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Abstract

We propose an alternative approach to measure the amount of entan-
glement for a given state. Our method is based on the PPT criterion: first
we form a convex combination of a state ρAB with its partial transpose
ρPT

AB: ρ(λ) = (1 − λ)ρAB + λρPT
AB ; then we search for the largest allowed

value of λ such that ρ(λ) remains a density matrix. Finally, we define the
entanglement measure as EPT (ρAB) = 1− λc. We provide some examples
of our measure for Werner and Bell diagonal states. For pure states, this
measure can distinguish between product states and entangled states. For
mixed states, we can show that this measure is zero, if and only if the state
is separable. The amount of entanglement is a function of the eigenvalues
of a given state and its partial transpose for entangled states. This mea-
sure has been shown to be invariant under local unitary operations. We
show you the examples that the amount of entanglement does not increase
under particular LOCC operations. However, it is still elusive in general
whether the amount of entanglement does increase or not.
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1 Introduction

Quantum theory is one of the most successful theories of the 20th century. Physi-
cists use it to explore the behavior of matter such as atoms and molecules on a
microscopic scale. It also shows that such behaviors are totally different from
macroscopic scale or classical world which is described by Newton’s laws. Nowa-
days, quantum physics is relevant in various fields, such as biology, chemistry,
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computation and information. Especially in computational and information ar-
eas, quantum features offer more efficient operations than classical one [1]. The
important quantum feature is entanglement which we will be discussed through-
out this work.

We will focus on how to measure the amount of entanglement for a given
state. There are many criterions to distinguish between classical and quantum
correlations [14]. PPT is the best criterion among them in lower dimensional
quantum systems. Partial transpose of a density matrix can be used to identify
entangled states from separable. Unfortunately, PPT-criterion cannot differen-
tiate the amount of entanglement among entangled states. However, we realize
that it is possible to measure the entanglement for a given state by the use of
partial transpose of the density matrix. Our entanglement measure is based on
the PTT-criterion [2] which holds only in 2⊗ 2 and 2⊗ 3 dimensional quantum
system. This method is simpler than those methods in literature [3].

We would like to give you a map to follow this article. In the second sec-
tion, we will discuss some aspects of quantum correlations and Bell’s theorem
which are fundamental to the idea of quantum entanglement. In the third sec-
tion, Quantum states are also discussed. A density matrix is the most general to
express quantum states. Next, we would like to discuss quantum states change
under certain of operations. The idea of PTT-criterion is briefly discussed in
the fifth section. We also provide you with some examples of PPT-criterion in
action in this section. A number of entanglement measures, which were proposed
by various researchers, will be reviewed in Section 6. We then summarize some
properties that all entanglement measures should satisfy. In the Section 7, we
introduce our entanglement measure which we call PT-entanglement measure.
We apply this measure to the Werner states and Bell decomposition states and
derive some of its properties. Later, we represent that PT-entanglement measure
satisfy three basic properties of entanglement measure. The first one is that the
entanglement is zero if and only if a give state is separable. Secondly, the en-
tanglement is invariant under local unitary operations. The last one is that the
entanglement does not increase under LOCC operations. For the third condi-
tion, we demonstrate that the amount of entanglement does not increase under
LOCC operations for a particular set of operators. The lower and upper limits
of PT-entanglement measure have been derived by using Weyl’s and Ostrowski’s
theorems. In the last section, we summarize our results, draw conclusion and
point to some open questions.

2 Quantum correlations and Bell’s theorem

In 1935, Einstein, Podolsky and Rosen [4] formulated a quantum mechanical
thought experiment to claim that quantum theory is an incomplete theory which
is called EPR-paradox. Later Schrödinger published two papers to discuss EPR-
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argument [5]. Here the word entanglement was introduced. Quantum entangle-
ment continuous to play an important role in quantum information, quantum
teleportation, quantum cryptography and quantum computation [1].

2.1 Einstein’s argument

Originally [4], a EPR-pair is created from a source in a certain quantum state.
Later they are separated from each other one of which is given to Alice and
another is obtained by Bob. According to Einstein assumption on locality and
separability, there is no interaction between EPR-particles. Alice and Bob con-
sider the measurement results of the positions and momenta of a EPR-pair. There
are perfect correlations between both the positions and their momenta. A mea-
surement of either positions or momenta on one particle will allow us to certainly
predict the results of the position or momentum measurements on the other par-
ticle. Because the position and momentum operators do not commute, Alice and
Bob cannot obtain the position and momenta of their particles simultaneously.
However, Alice and Bob are allowed to communicate via classical channels. Then
Alice and Bob may possibly obtain the position and momenta of their particles
in the same time. Let us consider Bob’s measurement in the first place. Bob can
choose to measure the momentum of his particle. On the other hand, Alice can
choose to measure the position of her particle. At this point, Bob can asks Alice’s
result of the measurement and he immediately know the position of his particle .
By means of this process, Bob perfectly knows the position and the momentum of
his particle simultaneously. But Bob cannot certainly know the position and the
momentum of his particle in the same time because of the commutation between
position and momentum operators. The position measurement will disrupt the
correlation between momentum values. Then EPR-argument was claimed that
quantum state is incomplete.

Later, Bohm [6] proposed another model of EPR-correlation which involves
a spin system. The advantage of this model is that it can be performed experi-
mentally [7, 8]. Let us now consider the system with total angular momentum ~J
zero. Imagine, it explodes into two parts carrying opposite angular momenta ~jA

and ~jB in which ~jA +~jB = 0.
Suppose now Alice receives part one with angular momentum~jA. Bob gets the

other one with opposite angular momentum ~jB. Classically, Alice can predict the
the sign (direction) of Bob’s angular momentum precisely via the measurement
on her system. If Alice chooses to measure the sign of the angular momentum
along the x-axis and she gets +jx

A, say spin-up along the x-axis, she can conclude
immediately that Bob’s angular momentum is -jx

B , spin-down along the x-axis.
Bob just asks Alice about her result and he will predict the sign of his angular
momentum in advance without measuring on his system. In the same fashion,
Bob can perform a measurement of angular momentum along the y-axis. If he gets
+jy

B, immediately, he can conclude that Alice’s sign of the angular momentum is
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-jy
A along the y-axis.

Actually, Alice and Bob can measure the spin between the x and z-axes or
y and z-axes but they cannot measure the sign of the angular momentum along
the x, y, z-axeses simultaneously. The results of measurements are based on Ein-
stein’s local realism which is the combination of the principle of locality with
the realistic assumption: meaning that all objects must objectively have their
properties already before these properties are measured, and distant object can-
not have direct influence on one another (relativity). From this statement, we
can conclude that if Alice measures angular momentum along the x-axis and gets
+jx

A, the sign of Bob’s angular momentum -jx
B is a real physical property whether

Bob measures or not and it is already there.
Above situation can be found in daily life (classically). Actually, from a quan-

tum point of view, the EPR argument goes one step in advance. We can measure
Alice’s angular momentum along the x-axis and the y-axis with certainly. The
problem is that the observable of angular momentum along the x-axis and the
y-axis do not commute. Then these spin operators satisfy uncertainty principle.
What does not agree with the postulate of quantum mechanics about the mea-
surement and uncertainty principle. The quantum mechanical interpretation of
the above situation is that the measurement is a selection process. We can write
the quantum-state, a singlet state, of the system as follows 1:

∣

∣Ψ1
AB

〉

=
1√
2

(|+jx
A〉 ⊗ |−jx

B〉 − |−jx
A〉 ⊗ |+jx

B〉) , (1)

or
∣

∣Ψ2
AB

〉

=
1√
2

(|+jy
A〉 ⊗ |−jy

B〉 − |−jy
A〉 ⊗ |+jy

B〉) . (2)

If angular momentum along the x-axis of Alice’s system is measured and found to
be +jx

1 , the state |+jx
A〉 ⊗ |−jx

B〉 is selected from the quantum state |Ψ1
AB〉 which

is an entangled state. A subsequent measurement of Bob’s angular momentum
along x-axis merely ascertains that the system is in the state |+jx

A〉 ⊗ |−jx
B〉 not

in |+jy
A〉 ⊗ |−jy

B〉 or |+jz
A〉 ⊗ |−jz

B〉 or any other states. In the same way, Bob can
choose to obtain an angular momentum along the y-axis. If his measure result
is +jy

B, the state |+jy
A〉 ⊗ |−jy

B〉 is selected from |Ψ2
AB〉. Later, Alice’s measure

along y-axis will be produced from |+jy
A〉 ⊗ |−jy

B〉 not any other states.
But from the EPR-argument, we can predict Alice’s angular momentum along

the x-axis and the y-axis simultaneously. Let say, if Alice decides to measure
her angular momentum along x-axis, Alice quantum state will be described by
|Ψ1

AB〉. We know that Alice cannot measure the angular momentum along the
y-axis directly. But she can conclude from Bob’s measurement along the y-axis
for instance. From this situation, Einstein claimed that quantum mechanics is an
incomplete theory because Alice can determine the sign of the angular momentum

1The composite system will be discussed later.
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along the y-axis and it is an element of reality but it is not contained in Alice’s
wave function |Ψ1

AB〉. Then the wave function is not a complete description of
the physical system.

2.2 Bell’s inequality

From the statement of the EPR argument as we mentioned before, it seems
that quantum mechanics needs something which has not yet been discovered
to describe the EPR behavior. Something that quantum mechanics needs must
contain variables, which are called hidden variables λ [9], corresponding to all the
elements of reality. It should be the answer to the problem of non-commuting
quantum observables.

John Bell [10] showed that the predictions of quantum mechanics in the EPR
argument are actually different from the predictions of hidden variable theory.
There are two key assumptions in Bell’s analysis which is based on Einstein’s
local realism principle.

A1. Each measurement shows an objective physical property of the system. This
is sometimes known as the assumption of realism.

A2. A measurement taken by one observer has no effect on the measurement
taken by the other. This is sometimes known as the assumption of locality.

We now consider a two-component system and a pair of instruments that
can measure a two-valued variable on each of the components. The possible
results of a measurement are taken ±1. Therefore, we assume that there is
a function A(â, λ) = ±1 that determines that results of the measurement on
the first particle, saying on Alice side. Similarly, we assume that there is a
function B(b̂, λ) = ±1 that determines Bob’s results. Here â and b̂ are referred to
measuring angles of Alice’s and Bob’s angular momenta, respectively. According
to Einstein’s principle of locality, we assume that the result of a measurement on
the first particle does not effect to the measurement on the second particle and
vice versa.

We wish to construct the classical correlation between the results of the mea-
surement on two particles. The uncontrollable parameters λ are subject to some
probability distribution δ(λ) which it has been called local hidden variables. The
classically correlation function is taken a form

Ccl(â, b̂) =

∫

A (â, λ)B(b̂, λ)δ(λ)dλ. (3)

where A (â, λ) = B(b̂, λ) = ±1 and
∫

δ(λ)dλ = 1. The absolute values of the
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Figure 1: Choice of directions leading to a violation of the Bell’ inequality.

expectation values cannot exceed unity [10],

|A(â, λ)| ≤ 1,
∣

∣

∣
B(b̂, λ)

∣

∣

∣
≤ 1

Using above statement, we can show that [11, 12]
∣

∣

∣
Ccl(â, b̂)− Ccl(â, d̂)

∣

∣

∣
+
∣

∣

∣
Ccl(ĉ, b̂)− Ccl(ĉ, d̂)

∣

∣

∣
≤ 2. (4)

This expression is known as Bell’s inequality. Now we consider a quantum cor-
relation which can be written as [11, 12]

Cqm(â, b̂) = 〈ΨA|~j1 · â⊗~j2 · b̂ |ΨA〉 = − cos θâb̂. (5)

where θâb̂ is the angle between â and b̂. If we set the directions which are shown
in Fig. 1, we have

|Cqm(θ)− Cqm(2θ)|+ |Cqm(θ)− Cqm(0)| ≤ 2

2 cos θ − cos 2θ ≤ 1. (6)

The inequality is violated for a wide reange of θ. The maximum violation occurs
for θ = π/3, we obtain a contradiction,

3

2
≤ 1.

Quantum mechanical prediction are not compatible with Bell’s inequality (prob-
abilistically). This shows that difference between quantum mechanics and the
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theory satisfying Einstein’s locality principle. We may ask a question what does
this mean from the result of calculations. To answer this question, we have to
reconsider the assumption A1 and A2 that used to derive the Bell inequality.
The combination of A1 and A2 is known as local realism. They work very well
on every experiment (classical world). Therefore Bell shows that one or both of
these assumptions must be wrong.

How do we interpret from Bell’s inequality. Some physicists say the locality
must be dropped because the quantum world is not locally realistic. On the other
hand, some say realistic point of view must be ignored. But what we can say from
Bell’s results of calculations is that either or both of locality and realism must
be dropped from our point of view of classical world if we would like to deeply
understand quantum world. Then EPR-correlation is not the contradiction of
quantum theory but it is a fundamental feature of quantum world.

3 Density Matrix

In real situations in quantum mechanics, we often need to consider systems con-
sisting of a huge number of atoms or molecules and they can be in different
quantum states (except for very special conditions when the various atoms or
molecules are prepared in the same state such as in a laser tube). To handle
such a system in quantum mechanics, Von Neumann and Weyl [13] introduced
the concept of density matrix.

Consider a quantum system which occupies of a number of states |Ψi〉, with
respective classical probabilities pi. We shall call {pi, |Ψi〉} or {ρi} an ensemble
of pure states. The density operator of the system is defined as

ρ ≡
∑

i

pi |Ψi〉 〈Ψi| . (7)

The classical distribution satisfies

∑

i

pi = 1 , pi = p∗i , pi ≥ 0 . (8)

3.1 Pure and mixed states

Consider the set of all states which it is called pure states

ρ = |Ψ〉 〈Ψ| , (9)

where |Ψ〉 is a state vector. The average value of an observable Q̂ in a pure state
〈Ψ| is

〈

Q̂
〉

= Tr
(

Q̂ |Ψ〉 〈Ψ|
)

= 〈Ψ| Q̂ |Ψ〉 . (10)
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The condition on the density matrix to describe pure state is

ρ2 = (|Ψ〉 〈Ψ|) (|Ψ〉 〈Ψ|) = |Ψ〉 〈Ψ| = ρ. (11)

From Eq. (7), we can show that in general

ρ2 =

(

∑

i

pi |Ψi〉 〈Ψi|
)(

∑

k

pk |Ψk〉 〈Ψk|
)

=
∑

ik

pipk |Ψi〉 〈Ψi |Ψk〉 〈Ψk|

=
∑

i

p2
i |Ψi〉 〈Ψi| . (12)

Then we have

Tr(ρ2) = Tr

(

∑

i

p2
i |Ψi〉 〈Ψi|

)

=
∑

i

p2
i . (13)

Using Eq. (11), we can show that Tr(ρ2) = Tr(ρ). It means that p2
i − pi = 0, the

solutions are pi = 1, 0. According to Eq. (8), it must be the case that exactly
one of them has the value 1 and all others are 0. Thus Eq. (7) consists of a single
term and it must be pure state, Eq. (9).

For a mixed state, we can write ρ =
∑

i

pi |Ψi〉 〈Ψi|. The expectation value of

the observable Q for a mixed state take the form

〈

Q̂
〉

= Tr

(

Q̂
∑

i

pi |Ψi〉 〈Ψi|
)

=
∑

i

pi 〈Ψi| Q̂ |Ψi〉 . (14)

Obviously, we see that ρ2 6= ρ. It means that there are more than one classical
distribution pi and we also find that

Tr(ρ2) =
∑

i

p2
i ≤ 1. (15)

3.2 The density matrix of a qubit

In the context of quantum information and quantum computation, we use quan-
tum bit, or qubit for short instead of the classical bits. The state of the classical
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Figure 2: The visualization of a qubit [1].

bit is defined by either 0 or 1. Analogously, qubits can be represented by two pos-
sible states |0〉 and |1〉. The difference between bits and qubits is that a qubit can
be decomposed in linear combinations of states |0〉 and |1〉, called superposition

|Ψ〉 = α |0〉+ β |1〉 , (16)

where α and β are complex numbers and |α|2 + |β|2 = 1. The useful visualization
of a qubit is the Bloch sphere (see Fig. 2) [1]. We can write Eq. (16) in form

|Ψ(θ, ϕ)〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 , (17)

where θ and ϕ are real numbers. We now write the corresponding density matrix

ρ(θ, ϕ) = |Ψ(θ, ϕ)〉 〈Ψ(θ, ϕ)| , (18)

and its matrix representation in {|0〉 , |1〉} basis is

ρ(θ, ϕ) =

[

cos2 θ
2

cos θ
2
sin θ

2
e−iϕ

cos θ
2
sin θ

2
eiϕ sin2 θ

2

]

. (19)

It is easy to show that ρ2(θ, ϕ) = ρ(θ, ϕ), as it must be a pure state.
Next we consider the density matrix for the mixed state of a qubit which takes

a form

ρ(x, y, z) =
1

2

[

1 + z x− iy
x + iy 1− z

]

. (20)
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We have seen that the density matrix is positive and therefore its eigenvalues are
positive. Thus, we obtain the condition det ρ(x, y, z) ≥ 0. From Eq. (20), we
have

det ρ =
1

4

(

1− |~r|2
)

, (21)

where ~r = (x, y, z) is called as the Bloch vector. We see that det ρ ≥ 0 if and
only if 0 ≤ |~r| ≤ 1. For a pure state, the density matrix ρ has eigenvalues 1 and
0. Then det ρ = 0, which implies that |~r| = 1. We can conclude that pure states
are located on the surface of the Bloch ball. On the other hand, mixed states are
located inside space of the Bloch sphere.

