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ABSTRACT

This research was done in the three stages. In the first stage, the propagator
was obtained for a charged particle subjected to an electromagnetic field and being
under the influence of a non-local oscillator. The method of derivation was based on
a direct solution of the corresponding classical equation of motion.

In the second stage, an analytic expression of the ground state energy of the
polaron in a magnetic field was derived by J.D. Devreese and F. Brosens but no
numerical data was presented. So, the objective of this stage was to present some
numerical results.

Finally, the steady-state condition of an electron interacting with the phonons
of a crystal in finite electric and constant magnetic fields was determined via two
methods utilizing Feynman path integrals. The first method was called “Double Path”.
The second method was called “Single Path”. The loss rate of momentum when
applying fields was expressed in a form in which the lattice coordinates had been
eliminated exactly by path integrals methods. The quadratic influence functional
used to simulate the electron-lattice interaction was shown to be derived from a self-
consistent relation for the impedance tensor. The Feynman one-oscillator model is
discussed in terms of the self-consistency relation. The applied magnetic and electric
fields problem is discussed. Lastly, we have derived the explicit form of the effective

mass and the mobility of the polaron in a magnetic field.
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CHAPTER 1

REVIEW AND INTRODUCTION TO THE POLARON

1.1 The polaron

The Feynman path-integral formulation of quantum mechanics has become a major
tool in many areas of physics and chemistry, as illustrated by the various topics covered
in the Handbook of Feynman path integrals [1]

The subject of the polaron has continued to attract the attention of physicists.
Briefly, a polaron is an electron moving in a polar crystal together with the self -
induced polarization of the lattice. In particular, the polaron is characterized by its
binding energy, effective mass and by its response to external electric and magnetic
fields (i.e. mobility and impedance).

In general, there are two distinct types of polarons formed depending on which
electron-lattice interaction is of primary importance. A large polaron forms when
the electron-lattice interaction due to long-range Coulombic interactions between an
electronic carrier and a solid’s ions is of paramount importance. Competing effects
then determine the radius of a large polaron. By contrast, a small polaron can form
when a short range electron-lattice interaction, is dominant. A small polaron is shrunk
without limit until it is confined to a single site. This thesis is concerned with the
large polaron, or Frohlich polaron

The polaron concept is of interest, not only because it describes the particular
physical properties of an electron in an polar crystal or ionic semiconductor but also
because it is an interesting field theoretical model consisting of a fermion interacting
with a scalar boson field.

The early work on polarons was devoted to the interaction between a charge

carrier and the long - wavelength optical phonons. The field - theoretical Hamiltonian
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describing this interaction was derived by Frohlich [2]

P2 1 . .t ik
Hpol = % + ; h(&)kaLak + W g (Ckakel rr + Ckaii.(e ¢ 1‘7—) (11)

where
thwy | 4o h
Cx =
k V o\ 2mwy

(1.2)

Here V is the volume of the crystal, & is the Planck’s constant, wy is the frequency of
the longitudinal optical phonons and « is the dimensionless Frohlich coupling constant.
The Hamiltonian H),; is readily constructed by the standard conversion of the creation
and annihilation operators a;f( and ay of a harmonic oscillator to the corresponding
position and momentum variables. r is the position coordinate operator of the electron
with mass m and P is its canonically conjugate momentum operator.

In the past, most works on polarons were devoted to calculating the ground-
state energy and the effective mass of the polaron at zero temperature. Analytical
results are available for these properties only for the limits of small and large values
of electron-phonon coupling strength [3-9]. The theory of Tyablikov [10] can prove re-
sults for both the weak coupling as well as strong-coupling limits, but the method can
not resolve intermediate coupling behavior. Feynman’s celebrated path integral [11,12]
theory of the polaron [14] addresses this. The path integral method offers a unique
advantage in discussing the electron-phonon system [15-17]. If the electron-lattice
interaction is linear in the lattice variables (the phonon approximation), then these
lattice variables can be eliminated exactly, and the problem can then be written in
terms of the electronic coordinates alone. The simplification thus achieved is remark-
able as demonstrated in previous papers discussing the polaron problem [14-17].

There is one difficulty, however. Written in terms of electron coordinates
alone, the method cannot be completed without making some approximation. The
most successful is due to Feynman [14] who attempted to simulate the exact influence
functional by an approximate harmonic one which imitated the exact functional as

well as possible while still permitting the calculation to be completed. After deriving
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a variational principle which gave an upper bound to the ground state energy of an
electron interacting with an arbitrary distribution of phonons, he used as an influence
functional the now well-known one-oscillator trial distribution whose strength and
frequency are variational parameters used to minimize the ground-state energy at zero
temperature. This method was soon generalized to finite temperature [18].

Following this success for calculating self-energy, transport properties includ-
ing mobility [19], impedance [15], and velocity-field characteristics [17] were investi-
gated using harmonics in place of the exact influence functionals. More recently in
the nonlinear problems of calculating the velocity-field dependence for arbitrary cou-
pling, temperature, and field strength, Thornber-Feynman [17] were forced to fall back
on the Feynman one-oscillator influence functional for lack of anything better. This
was particularly unfortunate because in the region of maximum energy loss per unit
distance the electron’ s relative motion is certainly appreciably faster than as given
by the one-oscillator model at the lattice temperature. Also, one can apply a strong
magnetic field to calculate Hall mobility and cyclotron mass, and again one expects
the harmonic influence functional to depend on the applied field. Finally, while the
one-oscillator model is physical for the polaron problem where an energy threshold
exists for phonon emission, in order to deal with optical phonons where phonons of
any energy can be emitted, it is clear one must have some procedure to determine a
more physical model interaction. Moreover, little motivation for this can be sought
from trying to minimize the free energy. For finite electric fields, the energy loss is so
important that the real and imaginary parts of the self-energy are comparable. For
the drifting electron problem, we must pass to imaginary velocity variables.

Thornber [20] has calculated both the linear and non-linear transport proper-
ties of electron-phonon systems with constant electric, a small time-dependent electric
field and magnetic fields. The expectation value of the rate of change of momentum
operator equation was calculated for a general harmonic influence functional. The

electron will acquire some steady-state expectation drift velocity which can be related
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to the strength of the electric and magnetic fields. Finally, he also comments on
the Hall mobility, cyclotron mass, and magnetoresistance for the Fréhlich polaron in

perpendicular electric and magnetic fields.

1.2 Objective of study

The purpose of this research is to study the following problem. Suppose we have an
electron interacting with the phonon modes of a crystal. Let us assume that in the
uniform lattice, the electron would move as a free particle. We are not interested in
the problem of an electron weakly coupled to the phonons, in which the unperturbed
electron states are better described by a band structure. We now take the crystal and
apply a spatially uniform and time-dependent electric field E and magnetic field B. An
electron is said to be in a steady-state if the expectation value of its acceleration is zero.
We find the steady-state relation between E and B for arbitrary lattice temperature,
electron-phonon coupling strengths and magnetic and small electric field. In various
limits we can recover drift and Hall mobility, and other interesting transport properties.
The specific objectives are stated as follows:

1. To study how to evaluate the ground state energy of a polaron in the magnetic field
by using the Devreese assumption [21,24] and minimize that energy to determine the
four parameters (v, w, v, w])

2. To study the steady-state condition of a polaron in a small electric field and an
arbitrary magnetic field. Of particular interest is the case where the electric field is
modeled by

E, = Ege " (1.3)

where Ej is a constant vector, and e~*7 is the time dependence of the oscillation of

frequency w.

1.3 Outline of thesis

Chapter 2 reviews some basics of Feynman’s path integral and describes the elimi-

nation of the phonon coordinates. Chapter 3 evaluates the non-local action and the
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propagator. Chapter 4 determines the ground-state energy of a polaron in a magnetic
filed by using the J.T.Devresse and F.Brosens [24](hereafter refereed to as DB) tech-
nique and shows the numerical results. Chapter 5 evaluates the steady-state of the
electron in the applied fields, and shows self-consistence of the solution. Lastly we
express the effective mass and the mobility of the polaron in a magnetic field. Chapter

6 summaries conclusions.
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CHAPTER 2

INTRODUCTION TO THE FEYNMAN PATH
INTEGRAL

The conventional formulation of quantum mechanics in terms of operators in Hilbert
space is a Hamiltonain approach. It was invented and developed by Bohr, Born, Dirac,
Heisenberg, Jordan, Pauli, Schrédinger, and others in the years 1925-26. The basic
quantity in quantum mechanics is a certain complex function ¥ called a probability
amplitude or wave function associated with every quantum mechanical state. In the
simplest case of a single particle the wave function ¥(r,t) is the total amplitude for
the particle to arrive at a particular point (r,¢) in space and time from the past in
some situation. The probability (density) of finding the particle at the point r and at
the time ¢ is |[¥(r,#)[2. In the usual approach to quantum mechanics the wave function
is calculated by solving a differential equation, which for non-relativistic systems, is
the Schrodinger Equation
ov

ih— = HU 2.1
m(?t (2.1)

Here H is a differential operator called the Hamiltonian or Schrédinger operator, which
is derived from the classical Hamiltonian H(p,r) of the associated classical system.
The Schrédinger Equation (2.1) is a kind of wave equation, and this explains why the
probability amplitude |¥(r,#)|? is commonly called the (Schrédinger) wave function.
Obviously, the Schrédinger Equation (2.1) is a deterministic equation, since knowledge
of U at t, implies knowledge at all subsequent times t;, . However, the interpretation
of the probability of an event is an indeterministic interpretation. Introduction of the
Green function of the time-dependent Schrodinger Equation (2.1) allows the quantum
mechanical time evolution of the wave function to be explicitly given by the integral

relation

‘I’(I'tb,tb) :/drtaK(I'tb7tb;I'ta,ta)‘ll(rta,ta) (22)
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which determines the probability amplitude at a final point r;, at time ¢; in terms of
the probability amplitude ¥(r,,t,) at an initial point ry, at time ¢,. Eq(2.2) shown
that the Green function K plays the role of an integral kernel. In fact, K is identical

to the kernel of the quantum mechanical time-evolution operator (T' = t, — t, > 0)
K(rtb7 tb; I'ta,ta) = <rtb‘ eiéTH ‘rta> (23)

Since the integral relation Eq(2.2) is completely equivalent to the Schrédinger Equa-
tion(2.1), it offers the possibility of considering Eq(2.2) as the basic time-evolution
equation in quantum mechanics and thus as an alternative to the operator Schrédinger
equation. This is exactly Feynman’s approach in his path integral formulation of quan-
tum mechanics [12]. In this approach the integral kernel K is the primary object, and
that is the reason why the time-dependent Green function K is in this context is
commonly called the Feynman kernel. “A quantum mechanical system is described
equally well by specifying the function K, or by specifying the Hamiltonain H from
which it results. For some purpose the specification in terms of K is easier to use
and visualize” [13]. It is clear from Eq(2.2) and Eq(2.3) that the Feynman kernel
K(ry,,tp;re,,tq) has the meaning of a transition-probability amplitude to get from
the point (r¢,,t,) and (r,, %) , or in Feynman’s words : “A probability amplitude is
associated with an entire motion of a particle as a function of time, rather than simply

with a position of the particle at a particular time”. [11]

2.1 The propagator

Let us briefly sketch how Feynman arrived at his path integral. At time t, a particle is
prepared at r;,. The probability amplitude (complex) that the particle will be found
at ry, at time ¢, is the propagator K. The propagator can be split in two parts: from
tq to an intermediate time t; and from there to the final time ¢;. By means of Eq(2.2)

one can show that the propagator obeys the property

K(rtbatbSrtavta) = /drth(rtbatbSrtlatl)K(rtutl;rtmta) (2'4)
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We can also write

K(rtbatb;rtaata) :/drtl/drth(rtbatb;rtgat2)K(rt27t2§rtlatl)K(rtlatISrtaat(z)
(2.5)

and so on. We slice time into IV intervals, of width . By

tNn = tp>In_1>tnN—2>...>1 >t >t =1
o = tasin=1
thn, = ne+tyty—ta=Ne,n=12,..,.N—1

then

K(ry,, tyire,, ta) = /drtl--'/drN—lK(rtbatb;rN—latN—l)

XK(I'N717 tN*l; rN-2, tN72)...K(rt1 ) t17 rta ) ta) (26)

N-1
K(ry,, ty;re,,te) = N lim lH /drnl K(ry,rp_15€).... K(ry, 14,5 €) (2.7)
n=1

—00,e—0

To visualize this pictorially, we consider a space-time plane, as shown in Fig-
ure 2.1. The initial and final space-time points are fixed to be (ry,,t,) and (ry,, ), re-
spectively. For each time segment, say between ¢,,_1 and t,,, we consider the transition
amplitude to go from (r,_1,t,—1) to (rp,t,); we then integrate over ry,ry,,...,'N_1.
This means that we must sum over all possible paths in the space-time plane with the
end points fixed.

Now, we consider

—i 1

K(rnarn—l;e) = <rn ‘BYHE

Fno1) (2.8)
where H = % + V(r), and

—ie 52 ~
K(rnarn—l;g) - <rn eT(%—i—V(r))

- <rn

We know [dp|p) (p| =1, where p is momentum, and Eq(2.9) becomes

rn—1>

== (B2 LV (r, 1)
h 2m n— I'n_1> (29)

e

—ic (p° —ie
K(rnarn—ﬁg) = /dp <I‘n‘ eT(Qan) ’p> (p‘ rn—1> eTV(rn—l)

—ie 2 —ie
= [ dpe T ED (1] p) (plrac) e FVED (200)
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t
A ( ) )
r L
/ | "
\ tN—]_
/ |
N .
t2
>
(rta’ta)
Figure 2.1: Paths in r-t plane
3 ipr
We also know that (r| p) = (#) *e’n , so that
1 % iaV —ie 1:)2 ip(rn—rp_1)
K(rp,rn_15¢) = () e n (r”*)/dpe S — (2.11)
21h

Let y =p — Z(rp — r—1). Now Eq(2.11) becomes

3
]. 2 i€ im("n*rn— )2 i€
K(ry,rp_1;e) = (277h)2 e Ve e /dye—mYQ
_ (27Tmh1>2 (%?;i(l‘nfl‘n—l)Q*%V(rn—l))
e 2mh
3

= i (rn*rn—l>2
m \2 (5 v )
= 2.13

(27Thi€) ¢ ( )
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Finally we get the propagator of the particle from a — b

N
ic Z m M) V(rn_1)}
K(rtb’rta) = lim [ /drn]( m ) e{h n=1 2

N—o00,e—0 2mich
tp

= A/D[rT] exp ;l/dt (ZLI"TQ — V(r)) (2.14)

ta
tp
where Sclassical = fdt (%r‘72 o V(I‘)), and
ta

rtb

K (ry,1,,) = A / D [r,]ek Setassicat (2.15)

Ttq

where A is a constant independent of the dynamics of the system and symbol the D]r]
is the “path differential measure” signifying summation or integration over all paths .
In this integration, the end points are held fixed and only the intermediate points are
integrated over the entire space. Any spatial configuration of the intermediate points,
of course, gives rise to a trajectory between the initial and the final points. Thus,
integrating over all such configurations is equivalent to summing over all the paths

connecting the initial and the final points.

