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1 Courses and seminars

I did my MSc (by research) at the University of York under the supervision of Dr.
Stefan Weigert. I have studied quantum entanglement which is a core property
in quantum information science. My MSc project was mainly focused on how
to measure the amount of entanglement for a given state. We have proposed
a new kind of method which is called PT1-entanglement measure. However,
this alternative method is still elusive as to whether it can be a candidate of
entanglement measure or not. After having completed the MSc degree, I moved
to the University of Leeds to work with Prof. Frank Nijhoff. Since I moved to
Leeds, I have attended two courses as follows
PHYS5200M01 Quantum Information Science. Prof. V Vedral
MAGIC023 Integrable systems. Dr. Marta Mazzocco,
and I have also attended four seminars

• Applied Mathematics seminar

• Integrable systems seminar

• Informal integrable lunch meeting

• Postgraduates seminar

Integrable System is a new area of research for me. This requires me to read
a large amount of material, e.g. the lecture notes on “Discrete Systems and
Integrability” MATH5490 by F. W. Nijhoff[1] and C. M. Field’s PhD thesis on
“On the quantization of integrable discrete-time systems” [2]. I have studied the
PT-symmetric quantum mechanics which is initiated by Bender [27]. I did a cal-
culation for PT-symmetric quantum systems by using the path integral approach.
The detail of this calculation will be found later in this report. I have also looked
at a paper by Degasperis and Ruijsenaars [33] in which a new family of Hamil-
tonians for the harmonic oscillator was found. In this context, we are interested
in finding the discrete-time version of the system. Finally, I had an opportunity
to join the Quantum Information School, Spring 2008, at Bristol between 17-19
March 2008.

2 Research

I am interested in investigating the connection between discrete-time integrable
systems and quantum computation processes. Common to the subject is the
pivotal role played by the unitary operator of the time evolution. In discrete-
time systems the unit time step is generated by this unitary operator, while in
quantum computation the unitary operator plays the role of quantum gates.

1PT stands for partial transpose.
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At the early state of quantum computation, Benioff [3, 4] considered a finite
lattice of spin-1/2 systems of Turing Machines. The discrete-time unitary opera-
tor has been constructed to perform computation in each time step. In the case
of statistical mechanics and quantum statistic, integrable systems are sometimes
referred to as solvable models. Thus, there is an expectation that they can be
used to create a model of quantum computation processes, or at least as more
sophisticated paradigms for a mathematical approach to quantum computation.
Of course, it is still not clear whether explicit connections exist or not.

There are many notions of integrability used in literature, especially in the
classical case. I will focus specifically on the notion of integrability in the sense
of Liouville, to be explained in the next section. On the quantum level the
analogous definitions are more subtle, e.g. the discussion in [5]. A common tool,
nonetheless, in many circumstances is the notion of Lax pair and Lax equations,
which I also discuss in what follows, together with the notion of classical R-matrix
structures. However, for the time being we will focus on the classical situation.

It is my interest to study the quantization of the discrete-time Calogero-Moser
model as part of my research project both from the point of view of canonical
quantization as well as through the path integral. Possibly, this will involve
the complexified approach to quantization, which is PT-symmetric quantum the-
ory. As a toy model, I have looked at the path integral for the PT-symmetric
harmonic oscillator in both the continuous-time and discrete-time versions. How-
ever, in this case, the PT-symmetric quantum theory and the standard quantum
theory are related through a similarity transformation. The connection between
integrable systems and quantum information science, which is a long-term aim
of the research, will be discussed in the last section.

2.1 Completely integrability Hamiltonian systems

Suppose we have a system of N degrees of freedom. Let p = (p1, p2, ..., pN) and
q = (q1, q2, ..., qN) be the momentum and coordinates vectors in N -dimensional
phase space. In conventional Newtonian case we have a Hamiltonian of the form:

H(p,q) =
1

2
p2 + V (q), (2.1)

where p2 =
N∑

i=1

p2
i and V (q) is the potential of all particle interact pairwise.

However, the general form of Hamiltonian will be encountered in the context of
integrable systems, i.e. the Calogero-Moser models. The Hamilton’s equations
corresponding to the Hamiltonian Eq. (2.1) have the form

q̇i = {H, qi} =
∂qi

∂t
, (2.2)

ṗi = {H, pi} =
∂pi

∂t
, (2.3)
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A system under consideration is called completely integrable if there exist variable
Jj(q, p) and φk(q, p) of action-angle type. We can express through action-angle
variables the coordinates and momentum, and we can integrate the equation of
motion of the system.

Suppose we have a system with N degrees of freedom with functions I1, I2, ..., IN ,
it is called completely integrable if it satisfies the following requirements (inte-
grability in the sense of Liouville theorem) [6]:

• The functions are invariants: {H, Ik} = 0 , k = 1, 2, ..., N

• The functions are in involution with respect to the Poisson bracket, i.e.

{Ij, Ik} =
N∑

l=1

{
∂Ij

∂pl

∂Ik

∂ql

− ∂Ij

∂ql

∂Ik

∂pl

}
= 0

• The functions are functionally independent throughout the phase space

If the system has the number of commuting Poisson brackets less than the number
of degrees of freedom, the system is referred to quasi-integrable or quasi-solvable.

The definition of integrability for the discrete-time integrable systems is en-
tirely analogous to that of Liouville in the continuous-time case. Veselov [7]
showed that the discrete-time system is integrable if there exists the functions
I1, I2, ..., IN with the following requirements:

• The functions are invariants under the mapping, i.e. Ii(q, p) = Ii(q̂, p̂)
where (q, p) 7→ (q̂, p̂).

• The functions are in involution with respect to the Poisson bracket, i.e.

{Ij, Ik} =
N∑

l=1

{
∂Ij

∂pl

∂Ik

∂ql

− ∂Ij

∂ql

∂Ik

∂pl

}
= 0

• The functions are functionally independent throughout the phase space.

However, in the first place, we will focus on the definition of integrability in the
continuous-time situation (in the sense of Liouville).