3.3 Composite systems

Suppose we have n subsystems in pure states |Ψi〉 ∈ Hi, then we can represent
the state of the entire quantum system by the tensor product

|Ψ〉 = |Ψ1〉 ⊗ |Ψ2〉 ⊗ ...⊗ |Ψn〉 . (22)

If {|j1〉 , |j2〉 , ..., |jn〉} are basis of H1, H2, ..., Hn respectively, then

{|j1〉 ⊗ |j2〉 ⊗ ...⊗ |jn〉}

is basis of H1 ⊗H2 ⊗ ...⊗Hn. Eq. (22) can be expanded in terms of the basis

|Ψ〉 =
∑

j1,j1,...,jn

cj1,j1,...,jn
|j1〉 ⊗ |j2〉 ⊗ ...⊗ |jn〉 , (23)

where cj1,j1,...,jn
are complex numbers and

∑

j1,j1,...,jn

cj1,j1,...,jn
c∗j1,j1,...,jn

= 1

In this paper, we will be mainly concerned with two subsystems A and B. Then
we can write

|ΨAB〉 = |ΨA〉 ⊗ |ΨB〉 , (24)

or
|ΨAB〉 =

∑

jA,jB

cjA,jB
|jA〉 ⊗ |jB〉 . (25)

The density matrix of a pure state can be written

ρAB = |ΨAB〉 〈ΨAB| =
∑

jA,jB,j̄A,j̄B

cjA,jB
c∗j̄A,j̄B

|jA〉 〈j̄A| ⊗ |jB〉 〈j̄B| . (26)

The state in HA ⊗ HB which are not product states are called entangled. They
can be written only as a superposition of product states. Consider the state

∣

∣Φ+
〉

=
1√
2

(|00〉+ |11〉) . (27)
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Let us express |Φ+〉 as a combination of two qubits

|ΨA〉 = α |0〉+ β |1〉 ,
|ΨB〉 = γ |0〉+ δ |1〉 .

We would like to find the values of α, β, γ and δ:

1√
2

(|00〉+ |11〉) = |ΨA〉 ⊗ |ΨB〉

= (α |0〉+ β |1〉) (γ |0〉+ δ |1〉)
= αγ |00〉+ βγ |10〉+ αδ |01〉+ βδ |11〉 . (28)

Equating the appropriate parts, we obtain αγ = βδ = 1/
√

2 and βγ = αδ = 0.
The result βγ = 0 shows that either β or γ is zero. However, this cannot be
the case, since the condition αγ = βδ = 1/

√
2. Then we say that the state |Φ+〉

cannot be written in product state of |ΨA〉 ⊗ |ΨB〉 and we conclude that |Φ+〉 is
entangled.

A mixed state of the composite system takes the form

ρAB =
∑

k

pk

∣

∣Ψk
AB

〉 〈

Ψk
AB

∣

∣, (29)

where pk define a classical probability distributions with pk ≥ 0,
∑

k pk = 1. We
will use this notation in later sections. Using Eq. (25), Eq. (29) becomes

ρAB =
∑

k

pk

∑

jA,jB,j̄A,j̄B

ck
jA,jB

(

ck
j̄A,j̄B

)∗ ∣
∣jk

A

〉 〈

j̄k
A

∣

∣⊗
∣

∣jk
B

〉 〈

j̄k
B

∣

∣ . (30)

If the density matrix of a mixed state can be written in the form

ρAB =
∑

k

pkρ
k
A ⊗ ρk

B, (31)

the state ρAB is separable. Otherwise it is an entangled state. We will discuss in
more details on this stuff in section 5.

3.4 The reduced density matrices

In the context of quantum entanglement, we can reduce density matrix operator
which is a useful tool to analysis properties of composite quantum systems [1].
The reduced density matrix for system A is defined by

ρA ≡ TrB (ρAB) , (32)

where TrB is a partial trace over system B and ρA is called a reduced density
matrix for subsystem A. Suppose that the product state was defined in Eq. (25)
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and the density matrix is defined in Eq. (59). Tracing out the system B now give
us

TrB(ρAB) =
∑

jA,jB,j̄A,j̄B

cjA,jB

(

cj̄A,j̄B

)∗ |jA〉 〈j̄A| ⊗ Tr (|jB〉 〈j̄B|)

=
∑

jA,jB,j̄A,j̄B

cjA,jB

(

cj̄A,j̄B

)∗
(〈j̄B| |jB〉) |jA〉 〈j̄A|

=
∑

jA,j̄A

CjA,j̄A
|jA〉 〈j̄A| , (33)

where

CjA,j̄A
=
∑

jB

cjA,jB

(

cj̄A,jB

)∗
. (34)

Using Eq. (30), we find a reduced density matrix for subsystem A of a mixed
state

TrB(ρAB) =
∑

k

pk

∑

jA,jB,j̄A,j̄B

ck
jA,jB

(

ck
j̄A,j̄B

)∗ ∣
∣jk

A

〉 〈

j̄k
A

∣

∣⊗ Tr
(∣

∣jk
B

〉 〈

j̄k
B

∣

∣

)

=
∑

k

pk

∑

jA,jB,j̄A,j̄B

ck
jA,jB

(

ck
j̄A,j̄B

)∗
Ck

jA,j̄A

(〈

j̄k
B

∣

∣

∣

∣jk
B

〉) ∣

∣jk
A

〉 〈

j̄k
A

∣

∣

=
∑

k

pk

∑

jA,j̄A

Ck
jA,j̄A

∣

∣jk
A

〉 〈

j̄k
A

∣

∣ . (35)

where

Ck
jA,j̄A

=
∑

jB

ck
jA,jB

(

ck
j̄A,jB

)∗
. (36)

It is important to point out that, even ρAB is a pure state of the composite
system, it is not assured that the reduced density matrix ρA and ρB are a pure
state. Let us consider the state in Eq. (27). Tracing out the second system gives
us

ρA ≡ TrB

(∣

∣Φ+
〉 〈

Φ+
∣

∣

)

= TrB

(

1

2
(|00〉+ |11〉) (〈00|+ 〈11|)

)

=
1

2
(|0〉 〈0| 〈0| |0〉+ |1〉 〈0| 〈0| |1〉

+ |0〉 〈1| 〈1| |0〉+ |1〉 〈1| 〈1| |1〉)

=
1

2
(|0〉 〈0|+ |1〉 〈1|) =

I

2
. (37)

We also find that

ρB ≡ TrA

(∣

∣Φ+
〉 〈

Φ+
∣

∣

)

=
I

2
. (38)
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It is easy to show that ρA and ρB are mixed states: we have ρ2
A = ρ2

B = I/4 and
Tr(ρ2

A) = Tr(ρ2
A) = 1/2 < 1. This result shows that any mixture can be consider

as part of a pure state.

3.5 The Schmidt decomposition

Consider a pure bipartite state Eq. (25), we can write the coefficient c = udv,
where d is a diagonal matrix with non-negative elements, and u and v are unitary
matrices. Then Eq. (25) can be written

|ΨAB〉 =
∑

jA,jB,l

ujA,ldllvl,jB
|jA〉 ⊗ |jB〉 . (39)

We now define
|lA〉 =

∑

jA

ujA,l |jA〉 ,

|lB〉 =
∑

jB

vl,jB
|jB〉 ,

and ξl ≡ dll, we obtain

|ΨAB〉 =
∑

l

ξl |lA〉 ⊗ |lB〉 , (40)

where ξl are called Schmidt coefficients satisfying
∑

l ξ
2 = 1. The bases |lA〉 and

|lB〉 are called the Schmidt bases for A and B, respectively.
We find that the reduced density matrices for A and B can be written

ρA =
∑

l

ξ2
l |lA〉 〈lA| , (41)

ρB =
∑

l

ξ2
l |lB〉 〈lB| . (42)

Both reduced states have the same non-negative eigenvalues ξ2
l . We know that the

eigenvalues of the states ρA and ρB are invariant under a unitary transformation

UiρiU
†
i =

∑

l

ξ2
l Ui |li〉 〈li|U †i =

∑

l

ξ2
l |ni〉 〈ni| , (43)

where i = A, B and Ui |li〉 = |ni〉. Then the Schmidt coefficients are unchanged
under a unitary transformation on one of the subsystems

UA ⊗ I |ΨAB〉 =
∑

l

ξlUA |lA〉 ⊗ |lB〉 , (44)

or
I ⊗ UB |ΨAB〉 =

∑

l

ξl |lA〉 ⊗ UB |lB〉 . (45)
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4 Quantum operations

4.1 Quantum processes

In order to determine the properties of a quantum system, quantum measure-
ments must be performed. In this section, we will show the effect of the quantum
measurements on a quantum system which is described by the density matrix ρ
in a Hilbert space of dimension N . All quantum operations can be constructed
by composting four elementary transformations [14].

i) Extend the system: We can define a new state after adding an auxiliary
system σ to the original one,

ρ→ ρ′ = ρ⊗ σ, (46)

where

σ =

R
∑

ν=1

qν |ν〉 〈ν| (47)

The auxiliary system is often refereed to as the ancilla or an environment. This
process will expand the size of the Hilbert space.

ii) Unitary transformations: Unitary operations can be perform on the system
ρ′, resulting in a new state

ρ′ → ρ′′ = Uρ⊗ σU †. (48)

iii) Partial trace: This process leads to a reduction of the size of the Hilbert
space. After tracing out the ancilla, we find [1, 15] that the state ρ′′ is given by

ρ′′′ = Trancilla

[

U

(

ρ⊗
R
∑

ν=1

qν |ν〉 〈ν|
)

U †

]

=

R
∑

ν=1

K
∑

µ=1

qν 〈µ|U |ν〉 ρ 〈ν|U † |µ〉

=
RK
∑

l=1

AlρA†l , (49)

where {|µ〉}Kµ=1 is a basis in the ancilla’s Hilbert space and

Al =
√

qν 〈µ|U |ν〉 ; l = µ + ν(K − 1) . (50)
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Figure 3: Schematic picture of the quantum operations with and without subse-
lection show in part(a) and part(b), respectively [16]

We see that

RK
∑

l=1

A†l Al =

R
∑

ν=1

K
∑

µ=1

qν 〈µ|U |ν〉 〈ν|U † |µ〉

=
R
∑

ν=1

qν 〈ν|UU † |ν〉 =
R
∑

ν=1

qν = IN . (51)

iv) Selective measurement: In this process, a probabilistic of the outcome
is well defined which will be discussed in the next sections. This is called a
probabilistic quantum operation.

In conclusion, if we consider the time evolution of the quantum system through
a unitary transformation, we have

ρ→ ρ′ = UρU † , UU † = IN

Furthermore, if an ancilla is added into the system, later removed by a partial
trace, we will end up with operations of the form

ρ→ ρ′ =

RK
∑

l

AlρA†l ;
RK
∑

l

A†l Al = IN (52)

Generally, this is the operator sum representation of a complete positive map
[14]
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4.2 Quantum measurement postulate

Let us define measurement operators Ai, with k possible measurement outcomes,
which satisfy the completeness relation

∑k
i A†iAi = IN . If the initial state is ρ,

after the measurement, the state is ρi with probability pi,

ρ→ ρi =
AiρA†i

Tr
(

AiρA†i

) ; pi = Tr
(

AiρA†i

)

(53)

Thesse measurements are called selective because the outcomes labeled by i are
recorded. Note that the collapse of the wave function happens in the measurement
process that we are performing. Fig. 3(a) shows that the state ρ collapses into
new states ρi with probabilities pi. If we perform the measurements without
recording the results, the state ρ will transform into a convex combination of all
possible outcomes, Eq. (52), as illustrated in Fig. 3(b).

In quantum mechanics, there are two different types of quantum measure-
ments called repeatable and non-repeatable. In the next two sections, we will
defined these types of quantum measurements.

4.3 Projective measurements

We can represent any observable Q in the spectral decomposition as

Q =
N
∑

i=1

λiPi, (54)

where λi are the eigenvalues of Q. The measurement operators are orthogonal
projectors. Let us define Ai = A†i = Pi and PiPj = δijPi. The orthogonal
measurement operators are Pi = |ei〉 〈ei|, where |ei〉 are the eigenstates of Q. In a
non-selective projective measurement, the initial state ρ is transformed into the
mixture

ρ→ ρ′ =
N
∑

i=1

PiρPi. (55)

On the other hand, if we record the outcomes labeled by λi with probabilistic pi,
the initial state becomes

ρ→ ρi =
PiρPi

Tr (PiρPi)
, pi = Tr (PiρPi) . (56)

The expectation value of the observable Q can be found as

〈Q〉 =
N
∑

i=1

piλi = Tr (Qρ). (57)
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We observe that the state in Eq. (56) remains the same and will give the same
outcomes, if we repeat the projective measurement.

4.4 Positive Operator Valued Measures

By relaxing the orthogonality constraint on the measurement operators, we are
led to a new set of operators defining a positive operator valued measures as
POVM. Consider the set of positive operators Fi, where i = 1....k, acting on an
N -dimensional Hilbert space, which also satisfy the completeness condition

k
∑

i=1

Fi = IN , (58)

and Fi = F †i and Fi ≥ 0. A POVM measurement acting on the initial state ρ
produces the ith outcome with probability pi = Tr(Fiρ). POVMs are competible
with the general framework of the quantum measurement postulate (see also
section 4.2). If we choose

Ai = Ui

√

Fi, (59)

we find that Fi = A†iAi. Note that a POVM does not uniquely determine the
measurement operators Ai since the unitary transformation Ui dropout. There-
fore, the unitaries Ui have no influence on the probabilities pi but they contribute
to determining the outcome state ρi. Because we do not restrict with the orthog-
onal property of the quantum operators. Then the outcomes state ρi change if
the POVM measurements are preformed repeatable.

In this section, we would like to give you an example of a POVM measurement.
Consider a system of a qubit which is described by the density matrix ρ in term
of the Bloch vector ~r

ρ =
1

2
(I + ~r · ~σ) , (60)

where ~σ is the vector of the Pauli spin matrices. Then we now set the POVM
operators as

Fi = aiI + bi~ni · ~σ, (61)

where ~ni is a unit vector in R3 and ai and bi are supposed to be non-negative
real numbers. So we can show that Fi and 1 − Fi are positive operators. The
completeness relation Eq. (58) leads to the conditions

∑

i

ai = 1, (62)

∑

i

bi~ni = 0. (63)
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The probabilities for the measurement outcomes of the POVM measurement are

pi = Tr(ρFi) = ai + bi~ni · ~r. (64)

From above result, in order to determine the value of ~r, the non-vanishing vectors
bi~ni must span in R3 and with the condition Eq. (63), there must be at least four
vectors ~ni (i = 1, 2, 3, 4). We give an explicit example which fulfills Eqs. (62)
and (63). We now set ai = bi = 1/4 and

~n1 = (0, 0, 1) ,

~n2 =

(

2
√

2

3
, 0,−1

3

)

,

~n3 =

(

−
√

2

3
,

√

2

3
,−1

3

)

,

~n4 =

(

−
√

2

3
,−
√

2

3
,−1

3

)

. (65)

Inserting into Eq. (61) leads to the informationally-complete POVM for a qubit.
The other examples of POVMs can be found in the standard text books [1, 17]

4.5 LOCC operations

In the context of quantum entanglement and quantum information theory, there
is usually a number of parties sharing quantum states. In this paper, we will
restrict ourselves to two parties, say Alice and Bob. They can perform quan-
tum operations locally (LO) on their states and they are also allowed to contact
each other via classical communication (CC). Combining these two processes, we
obtain LOCC or LQCC [3, 18, 19]. Notice that LOs correspond to the general
quantum operation such as POVM, whereas CC leads to classical correlations
between the subsystems.