2.2 Elimination of the phonon coordinates

In this section we want to eliminate the phonon coordinates by using Feynman’s path

integral. The Hamiltonian for this system may be written as
H,, = H.+ Z hwkaLak + Z (C’kakeik'” + C’f:air{e_ik'”) (2.16)
k k

where H, is the Hamiltonian of the electron and r is the vector position of the electron.
Since H,,,; is written in terms of the creation and annihilation operators, we must first
rewrite it using coordinates and momenta. If we quantize the motion of the crystal,

we must choose the creation and annihilation operators, so that

G = \/Z(awra* ) (2.17)
Pk = i\/hQTk(aT_k—ak) (2.18)
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then

1 2wy . 2
_ L |2 2.1
ax 2( . q +1 hwkpk> (2.19)
1 2w 2
(T (N e % S B S 2.2
e B ( 7 Qg — hwkpk> ( . 0)

From the Eq(2.16), the kinetic energy of the collective mode of the phonons is

- T
thonon = Zhwkakak

_ Zhwk<\/>qk+l\/>pk>< - 'nik’i)

21
= = Z hwy < quk h Pkpk 7 [qltpk - qukD (2.21)

From Eq(2.17) and Eq(2.18), we find qlT( = ¢_k and pL = p_x. We can show that

Sar =Y a k=D -k =D axpy (2.22)
k K K K
Since
Ll=0 2.23
Ak, Qs kK’ ( . )
thus
[qx, prer] = iTiby,—xe (2.24)

By using the properties Eq(2.22)-(2.24), Eq(2.21) becomes

1 1 1
thonon = Z <2PLP1< + 2kaIT<Qk> 2h [Qk,P—k]hwk
k
1 1
= Z (2prk + iwlchlt‘Jk — 2hwk> (2.25)
k

The interaction term between the electron and the phonons in Eq(2.16) is of the form

2wy

- X Crqre™ T (2.26)

Hinteraction = §
k

Substituting Eq(2.25) and Eq(2.26) into Eq(2.16), we have

1 1 1 [ 2w .
Hpol =H,+ Z <2p;r(pk + §w12(q;r(pk — 2hwk> + Z ?kcquezk r- (2'27)
k k
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The gqx and pyx are not canonical and some analysis is required. Let £ be the set

containing half the points in d-dimensional space for k > 0. We then conclude that

—k € ¢, and k = 0 is a spacial point not contained in either £ or £. We now define

1

= —(k+pxk) forkef

>

P = pg fork=0

= 5P-pa) forked

and

1

= (gx + q-x) forkeg

>

Qx = qo fork=0

1

= T(qk—q,k) for k € ¢

2

which have the required property that

[Qx, Pw] = thoy 1
Using Eq(2.28),(2.29), we obtain
> vk =Y B
k k
and
Sdac=> 0
k k
From Eq(2.29), we have

1

= (Qx +iQ-x) forkel

V2
gk = Qo fork=0

7

= L (Qe-iQ) forked

V2

Substituting Eq(2.33) into Eq(2.26), we have

1 2wk . k.
Hinteraction = Z ﬁ ?Ck (Qk + ZQ—k) elk T+
keé

2w0
TCOQO

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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+ Z ka R0k (Qx — iQx) €™

k€§’

QWOOOQO ZW‘ A (O + Q1

keg

e T (Q +iQ

2
\ = 0 COQO + Z 2,/ Cka cosk-r, + Z 21/ Cka sink - r;

keg keg’

= 2; %Ckafk,T (2.34)

where

= cosk-r, forke¢

1
fer = 7 for k =0 (2.35)

= sink-r, forke¢

We now substitute Eqs(2.31), (2.32) and (2.34) into Eq(2.27), and we have

Hpol = H + Z ( + Qk hWk) + 22 \/701{Qkfk‘l' (236)

The propagator for the above system is given by

K (vt Qb tyi e, Qita) = {1y, Qoo rta,Qﬁ,t )
Tty
_ / [c, H/DQk (2.37)
Tig kQ“

where
ty
Lag 190 1 “k
S — / ar Lo+ Y (508 - 5uR @ — shanc) — 230\ ECuQufier | (239)
t k k
Now we write
b a h b a
K(rthkatb;rta?QkatG) - /D[rT]e ta HKO (Qk?tb;Qkata) (239)

where

L ferk
Ko (Qb.1h: Qg ta) / DlQie (2.40)



Sikarin Yoo-kong Introduction to The Feynman Path Integral / 14

with
. 1
*Qk - wk i+ §hwk + Fi - Qx (2.41)

is the transformation function for a force harmonic oscillator with the forcing function

Fer=—2 %Ck Fir (2.42)

The path integral over the phonon coordinates can be performed exactly because the
potential energy is a quadratic function. Let us consider the following. The action

integral is given as
tp
1. 1
Sy = / dr (QQi — §w12(Qi + Fk,TQk> (2.43)
ta

We obtain the corresponding classical equation of motion as

Qx + wiQx = Fx (2.44)
which has solution
_ 1 b _: a
Qxr = SnonT (Qk sinwg (17 — ta) + Q sinwy (t, — 7)
17
—— [ dTFx ;sinwy (T — tg) sinwy (&, — o)
wi
ta
1}
—— [ drFx rsinwy (0 — t,) sinwy (t, — 7)) (2.45)
Wk

la

Using Eq(2.44) and Eq(2.45), Eq(2.43) becomes;(T' = t, — t,)

- Y ay2 b e
S = 2sinw T {((Qk) + (@) ) coswi T — 2Q4 QL
sin wkT /dT Qi sinwi (ty — 7) + Qp sinwy (1 — ¢ )) Fx.-
tp ty
oo T /dr/da sinwg (ty — 7) sinwg (00 — t4) Fk,TFk,a} (2.46)
o ta

We now introduce the following Fourier transforms

Awk) = 2wk/dre“”k(7 te) B (2.47)

B (Wk) _ 2Wk /d,re—zwk(tb T)FkT — _A (_Wk) e—iwkT (2.48)
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Then the propagator Ky becomes

Ko <Qf<7tb; Qﬁ,ta> = (27”;:}:&)1{1) ’ exp {zk: [2h SnonT ([(Qi)Q + (Qﬁ)z] cos wyT
~20% (A () € = B (i) ) +20Q4 (B (wr) " — A (wi0))

_Mik w1 A2 BQ _94 B
2~ sinwy T (e ( (wic) + (wk)) (wi) (Wk))
ty ty
_2Q%(Qﬁ + /dae_iWle_a‘Fk,TFk,a } (249)

We now take the trace over the field coordinates in Eq(2.49) according to the following

2

steps. i) set Q¢ = Qb = Qy. ii) integrate over Qi by using fe*‘“”%bzdx = \/gezbfa .
Thus, the propagator in Eq(2.39) becomes

tp

jwie L 3 Tty ifdrL
ezwk2 hf TLe
K (rthitinsta) = H(W) | Dlarle”™
k

Ttg

. 133 ty
X exp {Z [47‘:@(}1{ /dT/dae*i“’k‘T*”‘Fk,TFk,g
k i

a

Wy

e e T A ) B (wk)} } (2.50)

We can rearrange the above equation by using Eq(2.47) and Eq(2.48) to read

i L 3 Ty,
K(rtbytertavta) = H(Qﬂ'thlIlwkT> /qu— eXp{ /dTL

k

coswg (|t —o| =T/2) _,
d do e _Fy o (2.51
+Z4h /T/ sinwyT'/2 kor Fo (2:51)

where

By Fieo = 455 |G e (e re) (2.52)

Substituting Eq(2.52) into Eq(2.51), we obtain

RIS 3 Ty, Lo e
e tiraste) = N 5o / DI, ]en SpettorT (2.53)
k

Ttq

with

tp
coswk (|7 =] =T/2) e, —r,)
= [ drL. ek rr=rs) (954
Spol = /dT +2hz‘ck| / /d sinwyT'/2 (2:54)
tCL (l



Sikarin Yoo-kong Introduction to The Feynman Path Integral / 16

2 22 h 2 3k
We now replace |Cx|* = % o wp , =/ (27)?
k

and performing integration

over the wave number k, we find

/ coswy (|7 —a| = T/2) 1
drLe —h dr [ do 2.
Spol = / T + mwi wk/ T/ sinwyT/2 v, — 4] (2.55)

Eq(2.55) describes the coupling of an electron at a certain time with its position at an

earlier time by a “Coulomb interaction”.

2.3 Equilibrium density matrix (imaginary time path integral)

We write the equilibrium density operator

p= %efﬂH (2.56)
with the partition function
Z=Tr (e*ﬁH ) (2.57)
in position representation
p(k5,x0) = 7 {rgl e Iro) (2.58)

Ht/Mpo) and (rg|e#H |rg) one concludes that the equilibrium den-

Comparing (r¢| e~
sity matrix apart from the partition function is equivalent to a propagator in imaginary
time t — —ih[.

How does the action look like in imaginary time?

forlgeve] = [a[z(a)-vel

= —zo/da l—gn (32)2—V(r)],cr:z7'
B )
= z/da lT; <§;> + V(r)}
— 98 (2.59)

where the last line define the so-called Euclidean action. We now have a path integral

expression for the equilibrium density matrix.

(vl r0) = [ Dleje# (2.60)
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For the polaron system considered in section 2.2, rewriting the expression for the

propagator into imaginary time ¢t — —ih3 one obtains

1 ehwkB/2 3 168
i ) [ Dfr Je 7 5m 2.61
p (05, 10) E[Z(mmhwﬁu Je+ (2.61)
where
coshwy (|7 —o| —h3/2) 1
L,
pOZ /dT /dT/d sinh wyh3/2 lr; —rs]

(2.62)

2.4 Non-equilibrium statistical operator of the polaron system

In section 2.2 we had eliminated the phonon coordinates to obtain an effective action
for the electron coordinates only by using Feynman’s path integral or a “single path
integral”. In this section, we now want to perform the elimination of the phonon
coordinates within the “double path integral” approach [12].

We first illustrate the idea by considering the time evolution of the density

matrix

w (rtv Qf() ta ro, an /drtdrOkodQl?K (rt) Qka t; y Yo, ka ) WO (I'O, Qka rO) /0>
xK* (x}, QL h, Q. 0) (2.63)

where 1y, = 14,11, = 10,Q) = QL, Q¢ = Q). Eq(2.63) is just the coordinate repre-
sentation of the familiar operator eqaution W (t) = e~ /M etHE/M - The phonon is
assumed to be in thermal equilibrium while the system may be in a non-equilibrium
state. If we neglect initial correlations between electron and phonons, that is if we
switch on the coupling after the initial state, the initial density matrix may be written

in factorized form
0../ 0\ _ L 0.0
Wo (I'oa Qx; Tos Qk) = p (ro;rp) Wp (ka Qk) (2.64)

If we are only interested in the dynamics of the electron, we may trace out the

phonon coordinates. Then the time evolution may be expressed as

J (ry, 1), t) = /drodr{)p (r¢, v}, t; 0,10, 0) p (ro; 1() (2.65)
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with the propagator function
p(rixpstin,,0) = [ dQUAQRIQLK (e, Qhstivo, Q1 0) Wi (@i Q1)
< K™ (x}, QL 5, Q1 0) (2.66)
The propagators K and K* may be written as real time path integrals while the
equilibrium density matrix of the bath is given by a path integral in imaginary time.

The functional integration Eq(2.66) is over the set of paths r,, r”. of the polaron

described above. We now write

p(re, v’ t;r0,1'0,0) = /indQﬁin?]tD[rT]]tD /D Q%] / Qk}

Qi _
/D [Qﬁ]e;{se[rf]—se[r;]wk[rﬁcz;] [T,Qk” 188 o [Qf]
QY
(2.67)
where
S, [r,] = / drL. (2.68)
F o1, 1
clen @) = [ar (504 - 5uR0k + A Qi) (2.69)
0
" 1 1
Sihonen (O] = [ a7 (5Gk + 3iGE ) .10
0

and Fy , is defined in Eq(2.42). Eq(2.69) is a Gaussian functional integral over all
paths Q. which can be evaluated exactly[see Eq(2.46)]. One finds

Wk

Silrr @ = 5 {((QL)* + (QV)?) coswrt — 2QLQ%

2 sin wyt

t
1
Jrsin o /dT (Q?( sinwy (t — 7) + Q} sinwy (7')) Fy -
0
t

t
1
- /dT/dO‘ sinwg (t — 7) sinwy (o) FkJka} (2.71)

Wk sin wyt
0

The functional Eq(2.70) may also be decomposed according to

Sphanen (@ %] = 5 e L (QR)" + (@) coshans 2000} (272
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Here, the trace has been performed by setting Q} = Qif and integrating over these
coordinates. The remaining evolution of the Gaussian integrals over the intermediate

coordinates QY, Q;(O is straightforward but tedious. After some algebra one obtains.
(K tim0,10,0) = [ Dles] [ DI Jer (=S -foteertd (3.73)
where
t T
O [r,, 1] = /dT/dU {Fir = B T 7= 0) R, ~ T5 (= 0) R} (274)
0 0

Substituting Fi . into Eq(2.74) we have

t T
Ci|? , - .
P [I‘T’ I'g_} = Z ‘ 7;;’ /dT/dO’ {eszT _ e’Lk~rT} {ka (7_ o O') e_zk.ra
k 0 0
~T5 (r—o)e ™l (2.75)
Here we have introduce the kernel

cos [iwy (T — o — ih(3/2)]
sinh wyh3/2

T (T —0) = (2.76)

We can now completely express the non-equilibrium density matrix in terms of the
electron coordinates only.

In Feynman [14],Feynman-Hellwarth-Iddings-Plaztman [15] and Thornber-Feynman
[17] a path integral similar to Eq(2.61) and Eq(2.73), had to be evaluated. They worked

there in some rough approximation which we will show in details in chapters 3 and 5.
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CHAPTER 3

THE NON-LOCAL ACTION AND THE
PROPAGATOR

3.1 Introduction to the trial action

In the context of a path integral theory, a non-local action or two-time action arises in
many physical systems. Historically, Feynman was the first to introduce a non-local
action in his path integral theory of the polaron problem [14] to calculate the ground
state energy. Subsequently many others have employed this type of action to treat
several aspects of the polaron problem [15-17] and it has also been exploited in the
calculation of the density of electronic states in disordered [25] systems.

It is convenient to describe the dynamics of the polaron system by a path
integral over the electron and phonon coordinates. For Feynman’s approximation we
use a “trial action” in which the electron is coupled to the lattice(a fictitious particle).
The coupling is by some spring between the electron and the lattice particle. Such
a system, in which the electron interacts with a single particle is described by the
Lagrangian

M . K
Ltrial = Le + 7}’7’2 - 5 (rT - y7)2 (31)

where L. is the Lagrangian for the electron system. M and y refer to the mass and
coordinate of the fictitious particle, and & is a force constant. The propagator of the

two-particle system can be written in the path integral form as

Yt & fd‘r L6 K2 fd‘r y2 %y,2,+/-cr-ry-r)
K(rtbaytbatb;rta7ytwta) = /DI'»,— /DyT fa 6

fd‘r Le—kr ) ;
- <2ms1nQT) /DrT ” en®? (32)
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where
_ MQ 9 )
So = e OT {(Ytb - yta) cos QT — 2y, v+, /dTI‘T sinQ (7 — tg)
tp ty
Yta /dTI‘T sinQ (t, — 7) — M2QQ /dT / dor,sinQ (t, — 7)sinQ (0 — t,) vy
ta ta ta

(3.3)

with 2 = | /57. The fictitious particle coordinate can now be eliminated by first setting

Yi, = Yi, = Yy and then integrating with respect to y, to obtain

t
B we \f s () i fdrfdarf7°°s“;';9;‘/f”) .
th )= —— - ta
(rtb7 b7rta7 CL) (27TZSanT) / [I‘ ]6 e
Ttq
(3.4)
Using; T =t, — t,
ty tp ty
Q
/dTrz:mm/dT/dUCOSQ(‘T—U‘—T/Q) (I‘.,Q.—i-rg) (35)
ta ta ta

and rearranging terms in the exponent of Eq(3.4) with the help of Eq(3.5), we have

(ta = 0,1, =t)

re
MQ  \3 ; .
K t: )= —— D - ﬁStrial(mraT) 3.6
(xe, £ x0,0) <2m' sinQT) / [rrle (3.6)

ro
where Siiq; is the trial action for the system after the coordinates of the fictitious

particle have been eliminated

t t
cosQ (|t —o|—1t/2) 2
ial — L - TS T ‘o .
Sirind 0/ dr 8 dr O/ o s (r; — 1) (3.7)

We now interested in solving for the propagator which L. consists of

Le = 5 (rz — wgrz + we [Bryr — xTyT]) + £y (3.8)

where w, is the cyclotron frequency. Then for 3-dimensions, the form of such a trial

action considered in this section is

t
Strial = / I‘ _Wor +WCI'TJI'7— /d’TfT r-

/t /t r—Ty) “Gir—ol - (rr —ry) (3.9)
0 0

l\.')\)—t
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where
0 -1 0
J=11 0 0 (3.10)
0 0 0

with the diagonal tensor

Gij 5H’fijQij COSQU (|’7’—O” —t/2)
Yq sin Q;;t/2

(3.11)

[r—o| =

wo, we, §2;; and k;; are distinct positive parameters where Q17 = Qa0 = Q, k11 =
ko2 = 1, Q33 = Q) and k33 = . The final expression for the propagator will depend
on the time parameter ¢ and the end point parameters r; and rg. We emphasize that
these parameters are kept absolutely general throughout the derivation. The meanings
of the terms in the action Eq(3.9) are as follows. The first term is the kinetic energy
of the particle of mass m. The second term is the local harmonic oscillator. The third
term is the interaction of the particle with a magnetic field. The fourth is due to an
arbitrary driving force f.. The last term consists of a non-local oscillator. We now

propose a new equivalent form for the trial action as

t t t t
1 _
Strial = %/dﬂ"i + /deT T+ 3 /dT/dO’I‘T “Glr_o| " To (3.12)
0 0 0 0
where
~ij . @ 2 _ _ _ KijQij@j COSQZ']' (‘7’—0’| —t/2)
G‘T_U‘ = m( - wy)o (1 — o) + mweJ;0 (1 — o) 5 sin Oy t/2
(3.13)

After integrating by parts of Eq(3.12), we obtain for the classical action

SIE

t
Sirial = = (v; - £ — To - o) + / drf, -t, (3.14)
0

Since the action Sy is a quadratic function of the coordinates, it can be shown [12]
that

K (vy,t;10,0) = F (t,0) e Striat(Fr:tiro.0) (3.15)

The prefactor F is given by [26]

0
F(1,0) = / Dlr, e Sriat.s=o (3.16)
0
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and is independent of the coordinates ro and r;. An explicit expression for this pref-

actor may be derived from the classical solution.