Historically, it was noticed that many of the completely integrable systems
can be expressed in the Lax equation

dL

dt
= [L,M ], (2.4)

where L and M are N × N matrices and their elements depend on the coor-
dinates qj and momenta pj. In order to obtain L and M matrices, there is no
trivial method. An example of an explicit form of L and M matrices, which
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will be given in the next section, can be found in the Calergero-Moser models.
The Lax equation gives the same equation of motion that can be obtained from
Hamiltonian equations. From Eq. (2.4), L(t) undergoes a unitary transformation

L(t) = U−1(t)L(0)U(t), (2.5)

and we can show that

dL

dt
= −U−1(t)

dU(t)

dt
U−1(t)L(0)U(t) + U−1(t)L(0)

dU(t)

dt
= LM −ML = [L,M ], (2.6)

with M = U−1 dU(t)
dt

. Then all the Hamiltonians of the form Tr(Lk), which are
the coefficients of the characteristic polynomial P (λ) = det(L − λI) where λ is
the eigenvalue, are constant of the motion

d

dt
Tr(Lk(t)) =

d

dt
Tr(U−1(t)Lk(0)U(t)) =

d

dt
Tr(Lk(0)) = 0.

We can obtain conserved quantities from the Lax equation without referring to
the Poisson structure. However, the notion of Liouville integrability requires the
knowledge of Poisson structure together with the involution property of the con-
served quantities. Babelon and Viallet [8] have shown that the Poisson structure
of the Lax matrix can be expressed in the form

{
L1⊗

,
L2

}
= [R,L1]− [R∗, L2], (2.7)

where L1 = L ⊗ I, L2 = I ⊗ L and R ≡ R12 is referred to a classical R-matrix
(see in the next section).

Suppose we have Eqs. (2.4), (2.8) and any matrix representation

{
Ln

1 ⊗
,
Lm

2

}
,

we can show that (see appendix A)

M
(n)
2 ≡ −nTr1

(
Ln−1

1 R∗) . (2.8)

The computation of the Poisson structure of the Lax matrix will be found in the
next section.

2.2 The classical R-matrix for the Calogero-Moser model

At the early state of integrable systems, the Calogero-Moser systems have been
extensively studied and have been shown that the Caloger-Moser systems are
completely integrable systems in the senses of classical and quantum approaches
[9, 10]. But there was the difficulty of showing that the systems are completely
integrable. Although knowing an R-matrix structure is not strictly needed, it
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does provide one with additional insights and make aspects of understanding the
integrability easier. Then the Calogero-Moser provides good features in many
senses to study.

Calogero [11] introduced and studied one-dimensional N-body problems which
the pair potential are the sum of a quadratic plus an inversely quadratic term.
The Hamiltonian under consideration is

Ĥ = − ~
2

2m

N∑
i=1

∂2

∂q2
i

+
N∑

i=2

i−1∑
j=1

(
mω2

4
(qi − qj)

2 + g(qi − qj)
−2

)
, (2.9)

where g > −~2/4m to prevent to collapse [12] and qi are the coordinates of the
ith particle. The energy spectrums and wave functions of Eq. (2.9) have been
carried out. If we set ω = 0, the Hamiltonian Eq. (2.9) becomes

H = − ~
2

2m

N∑
i=1

∂2

∂q2
i

+ g

N∑
i=2

i−1∑
j=1

(qi − qj)
−2. (2.10)

This Hamiltonian describes the scattering states and has no discrete spectrum.
The system Eq. (2.10) is sometimes referred to the rational Calogero model.
The asymptotic behavior [11] of the wave function has been discussed for the
scattering process but we will not go into that details. There is a huge literatures
devoted to the study in both classical and quantum theory of CM models, and I
have not got an opportunity to study all aspects. I just looked on those aspects
which are useful for my own research. e.g. R-matrix.

In order to investigate the Yang-Baxter for the quantum R-matrix for the
Calogero-Moser model, we start to study a paper by J. Avan and M. Talon [19]
in which the classical R-matrix has been established.

Let us briefly explain how to derive the classical R-matrix. Following the
paper [19], the Hamiltonian under consideration is

H =
n∑

i=1

p2
i +

∑

i6=j

υ(qi − qj), (2.11)

where υ(qi − qj) is the two-body interactions which is classified into five types
I [υ(q) = q−2], II [υ(q) = a2sinh−2aq], III [υ(q) = a2sin−2aq], IV [υ(q) =
a℘(aq, ω1, ω2), ℘ being the double-periodic Weierstrass function], V [υ(q) =
q−2 + gq2], (pi, qi) are canonically conjugate variables for the ith particle. There-
fore, we restrict our attention only on the potential type I (and V).

The L and M matrices for the system Eq. (2.11) with the potential type I
are given by

L ≡
n∑

i=1

pieii + i
∑

i6=j

w(qi − qj)eij, (2.12)
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M = i
∑

i6=j

w′(qi − qj)eij + i
∑

i6=j

w2(qi − qj)eii. (2.13)

where υ(qi − qj) ≡ w2(qi − qj) and the matrices eij are the standard elementary
matrices whose entries are given by (eij)kl = δlkδjl.

In order to obtain the classical R-matrix, we have to consider the Poisson
bracket structure for the Lax operator L

{
L⊗

,
L

}
=

∑
ij

∑

kl

{piδij + iwij, pkδkl + iwkl} eij ⊗ ekl, (2.14)

where wij = w(qi − qj) and we know that {pi, pk} = 0 and {wij, wkl} = 0. Then
the remain teams are

{pi, wkl} = w′
kl {pi, qk − ql} ,

= w′
kl(−iδik + iδil), (2.15)

and

{wij, pk} = w′
ij {qi − qj, pk} ,

= w′
ij(iδki − iδkj). (2.16)

where ′ indicates the differentiation with respect to i and k, respectively.
We now insert Eqs. (2.15) and (2.16) into Eq. (2.14) and we obtain

{
L⊗

,
L

}
= i

∑

ijkl

[
w′

kl(δilδij − δikδij) + w′
ij(δkiδkl − δkjδkl)

]
eij ⊗ ekl,

= i
∑

kl

w′
kl(ell − ekk)⊗ ekl − i

∑
ij

w′
ijeij ⊗ (eii − ejj). (2.17)

We know that i, j, k, l are dummy indices then Eq. (2.17) becomes
{

L⊗
,
L

}
= i

∑

i6=j

w′
ij [(eii − ejj)⊗ eij − eij ⊗ (eii − ejj)] . (2.18)