4.5.1 One-way LOCC operations: Forward and Backward

This type of operations performed by Bob depend on Alice’s operations, but not
conversely. Let us define a map ΛA→B

LOCC such that

ΛA→B
LOCC(ρAB) =

K,L
∑

i,j=1

(IA
2 ⊗ Bij)(Ai ⊗ IB

1 )ρAB(A†i ⊗ IB
1 )(IA

2 ⊗ B†ij), (66)

where IA
2 and IB

1 are the unit operators acting on the Hilbert spaces such that
Ai : HA

1 → HA
2 and Bij : HB

1 → HB
2 , respectively. The operations Ai and Bij

also satisfy
∑K

i=1
A†iAi = IA

1
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and
∑L

j=1
B†ijBij = IB

1

By means of the Choi-Kraus [20, 21, 22, 23] representation for any operation
ΛLOCC, we can write

ΛLOCC = ΛA
LOCC ⊗ IB

where ΛA
LOCC is a completely positive map on Alice’s system and IB is the identity

operator on Bob’s system. Then this process is called a one-way LOCC operation
from Alice to Bob.

On the opposite way, backward, the type of operations performed by Bob
depend on Alice’s operations, but not conversely. Let us define a map ΛA←B

LOCC

such that

ΛA←B
LOCC (ρAB) =

K,L
∑

i,j=1

(Aij ⊗ IB
2 )(IA

1 ⊗Bi)ρAB(IA
1 ⊗ B†i )(A

†
ij ⊗ IB

2 ). (67)

where IA
1 and IB

2 are the unit operations acting on the Hilbert spaces such that
Ai : HA

1 → HA
2 and Bij : HB

1 → HB
2 , respectively. The operations Bi and Aij

also satisfy
∑K

i=1
B†i Bi = IB

1

and
∑L

j=1
A†ijAij = IA

1

4.5.2 Two-way LOCC operations

In this situation, bidirectional classical communication is allowed. Let us define

a two-way LOCC map Φ
A→←B

LOCC such that [18]

Φ
A→←B

LOCC(ρAB) =

K1,...,K2n
∑

i1,...,i2n=1

MAB
i1,...,i2n

ρAB

(

MAB
i1,...,i2n

)†
, (68)

where MAB
i1,...,i2n

is given by

MAB
i1,...,i2n

= (IA
n+1⊗B2n

i2n,...,i1
)(A2n−1

i2n−1,...,i1
⊗IB

n )(IB
n ⊗B2n−2

i2n−1,...,i1
)...(IA

2 ⊗B2
i2,i1

)(A1
i1
⊗IB

1 ),
(69)

and we have
K2k+1
∑

i2k+1=1

(

A
i2k+1,...,i1
2k+1

)†
A

i2k+1,...,i1
2k+1 = IA

k+1,

K2k
∑

i2k=1

(

Bi2k,...,i1
2k

)†
Bi2k ,...,i1

2k = IB
k .
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We see that a one-way LOCC operation is a subclass of a two-way LOCC oper-
ation.

Actually, there is an another important operation: S-LOCC operations which
can be written as

Υ
A→←B

S−LOCC(ρAB) =

k
∑

i=1

(Ai ⊗Bi)ρAB (Ai ⊗ Bi)
† , (70)

where
∑

i=1 (Ai ⊗ Bi)
† (Ai ⊗ Bi) = IA ⊗ IB. The class of S-LOCC is larger than

the LOCC class [24].

5 PPT-criterion

5.1 Positive partial transpose

Entanglement is an inseparable state of composite quantum system which repre-
sents the quantum correlation. The question how to distinguish quantum corre-
lations from the classical correlations plays an important role in quantum entan-
glement research. Peres [2] proposed a method to distinguish between entangled
and separable states. This criterion involves with the positivity of the partial
transpose of a given state.

If the density matrix of the composite quantum systems AB can be written
as

ρAB =
N
∑

i

piρ
i
A ⊗ ρi

B, (71)

then the system is in a separable state, here pi ≥ 0 define a classical probability
distribution which satisfies

∑

i pi = 1, ρi
A and ρi

B are density matrices for quantum
systems A and B, respectively. A separable state always satisfies Bell’s inequality,
but the converse is not necessarily true. This means that not all entangled states
violate a given Bell inequality.

Eq. (71) holds if the eigenvalues of the partially transposed density matrices

ρTA

AB =
∑

i

pi

(

ρi
A

)T ⊗ ρi
B (72)

and
ρTB

AB =
∑

i

piρ
i
A ⊗

(

ρi
B

)T
(73)

are not negative, which is known as PPT-criterion [2]. From a mathematical point
of view, we use the operator of transposition to map a separable density matrix2

ρAB → ρPT
AB (see Fig. 4) both of which live in the region of separable density

2ρPT
AB is the partial transpose of ρAB which refers to either ρTA

AB or ρTB

AB
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Figure 4: This graph illustrates that the PT-operation maps a separable state to
another separable state, while it may map an entangled state to another state
that cannot be density matrix. The areas of the separable and entangled states
are denoted by SP and EN , respectively. The dash line represent the boundary
of all states.

matrices. On the other hand, if the state ρPT
AB has some negative eigenvalues,

the transposition operator maps the density ρAB to another matrix outside the
region of density matrix. In this case the density matrix ρAB cannot be expressed
in the form given in Eq. (71). The PPT-criterion is exact only for 2 ⊗ 2 and
2⊗3 quantum systems [25]. For product spaces involving higher dimensions, this
criterion was shown not be necessary but sufficient.

Consider the states |Ψi
AB〉 = |Ψi

A〉 ⊗ |Ψi
B〉, we can write the density matrix

Eq. (71) as

ρAB =

N
∑

i

pi

∣

∣Ψi
AB

〉 〈

Ψi
AB

∣

∣ . (74)

The density matrix ρAB can be represented in the computational basis, namely
|0〉 and |1〉, by introducing

∣

∣Ψi
AB

〉

=
∑

ab

ci
ab |a〉 ⊗ |b〉 , (75)

where ci
ab are complex numbers satisfying the completeness condition

∑

i c
i
ab = 1.

Inserting Eq. (75) into Eq. (74), we obtain
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ρAB =
∑

aa′

∑

bb′

waa′bb′ |a〉 〈a′| ⊗ |b〉 〈b′| , (76)

where

waa′bb′ =

N
∑

i

pic
i
ab

(

ci
a′b′

)∗
. (77)

Then we can find the partial transpose of state ρAB with respect to A and B as
follows:

ρTA

AB =
∑

aa′

∑

bb′

wa′abb′ (|a〉 〈a′|)T ⊗ |b〉 〈b′| =
∑

aa′

∑

bb′

wa′abb′ |a′〉 〈a| ⊗ |b〉 〈b′| , (78)

and

ρTB

AB =
∑

aa′

∑

bb′

waa′b′b |a〉 〈a′| ⊗ (|b〉 〈b′|)T
=
∑

aa′

∑

bb′

wa′ab′b |a〉 〈a′| ⊗ |b′〉 〈b| . (79)

Let us have a look the action of partial transpositions ,defined in Eqs. (78)
and (79), in a matrix representation. We now consider a M ×N -block matrix

W =

(

A B
C D

)

, (80)

where A, B, C and D have the size m×n and M = 2m and N = 2n. The partial
transpositions of this matrix are given by [14]

W TA =

(

AT BT

CT DT

)

, W TB =

(

A C
B D

)

, (81)

which is consistent with W TB = (W TA)T .
According to Fano [26, 14], any density matrix ρAB, in d-dimensional Hilbert

space with d = NK, can be represented by means of Pauli’s spin matrices σi in
the following form

ρAB =
1

NK

(

IN ⊗ IK +

N2−1
∑

i=1

τA
i σi ⊗ IK +

K2−1
∑

j=1

τB
j IN ⊗ σj +

N2−1
∑

i=1

K2−1
∑

j=1

tijσi ⊗ σj

)

,

(82)
where τA

i and τB
j are real Bloch vectors of the partially reduced states. The real

matrix t describes the correlation between the subsystems. If t = 0, the state ρAB

is separable, but the reverse is not true [27]. From the expression in Eq. (82), a
partial transposition flips one of the Bloch vectors,

ρTA

AB =
1

NK

(

IN ⊗ IK −
N2−1
∑

i=1

τA
i σi ⊗ IK +

K2−1
∑

j=1

τB
j IN ⊗ σj −

N2−1
∑

i=1

K2−1
∑

j=1

tijσi ⊗ σj

)

,

(83)
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and

ρTB

AB =
1

NK

(

IN ⊗ IK +

N2−1
∑

i=1

τA
i σi ⊗ IK −

K2−1
∑

j=1

τB
j IN ⊗ σj −

N2−1
∑

i=1

K2−1
∑

j=1

tijσi ⊗ σj

)

.

(84)
In the two-qubit case, reflection of all three components of the Bloch vector,
~τB → −~τB , is equivalent to changing the sign of its single component τB

y , followed
by a π-rotation about the y-axis.

5.2 PPT-criterion examples

To watch the PPT-criterion in action, we will consider two families of states, one
in C2 ⊗ C2, and one in C2 ⊗C3.

Example 1.1 Consider the Werner state [28] which is a convex combination
of the identity I ∈ C2 ⊗C2, a separable state, and a maximally entangled state

ρW (x) = x
∣

∣Φ+
〉 〈

Φ+
∣

∣+ (1− x)
I

4
≡ ρΦ+(x), x ∈ [0, 1] (85)

where |Φ+〉 = (|00〉+ |11〉) /
√

2 is a Bell state. Its matrix representation is given
by

ρΦ+(x) =
1

4









1 + x 0 0 2x
0 1− x 0 0
0 0 1− x 0
2x 0 0 1 + x









, (86)

with eigenvalues

ν1
Φ+ =

1 + 3x

4
,

ν2
Φ+ = ν3

Φ+ = ν4
Φ+ =

1− x

4
.

The partial transpositions of the ρΦ+ with respect to A or B are identical,
reading

ρTA

Φ+ (x) = ρTB

Φ+ (x) =
1

4









1 + x 0 0 0
0 1− x 2x 0
0 2x 1− x 0
0 0 0 1 + x









. (87)

The eigenvalues of ρPT
Φ+ are

µ1
Φ+ (x) = µ2

Φ+ (x) = µ3
Φ+ (x) =

(1 + x)

4
,
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µ4
Φ+ (x) =

(1− 3x)

4
.

The fourth eigenvalue is negative for x > 1/3, and the state ρΦ+ is entangled
state. On the other hand, the state is separable if x ≤ 1/3.

Example 1.2 Consider the Werner state which consists of a separable state
I ∈ C2 ⊗ C3 and an entangled state of 2⊗ 3 quantum system as

ρW (x) = x (|Φ1〉〈Φ1|+ |Φ2〉〈Φ2|) +
(1− x)

6
I ≡ ρ2⊗3(x) (88)

where x ∈ [0, 1] and |Φ1〉 = (|11〉+ |22〉) /
√

2 and |Φ2〉 = (|12〉 − |23〉) /
√

2. We
now define the computational basis in C3 as

|1〉 =





1
0
0



 , |2〉 =





0
1
0



 , |3〉 =





0
0
1



 . (89)

It is easy to show that

ρ2⊗3 (x) =

















1
6

+ x
12

0 0 0 x
4

0
0 1

6
+ x

12
0 0 0 −x

4

0 0 1−x
6

0 0 0
0 0 0 1−x

6
0 0

x
4

0 0 0 1
6

+ x
12

0
0 −x

4
0 0 0 1

6
+ x

12

















, (90)

and the eigenvalues of ρ2⊗3 (x) are

ν1
2⊗3 = ν2

2⊗3 = ν3
2⊗3 =

1− x

6

ν4
2⊗3 =

1 + 2x

6
, ν5

2⊗3 =
2−
√

10x

12
, ν6

2⊗3 =
2 +
√

10x

12
.

Again, partial transpositions of ρ2⊗3 with respect to A and B are identical,

ρTA

2⊗3 (x) = ρTB

2⊗3 (x) =

















1
6

+ x
12

0 0 0 0 0
0 1

6
+ x

12
0 x

4
0 0

0 0 1−x
6

0 −x
4

0
0 x

4
0 1−x

6
0 0

0 0 −x
4

0 1
6

+ x
12

0
0 0 0 0 0 1

6
+ x

12

















. (91)

The eigenvalues are

µ1
2⊗3 (x) = µ2

2⊗3 (x) =
2− x

12
,
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µ3
2⊗3 (x) = µ4

2⊗3 (x) =
4−

(

1− 3
√

5
)

x

24
,

µ5
2⊗3 (x) = µ6

2⊗3 (x) =
4−

(

1 + 3
√

5
)

x

24
.

The third and fourth eigenvalues are non-negative if x ≤ 4/(1 + 3
√

5) so
that the state ρ2⊗3(x) is separable, otherwise it is not. From these examples, we
see that the PPT-criterion is easy to distinguish separable states from entangled
states.

6 A brief review of entanglement measures

There are many approaches to measure the amount of entanglement present in a
pure or mixed states [3]. Many of them are based on physical intuition and they
are often difficult to calculate for a given state. In this section, we briefly review
some of the important entanglement measures.

Let us first collect some properties of an entanglement measure E(ρ) should
possess. Vedral et al. [29] list a set of requirement that every measure of entan-
glement should satisfy. They are given by

E1. The entanglement measure E(ρ) vanishes, E(ρ) = 0, if and only if ρ is
a separable state.
E2. The entanglement measure E(ρ) is invariant under local unitary operations,
ULO = UA ⊗ UB:

E(ULOρU †LO) = E(ρ). (92)

E3.1. The entanglement measure E(ρ) should decrease, on average, under prob-
abilistic LOCC,

E(ρ) ≥
∑

i

piE (ρi) , (93)

where

ρi =
Ai ⊗ BiρA†i ⊗ B†i

Tr
(

Ai ⊗BiρA†i ⊗B†i

) , (94)

and
pi = Tr

(

Ai ⊗ BiρA†i ⊗ B†i

)

. (95)

This is called monotonicity under probabilistic LOCC operation. The operators
Ai and Bi represent the LOCC operations performed by Alice and Bob, respec-
tively.
E3.2. The entanglement measure E(ρ) should, on average, decrease under de-
terministic LOCC

E(ρ) ≥ E(ΦLOCCρ), (96)
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where ΦLOCC is defined the LOCC map [14]. This is called monotonicity under
deterministic LOCC

The first condition E1 tells us that every entanglement measure must distin-
guish between entangled and separable states. The second condition E2 states
that if a local unitary transformation is appllied to ρ,

ρ′ = ULOρU †LO,

the amount of entanglement is invariant under this operation, E(ρ′) = E(ρ). The
condition E3.1 requires that after the measurement the entanglement average
over the possible output states ρi is less than or equal to the original entanglement.
Eq. (93) expresses the fact that it is impossible to create or increase entanglement
by performing procedures composed of loach quantum operations and classical
communication(LOCC) alone. Many authors referred the condition E3.1 is more
strong requirement than E3.2. The difference between E3.1 and E3.2 is that
E3.1 stipulates that entanglement cannot increase on average under LOCC, while
E3.2 states that entanglement cannot increase for any operation which acts on
individual systems and is composed of LOCC [29, 18].

Actually, there are other conditions [3, 14] which an entanglement measure
should satisfy. An interesting condition is the convexity of any entanglement
measure:

E4: The entanglement measure E(ρ) should be convex in the respect to con-
vex combinations of states,

E (pρ + (1− p)σ) ≤ pE (ρ) + (1− p)E (σ)

with p ∈ [0, 1]. This condition guarantees that we cannot increase entanglement
by mixing different states. According to Vidal [31], we will call any entanglement
measure satisfying E3.1, E3.2, and E4 an entanglement monotone. In this paper
we focus on the three conditions E1, E2, E3.2.