3.2 The classical solution

To solve the stationary parts, we start from the equation of motion
t
myr,; — /dUGT_U Ty = £
0

We now introduce a transformation matrix

1 =i 0 1 —

1 1

0
Uzﬁ i -1 0 with Ul=—1| i -1 0
0 0 V2 0 0 V2

>

So we write
t
mRT - /dagr—a ‘Re =F;
0

where

R, = Ulr,

F, = U'f,
gr—0o = UTGT*UU = 9?_05@‘

We now solve for R! using

and Ri may be written as
t
RL=pb+ [doCl,F}
0

where pl is the solution of Eq(3.23) for the homogeneous case. It satisfies

C1_, is the Green’s function from

t
2
méch;_U - [do'gl 0 Cl g =57 0)
T
0

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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with “boundary conditions” as C! (t,0) = C'(0,0) = 0 and R} = u}, R} = pj. We

now let gt Zgn wn(r=a)s gl — gl "y, = = 21 and Eq(3.23) becomes

t
mitl — 3 gl / doen(T=o) Rl — F1 (3.27)
n
or
t t ) t
%/dTRie_i""T = g}ll/dTRie_i””T + E/dTF;e_iV"T
0
- B! (3.28)
Then
t
Bl = B!+ iyn% (R - RY) - ug? / drRle=in (3.29)
and
By ( i o (@ -1) m 1\ - (€T — 1)
(e =1) = B e (R ) Y
n#0 N n;éO n n#0 n
-~ / doRy Y e 7 (e~ 1) (3.30)
n#0
where
(e —1) (cosvpT — 1)
n#0 n n=1 n
) (e“’“ —1) B sin v, T
iy = 2y (3.32)
n#£0 n
and
Z e—iuna (eil/nT _ 1) — Z e—z‘una (eiz/m— _ 1) — tz (5(0_ —r— nt) _ 5(0_ _ nt))
n#0 n=1 n=1
(3.33)

So Eq(3.30) becomes

) < () (-

n#0 1
~mRL+ 2 (R} + RY) (3.34)
2
We can obtain Rl as
Bt r 1 Bl ,
1 _ pl 1 pl -0 " _ - “n [ ivpT _
R = Ry + (R} RO) (D= ; (e 1) (3.35)

n#0
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Now defining .
= % / drEFle=nT (3.36)
Eq(3.28) becomes
nt In / drRLe™ """ (3.37)

From Eq(3.35), we have (n # 0)

t t t
/dTRle_“’"T = /dT (Rl + {Rl — Rl} T) e~nT 4 i& /dre_i”"TT (T —1)

t
1 B},
- Z ;L /dT (6 W T 1) e~ WnT
m 2o Var )
i Bit  Blt
= — (Rl - Ry) + 20 - = (3.38)
Un mv2  mu2
and
tan' \ p1_ g1, W98 (p1 1\, 9 Bt
(1 oy | Ba= i (Rt - R§) + . (3.39)
For n = 0 ,Eq(3.38) becomes
t
t Bt Bt
1_U(m 1\ _ Do n
/ drRl = o (RE+ RE) - 20 4 3 = (3.40)
From Eq(3.39), we have
Bl Fl ;11 llBlt
o = s T Z‘Z” 11 (Ri —R(l)) +— In T (3.41)
muv?2 mv2 +tgltl v, (muv2 +tghl) mv2 (mv2 + tgll)
B! E g o133
= + +
g;o muy2 %;0 mv2 +tgll %;0 vn (mu2 + tgll) ( ) %;0 mu2 muﬁ +tgil)
F, igy! 1 1
_ 4 R, — R
St 2 v g (B )
1 1
+i — B}
g;o (mu% mv2 + tg}f) 0
> Bn  _ tziF’% +tY iy (Rl—Ré)
= t
< mu2 owrr mv2 + tght o Vn (mv2 + tgil)
Bjt3 Bjt
120 e L (3.42)
12m wZ0 MWn +tg;
Substituting Eq(3.42) into Eq(3.40), we obtain
td R. = L(R'4RY) 41 19, R! — R}
/TT - i(t—i_ O)+ Zvn(mv,%ﬂ—tgrlll)(t_ O)
0
Bjt
_ . 3.43
+ Z mu2 —|— tgllt Z mv2 + tglt (343)

n#0
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Using Eq(3.43), we obtain for B}

t 11 Fl
1 _ 1 11 11
Bl = Fl4+% (Rt+RO)+t0 Zimﬂ—l—tg Zmy2+tg
Zgn 1 pl
+itg! S RCT ey (Rt - R3) (3.44)

n#0

and

tgll
1 1 0 1 1
(1+th Z 1/2+tg )Bo = B+ =0 (R + RY) + tog! ZWQHQ

;11
t9n 1 pl
titgd! EjVn T )(Rt RY)  (3.45)

n#0
For F! =0, Eq(3.35) becomes
1 1
—pl Z 1 _ pl &Z —_ — i & WnT _
n#0
From Eq(3.41), we can write
g ( WnT __ 1)
- ’LVnT -1 _ R - R n
%mzﬂ( ) ( t O)r%% n (mu2 + tgll)
11 (ivpT _ 1
sy S lenT oL,
_ UM o Vn Yn WnT _
ot (Rt RO) 2 <m1/1% mv2 thg#) (6 1)

n#0

1 ,
+ Z <’I’)’Ll/2 B mu,% + tg}Ll) (ewnT - 1) Bé
_ Min1_pl o1 1 nT _
ot (Rt RO) gs;) or (mu% muy2 —|—tg}11> (ew ’ 1)

R [

2
20 mvp +tgy
Defining
1 enT
Dl==> 3.48
Tt gé:o my2 + tglt ( )
‘We have

g () = () (5 () -o0t) - (o) (e

n#0
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Inserting Eq(3.49) into Eq(3.46), we have
1 1 .
u=s (B! + BY)+mD} (B! — By)+(D} - DY) Bjt— (2 + Dé) (Rl - R}) (3.50)

From Eq(3.45), for F§ =0

Bli— 9 (Rt + RY) S (1 +D ) (Rt -RY)  (3.51)
T2 +tgd™DY) VT Y (1 +tgh D)) /AN '
Then Eq(3.50) becomes
1(1+ tgHDl :
1 0 1 1 1 1 1
L+tgdtDI\ /1 .4 1 1
_ <1+th11175 (2 + DO) (Rt - RY) (3.52)
If g¢t # 0, we define
DL — 1 Z L (3.53)
Tt mmul +tgh!

Then we have D! = D! + e 11, D1 D!, and we can rewrite Eq(3.52) as

pk = (gi) (Rt + RY) +mD} (R} — RY) - gi ( +D1> (Rt - R})  (3.54)

Next we evaluate C1__. Consider

OR. 6Bj T 1 1 6Bj ( ;
1 T 0 0 WnT
— — B nT 1 3.55
Cro =5 ~smam " 00 % V2 6] (¢ ) (3.55)
Forn #0
6B} 1 tglt _ SF! n tgil 6B}
dF} mv2 SF}  mu2oF)
e~mo  tgll 5B}
= 3.56
t + my2 0F} (3:56)
and
6B} 1 SF} 11— OF) 1
tg, Dy) = —7+t
OF} ( +tn 0) SF! +19n Z SEL mu2 + tght
1 1 fwna
; Z mv2 + tglt
_ 1 2 111l
- ; 1—|—t D)
6By 1 (1+t%gy'D} (3.57)
SFL — t \1+2¢{'D} '
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and
1 1 6B 4 1 e (e — 1)
w2 asm () = e
n#£0 N o n#0 n n
6B} 1 1 o
— nT _q
+5F;,§o<mvz mu%+tg,al> (<7 =1)

= D} —D1+<m(r—t)—tDl+tD5>

(3.58)

then for 0 <7 <t

= D! ,+DL+ t??é (D! - D§)
g
0" (D1 — Dg) (D; — D(l))

= D!+D!-D! D} t—
T+ o T—O’+ 0+ 1+t2g(1)1Dé T

(3.59)
For gi! # 0, C1__ becomes
DDl _
Crg="Fr>—Drs (3.60)
0
We now write
Ro— LD: (Rt + RY) + [ mD! _ DLy 5 (Rt - RY)
T 2 D§ \t 0 T Di\2 "0 oo
t _
DID!  _
+/da < T Di_a> E! (3.61)
5 0
In the same manner as the calculation of R, we can write RZ and R3 as
R o= 1Dy g b P (L)) (m - R2
= §ng(t+ o)+ YT B 5 T 1% (t_ o)
t -
DD -
+/da (Z)QU - DZ_U> E? (3.62)
5 0
and
3 1D§— 3 3 A3 Di 1 A3 3 3
R = 51578(& +RY) + mDT—D—g 5+ D3 (R} - RY)

t — =
D3D3
+ / do (;)3" — Df_g> F3 (3.63)
0
0
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So we now have the relation

- )
R 0o Rl + R} DI 0 0 R! — R}
]. D2 _
RZ | = 5| 0 5% 0 R}+Rj |+m| 0 DZ 0 R? — R}
R3 0o o0 2 R} + R} 0 0 D3 R} — R}
0
. .
5t (3+ D) 0 0 R} - R}
D2 (1 =
- 0 5 (3+ D7) 0 R? — R?
D3 (1 D 3 3
0 0 5 (3+ D7) R} — R}
DIDI —
t by "o 0 ! Fs
+ / do 0 Debe _p2, 0 F2 | (3.64)
0
0 D3D3 —
0 0 S D3, F3
Using r, = UR,;, we obtain for r;
1, 1/ . 1. .
r, = gDo -DT-(rt—l—ro)+Z mD, — §+D0 Dy -D; ) - (ry — o)
L
+3 /da (D§' D, Dy D, ) £, (3.65)
0
where
DL+ D2 —i(DL-D2) 0
D,=| i(DL-D2) D +D? 0 (3.66)
0 0 D3
Next we consider
K1 g cosQ (|t —o| —1/2)
gt = m(ﬁ — W) (T —0) —iwd (T —0) — k1 Q) €,/ (3.67)
and the Fourier expansion of
cosQy (|t —o|—t/2) 02 & e~ wn(T=0)
Q = — — 3.68
+ 2sin Q) t/2 t n:z_:oo vz — 02 (368)
Then
1 _ 2 K1V,
tgn = —Mwy TQ? MmweVp,
n L
m B vi-03%
mv +tglt v =2 (O3 + L) 4 vdwe — vpwe Q2+ wi0?
4 2 _ )2 1
- ¥ (s =) (3.69)
= I (s1=sp)vn— 51
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where s; is a root of the polynomial of degree four in the denominator. Then

1 WnT B 1 2 Q2 1 00 WnT
i Z 2 o Dr=— Z L) 1 R (3.70)
t <~ mv; +tg, m = ll;lk (s1—sk)t 2= Vn— 5
We let
1 o0 ewﬂT
G = - 3.71
(o) t nzz_:oo Vn — $1 ( )
and to calculate the sum we use the Poisson summation formula [27]
fo%e) [e.e]
S f(m)= / ds 37 €2 £ (o) (3.72)
m=—00 “so n

so that

dv ewnr
GT ( Sl) — Z / wtn

oo 21 vy, — sl

0 WnT
— 2 : eil/tn @ e

n=—oo

2T vy — S+ 11
—00
0 .
= Z S THQ (1 4 tn) (3.73)
n=—oo

where © is the Heaviside function. Since this expression is periodic in ¢ we can restrict
our attention to the basic interval 7 € [0,¢). Then the sum can be done right-away
giving

0

Gr(s1) = Z gisu(rtin)
n=—oo
eisl‘r
Inserting Eq(3.74) into Eq(3.70), we obtain
1 Loy
D. = _EAT (3.75)
where
2 QQ ) elsiT
A i Gl Lt 3.76
27T (o5 (@ T) (3.76)
T Ik
In the same way, we can write
1
D2 = A7 (3.77)
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with
4 2 2 —is;T
st—Q7) e
AT = — ( L L . 3.78
AT e e D 7%
I#k
Next, we consider
33 _ Bl avs QCOSQH(\T—U|—1§/2) 579
Grog =m(— =)o (T — o) =k 25in €Y)1/2 (3.79)
and
2
K|V,
13 = __Tn
n V2 — Qﬁ
m - vy — Qﬁ
myy +tga? vi—u2 (Qﬁ + %)
2 2 2 2
_ 1 25 — Q” A Q” (3.80)
A-zZ\vi-2d v '
K 2 Iﬁ‘ 4
where 2z%’2 = (Qﬁ + E”) + \/((22 + El) — 4wgﬂﬁ. Then
_ 1 eWnT
D} = -
T t ; my2 + tg33
_ 1 21 Qﬁzj Z et 2z — 92252 ewnT (3.81)
= 2_ 2 2 2 _ 2 2 2 _ 2 :
m (21 — 23) 2 U vy A SEE A
Using Eq(3.72), we obtain
1
D3 = —EAi (3.82)
with
3 12%*Qﬁcosz1 (1 —1/2) 1Z%*Qﬁc0522 (1 —1/2)
3= L — - L (3.83)

a 22%_752 z1sin z1t/2 2 z%—zQ 2z sin 2ot /2
The solution of the classical equation of motion is now given. From equation Eq(3.65),

Eq(3.75), Eq(3.77) and Eq(3.82), we see that

1 . 1 .
o= AT A )+ (A (G A0) AT A) (-

t
1
+— / do (AG" Ar Ao — A ), (3.84)

m

where
AT+ AZ —i (AT —AZ) 0

1
Ar=g | i(AT-A7)  Af+A7 0 (3.85)
0 0 A3

T
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With the classical action Sy given by Eq(3.14), r, given by Eq(3.84), the velocity

r; is given by differentiating Eq(3.84)
. 1.4 . .. 1 . o
rr = §A0 AL (rp4r) + (A — §+A0 Ay A - (1 —1p)
1 1/ 1
+— /daAgl A At /dJAT_U £, —/daAU_T 1,
m m m
0 0 T
(3.86)
so that
) 1.4 . . 1 . 1
ry = §A0 'At'(rt+r0)+ At— §+A0 'AO ‘At ~(rt—r0)
1 t 1 t
+—= / doAyt - Ay Ay, £, — — / doAi_o - £, (3.87)
m m
0 0
and
, 1, - ) 1. L
rp = §A0 “Ag - (ry+ro) + (A — §—|—Ao Ay - Ag ) - (v — o)
1 ; 1 /
+—/daA51 Ay A, — /daAU £, (3.88)
m m

A final expression for Sy, is obtain by substitution in Eq(3.14). The manipulations

are stranghtforward but somewhat lengthy. We find that (" = (% + AO) Ay

_ m . m _
Stm'(zl = E(I't—ro) . (Ao—F2A0) . (rt—r0)+§(rt+ro) 'Aol . (I‘t—i-ro)
m m
+Z(I‘t—1‘0)‘(F—J)'(l"t—l"o)—z(rt—l‘o)‘F'(Ft—ro)

t t
ST g (va, - Ac) 4 ) it (0A - AL) (- ro)
0 0

t t
1
—(rtZrO)/dTAgl A, £ — Z/MT CAGY AL (v + 1)
0

0
(r—10) | L
s —To A —1
+T/d7—At—T o %/dT/dO'fT : (AO AL A, — A"""‘) iy
0 0 0

(3.89)

3.3 The prefactor

The prefactor F(t,0) for the propagator is defined in Eq(3.16). An explicit expression

for this function may be given from the classical solution by introducing a generating
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functional. Firstly, we consider a generating functional

<e;; / deT'rT> (3.90)

Z(f,) =
t t t
+ [drfrrr+3 [dr [ dof,-C(r—o)-f,
= ¢ 0 o 0 (3.91)
where
cit, ¢, 0
CT—O’ - 072.1_0 nga 0 (392)
0 0o 3,
with
1 (DDl _ D2D?  _
11 T 0O 1 T 0o 2 22
= - |=—Z—<2_D T2 D =C 3.93
C’T—CT 4 ( D(l) T—0O + D% T—U) T—0O ( )
21 —i (DiDy 51 DIDF oo 12
CT—O' 4 < Dé T—O D(% + T—0O T—O ( )
1 (D3D3 -
33 7o 3
= = L2 D 3.95
C’T—O’ 4 < D% ’T—O’) ( )
Using Eq(3.92), Eq(3.91) becomes
L/t L t
Z(5) = ews ( [ar it ez gt + 5 [ar [ao[C2, 02 12
0 0 0
Coly (FHfa+ 1262) + C2L, (1112 - £112)]) (3.96)
Now, we replace G by AG. The propagator is
r: ,
M) = /D[rT]e%S*(fT’rT’T) (3.97)
ro
where
t L t
S\ = /dT < 5 ¥ +f; rT> + i/dT/dO'I‘T ANGr 5Ty (3.98)
0 0 0
So

dr [ do / Dits] (s - Gr_y - 15) A5 rre?)

dr [ do / Dir] {gi?ig (Tlrclr + rzrg + riri)
ro

+mwed (1 — o) (rZr}, - riri)} e SA(Errr,T) (3.99)
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Next we consider

<TT> = G . = ps,then (r.) = u, (3.100)
4 hoz .
t = —_ - = L = .1 1
<ra> AN pl then (ry) = o (3.101)
(riri) = <h>2522 = pip (C” +C )by (3102)
o i) SR, or) 0 (3
so that
O A B ) ey ij
<7"7_7"0.> - /’LTMU 9 (CT—G+CG—T) (3103)
i\ = gy 4 (i ij
<T'T7”0> - /’LT/'[’U—"_ 9 (CT—J+CU—T) (3104)
Using Eq(3.100)-(3.104), Eq(3.99) gives
8 t t r¢
i - afefe]
M oh g7~ UZ 5 chS i
0 0 ro
_ L8\ (Fr,rr,T)
e <f2<5f1 f1<5f2>} '
9 »
< - v o~ Ma(£r) oM (fr)
o () 2h/d Dle- {gf o€ Z(Sfléfl

. _ 52
Fmed (7o) T ( Sf20fL f16f2> MA(fT)}

t t
o) 1 (52S)\ 2(55,\55)\
9y = 2+ 3 1952 05>
ox M (£r) 20/d70/d(’{9T o <5f15fz TR en
. 525y i 65y 65,
o= )<5f35f3+h5f2 57

} (3.105)

/ drf, 1, =0 (3.106)

f=0

825, 085,08,
0f16f2  hoflof?