We know that we can represent the Poisson bracket structure in a generic
R-matrix structure [8]

{
L⊗

,
L

}
= [R, L⊗ I]− [R∗, I ⊗ L] , (2.19)

where I is the identity matrix and N2 ×N2 matrix R is defined as

R =
N∑

ijkl

Rijkleij ⊗ ekl, (2.20)
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and R∗ is the operator obtained by exchanging the indices in the way

R∗ =
N∑

ijkl

Rklijeij ⊗ ekl. (2.21)

Let us consider the first bracket in Eq. (2.19)

[R,L⊗ I] =
∑

abcd

∑
i

Rabcdpi [eab ⊗ ecd, eii ⊗ I],

+
∑

abcd

∑

i6=j

iRabcdwij [eab ⊗ ecd, eij ⊗ I]. (2.22)

We can show that

[eab ⊗ ecd, eii ⊗ I] = eabeii ⊗ ecd − eiieab ⊗ ecd

= δibeai ⊗ ecd − δiaeib ⊗ ecd, (2.23)

and

[eab ⊗ ecd, eij ⊗ I] = eabeij ⊗ ecd − eijeab ⊗ ecd

= δibeaj ⊗ ecd − δjaeib ⊗ ecd. (2.24)

Inserting Eqs. (2.23) and (2.24) into Eq. (2.22), we obtain

[R,L⊗ I] =
∑

abcd

∑
i

Rabcdpi (δibeai ⊗ ecd − δiaeib ⊗ ecd)

+
∑

abcd

∑

i 6=j

iRabcdwij (δibeaj ⊗ ecd − δjaeib ⊗ ecd)

=
∑

aicd

Raicdpieai ⊗ ecd −
∑

ibcd

Ribcdpieib ⊗ ecd

+
∑

ai6=jcd

iRaicdwijeaj ⊗ ecd −
∑

j 6=ibcd

iRjbcdwijeib ⊗ ecd. (2.25)

Next, we would like to calculate the second bracket in Eq. (2.19)

[R∗, I ⊗ L] =
∑

abcd

∑
i

Rcdabpi [eab ⊗ ecd, I ⊗ eii]

+
∑

abcd

∑

i6=j

iRcdabwij [eab ⊗ ecd, I ⊗ eij] (2.26)

Using the same technique with Eqs. (2.23) and (2.24), we can show that

[R∗, I ⊗ L] =
∑

abci

Rciabpieab ⊗ eci −
∑

abid

Ridabpieab ⊗ eid

+
∑

abci6=j

iRciabwijeab ⊗ ecj −
∑

abj 6=id

iRjdabwijeab ⊗ eid. (2.27)
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Combining Eqs. (2.25) and (2.27), we have
{

L⊗
,
L

}
=

∑

aicd

Raicdpieai ⊗ ecd −
∑

ibcd

Ribcdpieib ⊗ ecd

−
∑

abci

Rciabpieab ⊗ eci +
∑

abid

Ridabpieab ⊗ eid

+
∑

ai6=jcd

iRaicdwijeaj ⊗ ecd −
∑

j 6=ibcd

iRjbcdwijeib ⊗ ecd

−
∑

abci6=j

iRciabwijeab ⊗ ecj +
∑

abj 6=id

iRjdabwijeab ⊗ eid. (2.28)

Rearranging the dummy indices, Eq. (2.28) becomes

{
L⊗

,
L

}
=

∑

adci

{
(pi − pa)R

aicd + (pc − pd)R
cdai + i

∑

k

(
Rakcdwki

−Rkicdwak −Rckaiwkd + Rkdaiwck

)}
eai ⊗ ecd. (2.29)

Equating Eqs. (2.17) and (2.29), we obtain the system

(pi − pa)R
aicd + (pc − pd)R

cdai + i
∑

k

(
Rakcdwki

−Rkicdwak −Rckaiwkd + Rkdaiwck

)

= δai(δac − δad)iw
′
cd − δcd(δac − δci)iw

′
ai. (2.30)

It is difficult to find the general solution of the system Eq. (2.30), and the
solution is not unique. However, since we only need a particular solution for
the R-matrix, Avan and Talon made a number of simplifying assumptions in the
paper [19]. The first assumption is that R does not depend on pi and the second
one is that Raacd = 0, Rccii = 0, Riiii = 0, Raiai = 0 (please go to the reference in
more details). To combining these two conditions, they obtained

Riaai = −w′
ai

wai

,

Raada = −Raaad = cwad,

where c is a constant which in this case is 1/2. We put these results into Eq.
(2.20) and we arrive

R =
∑

i 6=j

w′
ij

wij

eij ⊗ eji − 1

2

∑

i6=j

wijeii ⊗ (eij − eji). (2.31)

For the potential type I, we have

R =
∑

i6=j

1

qj − qi

eij ⊗ eji − 1

2

∑

i6=j

1

qi − qj

eii ⊗ (eij − eji). (2.32)
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The situation that Avan and Talon have considered is the non-relativistic
CM case. However, in the relativistic situation the Poisson structure is not the
same. Suris [20] stated that the main different between two cases is that the
non-relativistic CM is described in term of linear Poisson bracket, whereas the
relativistic CM is described in term of quadratic bracket. However, in case of
discrete-time systems, e.g. mappings derived form KdV equation, the quadratic
R-matrix structure is also involved [16]. The most general quadratic bracket is
given by [20]

{
L⊗

,
L

}
= (L⊗L)a1− a2(L⊗L)+ (I ⊗L)s1(L⊗ I)− (L⊗ I)s2(I ⊗L), (2.33)

where a1, a2, s1, s2 are the matrices satisfying conditions

a∗1 = −a1 , a∗2 = −a2 , s∗2 = s1 , (2.34)

and
a1 + s1 = a2 + s2 = R. (2.35)

The first condition guarantees the skew-symmetry of the Poisson Bracket Eq.
(2.33), and the second one assures that the Hamiltonian flows with invariant
Hamiltonian functions Hn(q, p) = Tr(Ln) have the Lax form L̇ = [M,L] with the
M-matrix M = Tr2(RLn−1

2 )(see appendix A). Suris [20] has studied the hyper-
bolic and rational Ruijsenaars-Schneider models [21]. The remarkable properties
of the Suris’s results are that the matrices ai, si, i = 1, 2 are dynamical depending
only on the coordinates qj, not on the momenta pj. The most striking fact is that
the structure found is an quadratization of a linear R-matrix bracket with

R = a1 + s1

which is the R-matrix Eq. (2.32) of the non-relativistic CM model found by Avan
and Talon [19].