6.1 Entanglement measures for pure states

Let us consider a pure state ρAB = |ΨAB〉 〈ΨAB|. The partial trace ρA/B =
TrA/B |ΨAB〉 〈ΨAB|3 is mixed if ρAB is a entangled state. In addition, if it is a
maximally entangled state, its partial trace is also maximally mixed. For a given
pure state |ΨAB〉, we can write using the Schmidt decomposition [1];

|ΨAB〉 =
∑

i

ηi |aibi〉 , (97)

3ρA/B represents the state after performing partial trace either A or B.
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where ηi ∈ R are the Schmidt coefficients. You can also use the number of
non-zero Schmidt coefficients as a measure. In order to use the ηi’s to quantify
entanglement, it suggests to use the von Neumann entropy (Shannon entropy) of
ρAB, which measures how much a state is mixed, as an entanglement measure for
pure states. We define [24, 30]

EvN (ρAB) = −Tr
[

TrA/BρAB ln
(

TrA/BρAB

)]

= −
∑

i

ηi ln ηi. (98)

It is easy to show that the von Neumann entropy satisfies the following conditions

E2). EvN is invariant under local unitary operation because it is a function
of the ηi’s only
E5). EvN is additive: EvN (ρAB ⊗ σAB) = EvN (ρAB) + EvN (σAB).
E3.2). Monotonicity under LOCC: From a majorization theorem of Nielsen [32]
which relates LOCC operations (for pure states). Consider two states Schmidt
decomposition

|ΨAB〉 =
∑

i

ηi |aibi〉 , (99)

and
|ΦAB〉 =

∑

i

µi |a′ib′i〉 , (100)

respectively. The pure state |ΨAB〉 can be transformed into the pure state |ΦAB〉
if and only if the Schmidt coefficients of |ΨAB〉 are majorized by those of |ΦAB〉,
which we denote by η ≺ µ. Suppose the Schmidt coefficients are labeled in
decreasing order, η1 ≥ η2 ≥ ... ≥ ηN and µ1 ≥ µ2 ≥ ... ≥ µN . Then we have

η ≺ µ⇔
k
∑

j=1

ηj ≤
k
∑

j=1

µj , k = 1, ..., N . (101)

By means of Eq. (101), one can show that the von Neumann entropy does not
increase under LOCC operations:

EvN (|ΨAB〉 〈ΨAB|) = −
k
∑

j=1

ηj lnηj ≤ EvN (|ΦAB〉 〈ΦAB|) = −
k
∑

j=1

µj ln µj. (102)

6.2 Entanglement measures for mixed states

In the previous section, we have shown that the entanglement of pure states can
be quantified by using the von Neumann. Unfortunately, this method cannot be
applied to mixed states as follows from considering two specific mixed states

ρE =
∣

∣Ψ+
〉 〈

Ψ+
∣

∣ =
1

4
(|01〉 〈01|+ |01〉 〈10|+ |10〉 〈01|+ |10〉 〈10|) , (103)
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Figure 5: This figure shows the formation of entanglement states with the a cer-
tain number of maximally entangled pairs m which is manipulated by local op-
eration and classical communication, LOCC, and converted into non-maximally
entangled pairs n. The converse of this process is the entanglement of distillation.

ρS =
∣

∣Ψ+
〉 〈

Ψ+
∣

∣ +
∣

∣Ψ−
〉 〈

Ψ−
∣

∣ =
1

4
(|01〉 〈01|+ |10〉 〈10|) . (104)

We see that ρE is a maximally entanglement state, while ρS which is a mixture of
two maximally entangled states which is completely separable. Obviously, both
have the same von Neumann entropy for the reduced density matrices. Thus,
the von Neumann entropy cannot be used to quantify entanglement for mixed
states. Many authors have tried to propose entanglement measures for mixed
states which we will briefly review in the following sections.

6.2.1 Entanglement of Formation (or Creation) and entanglement
cost

The entanglement of formation of the mixed state ρAB is defined as the average
entanglement of the pure states of the decomposition:

EF (ρAB) = min
∑

i

piS
(

ρi
A

)

. (105)

where S (ρA) = −TrρA log ρA is the von Neumann entropy, and the minimum is
taken over all the possible realizations of the state

ρAB =
∑

j

pi

∣

∣Ψi
AB

〉 〈

Ψi
AB

∣

∣ , (106)

and
ρi

A = TrB(
∣

∣Ψi
AB

〉 〈

Ψi
AB

∣

∣). (107)

Eq. (105) tells us about the physical interconvertibility of a collection of pairs
in an arbitrary pure state |ΨAB〉 and a collection of pairs in the standard singlet
states [24]. In addition, we can interpret the physical meaning of this measure as
the minimal pure entangled states required to build up the mixed state.
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The entanglement of formation is related to the entanglement cost, EC . The
physical meaning of this measure is that Alice and Bob would like to create
an ensemble of n copies of the nonmaximally entangled states ρ⊗n

AB, from a
number m of the maximally entangled states4 P (|Ψ+〉)⊗m

by LOCC operations
P (|Ψ+〉)⊗m → ρ⊗n

AB, in the limit as the number of shared pairs goes to infinity,

EC (ρAB) = lim
n→∞

EF

(

ρ⊗n
AB

)

n
. (108)

Wooters [33] has shown that, for bipartite qubit states, Eq. (105) can be
expressed as an explicit function of ρAB as

EF (ρAB) = e (C (ρAB)) , (109)

where

e (C) = h

(

1 +
√

1− C2

2

)

, (110)

h (x) = −x log x− (1− x) log(1− x). (111)

The concurrence C is defined as

C (ρAB) = max {0, λ1 − λ2 − λ3 − λ4} , (112)

where the λi are the eigenvalues, in decreasing order, of the Hermitian matrix R ≡
√√

ρABρ̃AB
√

ρAB and ρ̃AB = (σy ⊗ σy) ρ∗AB (σy ⊗ σy). ρ∗AB being the complex
conjugate of ρAB and σy is the y-component of the Pauli’s spin matrices.

The variational problem of the entanglement of formation is extramely dif-
ficult to solve in general[34, 35, 36, 37]. However, it has been shown that this
entanglement measure satisfies the requirements E1, E2, E3[24].

The explicit form of the concurrence can be found if, for example, we consider
the Werner states,

ρΦ±(x) = x
∣

∣Φ±
〉 〈

Φ±
∣

∣+ (1− x)
I

4
, (113)

ρΨ±(x) = x
∣

∣Ψ±
〉 〈

Ψ±
∣

∣ + (1− x)
I

4
, (114)

where the maximally entangled states are defined
∣

∣Φ±
〉

=
1√
2

(|00〉 ± |11〉) , (115)

∣

∣Ψ±
〉

=
1√
2

(|01〉 ± |01〉) . (116)

The concurrence is calculated to be given by [14]

C (ρΦ±(x)) = C (ρΨ±(x)) =

{

(3x− 1)/2
0

, x ≥ 1/3
, x < 1/3

. (117)

Only the maximally entangled states, x = 1, is the concurrence equal to one.

4P (|Ψ+〉) ≡ |Ψ+〉 〈Ψ+| is the projection operator of the Bell state |Ψ+〉[33].
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6.2.2 Entanglement of distillation (purification)

The amount of enatanglement of a state ρAB has been defined by the asymtotic
proportion of singlets that can be distilled using a LOCC-operation. This is the
opposite process of the entanglement formation (see Fig. 5).

The functional associated with this entanglement measure is defined as the
maximum fraction of the maximally entangled states that can be extracted from
n copies of ρAB by the LOCC operations ρ⊗n

AB → P (|Ψ+〉)⊗m
, in the asmytotic

limit as n→∞,

ED (ρAB) = lim
n→∞

[

sup
(m

n

)]

. (118)

Plenio et al., [3] have proposed another expression of the entanglement of distil-
lation,

ED (ρAB) = sup
{

r : lim
n→∞

[

inf
Ψ

Tr
∣

∣Ψ
(

ρ⊗n
AB

)

− Φ (2rn)
∣

∣

]

= 0
}

. (119)

This quantity is sometimes called the free entanglement because it can be viewed
as analogous to the free energy in thermodynamics [15]. Distillable entanglement
is a measure of a fundamental importance, since it tells us how much entanglement
one may extract out of a given state. Nevertheless, the value obtained is generally
small. This means that the formation of states is irreversible, in the sense that
more pure entanglement state cannot be distilled from PPT states than may be
have been used to assist in thier creation [38]. These states are called bound
entangled states.

According to condition E3.2, it must be the case that [16, 39]

ED (ρAB) ≤ EF (ρAB) . (120)

which reflects the irreversible character of state mixing. It is also natural to
consider the difference B (ρAB) = EF (ρAB)−ED (ρAB), between the entanglement
of formation and distillation, known as the bound entanglement.

The computation of the entanglement of distillation is difficult; it is known
however, that for pure states ED (ρAB) is equivalent to the entropy of entangle-
ment [41, 40].

6.2.3 Relative entropy of entanglement

This measure is based on the geometric measure. The measure shows us that the
amount of entanglement in ρAB is its distance from the closet disentangled states
σAB [41, 42] (see Fig. 6),

ER (ρAB) = min
σAB∈SP

S (ρAB ‖σAB ) , (121)

where S (ρAB ‖σAB ) is the quantum relative entropy which is defined by

S (ρ ‖σ ) = Tr {ρ log ρ− ρ log σ} . (122)
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Figure 6: This diagram shows the structure of the relative entropy of entangle-
ment which is based on distance geometry. The distance represents the amount
of entanglement for a given state.

Audenaert et al., [43] have shown that the relative entropy can be obtained by
using ideas of semi-definite programming and optimization theory [44], resulting
in

ER (ρAB (x)) =

{

1− h(x)
x log d+2

d
+ (1− x) log d−2

d+2

,
,

x < d+2
2d

x > d+2
2d

. (123)

where h(x) is defined in Eq. (111) and ρAB(x) is the Werner states,

ρAB (x) = xσa + (1− x)σs, (124)

and σa(σs) are states proportional to the projectors onto anti-symmetric subspace.
Analytical results for ER (ρAB) has been found in certain cases [29, 35]. Fur-
thermore, it has been shown that ER (ρAB (x)) satisfies the conditions E1-E3.2
[45, 41].

6.2.4 Robustness of entanglement

This entanglement measure was proposed by Vidal and Tarrach [46]. It shows
that the endurance of entanglement by quantifying the minimal amount of mixing
with separable states needs to wipe out the entanglement. For a entangled state
ρAB, there always exist separable states ρsep for which the robustness R(ρAB ‖
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Figure 7: This diagram shows the structure of the robustness of entanglement.
The entanglement state ρAB can be composed of two separable states ρ+

AB and
ρ−AB.

ρsep) is given as the minimal amount of t such that

1

1 + t
(ρAB + tρsep) (125)

is separable. According to a varity of states ρsep, robustness of entanglement is
defined

R (ρAB) = inf
ρsep

R (ρAB |ρsep ) . (126)

Note that R (ρAB) is zero if and only if ρAB is separable. Therefore, by using
local pseudomixture theorem [47], we can also rewrite the state ρAB as

ρAB = (1 + s)ρ+
AB − sρ−AB , 0 ≤ s ≤ ∞ , (127)

or

ρAB =

l<∞
∑

k=1

rk |Ψk〉 〈Ψk| . (128)

where
∑l<∞

k=1 rk = 1 and rk ∈ R. Then robustness can be expressed as

R (ρAB) = min
ρ+

AB
∈SP

{

min
a

: ρ+
AB = aρAB + (1− a)ρ−AB ∈ SP

}

. (129)

The meaning of Eq. (129) is that R (ρAB) measures the minimal amount of
the state ρ+

AB that must be mixed with the state ρ−AB to make ρAB separable. As
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shown in Fig. 7, we can also interpret this measure as the minimal ratio of the
distance 1−a of ρAB from the set SP of separable states with the width a of this
set,

R =
1− a

a
. (130)

It has been proved that the robustness is be convex and monotone [46].
The explicit form of robustness can be found for pure states [46]. Consider a

pure state with Hilbert space C3 ⊗C3,

|Ψi〉 =

m
∑

i=1

ai |i〉 ⊗ |i〉 ; ai ≥ ai+1 ≥ 0 ,
m
∑

i=1

a2
i = 1, (131)

where ai are Schmidt coefficients. its robustness is then given by

R (|Ψi〉 〈Ψi|) =

(

m
∑

i=1

ai

)2

− 1. (132)

For a two qubit system, the robustness can be expressed as [46]

|λ|
cos2 θ

≤ R (ρAB) ≤ 2 |λ| , (133)

where λ is the negative eigenvalue of ρPT
AB and |θ〉 is the associated eigenvector,

|θ〉 = cos θ |1〉 ⊗ |1〉+ sin θ |2〉 ⊗ |2〉 ; θ ∈ [0, π/4] . (134)

In reference [46], the state ρ = pρD + (1− p) |θ〉 〈θ| is considered where

ρD =









q1 0 0 0
0 q2/2 0 0
0 0 q2/2 0
0 0 0 q3









, qi ≥ 0 ,
3
∑

i

qi = 1. (135)

The robustness of ρD is found to be

R(ρD) =

{

0
(1− p) sin 2θ − pq2

, ρTB ≥ 0
, otherwise

. (136)

If we set q1 = q3 + q2/2 = 1/4, θ = π/4 and p = 4(1− F )/3, we find that

R(ρ) = 2F − 1, (137)

where F is the fidelity [48] of a Werner state.
For a two-qubit state diagonal in the Bell basis, the explicit from of the

robustness has been calculated by Akhtarshenas et al. [49].
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6.2.5 Logarithmic Negativity

We know that the density matrix ρAB of a bipartite system can be represented
conveniently by using the computational basis, Eq. (76). Its partial transposition
with respect to party A and B of a state ρAB are defined in Eqs. (78) and (79).
The positivity of the partial transpose of a state is a necessary condition for
separability, and is sufficient to prove that N(ρAB) = 0. Negativity essentially
measures the degree to which ρPT

AB fails to be positive. From Eqs. (78) and (79),
we can construct two useful quantities. The first one is the Negativity

N (ρAB) =

∥

∥ρPT
AB

∥

∥− 1

2
, (138)

where ‖X‖ = Tr
√

X†X is the trace norm. The negativity sufficient the deficiency
that it is not additive while being a conserve entanglement monotone [50, 51].
A more suitable quantity for an entanglement monotone may therefore be the
logarithmic negativity which is defined as

EN (ρAB) = log2

∥

∥ρPT
AB

∥

∥ . (139)

EN is an entanglement monotone that cannot increase under LOCC-operations
because of the monotone property of the negativity.

The explicit form of EN can be found if we consider the Werner states [14].
Recalling the states in Eqs. (113) and (114), we find that the negativities are

N (ρΦ±(x)) = N (ρΨ±(x)) =

{

(3x− 1)/2
0

, x ≥ 1/3
, x < 1/3

. (140)

Vidal and Werner [51] have shown the monotonicity of N(ρAB) under LOCC.
They consider a family Mi of completely positive linear maps such that Mi(ρ) =
piρ

i
AB and these maps also satisfy the normalization condition

∑

i Tr [Mi(ρ)] = Tr(ρ).
According to the Choi-Kraus representation, we can write the map Mi(ρ) which
is taking into account a local measurement by Bob as

Mi(ρ) = (IA ⊗Mi)ρ(IA ⊗M †
i ). (141)

where Mi are the Kraus operators which must satisfy the normalization condition
∑

i M
†
i Mi ≤ IB. Consider the combination

ρPT
AB = (1 + N)ρ+ −Nρ−,

where ρ± are density matrices with Tr(ρ±) = 1 and N = N(ρAB). Then we can
show that

pi(ρ
i
AB)PT = Mi(ρ

i
AB)PT = Mi(ρ

iPT
AB ) = (1 + N)Mi(ρ

+)−NMi(ρ
−).
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Dividing by pi, we have a decomposition of the form

(ρi
AB)PT =

(1 + N)

pi
Mi(ρ

+)− N

pi
Mi(ρ

−).

According to the variational form of the negativity [51], we can define the nega-
tivity of (ρi

AB) as follows

N(ρi
AB) = inf

{

a−
∣

∣(ρi
AB)PT = a+Mi(ρ

+)− a−Mi(ρ
−)
}

. (142)

where a+ = (1 + N)/pi and a− = N/pi. This variation shows that the codfficient
a− = N/pi must be larger than the infimum. i.e., N(ρi

AB) ≤ N/pi. Multiplying
by pi and summing, we obtain

∑

i

piN(ρi
AB) ≤ N(ρAB). (143)

This inequality shows that the negativity is indeed an entanglement monotone.