Consider now the case r; = rg = 0 for which

ie. pur =0. Then

t
1
7M)\ fT :/dT/dU (gT 0'071'10'>\+2g7' UcigaA—i_meé(T_o—)Czlaz\)
0

(3.107)



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Physics) / 35
From Eq(3.15), we have
K> (0,£0,0) = F (t,0) en5r(0:0) (3.108)
Now consider the quantity
M (f,) = In Ky (0,0, 0) (3.100)
According to Eq(3.108) we will only need M;(0) in the final stage. Writing
[0
M (0) = My (0) + / AN M (0) (3.110)

we have to specify the “initial” value My(0) and the derivative B%M A (f7). From the
normalization factor of the transition probability density of the Wiener process or,

equivalently, from the canonical density matrix of a free particle [12], it is well known

that
%
m
My (0) =1 3.111
0(0) . [2771'7’175} ( )
so that
3 1 t t
m 2
InF(t,0) = In [mm] + /d)\/dT/da (gfiaC.}l_a,)\
0 0 0
1
+2-g7' 0073330)\ + me(s (7_ - U) 072'1—07)\> (3112)
Next we consider
) t t ¢ t
5 [ar [aog e, = 3 [ar [dog®, (D3, + D5, - D2\ DE,
0 0 0 0
Y 3 3 3 3
e D8 . PAGEDE (DT,,\ - DO,A) (DU,A - DO,)\)}
(3.113)
where

t

t
[ar [dog D2, —
0

0 n'=0

o — .

¢ 23 1 eWnt (7—0)
d do eivn(T—0)
TO/ Zg t Zmy +t)\g33
33

D . (3.114)

2 3
0 MV T tAgy
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¢ . 2
/ 3 d iv 7— 6ll/n/’T
dT/dag N = / Te'm ———
R 7Drabe. < ?éo mu2, + tAgy;

33 1 ’
T\ me?, +thg3?

n#0
= —(;ngk (3.115)
t
/dT/dogT LDy = g’?’/dﬂ)iA =0 (3.116)
0
and
t t
/ dr / dog?® = tgy (3.117)
0 0

Inserting Eqs(3.114)-(3.117) into Eq(3.113) we find that

t t

33
33 33 _ 2 3313
O/dTb/do—gTUCTU,/\ - E :mI/Q—l—t)\g —t 90 DO,)\

t*A\g5’ 2 33793 13 9
S PAgP DY, <75 90" DopDor — 53 D0 A)
= ~3 {Z In (ml/ + t)\g33) +1In (1 + t2A983D87A) }

(3.118)

so that

1 t ¢ -1
33 _ Inl1 gn In (1 2,333 11
O/d)\/dn'/ og2® O3 oA Zn +mu +n< +t7g; 0) (3.119)

0o 0 n#0 "

[
N|=

N | —

Next we consider

/t /lt
0o 0
tt - ¢ -
= /dT/dO'gﬂl.la (72)10’ DT oA +/d7’/d0’gz%a % _szo',)\
A 0.\ 4 0
tt
£2)gl1
/ /dUg o AD A+ Doy — Do — D(l),,\—k—lel (Di,,\—DéQ
0o 0 90 Yo

t
(D3a=Dis)}+ / dr [ dog?, (D2, + D2, ~ D2, ~ D},
0

Hg;\\gggﬁ% (DE,,\ - Dg,x) (Dg,,\ - Dg,x)} (3.120)
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and

1 t t
/ A / dr / do (922 ,CHL o\ + mwed (v — 0) C2L, )
0 0 0

-1

-1 1
_ tgpt tg2? 2 111 2 2242) 1
_Zln<1+my2 L+t +1In (1+2g5' D) (1+ t2632D)

n=£0 n n

(3.121)

Inserting Eq(3.119) and (3.121) into Eq(3.112), we obtain the prefactor as

m 1% tgl! -1 £g22 -1 tg3? -1
F = 1 L 1 L 1 L
(t,0) [277@'7115] 11 ( + mm%) 1] ( * mw%) 11 ( + my2>

n#0 n#0 n#0

x (1+ t2951D5)_1 (1+ t2g§2D§)_1 (1+ t2gg3D3)_% (3.122)

Using Eq(3.67) and Eq(3.79)

F(t,0) = [ ; F sin () sin® (2..)
Y - . 4
Amint sin (21%) sin (2’2%) II sin (sl%)
=1
_1
(A Bt () | F-Beot ()
2 -2 22 =22 2
4 2_02 1
s (sj QL> cot (s;5) (3.123)
et IT (sj — sk)
ik

We now have a complete expression for the propagator corresponding to the
action of Eq(3.9) by using the Adamowski-Gerlach-Leschke [28] technique. It is given
by Eqs(3.6), (3.89), (3.123) and agrees with reference [29] for A, and A, zero. For the

case of zero magnetic field(€2; — €2) this expression agrees with reference [30].
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CHAPTER 4

THE GROUND STATE ENERGY OF THE POLARON

4.1 Introduction

The Feynman path integral formulation of quantum mechanics provides the following

upper bound for the ground-state energy of a system:

<Spol - Strial>tm'al

g

Eq¢ < Eipigr + lim (41)
p—o0

if Spor and Siyiq are real. In Eq(4.1), Eypiq is the ground state energy of some “trial”
model with action functional Sy, for imaginary values of the variable. Sy, is the

action functional of the system under study. The path integral average (....);..; is

tria
defined with a probability density exp(Siria)/ | D[r-|exp(Strial):
[ Dr;](....)eSmrial
Vg = 4.2
{ >trwl i D[rT]eStrial (4.2)

where the denominator is the path integral ( for imaginary time variables ) of the
“trial” model. The condition that Sp, and Sy are real implies the applicability
of the Jensen inequality <eX > > eX of probability theory (often called the Jensen-
Feynman inequality in its path integral application), which is valid for real random
variables X with some normalized probability density.

The requirement that the actions (both Sy, and Siiq1) are real after the trans-
formation to imaginary time variables presents a conceptual difficulty. For example, in
the case where the Lagrangian describes a system of (charged) particles in a magnetic
field, there is an imaginary term in the action. This difficulty was already recognized
by Feynman and Hibbs [12], who suspected that only a “minor modification” in the
formulation of the Feynman inequality is required for its application to a system which

contains charged particles in a non-zero magnetic field.
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The problem of the extension of the Feynman inequality Eq(4.1) to the case
of a non-zero magnetic field has attracted particular attention with polarons, precisely
because Feynman’s variational treatment of the Frohlich polaron, which is superior for
we = 0 (with w, the cyclotron frequency of a charged particle in a magnetic field) and
arbitrary coupling strength-is in general not justified for w. # 0. The Jensen-Feynman
inequality has been shown [32] to remain valid if the difference Spo — Siriqi is real,
as is an example, the case in the study of the diamagnetic properties of the Frohlich
polaron in reference [16].

Despite the lack of a justification of the Feynman inequality for a non-zero
magnetic field, approximation schemes have been developed [21,31] for the free energy
of a polaron in a magnetic field, based on the working hypothesis that the Feynman
inequality remains valid for w, # 0. For a polaron in two dimensions subjected to a
magnetic field it has been argued [23,33] that at least in the asymptotic limit w. — oo
this working hypothesis leads to an approximation for free energy which lies below the
exact free energy. Although the argument of reference [23] might be questionable [34],
the Jensen-Feynman inequality indeed has no variational justification for a particle
subjected to a magnetic field, and does not a priori provide an upper bound to the
ground state for non-zero magnetic field.

References [35,36] have given an unambiguous analytical proof that the Feynman-
Jensen inequality in its unmodified form does not hold in the limit of a free particle
in a magnetic field, and would yield an estimate of the ground state energy which lies
below the exact value.

Recently DB [24] have extended the Feynman inequality to the case of a
charged particle in a magnetic field. They uesd four adjustable parameters: v, ,w_, v, w).
The parameters are the natural generalizations of the parameters v and w in Feyn-
man’s upper bound to the ground-state energy of a polaron with out a magnetic field.
In the Feynman model, w accounts for the retardation effect due to the elimination

of the phonons, and v is the frequency of the couple harmonic oscillators of the trial
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system.

Reference [24] has derived the analytic results but no numerical data was
presented. In this chapter we would like to present some numerical result for the
upper bound of the ground-state energy of the polaron in a magnetic field.

4.2 An upper bound for the ground-state energy of a particle in a
magnetic field

In this section we briefly summarize how to get the upper bound for the ground-state
energy. For the study of the Frohlich polaron in a magnetic field B, DB first consider

the more general Hamiltonian:

Hpot = Hpo + ) (Ckeik‘rak + Cfie_ik‘ralt) (4.3)
k
where
0 1 e\ i
Hpol = % pP— EA + Z hwakak (44)
k

or, in the gauge A = (—By, Bx,0) with the z axis in the direction of the magnetic
field:

1 1
Hpy = 5 [(px — mwey)® + (py + mwcx)z} + P2+ hwala (4.5)
K

2m
In analog with Feynman’s quadratic action Sy.;4; in his treatment of the polaron, DB

propose the Hamiltonian Hy,.;q; as

Htrial = HL + H|| (46)
1 9 9 P? 1 9
H o= — [(pa — L4y (ri— Ry A7
1 o {(pz mwcy) + (py + mw,r) } + izay [2m, + 2"@_ (7 i) (4.7)
2 2
_ Pz PZ 1 . 2
H” = om T oy + 2/<&|| (Z Z) (4.8)

This Hamiltonian describes an electron with coordinates (r,p) and mass m,
subjected to a magnetic field B = BZ and interacting with a second particle, called
the the fictitious particle, with coordinates (R, P).

To obtain the upper bound of the ground-state energy Eq(3.17) in reference

[24], they need to diagonalize the Hamiltonian Eq(4.6) by using standard techniques
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[21], resulting in the Hamiltonain of these independent harmonic osillators:
3 1
Hy =—hw, + > hs; (b}bj - 2) (4.9)
j=1
where b; and b;. are boson annihilation and creation operators. The eigenfrequencies

s;j are the solutions of the equations:

sj (sf Q2 w2) = (—1)" w, (55 — wi) ;o j=1,2,3 (4.10)
where
40,
0= 4.11
T, (4.11)

In the process of diagonalization of Eq(4.9) two canonically conjugate con-
structs of motion II, @) enter, which satisfy the commutation relation [II, Q] = h/i.
They are related to the classical orbit center [21], but do not appear in the Hamil-
tonian. The explicit transformations of the position and momentum operators into
the creation and annihilation operators b;, b;f- for this diagonalization also involve the
expectation coefficients c¢;, given by

hos?—w? 1
2 = 5 g4 - — S (4.12)
moos; o 385 —2(=1)7 wesy; — 02 —wi

which play an important role in the further treatment.
Using the above result and calculating the matrix elements of Eq(3.17) in
reference [24], it can be shown that the upper bound for the ground-state energy of a

polaron in a magnetic field is: (see more detial in reference [24])

(UH — U)H)Q " (32 — ’LUJ_)2 (S% — wcwl)

w
Eg” = h?(: 0 4v 253 4+ wes3 + wew? + B (4.13)
Introducing
Dy (r) = ZLZ; (1 + i ;;Uﬁ ! _Ui;U'T> (4.14)
3
D, (1) = Z C? (1—e™7) (4.15)

J=1

FEj can be rewritten as

by, = —% Z |Ck!2/dTe_‘”kTe_kiDL(T)e_ng”(T) (4.16)
k 0
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and the summation over the wave vectors can be done analytically:

_ _ohex [l [ e (D) (T)>
B= -G\ O/d \/T(T)F (DL(T) (4.17)

with

F(r)=2)/——n(Vi+Vo—1) (4.18)

z—1
Note that in the limit w. = 0 one immediately recovers the Feynman result for the
Frohlich polaron in the absence of a magnetic field.
To do numerical work it is useful to express the frequencies s; and s3 in terms

of sy with the help of Eq(4.7) in reference [24].

we + 89 £2W
2

2 2
W= \/<“’ + 82) _ e (4.20)
2 59

_h 83*%_’_83+5262
2mw. S3 — S1 Sz — S1

51,3 = (4.19)

and similarly

c

=N

(4.21)

h  we—s3 83+8262

4.22
2mw. s3 — S1 S3 — 81 2 ( )

3 =

Using Eqs(4.19)-(4.22), the function D (7) can also be completely expressed in s and

wy:
D, (1) = <2mwc + cg) Ty () + 3T (7) (4.23)

where
Ty(r) = 1—e (Wets2)r/2 (cosh Wr+ 2" gnh WT) (4.24)
To(r) = 1—e %7 — e*(”c+32)7/2% sinh Wr (4.25)

In Table 4.1-4.2 we show the numerical results of Eq(4.13) for a = 1 o = 3.
To obtain the results in the tables we use a Fortran 90 programme which is given in
Appendix C.

In Table 4.1-4.2 the ground-state energies obtained by different assumptions

(EEP and ELP [22]) are compared as a function of the magnetic field for several values
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We EgB EgD v w)| VL w |
0.2 ] -0.92925 -0.92920 2.973 2.7266 3.0700 2.8149
0.4 | -0.84495 -0.84492 2.8589 2.6048 3.1024 2.8300
0.6 | -0.76017 -0.76015 2.7645 2.5025 3.2342 2.9445
0.8 | -0.67490 -0.67488 2.6864 2.4164 3.5186 3.2140
1 |-0.58918 -0.58914 2.6211 2.3429 4.0243 3.7097
1.2 | -0.50305 -0.50300 2.56565 2.2791 4.7834 4.4649
1.4 ] -0.41650 -0.41648 2.5182 2.2234 5.7648 5.4473
1.6 | -0.32960 -0.32957 2.4785 2.1752 6.9216 6.6083
1.8 | -0.24235 -0.24232 2.4456 2.1337 8.2211 7.9133
2 1-0.15476 -0.15442 2.4188 2.0981 9.6422 9.3407
3 | 0.28801 0.28806 2.3392 1.9764 3.9607 3.9607
5 | 1.19337  1.1930 2.3335 1.8903 3.0144 3.0112
10 | 3.52007  3.5201 2.4416 1.8390 3.0164 3.0112

Table 4.1: The upper bound on the ground-state energy of polaron in a magnetic field
for a = 1 for the following assumptions: Devreese and Brosens(EZP), Peeters and

Devreese(ELP).

of the electron-phonon coupling constant («).

To obtained the ground-state energy,

DB used the Rayleigh-Ritz variational principle, based on the maximum priciple. At

any stage in the calculation this corresponds to the Feynman path integral method.

However, PD worked on the hypothesis that the Feynman-Jensen inequality valid for

we # 0. So, the EZG)B has higher upper bound than EgD.
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We EgB EgD g w) v w |
0.2 | -3.08291 -3.080 3.3482 2.4612 3.4077  2.5027
0.4 | -3.02716 -3.025 3.2892 2.3758 3.4214  2.4706
0.6 | -2.97047 -2.969 3.2424 2.3021 3.4621  2.4645
0.8 | -2.91466 -2.912 3.2057 2.2385 3.5334  2.4812
1 |-2.85599 -2.853 3.1774 2.1831 3.6459  2.5566
1.2 | -2.79414 -2.793 3.1558 2.1346 3.8263  2.6965
1.4 | -2.73525 -2.732 3.1384 2.0909 4.1479  2.9887
1.6 | -2.67356 -2.671 3.1210 2.0487 4.8071  3.6456
1.8 | -2.61170 -2.609 3.0988 2.0024 6.0243  4.8991
2 | -2.54840 -2.546 3.0775 1.9039 7.6063  6.5311
3 1-2.23330 -2.231 3.0684 1.7788 17.2926 16.3963
5 |-1.56921 -1.558 3.2632 1.6142 6.2213 6.2213
10 | 0.31405 0.3141 3.9339 1.4668 5.5890  5.5889

Table 4.2: The upper bound on the ground-state energy of polaron in a magnetic field
for a = 3 for the following assumptions: Devreese and Brosens(EF?), Peeters and
Devreese(ESD).
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CHAPTER 5

POLARON MOTION IN APPLIED FIELDS

5.1 Introduction

In this chapter we treat the motion of an electron in a polarizable crystal at arbitrary
temperature subjected to a time dependent electric field and a constant magnetic field.
The coupling of the electron to the lattice is also arbitrary. Many authors have already
treated other aspects of the polaron problem [14-20]. Here we find a rather simple
explicit relationship between the electric field and magnetic field strength in the lattice
and the expectation value of the velocity of the electron.