Later, the time-discretized version of classical Calogero-Moser has been stud-
ied by F. W. Nijhoff and G-D.Pang [13, 14]. They derived the discrete-time
CM model from a semi-continuous Kadomtsev-Petviashvili equation leading to
a finite-dimensional symplectic mapping. The discrete-time version of Lax pair
and the classical R-matrix were created which is the same as for the continuum
limit.

2.3 Path integral for a particle in PT-symmetric harmonic
oscillator

Bender et al, [26, 27] has argued that hermitcity is not a natural physical re-
quirement for Hamiltonians in quantum mechanics, but rather a mathematical
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criterium. This has become evident in his and collaborators’ study of Hamiltoni-
ans that posses real eigenvalues. The matrix elements of the Hamiltonian can be
complex in which the space-time reflection symmetry is preserved. They use the
notation2 Ĥ = ĤPT instead of Ĥ = Ĥ†. A remarkable example of the quantum
system is [27]

Ĥ = p̂2 − (ix̂)N , (2.36)

where N is a continuous real parameter. They found that for N ≥ 2 the eigen-
values of the Hamiltonian are real, positive and discrete. On the other hand, for
N < 2, the spectrum is partly real and partly complex. However, there are a
number of examples of PT-symmetric quantum systems.

A question arises at this point, whether there is any connection between Her-
mitian Hamiltonian and a non-Hermitian PT-symmetric Hamiltonian. Mostafazadeh
[28, 29, 30] has shown that there exists a Hermitian operator ρ, in such a way

h = ρ−1Hρ, (2.37)

where h is Hermitian Hamiltonian and the operator ρ can be written in the form

ρ = eq/2. (2.38)

For a simple example, we consider

H =
p2

2
+

x2

2
+ ix. (2.39)

The q operator corresponds to the Hamiltonian Eq. (2.39) given by

q = −2p,

where p is the momentum and we can show that

h = epHe−p =
p2

2
+

x2

2
+

1

2
(2.40)

is a Hermitian Hamiltonian.
An other relation between a non-Hermitian and Hermitian Hamiltonian is

that they have the same eigenvalues. Consider

HΦn = EnΦn, (2.41)

2where P is linear and has the effect of changing the sign of the momentum operator p̂ and
the position operator x̂: Pp̂P = −p̂ and Px̂P = −x̂. The time reversal T is antilinear and
affects: Tp̂T = −p̂, Tx̂T = x̂ and TiT = −i.
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where Φn are the eigenstates corresponding to a non-Hermitian Hamiltonian. We
multiply exp(−q/2) on the left of Eq. (2.41):

e−q/2Heq/2e−q/2Φn = Ene
−q/2Φn

hΨn = EnΨn, (2.42)

where Ψn = e−q/2Φn.
More recently, Mostafazadeh [30] has studied the path integrals of non-Hermitian

quantum mechanics. He considers the generating functions (partition function)

Z[ ~J ] = Tr


T exp





i

~

t∫

0

(
H − ~J · ~X

)
dt






 , (2.43)

where ~J · ~X represents the source term in quantum mechanics, ~X = (X1, X2, ..., Xm)
are the pseudo-Hermitian dynamical variables and

Xm = e−q/2xmeq/2, (2.44)

where xm are the dynamical configuration variable. By means of Eq. (2.44), he
established the identity

T exp





i

~

t∫

0

(
h− ~J · ~x

)
dt



 = e−q/2T exp





i

~

t∫

0

(
H − ~J · ~X

)
dt



 eq/2. (2.45)

In the discrete-time version, we can write the relation [31, 32]

Φ(Xn+1, tn+1) =

∫
dxnK(Xn+1, tn+1; Xn, tn)Φ(Xn, tn), (2.46)

where Φ is the wave function corresponding to a non-Hermitian Hamiltonian and
K is identical to the kernel of the quantum mechanical time-evolution operator
(propagator)

K = 〈Xn+1 |exp (−i∆tH/~)| Xn〉 , (2.47)

with ∆t = tn+1 − tn. Using Eq. (2.44), we obtain

e−q/2Φ(Xn+1, tn+1) =

∫
dXne−q/2K(Xn+1, tn+1; Xn, tn)eq/2e−q/2Φ(Xn, tn)

Ψ(xn+1, tn+1) =

∫
dxnk(xn+1, tn+1; xn, tn)Ψ(xn, tn), (2.48)
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where

Ψ(xn+1, tn+1) = e−q/2Φ(Xn+1, tn+1), (2.49)

and

k(xn+1, tn+1; xn, tn) = e−q/2K(Xn+1, tn+1; Xn, tn)eq/2 (2.50)

is the propagator corresponding to a Hermitian Hamiltonian

k = 〈xn+1 |exp (−i∆th/~)| xn〉 . (2.51)

The quantum harmonic oscillator has been studied in discrete-time version
by Field [2]. In this paper, the unitary time-evolution operator of the harmonic
oscillator can be expressed in the form

Û = e−
i
~ τ p̂2

2 e−
i
~ τω2 x̂2

2 . (2.52)

The evolution to proceed in integer time steps is defined

...., x ≡ x(n) , x̄ ≡ x(n + 1) , ¯̄x ≡ x(n + 2), .... (2.53)

Then the Hamiltonian for the discrete-time harmonic oscillator is

H(x̂, ˆ̄p) = T (ˆ̄p) + V (x̂) =
1

2
ˆ̄p2 +

1

2
ω2x̂2. (2.54)

The quantum operator equations of motion have been carried out by using the
discrete-time Hamilton’s equation. He also studied the one-time step propagator
in the hyperbolic regime.