6.2.6 Best separable approximation: BSA

Lewenstein and Sunpera [52, 53] have proposed the decomposition of a statistical
operator ρAB (in C

2 ⊗C
2)

ρAB = Λρsep + (1− Λ)P (|Ψent〉) , (144)

with Λ ∈ [0, 1] is maximal, where ρsep is separable and P (|Ψent〉) ≡ |Ψent〉 〈Ψent|
is the projector for a fully entangled state. This expression exists for any two-
qubit state; however, the decomposition is not unique. We have to search for an
optimal value Λmax which is sometimes referred to as the degree of separability
and also can be viewed as the degree of classically of the state [54].

The idea of BSA is that, because of the fact that the set of separable states
is compact, for any density matrix ρAB there exist an optimal separable matrix
ρsep and optimal Λ ≥ 0 such that Λρsep can be subtracted from ρAB maintaining
the positivity of the difference, δρAB = ρAB − Λρsep ≥ 0. According to the de-
composition Eq. (144), this leads straightforwardly to an unambiguous measure
of the entanglement for any mixed state ρAB

EBSA(ρAB) = (1− Λ)EvN (|Ψent〉) , (145)

where EvN (|Ψent〉) is the von Neumann entropy of the reduced density matrix
[55] as defined in Eq. (98). For a particular state [52] ρW is defined as

ρW (x) =
1

4









1− x 0 0 0
0 1 + x −2x 0
0 −2x 1 + x 0
0 0 0 1− x









, (146)
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with x ∈ [0, 1]. The above state can always be decomposed as

ρW (x) = Λ (x) I + (1− Λ (x))
∣

∣Ψ−
〉 〈

Ψ−
∣

∣ , (147)

where |Ψ−〉 = 1/2 (|01〉 − |10〉). For x ≤ 1/3, Λ = 1, and the state ρW = I is
separable. For x > 1/3, 0 ≤ Λ < 1, and a measure of the entanglement of ρW is
thus provided by the value of the corresponding Λ,

EBSA(ρW (x)) = 1− Λ(x). (148)

Karnas and Lewenstein [53] have shown that the BSA-entanglement measure
does not increase under LOCC operations,

EBSA(ρAB) ≥
∑

i

piEBSA(ρi
AB), (149)

where Vi = Ai ⊗ Bi are local POVM operators satisfying
∑

i

ViV
†
i = 1 and pi =

Tr
(

ViρABV †i

)

. This inequality shows that BSA is entanglement monotone.

7 The alternative method of entanglement mea-

sure: PT-entanglement measure

7.1 Introducing criterion

In this contribution, we propose a new entanglement measure which is based on
PPT-criterion and simple to define.

Consider composite systems of dimensions 2⊗2 or 2⊗3. Let us form a convex
combination of the given density matrix ρAB with its partial transpose ρPT

AB,

ρAB (λ) = (1− λ) ρAB + λρPT
AB ; λ ∈ [0, 1] , (150)

which interpolates between a density matrix and a matrix with at least one neg-
ative eigenvalue if ρAB is entangled.

Definition: We propose a candidate of a measure of entanglement given by

EPT (ρAB) = 1− λc (151)

where
λc = max

λ∈[0,1]

{

Ek

(

(1− λ) ρAB + λρPT
AB

)

≥ 0 , k = 1...4(6)
}

, (152)

is the critical value of λ: for λc + ε with any positive ε at least one of the
eigenvalues Ek(ρAB(λ)) becomes negative.
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Figure 8: This diagram shows the structure of PT-measure. See the details in
the text.

The idea of this approach is to quantify how much of the state ρPT
AB need to

be mixed with the state ρAB in order to have ρAB(λ) acquire a negative eigen-
value. The value of λc then relates to the amount of entanglement for a give state
ρAB.

As shown in Fig. 8, if the initial state ρAB is separable, its partial transpose
is also separable. Then the new state ρAB(λ) is the convex combination of the
separable states and also lives in the region of separable states (SP ). On the
other hand, if the initial state ρAB is entangled, its partial transpose is not a
density matrix hence it lives both outside EN and SP -region. In this case, the
operator ρAB(λ) will have both positive and negative eigenvalues. Our quest is
to search the critical value λc, beyond which at least one of the eigenvalues of
ρAB(λ) becomes negative.

We know that the maximally entangled states lie on the boundary of the area
of entangle states. We will always find one maximally entangled state from our
entanglement measure (Fig. 8). If we set λ = λc, we obtain

ρMAX (λc) ≡ (1− λc) ρAB + λcρ
PT
AB. (153)

By using above statement, our measure quantifies the amount of entanglement
for a given state by using the variable λ as a measure, saying how far of the state
ρAB from the maximally entangled state which has been created by composting
it and its partial transpose.

In order to calculate the amount of entanglement, we have to find the critical
value of λ for which ρAB(λ) acquires a negative eigenvalue. We provide some
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examples of this approach in this section and we will investigate in how far this
candidate for a measure of entanglement also satisfies some conditions E1, E2,
E3 in later sections.

7.2 Pure States

Consider a pure state

|ΨAB〉 = α |1A〉 ⊗ |1B〉+ β |2A〉 ⊗ |2B〉 , (154)

where α and β are real numbers which is entangled if both α and β are not zero.
We can express the density matrix as

ρAB = α2 |1A1B〉 〈1A1B|+β2 |2A2B〉 〈2A2B|+αβ (|1A1B〉 〈2A2B|+ |2A2B〉 〈1A1B|) .
(155)

The eigenvalues of the state ρAB are

ν1 = ν2 = ν3 = 0 , ν4 = 1 ,

since ρAB ≡ |ΨAB〉 〈ΨAB| is a projective on a pure state. The partial transpose
can be found as

ρPT
AB = α2 |1A1B〉 〈1A1B|+β2 |2A2B〉 〈2A2B|+αβ (|1A2B〉 〈2A1B|+ |2A1B〉 〈1A2B|) .

(156)
Its eigenvalues are

µ1 = α2 , µ2 = β2 , µ3 = αβ , µ4 = −αβ .

We find that the operator ρPT
AB always have negative eigenvalues µ3 or µ4 as long

as α and β are not zero. Next, we form a convex combination between the original
density matrix and its partial transpose

ρAB (λ) = (1− λ)ρAB + λρPT
AB , 0 ≤ λ ≤ 1 . (157)

In order to find the eigenvalues of this state, we have to obtain the characteristic
equation as

det (ρAB (λ)−EI) =
(

E2 −E + α2β2
(

2λ− λ2
))

(E + λαβ) (E − λαβ) = 0

where E is a real parameter. We see that there is a pair of eigenvalues ±λαβ
always producing a the negative sign for λ as small as desired. Thus, the critical
value of λ is zero and we end up with EPT (ρent

AB) = 1−λc = 1− 0 = 1, otherwise,
the entanglement measure is zero.

Obviously, the measure introduced have does not distinguish between degree
of entanglement for pure states as does the von Neumann entropy, for example.
We just know that if the pure state is separable, the entanglement measure is
zero. On the other hand, if the pure state is entangled, the entanglement measure
is one.
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7.3 Mixed States

7.3.1 Werner states

In this section, we provide two examples for our entanglement measure in space
C

2 ⊗C
2 and C

2 ⊗ C
3, respectively.

Example 3.1. From Example 1.1, we can show that the state ρΦ+(λ; x) is

ρΦ+(λ; x) = (1− λ)ρΦ+(x) + λρPT
Φ+ (x)

=
1

4









1 + x 0 0 2x (1− λ)
0 1− x 2xλ 0
0 2xλ 1− x 0

2x (1− λ) 0 0 1 + x









. (158)

The eigenvalues are

E1
Φ+ (λ; x) = E2

Φ+ (λ; x) = (1− x + 2xλ)/4,

E3
Φ+ (λ; x) = (1− x− 2xλ)/4,

E4
Φ+ (λ; x) = (1 + 3x− 2xλ)/4.

If we set x = 1/2, the state ρΦ+(λ; x = 1/2) is entangled. We can plot the
graph of the eigenvalues as in Fig. 9 and the third eigenvalue gives a negative
sign if λ > 1/2. For x > xc, we can see that the third eigenvalue is positive as
long as λ satisfies the inequality

λ ≤ 1− x

2x

illustrated in Fig. 10. We find that

1. If 0 ≤ x ≤ 1/3, the Werner state ρΦ+ (x) is separable. Then the state
ρΦ+ (λ; x) always gives positive eigenvalues. We see that the quantity (1−
x)/2x > 1, except for x = 0, but we know that 0 ≤ λ ≤ 1. Then we may
say λc = 1 for separable states.

2. If 1/3 < x ≤ 1, the Werner state ρΦ+ (x) is entangled. The values of λ
satisfying the inequality

λ >
1− x

2x

produce a negative sign for the eigenvalue E3
Φ+ (λ; x). We see that the upper

part of curve, see Fig. 10, will give the negative sign while the lower part
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Figure 9: This diagram shows the characteristic of the eigenvalues of the state
ρΦ+(λ; x).

Figure 10: The diagrams show the characteristic of the λ− x and EPT (x) curves
of the state ρΦ+(λ; x).
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Figure 11: This diagram shows the characteristic of the eigenvalues of the state
ρ2⊗3(λ; x).

Figure 12: The diagrams show the characteristic of the λ− x and EPT (x) curves

of the state ρ2⊗3(λ; x) where λc(x) = −2
3

(

3−3x+(x−1)
√

8+14x+5x2

x−4

)

.

43



will produce the positive sign. Thus, we can define the critical value of λ
as

λc(x) =
1− x

2x
.

Example 3.2. For the state of Eq. (88), we have

ρ2⊗3 (λ; x) =

















1
6

+ x
12

0 0 0 x
4

(1− λ) 0
0 1

6
+ x

12
0 x

4
λ 0 −x

4
(1− λ)

0 0 1−x
6

0 −x
4
λ 0

0 x
4
λ 0 1−x

6
0 0

x
4
(1− λ) 0 −x

4
λ 0 1

6
+ x

12
0

0 −x
4

(1− λ) 0 0 0 1
6

+ x
12

















.

(159)
For above matrix, we cannot find the analytical expression for the eigenvalues.
we consider the value x = 2/3 and we can plot the graph of the eigenvalues as
in Fig. 11 and the first eigenvalue produces the negative sign. We can conclude
that, for 4

1+3
√

5
< x ≤ 1, the first eigenvalue is positive as long as satisfies the

inequality

λ < −2

3

(

3− 3x + (x− 1)
√

8 + 14x + 5x2

x− 4

)

.

We can show the relation between x and λ as Fig. 12 and we can defined the
critical value of λ as

λc(x) = −2

3

(

3− 3x + (x− 1)
√

8 + 14x + 5x2

x− 4

)

.

7.3.2 The characteristics of λ− x curve of the Werner state.

From above examples, we can conclude that there is a curve, denoted by λc =
F (x), that separates the area between positive eigenvalues only and a negative
eigenvalue. The behavior of the curve can be described in two situations (see Fig.
13).

1. If 0 ≤ x ≤ xc, A1, the Werner state ρW (x) is separable. The partial
transpose operator maps ρW (x) to another separable state ρPT

W (x) which
also lives inside the separable area (see Fig. 5). Then the state ρW (λ; x) =
(1 − λ)ρW (x) + λρPT

W (x) has positive eigenvalues only and is a separable
state.

2. If xc < x ≤ 1, A2 and A3, the Werner state ρW (x) is entangled and its
partial transpose matrix lives in the area of the non-density matrices (see
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Figure 13: This figure shows the generalize characteristics of λ − x curve of the
Werner states.

Figure 14: This figure shows the generalize characteristics of EPT (x) curve of the
Werner states.
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Fig. 1). The state ρW (λ; x) = (1− λ)ρW (x) + λρPT
W (x) is a density matrix

as long as λ satisfying the inequality

λ(x) ≤ F (x) .

On the other hand, it is not a density matrix. Then we can define the
critical value of λ as

λc(x) = F (x).

In this case, the states that lie on the curve is the maximally entangled
states ρMAX(λc; x) = (1−λc)ρAB(x)+λρAB(x). These maximally entangled
states are probably not Bell states. That means this curve represents the
boundary between the entangled states and all other states which are not
density matrices (see also Fig. 8).

Consider Werner states ρAB(x1) and ρAB(x2) with x1 and x2 satisfying the
inequality

xc < x1 < x2 < 1.

Then we find that

1 = λc(xc) > λc(x1) > λc(x2) > λc(1) = 0.

or
0 = 1− λc(xc) < 1− λc(x1) < 1− λc(x2) < 1− λc(1) = 1.

These inequalities say that the state ρAB(x2) contains more entanglement
than the state ρAB(x1) because 1− λc(x1) < 1− λc(x2) (see Fig. 14). This
implies that the state ρAB(x2) is located nearer the boundary of maximally
entangled states than the state ρAB(x1). In addition, we can say that the
eigenvalues of the state ρAB(x2) fail to be positive easier than those of the
state ρAB(x1) when mixing the negative eigenvalues of their corresponding
partial transpose matrices. For the maximally entangled state |Φ+〉 〈Φ+|,
x = 1, the critical value of λ is 0 because it lives on the boundary. Then at
least one of its eigenvalues is always negative.

For any entangled states ρAB, we can use λc to classify the family of the entangled
states (see Fig. 15). The states that produce the same values of λc can be
grouped represented by the dash line, in one class because they attributed the
same amount of entanglement. In the next section, we will give you a particular
set of the states that produce the same critical value of λ.
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Figure 15: This figure shows the group of the states that contain the same amount
of entanglement.

Figure 16: This figure shows over all trend of the critical value of λ for Bell
diagonal states.
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Figure 17: This figure shows over all trend of EPT for Bell diagonal states.

7.3.3 The characteristics of the λ− x curve for Bell diagonal states

From the examples studied in Appendix A, we can extract the following features
of the λ− x curve:

1. Symmetric case: Consider two Bell states δBD and σBD which may be trans-
formed into each other by a local unitary transformation. When we form
the convex combination ρBD(x) = xδBD + (1 − x)σBD, we find that the
typically has the form shown in Fig. 16. For some values of λ there are
three regions which are separated by two critical values of x, say x

(1)
c and

x
(2)
c .

I. For 0 ≤ x < x
(1)
c , we find the critical value of λ as

λ(1)
c = F (1)(x).

The operator ρBD(λ; x) is a density matrix if λ ≤ λ
(1)
c , otherwise it is not.

II. For x
(1)
c ≤ x ≤ x

(2)
c , all states are always density matrices and sepa-

rable.

III. For x
(2)
c < x ≤ 1, we find the critical value of λ as

λ(2)
c = F (2)(x).

Similar to case I, the operator ρBD(λ; x) is a density matrix only if λ ≤ λ
(2)
c .

In this particular example, we observe that if we consider the amount of
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entanglement of the states which 0 ≤ x1 < x
(1)
c and x

(2)
c < x2 ≤ 1, we find

λ(1)
c = F (1)(x1) = λ(2)

c = F (2)(x2).

That means there is a symmetry of entanglement distribution (see also Fig.
17), 1− λc, of the convex combination between ρ1(p) and ρ2(q).

2. Asymmetric case: Consider two Bell states δBD and σBD which we cannot
find a local unitary transformation mapping them to each other. When we
form the convex combination ρBD(x) = xδBD +(1−x)σBD, we find that the

characteristic curve is separated by two critical values of x, say x
(1)
c and x

(2)
c .

In this case, we found one zero eigenvalue, at least, of the state ρBD(x). For
some appropriate values of p, q, x, we find that the critical value of λ is zero.
We can conclude that the PT-entanglement measure fails to distinguish the
amount of entanglement, if the states considered have zero eigenvalues (see
Figs. 30 and 31).