In carrying out the solution, we maintain the standard polaron model of the
electron coupled only to the optical phonons. The crystal with electric field and
magnetic field is assumed to be initially in thermal equilibrium, and the steady-state,
translational motion of the electron subsequent to its injection into the lattice is deter-
mined. Phonons emitted from (or absorbed in) the polaron are assumed to propagate
away to infinity without interacting with the phonons already present in thermal equi-
librium. If the electric field is so strong as to alter the frequency of the optical modes,
it is these new frequencies that we must use in our expressions.

Using this model we present two approaches for the solution of the problem.
In the first approach we find the expectation value of the displacement of the elec-
tron using Feynman’s path integral method. The coordinates of the lattice oscillators
are exactly eliminated, but since we cannot perform the path integrals over electron
coordinates exactly, we approximate the effective lattice potential by an arbitrary dis-
tribution of oscillators, and then carry out a perturbation approach similar to that of
Feynman-Hellwarth-Iddings-Platzman [15](hereafter refereed to as FHIP) .

We emphasize that this perturbation approach does not involve an expansion

in the electric field : the electric field term is never approximated. Having obtained
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the expectation value of the displacement, that of velocity follows immediately from
differentiation.

The second approach involves calculating the steady-state by using a single
path integral based on the minimization principle of the ground state energy. In
contrast to Thornber’s method, we utilize the steady-state condition in the single
path integral represenatation which it is much simpler and more straightforward than
Thornber’s.

Finally, we then consider the self-consistent influence functional for the impedance
problem of FHIP and find that the Feynman one-oscillator model approximations a
distribution of oscillator. We also comment on mobility and effective mass for the

Frohlich polaron in electric and magnetic fields.

5.2 First approach: the double path integral
5.2.1 Outline of the method

To determine the displacement in time of an electron in a polarizable crystal in a
uniform, static, electric field, constant magnetic field, we proceed as follows. First
the expectation value of the displacement of the electron is cast into the form of a
Feynman path integral, from which all the coordinates associated with the lattice can
be eliminated exactly, leaving only the coordinates of the electron. Then the action
in the path integral is approximated by a distribution of harmonic oscillators, which
enables us to expand the displacement in a power series in terms of the difference
between the exact and approximate actions. Using an expansion motivated by an
exact summation of such a series for a similar problem, we rewrite our series expansion
in a form which more accurately represents the physics of the problem. Finally, a
comparison of this result with various special cases can be solved by other means and

leads directly to the final expression.
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5.2.2 The expectation value of the displacement of the electron

If we let p be the density matrix of an electron-lattice system and r be the position
operator, then the expectation value of the displacement of the electron at time ¢, (r;),

given that its value at ¢t = 0 is zero, is

(re) =Tr (rvpr) (5.1)

For thermal equilibrium problems, one can use p = e ?#, where 8 = 1/kT
and H is the Hamiltonian of the system. In our problem, however, we only have
po = e PH. We have assume thermal equilibrium initially. To determine the density

matrix for ¢t > 0, we solve its time-evolution equation

ﬁ% = [H, p] (5.2)

and therefore
(5.3)

Here the time-ordered operator notation is used: unprimed operators to the left and
ordered right to left with increasing time, and primed operators to the right and
ordered left to right with increasing time.

The Hamiltonian appropriate for an electron interacting with the longitudinal
optical modes of an ionically bound crystal in an oscillating electric-field(E, = Eqe™7),
which preserves the essential physics of the problem, is

1 AN? 1 K. .t ik
Hpol = % <p — qc) — qET o g hwka;r{ak + W ; (Ckake’ rr CkaLel rT)

(5.4)
To evaluate Eq(5.1) we note that since the energy of the electron and its
interaction with the lattice is completely negligible compared with that of the heat

bath, we may set
pPo = exp <—ﬁz hwkaLak> (5.5)
k

as in Feynman [14], FHIP and TF. (If one questions the validity of this approximation,

or in fact the entire approach, for zero temperature, we may compute the expectation
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value directly without resorting to statistical means, because in this case the initial
wave function for the lattice as well as for the electron is known. The result of such a
computation gives the 3 — oo limit of our solution here)

The problem of integrating T'rp; over the crystal oscillator coordinates has

been solved in chapter 2. We now calculate

10
(re,) = gafyTV’Ptg - (5.6)

As the first step in evaluating the expectation value of Eq(5.6), we then elimi-
nate the phonon coordinates exactly, cast the problem into the path-integral method,
transform to a frame of reference drifting [TF] with the expectation value of the elec-

tron’s velocity v, and then T'rp;, assumes the form

Trpw = [ [ ¢ Dly1Dly,] (5.7)

where

to to
m . 1. m -2 1.
o, = /dT{2yz+FT'yT+2yT‘B‘yT}_/dT{2y/T+F{r'y;+2y,T'B'y;}
0 0

T

to
+i Z |Cic|? / dT/dO’ {ka (1 — o) e kOr=ye) 4 Sey (T —0) el yr=yo)
k 0 0

— S (1 —0) WY _ 5% (7 — ) e—ik~(y’f—ya)} (5.8)
and
F,=E. +vxB (5.9)
S (1) = Ty ()T (5.10)
To(r) = o .11)

Although Eq(5.8) represents quite a simplification in that the oscillator coordinates
have been eliminated from Eq(5.1) and (5.4) exactly. We know of no way to perform

the last two path-integrals. For these we must use an approximation method.
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5.2.3 The method of approximation

The method of approximation that is physically a very reasonable one and that has
worked particularly well on two priori occasions [14,15] is to replace Ekj |Ci|?e™ ™ which
is a % potential for the Frohlich Hamiltonian, by a harmonic oscillator potential r2.
This means replacing, for example, the term %{: |C|? Sy, (7 — 0) e =Y5) in the
exact action ®c, which is 55 5., (t — o) |y —y,|~" for the Frohlich case, by (v, — y’,)-

G, (y. — "), where

G, o= / QG (Q)eH=0) (5.12)

where G () is the distribution function which is proposed in references [15,17,20].

We now write G (©) in the symmetric form as

Gi(2) 0 0
G=| o G o (5.13)
0 0 G

If we use the Feynman one-oscillator approximation, we write

G (Q) = G_(Q)=C5(Q—w.) (5.14)

G = 5 (2-w)) (5.15)
Thus let us set

to )
m., 1. m -2 1.
v = [ar{D52 4Pyt gy By b [ar{GVIeE vy By
0

T

— s ¥

0
to
_i/dT/dU {(yf" N y‘/7) Gro - (yfr - yt/T) + (¥ =¥o) G (¥r —¥o)
0 0
(. =Ye) Gro (Yo —Vo) + (yr —¥1) -G,y - (yr — y{,)} (5.16)

and expand Eq(5.7) as follows:

//eitbe _ //eiéoei(éeféo)

_ //ei% (14 (e — Do) +...) (5.17)
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While each term in the power series expansion Eq(5.17) can be evaluated
knowing the one basic path integral evaluated in the Appendix A, this approach would
be algebraically unwieldy. We therefore make use of another argument motivated in
FHIP, which gives us a means to obtain what we believe to be a physically accurate
estimate for the sum in Eq(5.17).

It turns out that for our problem where we are interested only in the expecta-
tion value of the velocity in the limit to — oo (steady-state), that only the zero-order
and first-order terms in Eq(5.17) need be calculated in order to sum the series. (The
other terms are not zero, however)

To present this more clearly we refer to the following expansion:

(Yia)e = (Yt2)o + e (Yta2)g — 0 (¥t2)o + - (5.18)
where
Vel = Za,y O [ [t Dl Dly] (5.19)
— Z‘PkD . 5.20
(Vo) Za,y// [v-1D[y7] (5.20)
Also
d
Vi = Mmoo (Ve (5.21)
d
= 1 5.22
vi = Jim o (Yl (5.22)

The v’s represent the several velocities we must calculate. Upon evaluating

the four terms in Eq(5.18) and determining Eq(5.21) and Eq(5.22) we find

I _1 _evo—ovo (5.23)

Ve  Vp vi
to be an exact expansion of the velocity v.. This is nothing more than the first order
expansion of the reciprocal of v, ~ vo+(.vo—oVp), as would be found by retaining only
the first order terms in Eq(5.18). This correspondence, supplemented by the physical

reasoning for using such an expansion for this type of problem is given in FHIP. The



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Physics) / 51

consistency between this approach and their of reference [20] is also reassuring. Also

it turns out, moreover, that vio = — 2% which reduces Eq(5.23) to
0
2
v, = -0 (5.24)
eVo

This expression represents another step towards our E — B — v relationship.

5.2.4 The evaluation of the velocity

Once [ [€'® Eq(5.20) has been evaluated, various algebraic manipulations may be
used to determine the vy and (vq for Eq(5.24). The calculation of this path integral is
long and is outlined in Appendix A. Using the result and calculating the Eq(5.20) by
substitute F; — F; + v0(7 — t2) and F. — F’ in Eq(5.16), and differentiate with

respect to 7. We may at once find (yy,),

to

i)y = i [ dr {i (r) - L (T)} F, (5.25)
0
where
o o Ta (1 1 .
L(r)-L ()= / 2—V (H - J) e " (5.26)
A X Zz/ Zy
and
o . o L Td GO
Z,=—-m v4ie)’I—i(v+ie)e-B—4(v+ic /—— 5.27
(el T =i v+ i) v [ Sa e O
For zero frequency(E, — Eg), we find
vo = (J1,) = —2 (Bo + v x B) ImL (t3) (5.28)

which ImL (t2) is independent of the temperature. The results express the fact that
in zero order, where we consider a weak coupling of the electron to a distribution
of harmonic oscillator potentials in place of the more correct Coulomb interaction.
The oscillators capable of contributing to the D.C. mobility are those of lowest fre-
quency. For Eq(5.28) is valid for all values of electric field and magnetic field, and the

relationship is linear as one would expect.
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The calculation of [ [i®.e’®® Eq(5.20) to obtain .vo can be performed using

[ o = —;mﬁz d@Z an{sa - [ [+s,0-n[[e
S 6-n [ [@r-s,0-0 [ [} (5:29)

As a shorter notation, we designate the solution of [ [€'®0 by [ [{F,, F.} where we

specify the forces to be inserted into [ [ e'®0. with

//(1) - //{FT+’y5(T—t2),Ffr—|—k(5(7‘—9)—5(7’—7]))} (5.30)
//(2) - //{FT+75(T—t2)+k(5(T—9)—6(7’—77)),F’T} (5.31)
//(3) - //{FT—l—’yé(T—tg)+k(5(7—«9),F'T+k(5(T—n)} (5.32)
//(4) _ //{FT—i-vé(T—tg)+k5(7-—77),F’T+k5(T—«9)} (5.33)

Again, doing the algebra and inserting the result for .vq into Eq(5.23) yields

1_ 1wy 2 ~kLs()k
ve V3 ( F / dﬁzk: |Ciel" kS (§) € (5.34)
where

F=E;+vxB (5.35)

> >

Ls(¢) = L(€-L(0)

Tav (1 1 \1—eit
= [ sils o) ot (5.36)
Z, Z,

—oo

The result obtained in Eq(5.34) for the approximate velocity v, as a function
of Eg and B, is unsatisfactory in one respect. The critical dependence through vq of
the result for the weak coupling of the electron to the fictitious particle. To remedy this
we are motivated to replace v and v, in Eq(5.34) by v, the expectation, steady-state

velocity. The result is

Bo+vxB= [ d6 3 |C KT, (§ ¢ vee kbalok (5.37)
e k

and this is our fundamental equation relating the velocity to the electromagnetic fields.

Eq(5.37) agrees with Eq(12) in reference [20] which they used the method of rates.
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5.3 Second approach: the single path integral

In section(5.2.1), the conservation of the energy and momentum in the steady-state
was utilized in finding relationships between electromagnetic fields and velocity for
weak coupling. In this section we propose the single path integral approach to obtain
the steady-state condition.

With the Hamiltonian Eq(5.4) we can calculate expectation values of any

operator Q at time t as follows:

0 .
Qu) = [ DlrIQer o lrorems (5.38)
0

where the polaron action Sy, was obtained after the exact elimination of the phonon
coordinates (chapter 2) and thus is a functional of the electron coordinates only. It is

given by

to
1
Spol = /dT (1;11.'72—"‘21"7-'BXI'7-+E7~I'7-)

+Z|Ck| /dT/d coswic (7 = 0] = 2/2) icterxe)  (5.30)

sin wgta/2

5.3.1 The equation of motion

Using Eq(5.39) we can express the equation of motion of the polaron as

coswk (|17 — o] — t2/2) K- (rr —
— i, xB-—E, = Ckl’k [ do ik-(rr—ro) 5.40
i =i I / o (5.40)

The expectation values of Eq(5.40) at time ¢ is

coswy (t2/2 — o)

to
m (i) — (i) X B— By =y |C’k]2k/da <e“<'<ff*fa>>t2 (5.41)
k 0

sin wyta /2

From Eq(5.38),we can write
0 .
<eik'(r7_r”)> = /D [I‘T]eik'(rtz ~To) o Spol (5.42)
to
0

The difficulty with the above path integral is that the polaron action Sy, is not

quadratic in r; and r,. So, we now introduce the trial action Sy which allows to
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approximately evaluate the path integrals. We now write

<€ik-(r7—7rg)>t —
2

D [r]e™ (xt27r7) i (Spor=50) ¢ S0

D [ ]l (o re) {eéso 7 (Spot — So) 8% 4 } (5.43)

St~ “—o

where

to

Sp = /dT <r i BXrT)—/dT/da ) Gpyool - (r,—1y)  (5.44)

with the diagonal matrix éij_g defined in Eq(3.11). The physical meaning of this
action is that of two-particle model system in which an electron is coupled to a second
fictitious particle in the magnetic field where the position of the fictitious particle has
been eliminated. The Hamiltonian for this two particle model system is defined in
Eq(4.6).

We now consider only the first term of Eq(5.43), and

0
<€ik.(r7—ra)> — /D [rT]e%S() (5.45)
[
0
where
to to
So —/dT <r + rT Bxr, +f - rT> —/dT/dU(I'T—I'g)-a\T_U\ (r; —ry)
0 0
(5.46)
with
£, =k(0(r—t2) =0 (7 —0)) (5.47)

The path integral for Eq(5.46) can be solved exactly and we use the results of

Eq(3.15) and Eq(3.89) in chapter 3. We obtain for Eq(5.45)

ty  tg

. 5t [dr [dof (A" A Ay 0—A|r_g) ) s
<ezk-(r77ro—)> —e 2 0 0 0 ? (548)
to
where
At AT 0
1
Al B Ao = Ao =5 | A, AT, 0 (5.49)

0 0 AP
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and
A Z cos sj (T5%) sin s;§ sin s; (t 57) (5.50)
T i sin s, t22 ’
3 to—T
- sin s )sins;g sins; (257)
A .7 J 2 J 2 5.51
(g E ( sin s t22 ( )
v — w3\ cosv sinv 2 sinwy (2T w?
AB o (UM | (557) sinvy 3 sinvy (B3> )+7§3(t2—a) (5.52)
” smvHi ’UH to
Inserting Eq(5.47) into Eq(5.48), we find
<e7jk~(r,-—ra)>t2 — ook (A Ao As—Ao) k (5.53)

Thus equation of motion becomes

to
. : . 2 coswi (12/2 = T) i o (A-VA_0-Ay—Ag)k
m (f,)— (i1,) xB—Ey, —zzk:|0k| ko/da e k(A7 A, o)

(5.54)

5.3.2 An alternative derivative of the steady-state condition of Thorn-
ber

In reference [17,20], the equation of motion is transformed to a reference frame moving
with the electron. This change of reference frame leads to another difference which
should be included in the approximation, the change of variables r, = y, 4+ v7 leading
to a modification of the frequency wyx — wi £ k- v. Hence, now Eq(5.54) with m =1

reads

coswy (t2/2 —T)

(yt2>_<yt2>XB_VXB_Et2 = lZ|Ck| k/d slnwth/Q

-1
Xezk~v~r€—%kv(A0 Ay Ar—Ao)k

(5.55)

where (¥:,) and (y,) are the expectation values of the velocity and acceleration of the
linear response to the small probe electric field [20,37]. We now change the real time
variables to the imaginary time (to — —if3), and when the steady-state is reached, we

find

cos wif ok v(E+iB/2) ,— 3 (K24R2)AL(6) .~ 124 (6)
E B— Ow 2k de—27%5  —ikv z L 222
0+ VX Z| i|? / gsmhka/Q e ! €

(5.56)
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where
coshs; 2 — cos s;&
Ay () :Zc§< 2 ) (5.57)
= sinh s; 5
wit [ (vt —wi\ coshoy —cosvye €2 3
A =21 l( || 2‘||) 12 i€, &8 (5.58)
o L\ vy sinhv) 5 p o

Eq(5.56) agrees with Eq(23a) of Thornber [20] for the steady-state condition. The
correspondence between our notation and that of Thornber is A, (§) — K’/ (§) +
KL (€),A) (&) — Ky(§). The left hand side of Eq(5.56) is the rate of increase of
electron momentum and the right hand side may be interpreted as the net rate of
emission of longitudinal optical phonons of wave vector k, and k may be interpreted
as the change of momentum of the electron. So Eq(5.56) expresses the fact that in

steady-state the gain and loss just balance.