In this section, the propagator of a particle in the complex potential has been
calculated in both continuous-time and discrete-time. The Hamiltonian under
consideration is

H =
p2

2m
+

mω2

2
(x2 + 2iεx), (2.55)

where ε is a real constant. It is obvious to see that H 6= H† but H = HPT.
In the next section, the continuous-time path integral has been considered

and the propagator has been exactly obtained. Lastly, the discrete-time path
integral has been studied and one-step in time propagator is also calculated.

2.3.1 The continuous-time propagator

The propagator of the system Eq. (2.55) can be expressed in the form

K(x(t), t; x(0), 0) =

x(t)∫

x(0)

D(x(τ)) exp


− i

~

t∫

0

dτL


 , (2.56)
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where L is the Lagrangian of the system given by

L(ẋ, x) =
mẋ2

2
− mω2

2
(x2 + 2iεx). (2.57)

The equation of motion of a particle in the PT-symmetric harmonic oscillator is
given by

ẍ + ω2x = −iεω2/m = f, (2.58)

which describes the harmonic motion with a constant driving force f . The exact
form of the propagator Eq. (2.56) can be found[32] as

K(x(t), t; x(0), 0) =
( mω

2πi~ sin ωt

) 1
2
exp

(
i

~
Sc

)
, (2.59)

where Sc is the classical action given by

Sc = −mω2ε2t

2
+

mω

2 sin ωt

[(
x2(t) + x2(0)

)
cos ωt − 2x(t)x(0)

+2
(
iε (x(t) + x(0))− ε2

)
(cos ωt− 1)

]
. (2.60)

Next, we would like to calculate the energy spectrum of the Hamiltonian Eq.
(2.55). We use the formula [32]

TrK(x, t; x, 0) =
∞∑

n=0

e−iEnt/~, (2.61)

where En are an energy spectrum and from Eqs. (2.59) and (2.60), we find that

TrK(x(t), t; x(0), 0) =
∞∑

n=0

e−i(n+1/2)ωt−imω2ε2t/2~2 . (2.62)

Then the energy spectrum for the system can be expressed

En =

(
n +

1

2

)
~ω +

mω2ε2

2
. (2.63)

We see that the energy of the system is real and has been shifted by the factor
+mω2ε2/2. The eigenstates of the system can be evaluated by using an expression

K(x(t), t; x(0), 0) =
∑

n

Ψn(x(t))Ψn(x(0))e−iEnt/~, (2.64)

where Ψn is the wave function of the system and we have

Ψn(x) =
1√
2nn!

(mω

2π~

) 1
4
Hn

(√
mω

~
(x + iε)

)
e−mω(x+iε)2/~, (2.65)
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where Hn are the Hermite polynomial.
Using the transformation between a non-Hermitian and Hermitian Hamilto-

nian that Bender have found [26], we can show that

eεpHe−εp =
p2

2m
+

mω2

2
x2 +

mω2

2
ε2 = h, (2.66)

since eεpxe−εp = x − iε. h corresponds to a Hermitian Hamiltonian after trans-
forming. By using the same technique with Eq. (2.66), we can establish the
relation

eεpK(x(t), t; x(0), 0)e−εp = k(x(t), t; x(0), 0), (2.67)

where k is the propagator corresponding the Hermitian Hamiltonian h given by

k(x(t), t; x(0), 0) =
( mω

2πi~ sin ωt

) 1
2
e

imω2ε2t
2~2

× exp

(
imω

2~ sin ωt

(
x2(t) + x2(0)

)
cos ωt− 2x(t)x(0)

)
.

(2.68)

It is easy to observe that the energy spectrum of Eq. (2.68) is exactly the same
with Eq. (2.59).

From Eq. (2.37), we see that the Hermitian Hamiltonian and non-Hermitian
Hamiltonian are related to each other through the similarity transformation. This
relation also holds in the context of the path integral, see Eqs. (2.45) and (2.67).

2.3.2 The one step in time propagator

In this section, we would like to calculate the one-step in time propagator of the
system Eq. (2.55). We now write the Hamiltonian in the discrete-time version

H(x̂, ˆ̄p) =
ˆ̄p2

2
+

ω2

2
(x̂2 + 2iεx̂). (2.69)

The Hamilton’s equations are given by

ˆ̄p− p̂

τ
= −∂H

∂x̂
= −ω2(x̂ + iε), (2.70)

ˆ̄x− x̂

τ
=

∂H

∂ ˆ̄p
= ˆ̄p. (2.71)

Combining Eqs. (2.70) with (2.71), we obtain

ˆ̄x + x̂ = 2

(
1− ω2τ 2

2

)
x̂− iεω2τ 2. (2.72)
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We now introduce C =
(
1− ω2τ2

2

)
, then we can find the solution of Eq. (2.72)

x̂(t) = A sin(δt + θ)− iε , C = cos δt . (2.73)

Making the ansatz, the solution can be found for quantum operators

x̂(t) = x̂(0) cos δt + Ĉ1 sin δt + aiε, (2.74)

where a = cos δt− 1 and using

p̂(0) =
x̂(0)− x̂(t)

τ
,

we find that

Ĉ1 =
1√

4− ω2τ 2

(
2p̂(0)

ω
− τωx̂(0) +

2aiε

τω

)
. (2.75)

Next, we would like to calculate the discrete-time unitary operator of the
Hamiltonian Eq. (2.68) which is given in the form[2]

Û = e−
i
~ τT (p̂)e−

i
~ τV (x̂) = e−

i
~ τĤ mod (p̂,x̂), (2.76)

where Hmod is the modified Hamiltonian given by

Ĥ mod (p̂, x̂) = T (p̂) + V (x̂) +

(−iτ

2~

)
[T (p̂), V (x̂)] + ... (2.77)

We now calculate [T, V ] yielding

[T (p̂), V (x̂)] = −iω2~
2

(x̂p̂ + p̂x̂) + εω2~p̂, (2.78)

then the modified Hamiltonian becomes

Ĥ mod (p̂, x̂) =
p̂2

2
+

ω2

2
(x̂2 + 2iεx̂) +

τω2

4
(x̂p̂ + p̂x̂)− iεω2τ

2
p̂ + ... (2.79)

We define

Î(p̂, x̂) =
p̂2

2
+

ω2

2
(x̂2 + 2iεx̂) +

τω2

4
(x̂p̂ + p̂x̂)− iεω2τ

2
p̂, (2.80)

which is invariant, ˆ̄I = Î, under mapping Eqs. (2.70) and (2.71). The modified
Hamiltonian for the discrete-time PT-symmetric harmonic oscillator is directly
referred to Eq. (2.80).

