

5 continue

rand=(urand(iseed)-.5)*w2

rand=scale*urand(iseed)*rand

w2=w2+rand

if(w2.le.s2.and.w2.gt.wc)then

e=e0()

if(hold.gt.e)then

hole=e
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goto 4

endif

endif

w2=w2-rand

1 continue

return

end

*************************************************************************

c Set global variables by reading data from file’data.dat’

*************************************************************************

subroutine setglob

implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

open(1,file=’variabledata.dat’)

read(1,*)alpha

read(1,*)v1

read(1,*)w1

read(1,*)s2

read(1,*)w2

read(1,*)wc

close(1)

return

end

*************************************************************************

c Set global initial value by reading data from

file’inivalue.dat’

*************************************************************************

subroutine initialvalue
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implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

open(2,file=’inivalue.dat’)

read(2,*)tol

read(2,*)sta

read(2,*)fin

read(2,*)nst

close(2)

return

end

*************************************************************************

c Expression of energy of the polaron in a magnetic field

*************************************************************************

function e0()

implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

external f

pi=4.d0*datan(1.d0)

call integrl(g)

e0=2.d0*s2*s2*s2+wc*s2*s2+wc*w2*w2

e0=(s2-w2)*(s2-w2)*(s2*s2-wc*w2)/e0

e0=wc/2+(v1-w1)*(v1-w1)/(4.d0*v1)+e0

e0=e0-alpha-dsqrt(1.d0/(2.d0*pi))*alpha*g

return

end

*************************************************************************

c Expression of t1(x)
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*************************************************************************

function t1(x)

implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

wb=(wc+s2)*(wc+s2)/4.d0

wb=wb-(wc*w2*w2)/s2

wb=dsqrt(wb)

y=(wc+s2)*x/2.d0

c=wb*x

t1=cosh(c)+(s2-wc)*sinh(c)/wb/2.d0

t1=1.d0-t1*dexp(-y)

return

end

*************************************************************************

c Expression of t2(x)

*************************************************************************

function t2(x)

implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

wb=(wc+s2)*(wc+s2)/4.d0

wb=wb-(wc*w2*w2)/s2

wb=dsqrt(wb)

a=s2*x

y=(wc+s2)*x/2.d0
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c=wb*x

t2=(s2+wc)*dexp(-y)*sinh(c)/wb

t=1.d0-dexp(-a)-t2

return

end

*************************************************************************

c Expression f(x)

*************************************************************************

function f(x)

implicit real*8 (a-h,o-z)

common/glob/v1,w1,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

*************************************************************************

c Expression di(x)

*************************************************************************

r=v1*v1-w1*w1

y=v1*x

a=(1.d0-y-dexp(-y))/y

b=a/y

c=r*a/v1/v1

d=r*b/v1

di=c*(1.d0+c)/d/2.d0

*************************************************************************

c Expression dh(x)

*************************************************************************

c2=(2.d0*s2*s2*s2)+(s2*s2*wc)+(w2*w2*wc)
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c2=(s2-w2)*(s2+w2)/c2

c2=dsqrt(c2)

dh=(1.d0/wc+c2*c2)*t1(x)

dh=dh+c2*c2*t2(x)

dh=dh/2.d0

*************************************************************************

c Expression b(h)

*************************************************************************

h=di/dh

if(h.lt.1.d0)then

b=dsqrt(h/(-h+1.d0))*dlog((dsqrt(h)+dsqrt(-h+1.d0)))

else

b=dsqrt(h/(h-1.d0))*dlog((dsqrt(h)+dsqrt(h-1.d0)))

endif

f=b/dsqrt(di)-dsqrt(2.d0/x)

f=f*dexp(-x)

return

end

*************************************************************************

c Quadrature integration: g is return value

*************************************************************************

subroutine intgrl(g)

implicit real*8 (a-h,o-z)

external f

common/quad/nstrip

cut=0.d0

1 cut=cut+1.d0



Sikarin Yoo-kong Ground State Energy Calculation Program / 92

if(f(cut).gt.1.d-15)goto 1

d=1.d0/dfloat(nstrip)

g=0.d0

do 3 i=1,nstrip

a=dfloat(nstrip-i+1)*d

b=a-d

a=-dlog(a)

if(i.lt.nstrip)then

b=-dlog(b)

else

b=cut

endif

3 g=g+pquad(a,b,f)

return

end

function pquad(a,b,fun)

real*8 pquad,a,b,xi,wi,c,d,yi,fun

external fun

parameter(n=48,n2=n*2)

dimension xi(n),wi(n),yi(n2)

common/guass/xi,wi

c=.5d0*(b-a)

d=.5d0*(b+a)

do 2 i=1,n

yi(i)=c*xi(i)+d

2 yi(i+n)=-c*xi(i)+d

pquad=0.d0
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do 1 i=1,n

pquad=pquad+fun(yi(i)*wi(i)

1 pquad=pquad+fun(yi(i+n))*wi(i)

pquad=pquad*c

return

end

*************************************************************************

c Initialize pquad parameters

*************************************************************************

subroutine setpquad

implicit real*8 (a-h,o-z)

common/gauss/xi(48),wi(48)

common/quad/nstrip

nstrip=5

open(1,file=’pquad.dat’)

read(1,100)(xi(i),wi(i),i=1,48)

100 format(2d24.17)

close(1)

return

end

*************************************************************************

c Random generator

*************************************************************************

function urand(iy)

c uniform random number generator\

c initialize iy prior to first call.

c calling program must not alter iy between call.\

c values of urand are returned in the interval (0,1).\
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real*8 halfm

data m2/0/,itwo/2/

if(m2.ne.0)goto 20

c if first entry, compute machine integer word length.

m=1

10 m2=m

m=itwo*m2

if(m.gt.m2)goto 10

halfm=m2

c compute multiplier and increment for linear congruential

method.\

ia=8*idint(halfm*datan(1.d0)/8.d0)+5

ic=2*idint(halfm*(.5d0-DSQRT(3.D0)/6.D0))+1

mic=(m2-ic)+m2

c s is the scale factor for converting to floating point.

s=.5/halfm

c compute next random number

20 iy=iy*ia

c the following statement is for computers which do not allow

c integer overflow on addition.

c if(iy.gt.mic)iy=(iy-m2)-m2

iy=iy+ic

c the following statement is for compute where the word length

c for addition is greater than for multiplication.

c if(iy/2.gt.m2)iy=(iy-m2)-m2

c the following statement is for compute where integer overflow
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c affects the sign bit.

if(iy.lt.0)iy=(iy+m2)+m2

urand=flodt(iy)*s

return

end
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