5.4 Low-frequency limit of impedance and self-consistency

Another check on our results is to find the zero-frequency limit of the real part of
the impedance calculated in FHIP[Eq(4)]. This limit gives the electronic mobility
for arbitrary coupling and temperature, and agrees with the low-velocity limit of our
result Eq(5.32)[B=0]. As was stressed in FHIP, careful attention had to be given
to this limit because the approach used to sum the expansion of the impedance was
subject to question for zero frequency. It can be derived using our approach which

avoids the zero-frequency problem. From section 5.2.4 we can show that
to
(re,) = —i / dr¥o (ty —7) - E, (5.59)
0
Using E; = Ege ™7, we have
to
(re,) = i / dEY ) (£)eE . Bge 2 (5.60)
0
Taking the Fourier transform of Eq(5.60) we obtain

r, =Yy (W) E, (5.61)
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where ?0 (w) is the Fourier transform of the response function given by

; 1
wé - - —  —
/dfe /2772 [H T] e =3 (5.62)

We now derive for Zw from the equation of motion without imposing the steady-state

restriction and we have
Ey, + () x B=Y_k(Ry),, +m (i) (5.63)
k

where Ry defined in Eq(8b) of reference [17] and make a change of variables r, =

yr+ae "7 where a is the amplitude of the vibration, and e~ is the time-dependence
of the oscillator of frequency w [FHIP use e**7]. Calculating the (Ry),, as in section

5.2, and expanding this result for a small, we obtain

Z, = —mw?’l —iw e B+ /df - ei“’g)lmg &) (5.64)
where

=3 |Ck|’kk2T,,, (&) e X La©)k (5.65)
Kk

and

- Todv |1 . 1 .

_ et B ; il _ g

Ls(¢) = / : { (4miG () T} (1—e) (5.66)

Next, using the identity

7 dQ) e~ "% 1

1— wf\ 4 2 oo -+ )
(=)= | g (5.67)
it is straight forward to verify that
o [ a2 G@
/ d§ — 5 ImS (&) = —4w? S R (5.68)
where
)= = Z |Ci|*kk / i e 8T, (£) ek Ls(€)k (5.69)

Eq(5.68) and Eq(5.64) gives Z,, in terms of G (Q), Eq(5.69) gives G (©) in terms of
i/g (£), and Eq(5.66) gives f;g (€) in terms of G (©) and Z.,. This set of equations

describes a self-consistent relationship from which é, Z and f;,g may be determined
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for arbitrary magnetic field B, reciprocal-lattice temperature 3, and electron-phonon

interaction |Ck|”. We now write

Z, = —mw’I —iw € B+ X (w) (5.70)
where .
Y (w) = /dg (1—¢)mS () (5.71)
0
For numerical work it is convenient to use S in the form (using the results in Appendix
B)
S(e) = / (;l:;?, (Ci|PKK2T,, (€) e FLKE (€ k2E5(©) (5.72)
where
K5 - 22 (ot e ) .13

Kl =

1w l(vﬁ - w2> coshv) 3/2 — cos vy (£ —iB/2) &
p

2m Uﬁ vaﬁ sinhv)3/2 —ig+ G |(5-74)

The first two terms on the right-hand side of Eq(5.70) represent a particle in
a magnetic field, while ¥ (w) contains all of the corrections due to the interaction with
phonons. The entire dependence of our results Eq(5.70) on the trial action ® is in

K} and Kg.

5.5 Zero temperature; effective mass

Reference [15] discusses in more details the behavior of the impedance. In this section,
for Frohlich’s case we firstly consider the case w < 1, 8 = oo. Then the path of
integration along the real axis may be rotated to a path along the positive or negative

imaginary axis £ 2 0 to fioco [15]. The resulting expression is

Z, = —-mw’l—iwe B-— 2/6_“(1 — coshwu)
0
3
x / DK 1Pk R K1 () =R () (5.75)
(2m)?

where

w2 T /02 — w?
Kj(u)= — I K” 5 ) (1—e 1) +u (5.76)

2m vﬁ v)jwj
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3
(u) = Z c?(l —e %) (5.77)
j=1
For extremely low frequencies w we can approximate (1 — coshwu) = —w?u?/2. The

result is that for the impedance in the direction parallel with the magnetic field

P a7 —u { |:\/7+@/K KJ_]_Q,/K”—KJ_}
” fo (k) - )% VEI+ K - KL K
(5.78)
‘We now introduce
w2u2e—u
(5.79)

Z=—-uw? \f/d \/iKL

We now obtain for the impedance in the direction perpendicular to the magnetic field

Z—2Z

7 =
= 9

2 _—u

o0
9 Q 1 1
= —w 1+—/duu e - 3
2ﬁ0 ‘/K”Ki (K”_KL)2

(] )

From Eq(5.78) and Eq(5.80), we can see that the polaron behaves like a free particle

with an effective mass

L=

2 —u 1

o
o 1
mj_zl—l—i/duue - -
2y JE K 2
b IBe (k) - kL)

4 [%ﬂ J= .

It is very easily to show that for zero magnetic field K, — K and

||

which is the result of Feynman [14,15]
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5.5.1 The mobility for Frohlich’s polaron

The analytic properties of S (&) outlined in reference [15] allows one to rewrite the
expression for Imy (w) in a form more convenient for computation. We may write
Eq(5.71) as

ImY (w) = Im/sin wuS (u) du (5.84)

We may change the contour of integration in Eq(5.84) as in reference [15]. The con-

tribution from the remaining part of the contour gives

ImY (w) = sinh (fw/2) /COS wu) f] ) du (5.85)
0

where % (u) = S (u+iB/2) is given by; wy = 1

& dSk, COS (u) —k2 DJ_( ) —k2D
= PN u 2D (w)
5 (u) / o Ok e P e (5.86)

with D (u) = K3 (u+i5/2)

3
B o [ coshs;B3/2 — cossj(u)
D) (u) = jzlcj ( ]sinh s;8/2 : ) (5.87)
1 ’wﬁ ’Uﬁ - wﬁ coshv3/2 —cosv(u) B  u?
Dj(u) = m K oy sinh o) 3/2 t1t g (5.88)

The dc mobility for the polaron is given by

1 Imx (w)
fre ) _ N (5.89)
L W

Our result Eq(5.85), therefore, gives the mobility in the direction parallel and perpen-

dicular with the magnetic field as

1/py 3 7 ( 2L (u)du
9 (5.90)

1 20/ ) () du

where
Tmy (w) = sinh (Bw/2) / cos (wu) ) () du (5.91)
0
¥ cos (u 2 2
ZII (u) = /(;ZW];] ’2 QQIﬂl((ﬂ/)me—kLDL(u)e—kZDI(u)
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2a cos (u) 1
/7 sinh (3/2) (D” (w)— D, (u))3/2
{ /D) () + /Dy () = D1 (u)

\/D” u — \/DH (u) — DJ_ (u

~—

‘We now introduce

Imy (w) = sinh (ﬂw/Q)/cos (wu)X (u) du (5.93)
0
where
W) = d*k 220 CO8(UW) k2D (u) —k2D) (u)
B = [ G O g H

_ 2a cos(u) 1

~ V7sinh(8/2) D) (u) /Dy (u) (584
and

Ty | (o) = X (@) ~ Imy (@) (5.95)

2

It is very easily to show that in the limit of zero magnetic field D; — D) and

correspondingly Imy(w) — %ImX”(w). This implies

o

2a sinh (Bw/2) [ cos (wu) cosudu
Imy (w) — Imy (w )_3f sinh (3/2) / 3/2

(5.96)
0

which is the result of FHIP.

For zero magnetic field, FHIP calculated Imy(w) at 8 = 100. By contrast the
a = 3 and o = 5 results show that Imy(w) is relatively smooth in w, whereas for
a = 7, relatively sharp peaks occur at w ¥ mv +1, m =0,1,2,3,.... For m =0 these
correspond to the absorption of quanta by the polaron and the subsequent emission
of a optical phonon, the polaron remaining in the ground state. For m = 1, the series
might represent the polaron excited in addition to the emission of a phonon.,etc (see
more details in reference [38]). This result is reproduced by F.M. Peeters and J.T.
Devreese [39] with the Heisenberg operator method.

For non-zero magnetic field, our expressions x| (w) and x 1 (w) agree with refer-
ence [40] where they are called memory functions. In this reference three independent

configurations were of interest.
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i) Voigt configuration: The corresponding memory function is denoted by XH(w) and
gives the linear response to an electric field parallel to the magnetic field.

ii) Faraday configuration for the cyclotron resonance active mode(+w,): The memory
function in this case x (w) describes the response to circular polarized light along the
z-axis (which leads to an electric field perpendicular to the B field)

iii) Faraday configuration for the cyclotron resonance inactive mode(—w.): The mem-
ory function in this case is given by —x (—w).

They also obtained the numerical results for the imaginary part of these func-
tions as in FHIP. To compute the imaginary part of the memory functions Eq(5.91) and
Eq(5.95), they suggested that the integrand of the integral of Eq(5.91) and Eq(5.95)
consists of a factor which decreases slowly where u — oo superimposed on a rapidly
oscillating component. As a consequence this representation for the imaginary part of
the memory functions ImXH(w) and Imy | (w) is not suitable for numerical program-
ming. They presented another representation which it is more suitable for numerical

work.
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CHAPTER 6

CONCLUSION

We derived the propagator for a particle subjected to a local oscillator, an electro-
magnetic field and being under the influence of a one non-local oscillator (memory
potential). For the exact calculations of the corresponding path integral the classical
paths were determined explicitly.

In reference [24], it was shown that the Feynman-Jensen inequality failed to
apply for a particle in a magnetic field. An alternative method was proposed by J.D.
Devreese and F. Brosens. They derived the analytic result. We compared some of our
numerical results which were better than PD [21].

For the polaron motion in an applied field, we treated the motion of an elec-
tron in a polarizable crystal under the influence of an electric field and a magnetic
field. Starting with the crystal in thermal dynamic equilibrium, the electron was in-
jected with zero velocity, and its subsequent steady-state motion was determined using
two methods. For the first approach, in contrast to Thornber method (the method
of rates), we started from the expectation value of displacement of the electron and
then carry out a perturbation approach similar to that of FHIP. The time derivative
gave the steady-state velocity. In the other approach, we used a single path integral
to obtain the steady-state condition. The essential approximation to derive this lied
in the procedure to calculate (Spo; — Striar). In both cases no approximation regarding
the field strength, velocity, lattice coupling constant, or temperature was ever made.
However, the part of the action describing the electron-lattice interaction was approx-
imated as close as possible to physical reality, and an expansion in the difference of
the exact and approximate actions were combined in manners suggested by the exact

solution of similar problems.
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At low-frequency of the electric field, we did not impose the steady-state. We
found the self-consistent relationship between é, L and Z that agrees with Thornber
[20]. We also expressed the effective mass and the mobility of the polaron in the
magnetic field.

Finally, we also calculated the dissipation as in FHIP for the polaron in the
magnetic field which agreed with that of reference [40]. We may improve the accuracy
of the numerical results in reference [40] by using our numerical data (v, w.,v),w))
which were got from minimizing the upper bound ground-state energy based on De-

vreese’s assumption.
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APPENDIX A

THE CALCULATION OF THE DOUBLE PATH

In this Appendix we evaluate

= / / Pt x5 ) Dl | D! (A.1)
where

éo(i‘,r, I:/,I‘/,T) = So(t,r,7) — S(’)(f’, v T)— (i)(I',I‘/,T, o), (A.2)

7 m mwg 1
So(t,r,7) = / dr <2fT STy — TOrT T+ 51"7. -€-B-r; +f.-r;), (A3)

oL 2
) . 1.

So(r',r', 1) = / dr (;nr/T vl — %r; o+ 51"7- e B-rl +f -r.),(A4)
d(r,x',7,0) = Oi(r),r)) + Oo(ry, 1) + P3(rs,rl) + By(r),r,), (A.5)
dy(rh,rl) = i / g / dr / do ((r'T —r)-G(Q)- (v, - rg)) =) (A.6)
Dy(ry,r,) = i / dQ / dr / do ((rT —Ty) - é(Q) (rr — rg)) e UT=IA T)
ba(rr,r) = i / 4o / dr / do ((rr — 1) - G(Q) - (rr — 1)) 607 (A8)

ba(tir,) = i / 49 / dr / do (¥ —r5) - G(O) - (¢ — 1)) 2 A9)

€ is the third-rank totally antisymmentric tensor. The expression a- € -b - ¢ is defined
in perfect analogy to a-b x ¢ = a; €1, bjci, . Now we express rr, 1/, f; and f by their

Fourier transform

r, = /dTrTei”T L f, = /deTei”T (A.10)
and
r, = @rye_m £ = @fye_iw (A.11)
2w B 2w

—00 —0o0
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Consider
So (¥,r,7)
2 Ty T v
= / dr { / —1/1/ mr,, - r,e 0T % 2V 2V mr,, - 1, T

/

i / y y o
+2 Vr” €B-r, el T + / % 727r f, - I‘y/e’(”'f"/ )T}

—00 —00

mwg
= mI‘V Ty — ?I‘V sy

—i—l—ry' e B-r,+f, - r} gl +r)T

2
2
= / /du{ mry, - T, — m;uo ry, Ty
v ,
—I—Ery eB-ry+f, rypo(v+r)

o
dv v? m i
= / 27T{—2mr,,-r_,,— ;Uor,,~r_,, + 2rl,- € -B-r_l,—i—fy-r_l,} (A.12)

—00

so that we can express S( as

Next we consider

(i)l(»r; U 1/dQ/dT/do’{/ / / G ) I' €(V+V)T Q(t—0)
—r;, . G(Q) r W' T o iQ(T—0) _ é(Q) 'rﬁ,/e"”Tei”/"em(‘f*U)
1, - G(Q) - x) e ) | (A.14)

Using the symmetry of a(Q), eq(A.14) becomes

0 [oe) T o o ,
i/dQ / dr / do / dv dLFL'G(Q)'r;/ {e“”JFVUFQ)Te_iQU
2 27

_2€i(V—Q)Te—i(V/+Q)0' + 6i(y+u’—Q)aeiQT

o0 3 T . V' + Q)T ,—iQ0 |7
:z/dQ/dT/ v G 1y 0
—1
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= /dQ/d/ " G(Q) T i<u+u>T{_1_ 2
- ! Q" v-0

26t V—NT —i(V'+Q)o T
i(v—Q)

N ei(u+u’—Q)a€iQT
v+ —Q)

1
+I/—|—U’—|—Q}
B du, . , (12 1
_ /dQ G(Q) r_V{—Q V—Q+Q}
2/dQ/ o &), (A.15)
B O -v) '

A quick inspection shows that the integration has a pole at v = +£ . Therefore, we
must specify a contour in the complex v-plane in order to evaluate the integral. We

choose an enclosing the contour in the upper half plane above the real axis of v. So

Eq(A.15) becomes

/ 14

dV =
:2 (¢ ’. Q) - B
T To) /d G r_”Q(Q—V—i-z’e)

(A.16)

Next we consider

o0

. d’ i . ,
®y (rrr,) = i / s / dr / do / v ;-G(Q)-m {e“"*” —)7iQo

_2eZ(V+Q)T€—Z(V —Q)o + ez(r/—i—u -I—Q)Te—zﬂa}
‘ o o oL dv 3 dv’ = 67:(V+V/79)T6Z'QO' T
z/dQ/dT/g 27Try-c;((z).ry,{m_Oo
i 7 Tdv Tdv/ = | 2
— i [ a0 Wl Q.V,Z(V‘H/)T{_
Z/d/dT/Qﬂ_ 27Tl[‘G()re a v1a
+1}
v+ +Q
1 2 1
a0 [ Yr, GOQ) v s - 24—
/ J e (f- g4

T dv = v

e T ei(qul/JrQ)aefiQ‘r

i(v+Q)