Next, we would like to consider the Schroedinger’s equation for the quantum
discrete-time Î

−~2d2Ψn(x)

dx2
+ τω2~ (ix− ε)

dΨn(x)

dx
+ ω2

(
x2 +

i~τ
2

)
Ψn(x) = EnΨn(x).(2.81)
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Solving Eq. (2.81), we obtain the wave function

Ψn(x) = N exp

(
iτω2x2

4~2
+

(Ω̃ε − Ω(Ωε + xΩ))x

2~Ω

)

×H

(
Ω̃2

ε − Ω2
εΩ

2 − 4~Ω3

8~Ω3
,− Ω̃ε

2
√
~Ω3/2

+ x

√
Ω

~

)
, (2.82)

where H(n, x) = Hn(x) is the Hermite polynomial, N is a normalization constant
and

Ωε = τω2ε , Ω̃ε = iτ2ω4ε
2

− 2iε , Ω2 = ω2

(
1− τ 2ω2

4

)
. (2.83)

The corresponding eigenvalues of Eq. (2.81) are

En =
Ω2

ε

4
+

Ω̃2
ε

4Ω2
+ 2~Ω

(
n +

1

2

)
. (2.84)

Note: in the limit ε → 0, we find

lim
ε→0

Ψn(x) = N exp

(
iτω2x2

4~
− Ωx2

2~

)
Hn

(
x

√
Ω

~

)
, (2.85)

lim
ε→0

En = 2~Ω
(

n +
1

2

)
, (2.86)

which are identical with C. M. Field’s results[2].
From Eq. (2.75), we find that

p̂(0) =
Ω

sin δt
(x̂(t)− x̂(0) cos δt) +

τω2

2
x̂(0)− 2aiε

(
Ω

sin δt

)
. (2.87)

By using

p̂(t) =
x̂(t)− x̂(t− τ)

τ
, (2.88)

we also obtain

p̂(t) = − Ω

sin δt
(x̂(0)− x̂(t) cos δt) +

τω2

2
x̂(0)− 2aiε

(
Ω

sin δt

)
. (2.89)

Hence, acting with 〈x(t), t| and |x(0), 0〉

i~
∂

∂x(0)
〈x(t), t| x(0), 0〉 = p(0) 〈x(t), t| x(0), 0〉 , (2.90)
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−i~
∂

∂x(t)
〈x(t), t| x(0), 0〉 = p(t) 〈x(t), t| x(0), 0〉 , (2.91)

we have

〈x(t), t| x(0), 0〉 = N exp

{
i

~

[
Ω

2 sin δt

((
x2(t) + x2(0)

)
cos δt− 2x(0)x(t)

)

+
τω2

4

(
x2(t)− x2(0)

)− 2aiεΩ

sin δt
(x(t)− x(0))

]}
, (2.92)

where N is the prefactor given by

N =

(
1

2πi~

) 1
2
(

Ω

sin δt

) 1
2

. (2.93)

The one step in time propagator for a particle in PT-symmetric harmonic oscilla-
tor has been calculated in Eq. (2.92). Obviously, if we take ε → 0, we will obtain
the one step in time propagator for a particle in harmonic oscillator which was
obtained by Field [2].

2.4 Discrete-time path integral of a quantum harmonic
oscillator

Field [2] has studied the path integral approach for integrable discrete-time quan-
tum harmonic oscillator. Degasperis and Ruijsenaars [33] have shown that there
are many classes of Hamiltonian producing the same equation of motion of a
harmonic oscillator. Then it might be a good idea if we can develop further
mathematical details for this system especially both continuous and discrete-
time path integrals. Therefore, We have found the corresponding Lagrangian of
the Degasperis and Ruijsenaars’ Hamiltonian. The details of a calculation have
been given in the appendix B.

3 Research plan

3.1 The extended Yang-Baxter for the Calogero-Moser
model

In the literature, the classical Yang-Baxter structure for the discrete-time Calogero-
Moser systems has not been discovered yet. At first stage of the research, we
would like to investigate the Yang-Baxter in which we will start from the rational
Calogero-Moser system. At the next stage, the quantum Yang-Baxter of this
model will be studied as well. To prepare the ground, we would like to review
the papers by F. W. Nijhoff and et al., [15, 16, 23] where the extended quantum
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R-matrix of KdV type mapping was established. As a consequence of these pa-
pers, not only the Poisson structure of L operators but also the Poisson structure
of M operators have to take into account.

In summary, the first stage of this research project comprise:

• Firstly, establish extended classical Yang-Baxter structure for the rational
Calogero-Moser model.

• Establish a connection between the classical action and the time-M matrix
for the Calogero-Moser model.

• Formulate a time-sliced approach to the discrete Calogero-Moser system.

• Study the (extended) quantum Yang-Baxter structure for this model.

3.2 The connection between integrable systems and quan-
tum information science

More recently, there are many authors which studied entanglement of the Calogero-
Moser model. Ghikas et al.,[17] investigated the rate of change of bi-partite en-
tanglement under the variation of a critical parameter and the level-curvature.
Later, Katsura [18] calculated the entanglement entropy between two subsets of
particles in the ground state of the Calogero-Sutherland model.

We know that an entanglement is purely quantum property and it cannot
be encountered in classical physics. However, in the discrete-time (classical)
Calogero-Moser model, which was studied by Nijhoff [14], the dynamics is really
given by an algebraic correspondence (i.e. a multivalued map) which can be
explicitly solved. In other words, the solution of discrete-time equation of motion
of the system shows that “each discrete-time value the positions of the particles
is uniquely determined up to a permutation of the particles”[14]. Thus, for this
classical system we have an essential indistinguishability of particle which never
happens in classically physical systems. Then we think that the discrete-time
operation may produce quantum behavior of classical systems and we may find
the connection between entanglement systems and the Calogero-Moser model.
This part of work is in progress.

4 Appendix A

In this section, we would to show how to obtain the relation M
(n)
2 = −nTr2(L

n−1
2 R).