7.4 Classification of entangled states

In this section, we will show a particular set of entangled states which can be
grouped via the PT-entanglement measure. Consider the set of the Werner states

ρΦ± (x) = x
∣

∣Φ±
〉 〈

Φ±
∣

∣+ (1− x)
I

4
, (160)

and

ρΨ± (x) = x
∣

∣Ψ±
〉 〈

Ψ±
∣

∣ + (1− x)
I

4
, (161)

where |Φ±〉 and |Ψ±〉 are the maximally entangled states which are defined in
Eqs. (115) and (115). We can show that the matrix representations of Eqs.
(160) and (161) are given by

ρΦ± (x) =
1

4









1 + x 0 0 ±2x
0 1− x 0 0
0 0 1− x 0
±2x 0 0 1 + x









, (162)

and

ρΨ± (x) =
1

4









1− x 0 0 0
0 1 + x ±2x 0
0 ±2x 1 + x 0
0 0 0 1− x









, (163)

their eigenvalues are

ν1
Φ±/Ψ± =

1 + 3x

4
,
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ν2
Φ±/Ψ± = ν3

Φ±/Ψ± = ν4
Φ±/Ψ± =

1− x

4
.

The partial transpose of the states above can be found as

ρPT
Φ± (x) =

1

4









1 + x 0 0 0
0 1− x ±2x 0
0 ±2x 1− x 0
0 0 0 1 + x









, (164)

and

ρPT
Ψ± (x) =

1

4









1− x 0 0 ±2x
0 1 + x 0 0
0 0 1 + x 0
±2x 0 0 1− x









, (165)

and their eigenvalues are

µ1
Φ±/Ψ± (x) = µ2

Φ±/Ψ± (x) = µ3
Φ±/Ψ± (x) =

(1 + x)

4
,

µ4
Φ±/Ψ± (x) =

(1− 3x)

4
.

We find that these states are separable as long as x ≤ 1/3, otherwise they are
entangled states. We now construct the convex combination to determine the
amount of entanglement for those states

ρΦ± (λ; x) =
1

4









1 + x 0 0 ±2x (1− λ)
0 1− x ±2xλ 0
0 ±2xλ 1− x 0

±2x (1− λ) 0 0 1 + x









, (166)

and

ρΨ± (λ; x) =
1

4









1− x 0 0 ±2xλ
0 1 + x ±2x (1− λ) 0
0 ±2x (1− λ) 1 + x 0
±2xλ 0 0 1− x









. (167)

The eigenvalues of these states can be found as

E1
Φ±/Ψ± (λ; x) = E2

Φ±/Ψ± (λ; x) = (1− x + 2xλ)/4,

E3
Φ±/Ψ± (λ; x) = (1− x− 2xλ)/4,

E4
Φ±/Ψ± (λ; x) = (1 + 3x− 2xλ)/4.
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The third eigenvalue E3
Φ±/Ψ± (λ; x) is positive as long as λ satisfies the inequality

λ ≤ 1− x

2x
, x ∈ (1/3, 1] ,

and we have

λc(x) =
1− x

2x
. (168)

We see that the set of states {ρΦ± (x) , ρΨ± (x)} are the same function of λc. If
we set x = 1/2, λc = 1/2, then the set of the states

{ρΦ±(x = 1/2), ρΨ±(x = 1/2)}

can be grouped together containing the same amount of entanglement. By using
our entanglement measure, the amount of entanglement that these states contain
is 1 − λc = 1/2. Similarly, if we choose x = 3/4, we find λc = 1/6. The set of
states

{ρΦ±(x = 3/4), ρΨ±(x = 3/4)}
can be grouped together as well and the amount of entanglement of this set of
these states is 1 − λc = 5/6. We see that 1 − λc(x = 3/4) > 1 − λc(x = 1/2).
This implies that the set of states with x = 3/4 contain more entanglement than
the states for which x = 1/2.

We know that there exists the unitary transformation such that

∣

∣Φ±
〉→←

∣

∣Ψ±
〉

Consequently, there also exist the unitrary matrices such that

ρΦ± (x = 1/2)→← ρΨ± (x = 1/2)

and
ρΦ± (x = 3/4)→← ρΨ± (x = 3/4)

This statement tells us about the amount of entanglement invariant under unitary
transformations. We will discuss (local) unitary transformations in more details
later.

7.5 A special case of the function F (x)

In this section, we will find some conditions of function F (x). We know that the
Hermitian density matrix can be written in the spectral decomposition given by

ρAB =

M
∑

l

νl |Φl〉 〈Φl| , (169)
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where νl are the eigenvalues corresponding to the eigenvectors |Φl〉. Now we
assume that the density matrix ρAB and its partial transpose ρPT

AB commute,
satisfying the condition

[

ρAB, ρPT
AB

]

= 0. That means, they can be written in the
spectral decomposition with the same eventuates. Then we can introduce

ρPT
AB =

M
∑

l

µl |Φl〉 〈Φl| , (170)

where µj are eigenvalues of the state ρPT
AB corresponding to the eigenvectors |Φj〉.

Using Eqs. (169) and (170), we can construct the state ρAB(λ) as

ρAB (λ) =

M
∑

l

[(1− λ) νl + λµl] |Φl〉 〈Φl| . (171)

We know that if ρAB (λ) is the density matrix, its eigenvalues must be positive
values. Then we have the condition

(1− λ) νl + λµl ≥ 0. (172)

If the first eigenvalue µ1 of ρPT
AB are negative. Then we can find the inequality

and the critical value of λ as follows

λ ≤ ν1

ν1 − µ1
. (173)

and we define the critical value of λ

λc =
ν1

ν1 − µ1

, (174)

that means if λ < λc the state ρAB (λ) is the entangled state, otherwise it is not.
We now define PT-entanglement measure for commuting between ρAB and ρPT

AB

EC
PT (ρAB) = 1− νl

νl − µl

=
µl

µl − νl

. (175)

From Section 7.7, it is easily to show that
[

ρΨ±/Φ± , ρPT
Ψ±/Φ±

]

= 0, (176)

and we find that

λc(x) =
ν1

Ψ±/Φ±

ν1
Ψ±/Φ± − µ1

Ψ±/Φ±

=
(1− x)/4

(1− x)/4− (1− 3x)/4
=

1− x

2x
, (177)

and

EC
PT (x) =

3x− 1

2x
. (178)

Above equation is identical with Eq. (168). However, this condition holds if and
only if

[

ρAB, ρPT
AB

]

= 0.
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7.6 Conditions on entanglement measures

In this section, we will show that our entanglement measure satisfies some con-
ditions required of every measure of entanglement.

7.6.1 The condition E1

Pure states: It was shown in section 7.2 that this measure can distinguish
between entangled and separable pure states but it does not differentiate between
degrees of entanglement of pure states;

EPT

(

|Ψ〉 〈Ψ|sep
)

= 0 , EPT (|Ψ〉 〈Ψ|ent) = 1 .

Mixed states: Our operation cannot create an entanglement state from an un-
entangled state. If we pick up a separable state, the convex combination ρAB(λ)
will always have positive eigenvalues only. That means λc = 1, then we can say
EPT (ρsep

AB) = 0. On the other hand, if we consider a entangled state, we found
that λc = F (x), so that EPT (ρAB) = 1 − F (x). The function F (x) is related to
the eigenvalues of a given state and its partial transpose.

However, there are some cases that the critical value of λ is always zero
whether the states are more entangled or not. This situation arises when a given
state ρAB has a least one zero eigenvalue. We will show the simple case of this
situation. We assume that the state ρAB and ρPT

AB commute. From Eq. (172), we
have the condition for the eigenvalue of ρAB(λ). If the first eigenvalue µ1 of ρPT

AB

is negative and the first eigenvalue ν1 of ρAB is zero, we immediately get a new
condition for the eigenvalue of ρAB(λ)

λµ1 ≥ 0.

Obviously, this inequality holds if and only if λ = 0. Then we can state that the
critical value of λ is zero.

7.6.2 The condition E2

In this section we would like to show that the PT-entanglement measure is in-
variant under the local unitary operations, ULO = UA ⊗ UB

EPT (ρ′AB) = EPT (ρAB) , (179)

where
ρ′AB(λ) = (1− λ)ULOρABU †LO + λ(ULOρABU †LO)PT (180)

Pure states: Consider the density matrix ρAB = |ΨAB〉 〈ΨAB|, where |ΨAB〉 〈ΨAB|
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is either a product or an entangled state. We know that the state ρAB can be
represented in the Schmidt decomposition Eq. (40). From the definition of EPT ,
it follows that the eigenvalues of the state ρ′AB is

Ek

[

(1− λ)UA ⊗ UBρABU †A ⊗ U †B + λ
(

UA ⊗ UBρABU †A ⊗ U †B

)PT
]

=

Ek

[

UA ⊗ IB

(

(1− λ)IA ⊗ UBρABIA ⊗ U †B + λIA ⊗ U∗BρPT
ABIA ⊗ (U∗B)†

)

U †A ⊗ IB

]

= Ek

[

(1− λ)IA ⊗ UBρABIA ⊗ U †B + λIA ⊗ U∗BρPT
ABIA ⊗ (U∗B)†

]

. (181)

We use the fact that the Schmidt coefficients are unchanged under a unitary
operator on one of the subsystems Eq. (44). We now that the state ρAB can be
written in Schmidt decomposition

ρAB = |ΨAB〉 〈ΨAB|

=

(

∑

l

ξl |lA〉 ⊗ |lB〉
)(

∑

k

ξk 〈kA| ⊗ 〈kB|
)

=
∑

jk

ξlξk |lA〉 〈kA| ⊗ |lB〉 〈kB| , (182)

and we also write

IA ⊗ UBρABIA ⊗ U †B =
∑

jk

ξlξk |lA〉 〈kA| ⊗ UB |lB〉 〈kB|U †B

=
∑

jk

ξlξk |lA〉 〈kA| ⊗ |l′B〉 〈k′B| , (183)

where |l′B〉 = UB |lB〉 and 〈kB| = 〈kB|U †B. We know that the unitary operation
transforms one set of orthonormal states to another set of orthonormal states.
We can freely choose a computatinal basis of IA ⊗ UBρABIA ⊗ U †B in which ρAB

and IA⊗UBρABIA⊗U †B have the same matrix elements. Then the states ρAB and
IA⊗UBρABIA⊗U †B have the same eigenvalues and their linear combinations with
their partial transposes also have the same eigenvalues. So Eq. (181) becomes

= Ek

[

(1− λ)ρAB + λρPT
AB

]

. (184)

Then we can conclude that

EPT (ρAB) = EPT

(

UA ⊗ UBρABU †A ⊗ U †B

)

.

Mixed states: Consider a given density matrix ρAB =
∑

i pi |Ψi
AB〉 〈Ψi

AB|, where
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pi are real and
∑

i pi = 1. We know that we can also express the state in Fano
form as

ρAB =
1

4

(

IA ⊗ IB + ~τA · ~σA ⊗ IB + IA ⊗ ~τB · ~σB +
∑

kl

tklσk ⊗ σl

)

.

Under local unitary transform, the state becomes

ρAB → UA ⊗ UBρABU †A ⊗ U †B = ρ′AB

and its partial transpose is

(

UA ⊗ UBρABU †A ⊗ U †B

)PT

Similarly with pure states, we can show that the eigenvalues of state ρ′AB(λ) is

Ek

[

(1− λ)UA ⊗ UBρABU †A ⊗ U †B + λ
(

UA ⊗ UBρABU †A ⊗ U †B

)PT
]

=

Ek

[

UA ⊗ IB

(

(1− λ)IA ⊗ UBρABIA ⊗ U †B + λIA ⊗ U∗BρABIA ⊗ (U∗B)†
)

U †A ⊗ IB

]

= Ek

[

(1− λ)IA ⊗ UBρABIA ⊗ U †B + λIA ⊗ U∗BρPT
ABIA ⊗ (U∗B)†

]

. (185)

Now we consider

IA ⊗ UBρABIA ⊗ U †B

=
1

4

(

IA ⊗ IB + ~τA · ~σA ⊗ IB + IA ⊗ ~τB · UB~σBU †B +
∑

kl

tklσk ⊗ UBσlU
†
B

)

.

(186)

If we define ~σ′B = UB~σBU †B and ~σ′l = UB~σlU
†
B, we find that eigenvalues of the

Pauli’s spin matrices are invariant under unitary transform. We now that the
Puali’s spin matices can be represented in the computational basis. Analogously
with pure states, we can freely choose the bases of ~σ′B and ~σ′l in which ~σ′B, ~σ′l, ~σB

and ~σl have the same matrix elements. Then the state ρAB and IA⊗UBρABIA⊗U †B
have the same eigenvalues. We know that their linear combinations with their
partial transposes also have the same eigenvalues. Using these results, Eq. (185)
becomes

= Ek

[

(1− λ)ρAB + λρPT
AB

]

. (187)

Then we can conclude that

EPT (ρAB) = EPT

(

UA ⊗ UBρABU †A ⊗ U †B

)

.
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7.6.3 The condition E3

In this section, we provide some examples that the measure of entanglement
EPT (ρAB) does not increase under LOCC given by Φ, i.e., EPT (ΦLOCCρAB) ≤
EPT (ρAB). We expect this result to hold for both pure and mixed states. There
are three different ingredients consisted of local operations, classical communica-
tions and post-selection that aim to decrease correlations between two quantum
subsystems locally.

A. Local Operations: LO
Two parities, A and B, perform measurements separately with two sets of

operators satisfying the completeness relations
∑

i A
†
iAi = I and

∑

i B
†
jBj = I.

The joint operation of the two parties is described by
∑

ij Ai ⊗ Bj which refers
to a general local measurement. Next we will show an example and we find that
under this local general measurement, the amount of entanglement EPT does not
increase.

Example 4.3.1: We propose the following Kraus operators {M1, M2}:

M1 =

(

cos δ 0
0 sin δ

)

, M2 =

(

sin δ 0
0 cos δ

)

, (188)

while satisfy the condition
∑

i

M †
i Mi = I2 and 0 ≤ δ ≤ π/4. Now Alice and Bob

choose their Kraus operators as

A1 =

(

cos δ 0
0 sin δ

)

, A2 =

(

sin δ 0
0 cos δ

)

B1 =

(

cos δ 0
0 sin δ

)

, B2 =

(

sin δ 0
0 cos δ

)

(189)

and they also satisfy
∑

ij

AiA
†
i ⊗ BjB

†
j = I2 ⊗ I2. Recalling the Werner state in

Example 1.1, we have

ρΦ+ (x) =
1

4









1 + x 0 0 2x
0 1− x 0 0
0 0 1− x 0
2x 0 0 1− x









, (190)

for which the critical value is xc = 1/3. We now construct

ρΦ+ (λ; x) = (1− λ) ρΦ+ (x) + λρPT
Φ+ (x) , (191)

and we have the critical value of λ as
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λc =
1− x

2x
.

Now Alice and Bob perform local operations on their systems, without recording
the results and thus not communicating with each other. The Werner state
transforms to

ρΦ+ (x) 7−→ σΦ+ (x) =
∑

ij

Ai ⊗BjρΦ+ (x) A†i ⊗ B†j , (192)

or explicitly,

σΦ+ (x) =
1

4









1 + x 0 0 8x cos2 δ sin2 δ
0 1− x 0 0
0 0 1− x 0

8x cos2 δ sin2 δ 0 0 1 + x









, (193)

while it reads in bra-ket notation as

σΦ+ (x) = xρΦ+(δ) + (1− x)
I

4
, (194)

where

ρΦ+(δ) =
1

2
(|00〉 〈00|+ |11〉 〈11|) + 2 cos2 δ sin2 δ (|00〉 〈11|+ |11〉 〈00|) (195)

is a new entangled state. For δ = π/4, we recover the Bell state

ρΦ+

(

δ =
π

4

)

=
1

2
(|00〉 〈00|+ |00〉 〈11|+ |11〉 〈00|+ |11〉 〈11|) =

∣

∣Φ+
〉 〈

Φ+
∣

∣ .