9t v+ —i(V'—Q)o

v+ +Q)
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Next we consider

(1)3 (I'T, cr

and

P, (v,

i / dQ / dr / da{/ / G(Q) - 1,V )T —ilko

_9y . G(Q) r e i(v' —Q)Tez(u Qo +r é(Q) . rlulei(u—i-u’—Q)TeiQJ)}

14

[e.o]

i+ +Q)1 ,—iQ0o |T
(& (&
- Jon far [ g ] e SR

—21 / dQ / dr da/ :j G(Q) - 1,V Vo i+

el(V+V — )T iQo |7

+r, - G(Q) - r m

o0

/dQ/;lZ{—r,,-é(Q)-r_l,é 'L G() - _é}

. 7 ¥ T dv T dv' = / i(v—Q)o
—QZ/dQ/dU / o %rV-G(Q)'rylé(u + Qe

Tdo T d . .
SE IR
Y8
—2i / o / do / ;ll / dv'rl, - G(Q) - 1, el t)e
s
00 Q 00 _ _
—/Cé)/;ly{r,,-G(Q)-r,,—I—r:,-G(Q)-r'_V}
T

—21 / dQ / dur;-é(Q)-ry/é(y—i—l/)

—/dg/;ZV{ry-a(Q)~r_V+rL-a(Q)-r’V}
T

i / 4o / W GQ) T iy — Q) (A.18)

[e.e] e}
i / dQ / dr / dff{ / / CG(Q) -1, e VT i

—2r), - G(Q) - 1y VTN oyl L G(Q) - xl el |

/dQ/ r, G Q) - r'_V—i-ry-é(Q)-rfy}
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dV/H

i / a0 [ $Ex, GQ) r b+ Q) (A.19)

—00

Using Eqs(A.12), (A.13), (A.17), (A.18), (A.19) and (A.20), Eq (A.1) becomes

= / / ror-e Tt Dlry | Dlr—, | D[r, | D[r”, ) (A.20)
where
dy(ry,r v ) = /;y{LO (ry,r—y) — Lj (ry,r_)) }
+2 / dQ/ dVE (rp,r_p, 1,1 ) (A.21)
and
my? mw?
Lo (rl,,r_l,):——ry-r_l,—iorl,- _V—i— r,, eB-r,+f,-r_, (A22)
2 2 2
2 .
L) (ry,r ,,)__%r; rf_y_%; ’_V+%r§,-E~B-r’_V+f;-r’_l, (A.23)
— 14 < 14
E(ry,rp, s = 1,-GQ)r oo -1, G(Q) Ty s
(P Py T Ty) (@) QQ—v+ieg) ’ (@) QQ+v—ie)
—2rir, - G(Q) - 1_, (6(v — Q) + 5(v + Q) (A.24)

We note that since r.,r., f; and f/ are real, r, = r* ,f, = f* . Thus by changing

f dv — fdv we have

—00
5/ o _ @ “wr
(I)O(I'V,I',V,I'V,I'_V) - 27TL0 ry,,r—, + LO I',,,I' 1/)
—00
dl/

_ —L’ (ry,r_)) —/;ZWLO (ry,r_,)

d
+2 / [7k9) (/ —VE (ry,r_,, 1), v ) +/27TE (ry,r_p, 1,1 V))
dv dv
—|—2/dQ (/ gE(r,,,r_,,,rﬁ,,r/_l,)—k 27rE(rl,,r_l,,I'fj,r’_,/))
0 oo

0
(A.25)
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We consider

0 d ood 9 9 .

v v my mw, i
/%Lo(rmrﬂ/) = /7_‘_{21'1/'1'1/Q(Jru'ry+2ru‘E'B'ru
—00 0

+fu'r—y}*

T dv mv? mwd . o
= /% - 5 v r, — 9 v 1/+5r71/'€Br

0

+r*u'f:}

/du muv? . mw? *+i cB.r*
= —{——T, T, — r,-r —r,r€-B-r

2 2 Vv Y v v
0
+r, -} (A.26)
and
" d Td
V_, Vs
g:‘(ruar—lﬁrlyvr,—]/) = /%‘:‘ (rllar—llvr/y?rl—y)
—00 0
Td
V) A 1% v
= Q)
0/27T{rl, (@) r”Q(Q—I/—ie)
o v
r, G
- G )r”962+u+¢@

—

+2min, - G(Q) - x5 (0(v — Q) + 6(v + ) }(A.27)

Using the results of Eq(A.26) and Eq(A.27), we obtain

P [ [ @it i, D D DI (A.28)
where
Td
W) = [ (g g o[22
. [Z_—Z. )Y +rt [-Z,—Z_+ive B,
. [-Z, —Z_+iv e B|- r;> (A.29)
and
- m oo  Mwle oon é(Q)
Z, = —— 21—701—42/—— A.30
+ 27 2 v Q (Q—ie)? —v? ( )
m mw? ’ Q) a(Q)
Z_=——1T— 0T g2 [ =2 =0 A31
2" 2 V) a2 2 (A.31)
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where T is the identity tensor. Next we perform the integral in Eq(A.28)

ood -
I = /{exp(—i V(—rf/*'f,i—f,i-rf/—r:f-Zg-rf/))
2m

0

Ood - sk s
x/exp(i V(ri-zyry—[r,ﬁk'(z+—z+)+f:]’rv

o
(7 -7 )t — fy]> D[ry]p[r;]} D[, |D[r"] (A.32)
where
Zy=-Z,-7_+ive B (A.33)
Zo= -7, 7 +ive B (A.34)
Td 1
— exp i/l £ (£ —£)
J 2 Z,+7Z_—iveB
I R o R( S P
Z,+7_+ive-B Z.+7Z_—iwe-B
PN ok PN ok 1
X Zy -7, +7 ~7 ) ——— C(EF - £ (A.35)
Z,+Z_ —ive B
Defining

7, — Z.+7Z —ive-B
[d2  G(Q)
Q02 -2 —ge

—00

= —m?I — mwgf —ive B -4 ;v >0 (A.36)

we replace f, and f/, by their integral representations
o o
f, = / dre™™ | f) = / drfle™™7
—0o0 —0o0
Then Eq(A.35) becomes

I =exp { / dr / do(f;, —f£) - [f*(T —0) £, —L(r—0)- fé]} (A.37)
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To pass from Eq(5.22) to Eq(5.23) in the text, we must calculate

- o Y 11 . 1 1) .
LE-L (=] -— = T T _w£+ o = we A.39
©-L () O/QMKZV i)e (Z 2) ] (A.39)

which follows at once from Eq(A.38) and the symmetry of Z (v). If as in TF we

generalize 21, to —oo < v < oo by writing 2,, as

. . P o A2 G(Q)
Z,=-m v+ie)? I —mwll —i(v+ic) € B —4(v+ie)? —_—_——
Wil Tomafl i i) e Boawrio? [ G ST
(A.40)
o ok S ot
then Z, =Z_, and Z, = Z_,, and Eq(A.39) becomes
- o Tdv (1 1)\ _,
L(¢)-L (f):/f =~ i ]°€ ¢ (A.41)
Jmi\Z, 7!

as desired. In the text we also need to follow the relationships easily obtainable from

Eqs(A.30), (A.31) and (A.36)

Z, -7, = Z,-7,=47iG (v) (A.42)
ok . =T . o
Z_ -7 = Z_-7_=4miG(-v) (A.43)
. o Z ok o o

v=Zy = Z_,-Z_,=47i|G(v) - G(-v)] (A.44)
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APPENDIX B

THE CALCULATION OF THE Lj(¢)

In this appendix we evaluate the function

= | K50 K (B.1)
0 0 KN
where
Tidv (1 1\ 1—eits
KEe = [ (La L) 5>
5 () omi \Zy  Z_) P —1 (B.2)
I Todv 1 1 — e 1—e ¢
K = — B.
B(g) 27TZZ|| (1—6_51/ + efv — 1 ( 3)
T A0 GL(Q)
_ 2 2 2 +
Zi = —mvrv — mwo +vB —4v ﬁm (B4)
- 2 2 4200d9 G Q) B5
= e = | S (B.5)
—0o0
Using the Feynman one oscillator approximation
G+() = CLo(Q—wy) (B.6)
G(Q) = Ci6(Q—wy) (B.7)

Inserting G(€2) into Eq(B.5), we have

4C||1/2

wH(wﬁ —v2 —ig)

—Z” = ml/2+mw(2)+

C . .
mI/Q(wﬁ + 4’“7” + wd) — mv? — mv?ie + mwgwﬁ + mwdie

(wi — 12 —ie)
mut — myz(vﬁ + wd + ie) + mw%wﬁ — mwgie

(wﬁ — 12 — ie)
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c vl = w? + 40”
e
(28 —v?) (25 — 1*)
Z p— B-8
I m (wﬁ —v? —ig) (B8)
where
) (Uﬁ + Wi + ie) \/(vﬁ + wi +ig)? + 4(wﬁw3 — wdie)
zi = + (B.9)
2 2
, (Uﬁ + W + ie) \/(vﬁ +wi +ig)? + 4(wﬁw§ — wdie)

Substituting Eq(B.8) into Eq(B.3)

Kl = L Todv (wj—vP—ie) (1 e 1o
s om 271'2 (22 =) (22 —1v2) \1—e P efv—1

B / (wj — v? — ig)
S om 2mi (21 —v)(z1 + v)(22 — V) (22 + V)

1—et 1 —e
X (1—e—5V+ N > (B.11)

A quick inspection shows that the integration has poles at +2; and +2z5, and

1 (wf = = i) (Lt ey

T S —

m 2z (22 — 22)

V(=G i0) (1ot i
1—ePn | ofm_1

m 2z9(22 — 22)
1 (zl —w” + ie) cosh( 12[3) — oS 21 ( — %)

m 2(zf - 23) z1 sinh (%)

1 (23 — wf + ie) cosh (%) — COS 29 (5 — %)
m 2(25 — 21) 29 sinh (%)

(B.12)

So

. 1 (22 —w?) cosh (M) — oS 21 ( _ ﬁ)
i KY©) = o 221 p— ;
1 (Z% - wﬁ) cosh (%) — COS 29 (§ — %)

_i_i
m 2(752 - Z%) z9 sinh (%)

(B.13)

For wp — 0, then z; = v) and 22 = 0, Eq(B.13) becomes

(vﬁ - wﬁ) cosh (#) —cosy (f — %) 1 wﬁ (zf N §2>

1
o 3 . [¢] 2
m QUH sinh (%) 2m vj

v 8 i
_ 1u) ((“ﬁ _w2> cosh () — cosvy (¢ - §) e+ 52) (B.14)

2m Uﬁ UHwﬁ sinh (#) B

KN =
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Next we insert G4 (Q2) into Eq(B.4), and we have

4w
—Zy = my2+mw(2)+uB+ 21/ ¢2 -
wi (w] —v?—ig)

mv?(v? + Wi —ie) — mvt + 3B + v(ie — w})B + mwiw? — mwiic

(w? —v? — i)

4C |
; Ui = wi + Tu
Z, - m(sl — V)(SQQ— v)(s3 —v)(s4— 1) (B.15)

(w] —v? —ie)

where s; is the solution of the polynomial degree four
mvt + 3B — mi? (v} 4+ Wi —ie) — v(ie — w})B + mwiw? + mwdic (B.16)

Next we insert G_(2) into Eq(B.4), and we have

420

wy (wi

~Z_ = mv® +mwi —vB+ 5
—v? —ig)
mv?(v? + wg —ie) — mv* — 3B — v(ie — w?)B + mwiw? — mwiic

(w? —v? — i)

4C
C2 2 2L
3 vy wL+ w)
£ R 1

(w? + 12 — ie)

where —s; is the solution of the polynomial degree four
mvt — 3B —mi? (v + Wi —ie) + v(ie — w})B + mwiw? + mwdic (B.18)

Inserting Eq(B.15) and Eq(B.17) into Eq(B.2), we find

[e.e]

dv (1 1\ 1—e ™
50 = [z ) e
_ 7°d< (w3 —v* —ie)
N s 21 \ (s1 —v)(s2 —v)(s3 —v)(s4 — V)

(w? —v? — ie)

1—e 8
+(V +s1)(v + s2)(v + s3)(v + 34)> efr —1

(B.19)

A quick inspection shows that the integration has poles at +s;, and Eq(B.19) becomes

n 1 (w? — s —ie) 1 —e 1€
Kﬁ (5) = — 3y~ Bs
m | (s1—s2)(s1—s3)(s1 —s4) €951 —1
(w? — s3 —ie) 1 —eis1é

(s1—82)(s1 — 83)(51 — 84) 1 — e P51
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(w3 — s3 — ie) 1 —e 28
(82 — 51)(82 — 53)(82 — 54) efs2 — 1
(w? — s3 — ie) 1 — ei2¢
(s2 — 51)(s2 — 83)(s2 — 84) 1 — e~ P52
(w? — s3 — ie) 1 — e3¢
(83 — 81)(83 — 52)(83 — 54) efss — 1
(w? — s3 — ie) 1 — eis38
(s3—51)(s3 — 82)(s3 — 84) 1 — e Fs3
(w? — s3 — ie) 1 — el
(84— 51)(84 — 82)(84 — 83) €54 —1
(w? — s3 — ie) 1- ej‘;‘lf (B.20)
(84 — Sl)(84 — 82)(84 — 83) 1 — e Psa
Then
4 (.2 2 - s, s
1 (55 —wi +ig) (1 —e ¢ 1 —eit
Kg(f) = 72 ! Gs. ~ 3,
m = I (sj — si) e’si —1 e Psi—1
T g
! 24: (53 —w? + ie) cosh (%) — COS 5; (f - %)
mis jl;é[i (sj — si) sinh (%)
8 i3
1 A (s2 —w?) cosh 32) —cossi (€ -2
im K56 = —Y (55 —wl) (¥) _ (€= 7) (B.21)
e—0 m j=1 H (8] - S’i) Sinh <%)
J#i
For wg — 0, s4 = 0, we get
. i3 B
13 2 — w2 cosh (%27) —coss; (€ — &
KE(&)—fZ (J 1) ( 2 ) sﬂ]( 2) (B.22)
m j=1 Sj H (Sj = 8i) sinh (JT)
J#i

For convenience we will use the Devreese expression [24], so that Eq(B.22) becomes

3 2cosh (%) — COS S ( — %)

Ki© =3¢ S (B.23)
j=1 sinh (JT)
where
1 s —w? 1
CJZ = om - 2 Jj+1 2 (B'24)
2m s 357 —2(—1)7 wesj —vi
Using the results of Eq(B.15) and Eq(B.17), we express K (§) as
sinh (%22) + isin s, §—ﬁ
_ 2 J 2
0 = g () T () (3.5)
j=1 sinh (JT)

Finally it is very easy to show that

k-Ly (&) k =k KF (€) + k2K (€) (B.26)
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where

Kj (§) = K} (¢) (B.27)
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APPENDIX C

GROUND STATE ENERGY CALCULATION
PROGRAM

sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok s sk ok s o o ok o o ok ok sk sk sk ok sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk s o ko ok ok ok sk sk sk sk ok ok ok sk sk sk sk sk sk ok ok ok ok ok
¢ program: Ground state energy of a polaron in a magnetic field
¢ purpose: To minimize ground state energy of the polaron in a
c magnetic field
ok ok ok ok sk ok ok sk ok sk sk sk sk sk s oo o ok ok o o ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk s s sk ok ok sk sk ko ok ok ok ok ok ok ok ok ok sk sk sk ok sk sk sk sk sk sk ok ok
program ground
implicit real*8(a-h,o-z)
sk ok ok sk sk sk sk ok ok sk sk sk sk s s s o o sk sk sk o ok ok ok ook ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk sk s s o ok ok sk sk ok ok ok ok ok ok ok ok ok ok ok ok sk sk sk ok ok sk ok sk sk sk ok
¢ Global-variable declaration
sk ok ok sk sk sk ok ok ok ok ok ok sk s oo o o sk sk sk ok ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk s sk s o o s sk sk ko ok ok ok ok ok ok ok sk sk sk sk sk sk ok sk ok sk sk ok ok
common/glob/v1,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
common/gruss/xi(48) ,wi(48)
common/quad/nstrip
common/range/scale
sk ok sk sk ok ok ok ok ok ok ok ok ok ok ok o sk ok ok o o ok o o ok ok sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk s sk sk sk s ko sk sk sk ok sk sk sk ok sk sk sk sk sk sk ok ok ok ok ok ok
c Initialize default value to all parameter
ok ok sk sk ok ok sk sk ok ok ok ok sk sk s o o ok o o ko ok sk ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk s sk ok ok sk ks koo ok ok ok sk ok sk sk sk sk sk sk ok ok ok ok ok ok
call setpquad
call setglob
call initialvalue
write(6,*)’tol’ ,tol

write(6,%*) ’sta’,sta
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write(6,*)’fin’ ,fin
write(6,*)’nst’,nst
total=0.d0
hold=e0()
write(6,*) ’before search’
write(6,*)’vl’,v1
write(6,*) w1’ ,wl
write(6,%*)’s2’,s82
v2=dsqrt (s2*s2+wc*s2-wckw2*w2/s2)
write(6,*)’v2’,v2
write(6,*) w2’ ,w2
write(6,*)’wc’ ,wc
write(6,*)’ (vi*vl)/(wixwl)’, (vi*xvl)/(wl*wl)
write(6,x*)’ (v2xv2) / (w2*xw2) >, (v2*xv2) / (w2*w2)
write(6,*) ’energy’ ,hold
bigh=hold
write(6,%*)’alpha’,alpha
write(6,*) ’searching’