Let us consider the family of the Hamiltonians Hn = Tr(Ln) which have the cor-
responding equations of motion

q̇ = {Hi, q} =
∂q

∂ti
, (4.94)
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ṗ = {Hi, p} =
∂p

∂ti
, (4.95)

where ti indicate the ith time flow. We have the requirement that

∂

∂ti

∂q

∂tj
=

∂

∂tj

∂q

∂ti
,

∂

∂ti
{Hj, q} =

∂

∂tj
{Hi, q} ,

{Hj, {Hi, q}} − {Hj, {Hi, q}} = 0. (4.96)

Using Jacobi identity

{F, {G,H}}+ {H, {F,G}}+ {G, {H, F}} = 0.

Eq. (4.96) becomes

= −{{Hi, Hj} , q} = 0, (4.97)

since {Hi, Hj} = 0 which furnishes the involution property.
Next we would like to consider the expression Tr1 {Ln

1 , L
m
2 } where L1 = L⊗ I

and L2 = I ⊗ L. We can show that

Tr1 {Ln
1 , L

m
2 } = {Hn, L

m
2 } = ∂tnLm

2 . (4.98)

Using the fact that

{Ln
1 , L

m
2 } =

n−1∑

k=0

Lk
1 {L1, L

m
2 }Ln−1−k

1 .

We now have

Tr1 {Ln
1 , L

m
2 } = Tr1

(
n−1∑

k=0

Lk
1 {L1, L

m
2 }Ln−1−k

1

)

= Tr1

(
n−1∑

k=0

Lk
1L

n−1−k
1 {L1, L

m
2 }

)

= Tr1

(
nLn−1

1 {L1, L
m
2 }

)

= nTr1

(
Ln−1

1 [R, L1]
)− nTr1

(
Ln−1

1 [R∗, Lm
2 ]

)
. (4.99)

The first term is zero because of cyclicity of the trace. Then Eq. (4.100) becomes

Tr1 {Ln
1 , L

m
2 } = −nTr1

(
Ln−1

1 [R∗, Lm
2 ]

)

= −n
[
Tr1

(
Ln−1

1 R∗) , Lm
2

]
. (4.100)
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We now define

M
(n)
2 ≡ −nTr1

(
Ln−1

1 R∗) , (4.101)

and equating Eq. (4.100) with Eq. (4.98), we have the Lax equation

∂tnLm
2 = [Mn

2 , Lm
2 ] . (4.102)

Analogy, if we start to perform trace over the second space in Eq. (4.98), we
will obtain

M
(m)
1 ≡ mTr2

(
Lm−1

2 R
)
, (4.103)

and

∂tmLn
1 = [Mm

1 , Ln
1 ] . (4.104)

5 Appendix B

Degasperis and Ruijsenaars [33] have considered a family of Hamiltonian satisfy-
ing the Newton equation,

∂2H

∂x∂p

∂H

∂p
− ∂2H

∂p2

∂H

∂x
+

1

m

∂V

∂x
= 0. (5.105)

They introduced the multiplicative form of Hamiltonian

H(x, p) = F (p)G(x), (5.106)

where F (p) is of the form Ap2 + Bp + C, with B and C are arbitrary. Inserting
H to Eq. (5.105) with particular choice of arbitrary constants, they obtained

Hc(x, p) = 4mc2 cosh
( p

2mc

) √
1 +

V (x)

2mc2
. (5.107)

This Hamiltonian gives the same equation of motion with the Newton equation.
In the limit c →∞, they recovered an ordinary Hamiltonian

lim
c→∞

(
Hc − 4mc2

)
=

p2

2m
+ V (x). (5.108)

Next, we would like to calculate the Lagrangian cooresponding to Hc. Con-
sider the Hamilton’s equations

ẋ =
∂H

∂p
= 2c sinh

( p

2mc

) √
1 +

V (x)

2mc2
, (5.109)
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ṗ = −∂H

∂x
= − cosh

( p

2mc

) ∂V
∂x√

1 + V (x)
2mc2

. (5.110)

From Eq. (5.109), we can write the momenta in the form

p = 2mc sinh−1


 ẋ

2c
√

1 + V (x)
2mc2


 =

∂L

∂ẋ
. (5.111)

We also use the fact that
∫

sinh−1 αdα = −
√

1 + α2 + α sinh−1 α. (5.112)

We obtain the Lagrangian in the form

Lc(x, ẋ) = 4mc2µ(x)


−

√
1 +

(
ẋ

2cµ(x)

)2

+
ẋ

2cµ(x)
sinh−1

(
ẋ

2cµ(x)

)
+ C(x)


 ,

(5.113)

where C(x) is an arbitrary function of x and

µ(x) =

√
1 +

V (x)

2mc2
.

Consider in the limit c →∞

lim
c→∞

(
Lc + 4mc2

)
=

mẋ2

2
− V (x) +

(
V (x) + 4mc2

)
C(x). (5.114)

If we choose C(x) = 0, we obtain

lim
c→∞

(
Lc + 4mc2

)
=

mẋ2

2
− V (x) = L(x, ẋ). (5.115)

Then we have the Lagrangian in the form

Lc(x, ẋ) = −4mc2

√
1 +

(
ẋ

2cµ(x)

)2

+ 2mcẋ sinh−1

(
ẋ

2cµ(x)

)
. (5.116)

However, we can obtain the Lagrangian in Eq. (5.116) by using the Legendre
transformation

Lc(x, ẋ) = pẋ−Hc(x, p). (5.117)
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Inserting Eqs. (5.107) and (5.111), we have

Lc(x, ẋ) = 2mcẋ sinh−1

(
ẋ

2cµ(x)

)
− 4mc2 cosh

( p

2mc

)√
1 +

V (x)

2mc2
, (5.118)

and we find that

cosh
( p

2mc

)
=

√
1 + sinh2

( p

2mc

)
=

√
1 +

(
ẋ

2cµ(x)

)2

. (5.119)

Finally, we obtain the Lagrangian in the same form with Eq. (5.116)

Lc(x, ẋ) = −4mc2

√
1 +

(
ẋ

2cµ(x)

)2

+ 2mcẋ sinh−1

(
ẋ

2cµ(x)

)
. (5.120)