(196)
For δ = π/3,

ρΦ+

(

δ =
π

3

)

=
1

2
(|00〉 〈00|+ |11〉 〈11|) +

3

8
(|00〉 〈11|+ |11〉 〈00|) . (197)

and for δ = 0, we obtain

ρΦ+ (δ = 0) =
1

2
(|00〉 〈00|+ |11〉 〈11|) . (198)

Obviously, the state σΦ+ (x) is the combination between the separable state I
and non-maximally entangled state5 ρΦ+(δ). On the other hand, the Werner

5According to the entropy, the density matrix gives the maximum entropy when the prob-
ability distributions are the same for each state, such as Bell states, which it is called the
maximally entangled state.
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Figure 18: This figure shows that the proportional of entanglement in the Werner
state decreases while the angle changes.

state consists of the maximally entangled state |Φ+〉 〈Φ+| and the separable one.
We find that the state will contain less entanglement after the performing of local
operations. To confirm this statement, we have to calculate the critical value of
x of the state σΦ+ (x). The partial transpose of this state is given by

σPT
Φ+ (x) =

1

4









1 + x 0 0 0
0 1− x 8x cos2 δ sin2 δ 0
0 8x cos2 δ sin2 δ 1− x 0
0 0 0 1 + x









. (199)

The eigenvalues are
E1

Φ+ = E2
Φ+ = (1 + x) /4,

E3
Φ+ = (1− x cos 4δ) /4,

E4
Φ+ = (1− x(2 + cos 4δ)) /4

The eigenvalue E4
Φ+ is positive as long as x > 1/(2− cos 4δ) and we know that

−1 ≤ cos 4δ ≤ 1 then 1/3 ≤ 1/(2 − cos 4δ) ≤ 1. We see that the critical value
now depends on δ, changing from xc = 1/3 to xc ∈ [1/3, 1]. Only for δ = nπ/4,
where n = 1, 3, 5, .., the density matrix ρΦ+(δ) becomes |Φ+〉 〈Φ+|, the maximally
entangled state, and we recover the same critical value xc = 1/3. Form these
results, we can say that the proportion of the entangled state in the Werner state
decreases while the critical value increases from 1/3 to 1 when cos 4δ increases,
see Fig. 18, after performing the local operations. Next we would like to find the
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Figure 19: This figure shows that the quantitative dependence of λ remain un-
changed.

critical value of λ as a function of x. The state σΦ+(λ; x) can be expressed in the
matrix form as

σΦ+ (λ; x) =
1

4









1 + x 0 0 2x (1− λ)Z(δ)
0 1− x 2xλZ(δ) 0
0 2xλZ(δ) 1− x 0

2x (1− λ) Z(δ) 0 0 1 + x









,

(200)

where Z(δ) = cos2 δ sin2 δ. The eigenvalues are

E1
Φ+ (λ; x) = (1− x(1− λ + λ cos δ)) /4

E2
Φ+ (λ; x) = (1 + x(λ + cos 4δ − λ cos δ))/4,

E3
Φ+ (λ; x) = (1− x(1 + λ− λ cos δ)) /4,

E4
Φ+ (λ; x) = (1 + x(2− λ− cos 4δ + λ cos 4δ))/4.

The eigenvalue E3
Φ+ is negative when ever

λ >
1− x

x (1− cos 4δ)
=

1− x

2x

2

1− cos 4δ
.

Using the fact that 0 < 1 − cos 4δ < 2, we find that the condition for λc takes
the form

λc(x, δ) =
2

1− cos 4δ
· λc(x).
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From above results, we can state that the maximally entangled state |Φ+〉 〈Φ+|
has been transformed to the non-maximally entangled state ρΦ+(δ). This implies
that the proportion of the entanglement does not increase under local operations,
while the quantitative dependence of λc on x remains unchanged as in Fig. 19.
We now state that

1− λc(x, δ) ≤ 1− λc(x),

or

EPT

(

∑

ij

Ai ⊗BjρΦ+(x)A†i ⊗ B†j

)

≤ EPT (ρΦ+(x)) .

Let us consider the particular case of projection operators. If we set δ = 0, the
Kraus operators {M1, M2} become

M1 =

(

1 0
0 0

)

, M2 =

(

0 0
0 1

)

, (201)

and Eqs. (193) and (199)turn into

σΦ+ (x) =
1

4









1 + x 0 0 0
0 1− x 0 0
0 0 1− x 0
0 0 0 1 + x









, (202)

σPT
Φ+ (x) =

1

4









1 + x 0 0 0
0 1− x 0 0
0 0 1− x 0
0 0 0 1 + x









. (203)

We see that all their eigenvalues are the positive and their convex combination
becomes

σΦ+ (λ; x) =
1

4









1 + x 0 0 0
0 1− x 0 0
0 0 1− x 0
0 0 0 1 + x









,

(204)

Obviously, the state Eq. (204) does not depend on the variable λ. This
projective operations map the state ρΦ+(x) to the separable area. That clearly
means the amount of entanglement of the state ρΦ+(x) does not increase under
local projective operators.
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B. Classical Communication: CC
Alice and Bob are allowed to talk each others via classical communication

such as a telephone while performing their local quantum operations [3]. This
means they can increase the classical correlations between the parts of the system.
To combine the classical communication and the local operations, we arrive at
LOCC operations which is important to distinguish between classical correlations
and quantum one [3]. The details of LOCC operations have been introduced in
the section 4.5.

C. Post-selection: PS
After LOCC operations, the state ρAB has been transformed into a new state

ρm

ρAB → ρm =
Am ⊗ BmρABA†m ⊗ B†m

Tr
(

Am ⊗BmρABA†m ⊗B†m
) (205)

where the denominator gives the normalization condition. We can collect all
possible results to get [41]

σAB =
∑

m

Am ⊗ BmρABA†m ⊗ B†m (206)

Example 4.3.2: Basically, Alice and Bob can perform their local operations
at different places. We now allow them to talk to each others via classical com-
munications. In this section, we will show that after ”LOCC+PS” operations, the
amount of entanglement does not increase for a specific set of local operations.

Let us say that first, Alice talks to Bob and then secondly, Bob answers Alice.
This process is refereed to two-way communication. Suppose Alice and Bob again
use the Kraus operators which are based on {M1, M2}, see Example 4.3.1. We
now define the operators

a1 = a111 = a121 = a211 = a221 =

(

cos δ 0
0 sin δ

)

, (207)

a2 = a112 = a122 = a212 = a222 =

(

sin δ 0
0 cos δ

)

, (208)

b11 = b21 =

(

cos δ 0
0 sin δ

)

, (209)

b12 = b22 =

(

sin δ 0
0 cos δ

)

. (210)
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To help us to easily understand, we show a diagram of this process in Fig. 20. In
this case, the LOCC+PS gives us eight possible outcomes. We now rewrite the
operators for all cases as

a111a1 =

(

cos2 δ 0
0 sin2 δ

)

≡ A1, (211)

a112a1 =

(

cos δ sin δ 0
0 cos δ sin δ

)

≡ A2, (212)

a121a1 =

(

cos2 δ 0
0 sin2 δ

)

≡ A3, (213)

a122a1 =

(

cos δ sin δ 0
0 cos δ sin δ

)

≡ A4, (214)

a211a2 =

(

cos δ sin δ 0
0 cos δ sin δ

)

≡ A5, (215)

a212a2 =

(

sin2 δ 0
0 cos2 δ

)

≡ A6, (216)

a221a2 =

(

cos δ sin δ 0
0 cos δ sin δ

)

≡ A7, (217)

a222a2 =

(

sin2 δ 0
0 cos2 δ

)

≡ A8, (218)

and

B1 = B2 = B5 = B6 =

(

cos δ 0
0 sin δ

)

B3 = B4 = B7 = B8 =

(

sin δ 0
0 cos δ

) (219)

So, we obtain

σΦ+ =

8
∑

m=1

Am ⊗ BmρΦ+A†m ⊗ B†m. (220)

If we let ρΦ+ = I, it is easily to show that

8
∑

m=1

(Am ⊗ Bm)
(

A†m ⊗B†m
)

=

8
∑

m=1

AmA†m ⊗BmB†m = I. (221)

Suppose the initial state, being shared between Alice and Bob, is given by
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Figure 20: This two-way communication process. C represents the communica-
tion between Alice and Bob. First, Alice chooses the operators ai and then tell
Bob about her operators. After that Bob chooses the operators bij corresponding
to the operators ai and Bob also tells Alice about his operators. Finally, Alice
chooses the operators aijk corresponding to both ai and bij .
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ρΦ+ (x) =
1

4









1 + x 0 0 2x
0 1− x 0 0
0 0 1− x 0
2x 0 0 1− x









. (222)

The state σΦ+ becomes

σΦ+ =
1

4









(1 + x) 0 0 16xc3s3

0 (1− x) 0 0
0 0 (1− x) 0

16xc3s3 0 0 (1 + x)









. (223)

We can express the state σΦ+ in bra-ket form as

σΦ+ =
x

2
(|00〉 〈00|+ |11〉 〈11|) + 4x cos3 δ sin3 δ (|00〉 〈11|+ |00〉 〈11|) + (1− x)

I

4
.

(224)
The partial transpose of σAB is

σPT
Φ+ =

1

4









(1 + x) 0 0 0
0 (1− x) 16x cos3 δ sin3 δ 0
0 16x cos3 δ sin3 δ (1− x) 0
0 0 0 (1 + x)









, (225)

with eigenvalues
E1

Φ+ = E2
2⊗2 = (1 + x) /4,

E3
Φ+ =

(

1− x + 16x cos3 δ sin3 δ
)

/4,

E4
Φ+ = (2− 2x− 3x sin 2δ + x sin 6δ) /8.

The third eigenvalue is negative as long as

x <
1

1− 16 cos3 δ sin3 δ
,

where δ ∈ (π/2, π) and (3π/2, 2π). We find that the range of a new critical value
of x is

1

3
<

1

1− 16 cos3 δ sin3 δ
< 1.

The fourth eigenvalue gives a negative sign as long as

x <
2

2 + 3 sin 2δ − sin 6δ

where δ ∈ (0, π/2) and (π, 3π/2) and we can show that the range of a new critical
value of x is

1

3
<

2

2 + 3x sin 2δ − sin 6δ
< 1.
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For δ = 0, π/2, π, 3π/2, the state σΦ+ always is separabled. Next we will fine
the condition for λ to distinguish the entanglement of the state σΦ+ after LOCC
operations. The σΦ+(λ; x) can be express in the matrix form as

σΦ+ (λ; x) =









1 + x 0 0 x (1− λ)B(δ)
0 1− x xλB(δ) 0
0 xλB(δ) 1− x 0

x (1− λ) B(δ) 0 0 1 + x









,

(226)

where B(δ) = 16 cos3 δ sin3 δ. The eigenvalues are

E1
Φ+ (λ; x) =

1

4

(

1− x− 16xλ cos3 δ sin3 δ
)

,

E2
Φ+ (λ; x) =

1

4

(

1− x + 16xλ cos3 δ sin3 δ
)

,

E3
Φ+ (λ; x) =

1

4

(

1 + x + 16x cos3 δ sin3 δ − 16xλ cos3 δ sin3 δ
)

,

E4
Φ+ (λ; x) =

1

4

(

1 + x− 16x cos3 δ sin3 δ + 16xλ cos3 δ sin3 δ
)

.

The first eigenvalue gives a negative sign as long as

λ <
1− x

16x cos3 δ sin3 δ
=

1− x

2x

1

8 cos3 δ sin3 δ

where x ∈ (xc, 1]. xc is the critical value which depends on the angle δ corre-
sponding to δ ∈ (0, π/2) ∪ (π, 3π/2). we obtain

λc(δ) =
λc

8 cos3 δ sin3 δ

On the other hand, the second eigenvalue give a negative sign as long as the λ
satisfies the inequality

λ <
1− x

−16x cos3 δ sin3 δ
= −1− x

2x

1

8 cos3 δ sin3 δ

where x ∈ (xc, 1]. xc is the critical value which depends on the angle δ corre-
sponding to δ ∈ (π/2, π) ∪ (3π/2, 2π). We obtain

λc(δ) = − λc

8 cos3 δ sin3 δ

Obviously, we still have the same structure of λ. Then we can conclude, for this
particular example, that under the ”LOCC+PS” operations, the proportion of
entanglement in the Werner state does not increase. Finally, We can say that

1− λc(δ) ≤ 1− λc,
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or

EPT

(

8
∑

j=1

Ai ⊗BjρΦ+(x)A†i ⊗ B†j

)

≤ EPT (ρΦ+(x)) .

7.7 The upper and lower limits of λc under LOCC opera-
tions

From a particular example of LOCC operations in the previous section, we find
that the PT-entanglement measure does not increase after operating. In this
section, we would like to show a possible way to prove the condition E3.2 by the
use of the variation theorem of eigenvalues [57]. To obtain the critical value of λ,
we have to consider the eigenvalues of ρAB(λ)

Ek (ρAB (λ)) = Ek

(

(1− λ)ρAB + λρPT
AB

)

. (227)

From Weyl’s theorem [57]:

Theorem. Let A, B are n-by-n complex matrices and are Hermitian. The
eigenvalues Ek(A), Ek(B), and Ek(A + B) are arranged in increasing order. For
each k = 1, 2, ...., n we have

Ek (A) + E1 (B) ≤ Ek (A + B) ≤ Ek (A) + En (B) , (228)

or
Ek (B) + E1 (A) ≤ Ek (A + B) ≤ Ek (B) + En (A) . (229)

In our system, the maximum numbers n of eigenvalues are 4 or 6. Here, we
restrict ourselves on 2 ⊗ 2 dimensions quantum system. Using Eq. (227), Eq.
(228) becomes

Ek ((1− λ)ρAB) + E1

(

λρPT
AB

)

≤ Ek (ρAB (λ)) ≤ Ek ((1− λ)ρAB) + E4

(

λρPT
AB

)

,
(230)

or

(1− λ)Ek (ρAB) + λE1

(

ρPT
AB

)

≤ Ek (ρAB (λ)) ≤ (1− λ)Ek (ρAB) + λE4

(

ρPT
AB

)

.
(231)

From Eq. (152), if we set λ = λc, the lowest eigenvalue of ρAB(λc) will be zero:
E1 (ρAB (λc)) = 0. Then Eq. (231) becomes

(1− λc)E1 (ρAB) + λcE1

(

ρPT
AB

)

≤ 0 ≤ (1− λc)E1 (ρAB) + λcE4

(

ρPT
AB

)

, (232)

and we use the fact that E1 ≤ E4. Then Eq.(232) can be written

(1− λc)E1 (ρAB) + λcE1

(

ρPT
AB

)

≤ 0 ≤ (1− λc)E4 (ρAB) + λcE4

(

ρPT
AB

)

. (233)

66



We obtain the lower and upper bounds of λc as follows:

λ(min)
c =

E1 (ρAB)

E1 (ρAB)− E1 (ρPT
AB)
≤ λc ≤

E4 (ρAB)

E4 (ρAB)−E4 (ρPT
AB)

= λ(max)
c . (234)

Next we consider separable LOCC operations which have been described in
the section 4.5.2. Suppose we have a set of operators {M1, M1, ..., MN} which
Mi = Ai ⊗ Bi and

N
∑

i=1

M †
i Mi = I. (235)

After operating, we find the partial transpose of new states as

MiρABM †
i →

(

MiρABM †
i

)PT

= M̃iρ
PT
ABM̃ †

i , (236)

where M̃i = (Mi)
PT are new operators which are taking into account the partial

transpose operations. According to quantum operations, the state ρAB transforms
to

ρAB → σAB =

N
∑

i=1

MiρABM †
i . (237)

We now form a convex combination of the state after performing LOCC opera-
tions

σAB (λ′) = (1− λ′)

(

N
∑

i

MiρABM †
i

)

+ λ′

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

. (238)

In order to obtain the critical value of λ′, we have to consider the eigenvalues of
σAB (λ′)

Ek (σAB (λ′)) = Ek

(

(1− λ′)

(

N
∑

i

MiρABM †
i

)

+ λ′

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

))

. (239)

Using again Weyl’s theorem, we know that

(1− λ′)Ek

(

N
∑

i

MiρABM †
i

)

+ λ′E1

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

≤ Ek (σAB (λ′)) ≤ ....

... ≤ (1− λ′)E4

(

N
∑

i

MiρABM †
i

)

+ λ′Ek

N
∑

i

M̃iρ
PT
ABM̃ †

i . (240)

If we set λ′ = λ′c, Ek (σAB (λ′c)) = 0. Then Eq. (240) becomes

(1− λ′c)E1

(

N
∑

i

MiρABM †
i

)

+ λ′cE1

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

≤ 0 ≤ ...