38K ok ok o oK oK oK ok o oK KoK oK o oK K oK ok ok o K K oK ok o K K oK ok o K K ok ok ok o oK sk oK ok o kK ok ok ok K ok ok ok ok ok K oK ok ok K K ok ok

c Optiminze parameters;including v1,wl,v2,w2

33K ok ok o KoK oK ok o oK KoK oK ok K K oK oK ok o K K oK ok o K KoK ok ok o KK ok ok ok o K Kok ok ok oK K ok ok ok o kK ok ok ok ok K K ok ok ok K K ok ok
scale=1.d0*sta

40 1=0

10 call search()
1=1+1
if(1.1t.1000)goto 10

stk ok ok ok ok sk ok ok ok ok sk ok ok ok o ok sk ok ok ok ok sk ok ok ok ok sk ok ok ok o ok ok ok ok o ok sk ok ok o ok sk ok sk ok ok ok sk ok ok o ok sk ok ok ok o K ok ok

¢  Show energy and parameters after calculation 1000 times
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sk ko ok ok sk ok ok ok ok sk ok ok ok o koK ok ok o ok sk ok ok ok ok sk ok ok ok o ok sk ok ok o ok sk ok ok ok ok sk ok ok ok ok ok ok ok ok o ok sk ok ok ok o K ok ok
write(6,%*) ’energy’,hold
write(6,*) ’scale’,scale
write(6,*)°V1’,V1
write(6,*)’vl’,v1
write(6,*)’wl’ ,wl
write(6,%*)’s2’,s2
v2=dsqrt (s2*s2+wcxs2-wcxw2*w2/s2)
write(6,%*)’v2’,v2
write(6,*) w2’ ,w2
write(6,*)’wc’ ,wc
write(6,*)’ (vi*vl)/(wixwl)’, (vi*xvl)/(wl*wl)
write(6,%*)’ (v2*v2)/(w2*xw2) ’ , (v2*xv2) / (w2*w2)
diffen=abs(bigh-hold)
total=total+diffen
if(diffen.lt.tol)scale=.5d0*scale
bigh=hold
if(scale.ge.fin)goto 40
write(6,*) ’total change is’,total

28 write(6,*) ’input nstrip for integral check’
read(5,*)nst
if (nst.eq.0)goto 29
hold=e0()
write(6,200)hold
goto 28

29 continue

stk ok ok ok ok sk ok ok ok ok sk ok ok ok o ok sk ok ok ok ok sk ok ok ok ok sk ok ok ok o ok ok ok ok o ok sk ok ok o ok sk ok sk ok ok ok sk ok ok o ok sk ok ok ok o K ok ok

¢ Format of reading data from field’data.dat’
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>k 3k >k 5k 5k 3k 3k >k 5k >k 3k 5k 3k 3k %k 5k >k 3k 5k 3k 3k 5k 5k >k 3k 5k 5k 5k %k 5k >k 3k 5k >k 5k >k 3k >k 3k 5k >k 5k >k 3k >k >k 5k >k 5k >k 3k >k >k 5k >k >k >k 3k >k >k 5k >k >k >k %k 5k >k >k %k >k *k %k *k

200 format(3£23.15)
300 format(23x,2f23.15)
400 format(2f10.5,I4)
stop
end
33K ok ok o KoK oK ok o oK KoK oK ok oK K oK ok ok o K K oK ok o K KoK ok ok K K ok ok ok o oK sk ok ok o K KoK ok ok o kK sk ok ok o K K oK ok o K K ok ok
c Subroutine search
383K ok o o KKK ok o oK KoK oK ok oK K oK oK ok o K KoK ok o K KK ok ok K K oK ok ok o K Kok ok ok K Kok ok ok o KKk ok ok o K Kok ok ok ok K ok ok
subroutine search()
implicit real*8 (a-h,o-z)
real*4 urand
common/glob/vl,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
common/range/scale
data iseed/0/
rand=(urand (iseed)-.5)*v1
rand=scalex*urand (iseed)*rand
vl=vi+rand
if(vl.ge.wl.and.vl.ge.1.d0)then
e=e0()
if (hold.gt.e)then
hold=e
goto 3
endif
endif
vli=vli-rand
3 rand=(urand(iseed)-.5)*wl

rand=scale*urand(iseed) *rand
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wl=wl+rand
if(wl.le.vl.and.wl.ge.1.d0)then
e=e0()
if (hold.gt.e)then
hole=e
goto 4
endif
endif
wl=wl-rand
4 rand=(urand(iseed)-.5)*s2
rand=scale*urand (iseed) *rand
s2=s2+rand
if(s2.ge.w2.and.s2.gt.wc)then
e=e0()
if (hold.gt.e)then
hole=e
goto 4
endif
endif
s2=s2-rand
5 continue
rand=(urand (iseed)-.5) *w2
rand=scale*urand (iseed) *rand
w2=w2+rand
if (w2.le.s2.and.w2.gt.wc)then
e=e0()
if (hold.gt.e)then

hole=e
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goto 4
endif
endif
w2=w2-rand
1 continue
return
end
sk ok ok 3 ok 3 ok 3 oK 3k ok 3k ok 3k ok ok oK ok ok sk ok ok K ok K ok ok ok 3 ok K ok K ok 3k ok 3k ok 3 ok 3 ok 3 ok 3 ok 3 ok 3 ok 3 ok 3 ok 3 ok 3k ok 3k ok 3k ok 3k ok sk ok 3k ok sk oK koK
c Set global variables by reading data from file’data.dat’
sk ok ok ok o ok ok ok ok ok ok ok ok ok ok ok ok sk ok sk ok sk ok ok ok sk ok ok ok ook ook ook s ok ook ook s ok ok s ok o ok ook ook sk ok ok ok sk ok ok ok ok ok sk okok ok ok
subroutine setglob
implicit real*8 (a-h,o0-z)
common/glob/vl,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
open(1l,file=’variabledata.dat’)
read(1,*)alpha
read(1,*)vl
read(1,*)wl
read(1,*)s2
read(1,*)w2
read(1,*)wc
close(1)
return
end
stk ok ok o ok ok ok ok ok ok ok ok ok sk ok ok sk ok sk ok sk ok sk ok ok ok ok ok ook ook ook s ok ook ook s ok ok sk ok o ok ok sk ok sk ok ok ok sk ok ok ok ok ok sk okok ok ok
¢ Set global initial value by reading data from
file’inivalue.dat’
sk ok ok ok o ok ok ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok sk ok sk ok ook ook s ok s ok s ok s ok s ok s ok 3 ok ok ok ok ok ok o ok ok sk ok ok ok ok ok sk ok ok ok ok ok

subroutine initialvalue
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implicit real*8 (a-h,o0-z)
common/glob/vl,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
open(2,file=’inivalue.dat’)
read(2,*)tol
read(2,*)sta
read(2,*)fin
read(2,*)nst
close(2)
return
end
sk sk sk sk sk sk sk sk sk sk ok ok ok ok o ok ok ok ok sk e ke e ke ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk s ok ok ok o ok sk sk ok e ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk ok ok ok ok
¢ Expression of energy of the polaron in a magnetic field
sk sk sk sk sk sk sk sk sk sk ok ok ok o ok o o o ok o o o o o o ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk s ok o ok ok ok ok o o o o ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk ok ok ok ok
function e0()
implicit real*8 (a-h,o0-z)
common/glob/v1,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
external f

pi=4.d0O*datan(1.d0)

call integrl(g)
e0=2.d0*s2%s2*s2+WwCc*s2*s2+WCkWw2*w2
e0=(s2-w2) * (s2-w2) * (s2*s2-wc*w2) /el
e0=wc/2+(v1i-wl)*(vi-wl)/(4.d0*v1)+e0
e0=e0-alpha-dsqrt (1.d0/(2.d0*pi))*alphax*g
return
end
sk sk ok ek sk ok sk ko ke sk ko ok sk ok ok sk ok ok ks ok ok ok sk ok sk ok sk ok sk ok ok ok ok

¢  Expression of t1(x)
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stk Kok ook ok o ok ok oK ok ok ok oK oK oK ok o oK ok K ok o ok ok oK ok ok ok o ok o Kok K ok ok K ok ok ok K ok o Kok ok ok K ok sk ok ok ok ok ok sk ok ok ok ok
function t1(x)
implicit real*8 (a-h,o0-z)

common/glob/vl,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

wb=(wc+s2) * (wc+s2)/4.d0
wb=wb- (wc*xw2*w2) /s2

wb=dsqrt (wb)

y=(wc+s2)*x/2.d0
c=wb*x
tl=cosh(c)+(s2-wc)*sinh(c)/wb/2.d0
t1=1.d0-t1*dexp(-y)
return
end
sk Kok o ok ok oK oK ok K ok oK ok K oK o oK ok oK oK o K ok ook ok oK ok ok ok oK oK o Kok ok ok K ok ok ok K ok o K ok ok ok K ok sk ok o ok ok Kok ok ok ok ok ok
¢ Expression of t2(x)
sk KoK o oK ok oK oK o K ok oK ok oK oK oK ok o oK o K ok o oK ok K oK oK ok o oK o K ok o oK ok K oK oK ok K oK o Kok oK ok o ok sk ok o oK o K ok ok ok ok oK ok
function t2(x)
implicit real*8 (a-h,o-z)

common/glob/v1,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst

wb=(wc+s2) *(wc+s2) /4.d0
wb=wb- (wc*w2*w2) /s2

wb=dsqrt (wb)

a=s2*x

y=(wc+s2)*x/2.d0
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c=wb*x

t2=(s2+wc) *dexp(-y)*sinh(c) /wb
t=1.d0-dexp(-a)-t2
return
end
stk ok K ok ok K oK ok KoK o K sk ok o K oK ok KoK ok K oK ok o K sk ok Kok ok K sk ok o K sk ok K ok ok K Kok o K sk ok Kok ok sk ok ok K sk ok K ok ok Kok o
c Expression f(x)
stk ok K oK ok oK oK ok KoK ok K oK ok o K oK ok KoK ok oK K ok o K oK ok K oK ok K sk ok ok K sk ok K oK ok o Kok o K ok ok o K ok ok K ok ok K sk ok o KoK ok o Kok o
function f(x)
implicit real*8 (a-h,o-z)
common/glob/v1,wl,s2,w2,c2,wb,wc,alpha,hold,tol,sta,fin,nst
Sk o KoK KK KoK KK KK K KK KK oK oK KKK K KoK KoK K KoK S K KoK K oK ok KoK K Kok KoK oK KoK SR KKK K Kok Kok
¢  Expression di(x)
sk o KoK K Kok KoK KKK K KK KK oK ok K KoK K KoK K oK ok KK oK oK KK K oK ok Kok K Kok KoK ok Kok R oK KK K Kok Kok
r=vixvil-wilxwl

y=v1*xx

a=(1.d0-y-dexp(-y))/y

b=a/y

c=rxa/vi/vl

d=r*b/v1

di=c*(1.d0+c)/d/2.d0
ok Kok Kok ok ok oK oK KK ok oK oK Kok K ok ok oK ok K ok ok K ok K ok K ok o Kok ok ok K ok Kk ok K ok o Kok ok ok K ok Kok sk ok Kok sk ok K ok Kok
¢ Expression dh(x)
ok Kok o Kok ok ok K oK KoK ok K oK K ok K ok ok K ok ook ok K ok K ok o ok o Kok o sk ok K ok Kk ok K ok ok Kok o sk ok K ok ok ok ok ok K ok ok ok K ok ok ok

c2=(2.d0*s2%s2*s2) +(s2*s2*wc) + (W2*xw2*wc)
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c2=(82-w2)*(s2+w2) /c2

c2=dsqrt(c2)

dh=(1.d0/wc+c2*c2) *t1(x)
dh=dh+c2*c2*t2(x)
dh=dh/2.40
sk oK oK oK ok o oK o K oK oK ok oK oK o oK ok o oK o K oK o oK o oK oK oK ok o oK o K ok o oK o K ok oK ok oK oK o K ok o oK ok o ok sk ok K oK ok K ok ook ok ok ok ok
c Expression b(h)
sk ok ok ok o ok ok R oK o K oK oK ok oK oK o oK oK oK oK o K ok o oK ok oK oK oK ok oK oK o oK ok R sk ok K ok sk ok o oK o K ok o sk ok K ok o sk ok oK ok K ok ok ok ok ok ok
h=di/dh
if(h.1t.1.d0)then
b=dsqrt (h/ (-h+1.d0))*dlog((dsqrt (h)+dsqrt (-h+1.d0)))
else
b=dsqrt (h/(h-1.d0))*dlog((dsqrt (h)+dsqrt (h-1.40)))
endif
f=b/dsqrt(di)-dsqrt(2.d40/x)
f=fxdexp(-x)
return
end
sk K ok o oK ok o oK o K oK oK ok oK oK oK ok o oK o K ok o oK ok oK oK oK ok o oK o K ok oK o K ok oK ok oK oK o K ok o oK ok o ok oK ok o oK ok K ok oK ok ok oK ok
c Quadrature integration: g is return value
sk ok o ok o ok ok o oK o K oK oK ok oK oK oK ok oK oK o K ok o oK o oK oK oK ok oK oK o oK ok oK ok K ok sk ok K oK o K ok oK ok K ok sk ok K oK ok K ok ok ok ok ok ok
subroutine intgrl(g)
implicit real*8 (a-h,o0-z)
external f
common/quad/nstrip
cut=0.d0

1 cut=cut+1.d0
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if (f(cut).gt.1.d-15)goto 1
d=1.d0/dfloat(nstrip)
g=0.d0
do 3 i=1,nstrip
a=dfloat (nstrip-i+1)*d
b=a-d
a=-dlog(a)
if(i.1t.nstrip)then
b=-dlog(b)
else
b=cut
endif
3 g=g+pquad(a,b,f)
return

end

function pquad(a,b,fun)
real*8 pquad,a,b,xi,wi,c,d,yi,fun
external fun
parameter (n=48,n2=n%2)
dimension xi(n),wi(n),yi(n2)
common/guass/xi,wi
c=.5d0*(b-a)
d=.5d0* (b+a)
do 2 i=1,n
yi(i)=c*xi(i)+d

2 yi(i+n)=-cxxi(i)+d

pquad=0.d0
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do 1 i=1,n
pquad=pquad+fun (yi(i)*wi (i)
1  pquad=pquad+fun(yi(i+n))*wi(i)
pquad=pquadx*c
return
end
sk ok ok sk sk ok ok ok ok ok sk sk sk s s s o o sk sk sk ok ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk s s s s ok o sk sk ok ok ok ok ofok ok ok ok ok ok ok sk sk sk sk ok ok ok sk sk ok ok
c Initialize pquad parameters
sk ok sk sk sk koo ok ok ok ok sk s oo o o s s sk ok o ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk s sk s ok o s sk sk ko ok ko okeokok ok ok sk ok sk sk sk sk sk sk ok ok sk ok ok
subroutine setpquad
implicit real*8 (a-h,o-z)
common/gauss/xi(48) ,wi(48)
common/quad/nstrip
nstrip=5
open(1,file=’pquad.dat’)
read(1,100) (xi(i),wi(i),i=1,48)
100 format(2d24.17)
close(1)
return
end
sk ok ok sk sk ok ok ok ok ok sk sk sk s s s o o sk sk sk ok ok ok ok ook ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk sk s s sk ok ok sk sk ok ko ok ok ok ok ok ok ok ok ok sk sk sk sk ok sk ok sk sk ok ok
¢ Random generator
stk sk ok o ok sk sk ok o ok skesk sk ok ok sk sk ok sk ke ok sksk sk sk ok sk sksk sk e ok sk sk sk sk s ok sksk sk sk ke sk sk sk sk sk sk sksksk sk sk ok sk sk sk ok ok sk sk ok
function urand(iy)
¢ uniform random number generator)\
¢ initialize iy prior to first call.
¢ calling program must not alter iy between call.\

¢ values of urand are returned in the interval (0,1).\
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real*8 halfm
data m2/0/,itwo/2/
if (m2.ne.0)goto 20

c if first entry, compute machine integer word length.
m=1

10 m2=m

m=itwo*m2
if(m.gt.m2)goto 10
halfm=m2

c compute multiplier and increment for linear congruential
method.\
ia=8*idint (halfm*datan(1.d0)/8.d40)+5
ic=2*idint (halfmx*(.5d0-DSQRT(3.D0)/6.D0))+1
mic=(m2-ic)+m2

¢ s is the scale factor for converting to floating point.
s=.5/halfm

c compute next random number

20 iy=iy*ia

¢ the following statement is for computers which do not allow
c integer overflow on addition.
c if(iy.gt.mic)iy=(iy-m2)-m2
iy=iy+ic
¢ the following statement is for compute where the word length

¢ for addition is greater than for multiplication.

c 1if(iy/2.gt.m2)iy=(iy-m2)-m2

¢ the following statement is for compute where integer overflow
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¢ affects the sign bit.
if(iy.1t.0)iy=(iy+m2)+m2
urand=flodt (iy)*s
return

end
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