Next, we consider the Euler-Lagrange equation of motion

d

dt

(
∂Lc

∂ẋ

)
− ∂Lc

∂x
= 0. (5.121)

We find that

∂Lc

∂x
= −4mc2

√
1 +

(
ẋ

2cµ(x)

)2
dµ(x)

dx
, (5.122)

d

dt

(
∂Lc

∂ẋ

)
=

m√
1 +

(
ẋ

2cµ(x)

)2

(
ẍ

µ(x)
− ẋ2

µ2(x)

dµ(x)

dx

)
. (5.123)

Inserting Eqs. (5.122) and (5.123) into Eq. (5.121), we obtain

m√
1 +

(
ẋ

2cµ(x)

)2

ẍ

µ(x)
−




m√
1 +

(
ẋ

2cµ(x)

)2

ẋ2

µ2(x)

−4mc2

√
1 +

(
ẋ

2cµ(x)

)2

 dµ(x)

dx
= 0. (5.124)

or

mẍ +
dV

dx
= 0. (5.125)

Here, we can recover the Newton equation of motion.

23



References

[1] F. W. Nijhoff, Discrete systems and integrability. Lecture note, MATH5490,
University of Leeds, School of Mathematics.

[2] C. M. Field, On the quantization of integrable discrete-time systems. PhD
thesis, University of Leeds, 2005.

[3] P. Benioff. The computer as a physical system: A microscopic quantum me-
chanical Hamiltonian model of computers as represented by Turing Mechines.
J. Stat. Phys. 22, 563, 1980.

[4] P. Benioff. Quantum mechanical models of Turing machines that dissipate no
energy. Phys. Rev. Lett 48, 1581, 1982.

[5] S. Weigert. The problem of quantum integrability. Physica D. 56, 107, 1992.

[6] V. I. Arnold. Mathematical methods in classical mechanics. Graduate Texts
in Mathematics, Vol 60, Springer, Berlin, 1978.

[7] A. P. Veselov. Russ. Math. Surv. 46, 1, 1991.

[8] O. Babelon and C-M. Viallet. Hamiltonian structures and Lax equations.
Phys. Lett. B 237, 411, 1990.

[9] M. A. Olshanetsky and A. M. Perelomov. Classical integrable finite-
dimensional systems related to lie algebras. Physics Reports. 71, 313, 1981.

[10] M. A. Olshanetsky and A. M. Perelomov. Quantum integrable systems related
to lie algebras. Physics Reports. 94, 313, 1983.

[11] F. Calogero. Solution of the one-dimensional N-body problems with quadratic
and/or inversly quadratic pair potentials. J. Maths. Phys. 12(3),419, 1971.

[12] L. D. Landau and E. M. Lifshitz. Quantum Mechanics (Non-relativistic The-
ory). Butterworth Heinemann 2003.

[13] F. W. Nijhoff and Gen-Di Pang. A time-discretization version of the
Calogero-Moser Model. arXiv: hep-th/9403052v1.

[14] F. W. Nijhoff and Gen-Di Pang. Discrete-time Calogero-Moser model and
lattice KP equations. arXiv: hep-th/9409071.

[15] F. W. Nijhoff, H. W. Capel and V. G. Papageorgiou. Integrable quantum
mappings. Phys. Rev. A 46, 2155, 1992.

[16] F. W. Nijhoff and H. W. Capel. Integrable quantum mappings and non-
ultralocal Yang-Baxter structures. Phys. Lett. A 163, 49, 1992.

24



[17] D. P. K. Ghikas and G. Stamation. A curvature dependent bound for entan-
glement change in classically chaotic systems. arXiv: quant-ph/0602117v1.

[18] H. Katsura and Y. Hatsuda. Entanglement entropy in the Calogero-
Satherland Model. arXiv: 0708.1207v2

[19] J. Avan and M. Talon. Classical R-matrix structure for the Calogero model.
Phys. Lett. B 303, 33, 1993.

[20] Yuri B. Suris, Why are the rational and hyperbolic Ruijsenaars-Schneider
hierachies governed by the same R-operators as the Calogero-Moser ones?. hep-
th/9602160v2.

[21] S. N. M. Ruijsenaars and H. Schneider, A new class of integrable systems
and its realation to solitions. Ann. Phys 170, 370, 1986.

[22] F. W. Nijhoff, V. B. Kuznestsov, E. K. Sklyanin and O. Ragnisco, Dynamical
r-matrix for the elliptic Ruijsenaars-Schneider system. J. Phy. A:Math. Gen
29, L333, 1996.

[23] F. W. Nijhoff, Integrable quantum mappings of KdV type as canonical trans-
formations on quantum phase space. Preprint INS 194/92.

[24] F. W. Nijhoff, Direct linearization of nonlinear difference-difference equa-
tions. Phys. Lett. A 97, 125, 1983.

[25] G. R.W. Quispel, F. W. Nijhoff, H. W. Capel and J. van der Linden . Physica
A 125, 344, 1983.

[26] C. M Bender. Making sense of non-Hermitian Hamiltonian. Rep. Prog. Phys.
70, 947, 2007 and references therein.

[27] C. M Bender. Introduction to PT-Symmetric Quantum Theory. arXiv:
quant-ph/0501052v1.

[28] A. Mostafazadeh. PT-Symmetric Quantum Mechanics: A Precise and Con-
sistent Formulation. arXiv: quant-ph/0407213v1.

[29] A. Mostafazadeh. Time-Dependent Pseudo-Hermitian Hamiltonian Defining
a Unitary Quantum System and Uniqueness of the Metric Operator. arXiv:
quant-ph/0706.1872v2.

[30] A. Mostafazadeh. Path-Integral Formulation of Pseudo-Hermitian Quantum
Mechanics and the Role of the Metric Operator. arXiv: quant-ph/0708.397v1.

[31] L. S. Schulman. Techniques and Application of Path Integration. Dover Pub-
lication, Inc. Mineola, New York, 2005.

25



[32] C. Crosche and F. Steiner. Handbook of Feynman Path Integrals. Springer,
1998.

[33] A. Degasperis and S. N. M. Ruijsenaars. Newton-equivalent Hamiltonians
for the harmonic oscillator. Ann. of Phys. 293, 92, 2001.

26