... ≤ (1− λ′c)E4

(

N
∑

i

MiρABM †
i

)

+ λ′cE1

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

. (241)
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Firstly, we consider the LHS of Eq. (241). We have

(1− λ′c)Ek

(

N
∑

i

MiρABM †
i

)

+ λ′cE1

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

≤ 0. (242)

Consider Ek

(

N
∑

i

MiρABM †
i

)

, we use Wely’s theorem to obtain the inequality

Ek

(

M1ρABM †
1

)

+ ... + E1

(

MNρABM †
N

)

≤ Ek

(

N
∑

i=1

MiρABM †
i

)

. (243)

and we also apply Wely’s for Ek

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

Ek

(

M̃1ρ
PT
ABM̃ †

1

)

+ ... + E1

(

M̃NρPT
ABM̃ †

N

)

≤ Ek

(

N
∑

i

M̃iρ
PT
ABM̃ †

i

)

.(244)

Then we have

(1− λ′c)

[

N
∑

i=1

E1

(

MiρABM †
i

)

]

+ λ′c

[

N
∑

i=1

E1

(

M̃iρABM̃ †
i

)

]

≤ 0. (245)

From Ostrowski’s theorem [57]:

Theorem. Let A and Mj are n-byn complex matrices with A Hermitian and

Mj nonsingular. Let the eigenvalues of A and MjM
†
j be arranged in increasing

order. For each k = 1, 2, ..., there exists a positive real number Θk such that

Ek

(

MiρABM †
i

)

= ΘkEk (ρAB) , (246)

where

E1

(

MiM
†
i

)

≤ Θk ≤ E4

(

MiM
†
i

)

. (247)

Combining Eq. (246) and (247), we obtain

E1

(

MiM
†
i

)

Ek (ρAB) ≤ ΘkEk (ρAB) ≤ E4

(

MiM
†
i

)

Ek (ρAB) ,

E1

(

MiM
†
i

)

Ek (ρAB) ≤ Ek

(

MiρABM †
i

)

≤ E4

(

MiM
†
i

)

Ek (ρAB) , (248)
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where Ek (ρAB) ≥ 0. Similarly, we can show that, for partial transpose part, we
have

Ek

(

M̃iρ
PT
ABM̃ †

i

)

= Θ′kEk

(

ρPT
AB

)

, (249)

where

E1

(

M̃iM̃
†
i

)

≤ Θ′k ≤ E4

(

M̃iM̃
†
i

)

. (250)

If E1

(

ρPT
AB

)

is negative, we can show that

E4

(

M̃iM̃
†
i

)

E1

(

ρPT
AB

)

≤ E1

(

M̃iρ
PT
ABM̃ †

i

)

≤ E1

(

M̃iM̃
†
i

)

E1

(

ρPT
AB

)

. (251)

Using Eqs. (248) and (251), Eq. (245) becomes

(1− λc)

[

N
∑

i=1

E1

(

MiM
†
i

)

E1(ρAB)

]

+ λc

[

N
∑

i=1

E4

(

M̃iM̃
†
i

)

E1(ρ
PT
AB)

]

≤ 0. (252)

A new lower bound of the critical value of λc follows from this inequality:

λ′c ≥
E1 (ρAB)

E1 (ρAB)− κE1 (ρPT
AB)

= λ′(min)
c , (253)

where

κ =

N
∑

i=1

E4

(

M̃iM̃
†
i

)

N
∑

i=1

E1

(

MiM
†
i

)

. (254)

In order to show that PT-entanglement measure does increase under LOCC op-
eration on the average, we need to show that κ ≤ 1. We know that the operators
Mi require normalization condition Eq. (235). Then we find that

Ek

(

N
∑

i=1

M †
i Mi

)

= 1. (255)

This condition holds for M̃i as well,

N
∑

i=1

(M †
i Mi)

PT = I (256)

implies that

Ek

(

N
∑

i=1

M̃ †
i M̃i

)

= 1. (257)
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Again, using Weyl’s theorem, we obtain

Ek

(

M †
1M1

)

+ E1

(

M †
2M2

)

+ ... + E1

(

M †
NMN

)

≤ Ek

(

N
∑

i=1

M †
i Mi

)

≤ ...

... ≤ Ek

(

M †
1M1

)

+ E4

(

M †
2M2

)

+ ... + E4

(

M †
NMN

)

, (258)

or

Ek

(

M †
1M1

)

+ E1

(

M †
2M2

)

+ ... + E1

(

M †
NMN

)

≤ 1 ≤ ...

... ≤ Ek

(

M †
1M1

)

+ E4

(

M †
2M2

)

+ ... + E4

(

M †
NMN

)

, (259)

and we also show that

Ek

(

M̃ †
1M̃1

)

+ E1

(

M̃ †
2M̃2

)

+ ... + E1

(

M̃ †
NM̃N

)

≤ 1 ≤ ...

... ≤ Ek

(

M̃ †
1M̃1

)

+ E4

(

M̃ †
2M̃2

)

+ ... + E4

(

M̃ †
NM̃N

)

. (260)

Using the LHS of Eq. (259) for k = 1 and the RHS of Eq. (260) for k = 4, it
follows that

E1

(

N
∑

i=1

M †
i Mi

)

≤ 1 ≤ E4

(

N
∑

i=1

M̃ †
i M̃i

)

. (261)

To obtain the value of κ, we need to show that Ek

(

M †
i Mi

)

= Ek

(

MiM
†
i

)

. We

know that we can represent the matrices Mi in the polar form [57]

Mi = UiHi, (262)

where Ui are the unitary matrices and Hi are the Hermitian matrices. Let us

define Ek

(

MiM
†
i

)

= αi
k ∈ R and consider the equation

(

MiM
†
i

)

∣

∣Ψi
k

〉

= αi
k

∣

∣Ψi
k

〉

, (263)

where |Ψi
k〉 are the eigenstates corresponding to αi

k. Using Eq. (262), we have
(

UiHiHiU
†
i

)

∣

∣Ψi
k

〉

= αi
k

∣

∣Ψi
k

〉

H2
i

(

U †i
∣

∣Ψi
k

〉

)

= αi
k

(

U †i
∣

∣Ψi
k

〉

)

. (264)

Next let us define Ek

(

M †
i Mi

)

= βi
k ∈ R and consider the equation

(

M †
i Mi

)

∣

∣Φi
α

〉

= βi
k

∣

∣Φi
α

〉

(

HiU
†
i UiHi

)

∣

∣Φi
α

〉

= βi
k

∣

∣Φi
α

〉

H2
i

∣

∣Φi
α

〉

= βi
k

∣

∣Φi
α

〉

. (265)
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From Eqs. (264) and (265), we can state that βi
k = αi

k or Ek

(

M †
i Mi

)

=

Ek

(

MiM
†
i

)

. This condition holds for M̃i as well. Then we can rewrite Eq.

(261) as follows

E1

(

N
∑

i=1

MiM
†
i

)

≤ 1 ≤ E4

(

N
∑

i=1

M̃iM̃
†
i

)

. (266)

Using Eq. (266), it is easy to show that

κ =

E4

(

N
∑

i=1

M̃iM̃
†
i

)

E1

(

N
∑

i=1

MiM
†
i

) ≥ 1. (267)

Using the result of Eq. (267), we obtain

E1 (ρAB)

E1 (ρAB)− E1 (ρPT
AB)
≥ E1 (ρAB)

E1 (ρAB)− κE1 (ρPT
AB)

. (268)

Obviously, the lower bound of critical value of λ does not increase under LOCC
operations. This means that the lower bound of λ′c is below the lower bound of
λc.

Next we would like to consider the upper bound of the critical value of λ′c.
The details of calculations can be found in Appendix B. The upper bound of λ′c
is

λ′c ≤
E4 (ρAB)

E4 (ρAB)− κ′E4 (ρPT
AB)

= λ′(max)
c , (269)

where

κ′ =

E4

(

M †
1M1

)

+
N
∑

i=2

E1

(

M̃ †
i M̃i

)

N
∑

i=2

E4

(

M †
i Mi

)

. (270)

We can show that (see also Appendix B.)

κ′ =

E4

(

M †
1M1

)

+
N
∑

i=2

E1

(

M̃ †
i M̃i

)

N
∑

i=2

E4

(

M †
i Mi

)

≤ 1. (271)

Using the fact that of Eq. (307), we may find

E4 (ρAB)

E4 (ρAB)−E4 (ρPT
AB)
≥ E4 (ρAB)

E4 (ρAB)− κ′E4 (ρPT
AB)

. (272)
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Figure 21: The upper and lower bounds, which are derived from Weyl’s and
Ostrowski’s theorems, of λ′c are decrease under LOCC operations (dash arrows).
The arrow represents the result from the example in section 7.6.3.

Figure 22: There should exist a better variation theorem of eigenvalues that the
upper and lower bounds of λc do increase under LOCC operations (dash arrows).
The arrow represents the result from the example in section 7.6.3.
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We now conclude that the upper and lower limits of the critical value of λ do not
increase under LOCC operations (see also Fig. 21.) Unfortunately, this result
leads to the increasing of PT-entanglement measure at the lower and upper limits
of the critical value

1− λ′(min)
c ≥ 1− λ(min)

c ,

1− λ′(max)
c ≥ 1− λ(max)

c .

However, the results of the examples in section 7 show that the PT-entanglement
measure do not increase under LOCC operations. That means Weyl’s variation
theorem of eigenvalues is weak to show that the upper and lower limits of crit-
ical value of λ′c do not increase under LOCC operations. We believe that there
must exist the stronger variation theorem of eigenvalues in which leads to such
conditions (see also Fig. 22)

1− λ′(min)
c ≤ 1− λ(min)

c ,

1− λ′(max)
c ≤ 1− λ(max)

c .

8 Conclusion

We have studied PPT-criterion to distinguish between entangled and separable
states. We find that PPT is simple and works very well in low dimensional
quantum systems. Then we use the PPT-concept to study how to differentiate
the amount of entanglement for a given state. We form a convex combination
between density matrix ρAB and ρPT

AB;

ρAB(λ) = (1− λ)ρAB + λρPT
AB.

From this combination, we can define the entanglement measure called PT-
entanglement measure

EPT (ρAB) = 1− λc,

where λc has been defined in Eq. (152). To obtain the amount of entanglement,
we have to search the value of λ, the largest value λc, in which the eigenvalues of
the state Ek(ρAB(λ)) are positive. We find that for 2 ⊗ 2 dimensional quantum
system only one eigenvalue is negative. On the other hand, for 2⊗3 there is that
at least one eigenvalue is negative.

We have studied some characteristics of PT-entanglement measure for Werner
and Bell diagonal states. We find that we always find the characteristic curves of
the λc which is a function of the eigenvalues of the states ρAB and ρPT

AB. For the
Werner states, it is the combination between entangled and separable states via
a variable x, we find that the λc is a function of x (see Figs. 13 and 14)

λc = F (x).
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If and only if the states ρAB and ρPT
AB commute, we obtain the explicit form of

the function F (x)

F (x) =
ν1

ν1 − µ1
,

where ν1 is the lowest eigenvalue of ρAB and µ1 is the lowest and negative eigen-
value of ρPT

AB.
For Bell diagonal states, it is the combination of the maximally entangled

states (see Appendix A). Consider the convex combination

σBD(x) = (1− x)ρ
(1)
BD + xρ

(2)
BD,

where ρ
(j)
BD are Bell diagonal states. Using PPT-criterion, we obtain two critical

values of x. Then there are two regions of entangled states and there is one
separable interval entangled regions. We also find that the critical value of λ is
a function of the states σBD(x) and σPT

BD(x). In this case, we obtain two values
of λc. The characteristic curves of the Bell diagonal states have been studied in
section 7.3.3.

We have studied the basic properties of entanglement measures. In this paper,
we mainly focus on three conditions:

E1. The entanglement measure E(ρ) is zero if and only if the state ρ is separable.

E2. The entanglement measure E(ρ) is invariant under local unitary transfor-
mations

E(ULOρU †LO) = E(ρ),

where ULO = UA ⊗ UB.

E3. The entanglement measure E(ρ) does not increase under LOCC operations

E(ΦLOCCρ) ≤ E(ρ),

where ΦLOCC is LOCC maps.
We have shown that for pure states, PT-entanglement measure can distinguish

between pure separable and entangled states. The EPT is zero if the pure state
is separable. If the pure state is entangled, the EPT is one. For pure entangled
states, the PT-entanglement measure cannot differentiate the amount of entan-
glement among them. In the case of mixed states, we have shown that the EPT

is zero if and only if the mixed state is separable. The amount of entanglement
can be differentiated by a function of a given state and its partial transpose,

EPT = 1− λc = 1− F (x),

If the mixed state is entangled.
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By using the Schmidt decomposition, we can show that the pure entangled
states are invariant under local operations. For mixed states, we express the
density in Fano expression which can be written in term of the Pauli’s spin
matrices. We know that under local operations, the eigenvalues of these matrices
do not change. Then we show that the mixed states are also invariant under local
transformations.

Under particular LOCC operations, we have shown that PT-entanglement
measure does not increase in section 7.6.3

EPT

(

8
∑

j=1

Aj ⊗ BjρABA†j ⊗B†j

)

≤ EPT (ρAB) .

It is still elusive in general whether PT-entanglement measure do increase or
not. However, we use Wely’s and Ostrowski’s theorems of to derive the upper
and lower bounds of the critical value of λ. Unfortunately, the PT-entanglement
measure do increase at these bounds under LOCC operations.

We see that PT-entanglement measure can be shown to possess some funda-
mental properties attributed to a measure of entanglement. But some properties
and problems remain open:

1. The λc is always zero if one of the eigenvalues for a considering state is
zero either a pure or a mixed state. To solve this problem, we have to modify the
convex combination between a given state and its partial transpose. It should be
pointed out that we may form a convex combination between the identity matrix
and the partial transpose of a considering state. Obviously, the problem of zero
eigenvalues will be washed up. This work is in progress.

2. We have shown that in some specific types of LOCC operations, the PT-
entanglement measure does not increase. By using Weyl’s and Ostrowski’s theo-
rems of eigenvalues, we have shown that the critical value of λ does not increase
on the average under LOCC operations (see Fig. 21). This result leads to in-
crease of the PT-entanglement measure at these limits. However, this result do
not agree with the examples for some certain types of LOCC operations. Then we
expect that there must exist a stronger variation theorem of eigenvalues leading
the PT-entanglement measure do decrease at the upper and lower limits (see Fig.
22).

3. In order to claim that PT-entanglement measure is monotone, we have to
show that it also satisfies the convexity. This work is in progress.

4. PT-entanglement measure is restricted only on 2⊗ 2 and 2⊗ 3 because PPT-
criterion is exact only in these dimensions. Then in higher dimensions, there
are some states, which are called bound states, that PPT-criterion cannot detect
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and we believe that our measure will not appropriate in that dimensions as well.
However, it is possible to modify our definition of entanglement measure by using
reshuffling criterion [14] instance PPT-criterion. This part is also in progress.

9 Appendix A

In this section, we will present examples of PT-entanglement measure for Bell
decomposable states. Before we start to solve the problem, we would like to give
you briefly review on Bell-diagonal states (BD) and some their properties. A BD
state is defined by

ρBD = p1

∣

∣Φ+
〉 〈

Φ+
∣

∣+ p2

∣

∣Φ−
〉 〈

Φ−
∣

∣+ p1

∣

∣Ψ+
〉 〈

Ψ+
∣

∣+ p1

∣

∣Ψ−
〉 〈

Ψ−
∣

∣ , (273)

with 0 ≤ pi ≤ 1 and
4
∑

i=1

pi = 1. The Bell states are defined in Eq. (115) and

(116).
According to the Fano form, we know that we can represent the state ρBD in

term of Pauli’s matrices. Then ρBD can be written as

ρBD =
1

4

(

I2 ⊗ I2 +

3
∑

i=1

tiσi ⊗ σi

)

, (274)

where
t1 = p1 − p2 + p3 + p4,

t2 = −p1 + p2 + p3 − p4, (275)

t1 = p1 + p2 − p3 − p4.

For the state ρBD to be positive, ρBD ≥ 0, the parameters ti have to satisfy the
following inequalities

1 + t1 − t2 + t3 ≥ 0,

1− t1 + t2 + t3 ≥ 0,

1 + t1 + t2 − t3 ≥ 0,

1− t1 − t2 − t3 ≥ 0. (276)

Above equations form a tetrahedron with its vertices located at (1,−1, 1), (−1, 1, 1),
(1, 1 − 1) and (−1,−1,−1) [56]. We can see that its vertices represent the Bell
states given in Eqs. (115) and (116), respectively (see Fig. 23)

According to the PPT-criterion for separability (see also section 5) [2, 25], a
two-qubit state is separable if and only if its partial transpose is positive. That

76



Figure 23: This figure shows the geometrical representation of Bell states.

means ρBD is separable if and only if ti satify Eq. (276) and thus

1 + t1 + t2 + t3 ≥ 0,

1− t1 − t2 + t3 ≥ 0,

1 + t1 − t2 − t3 ≥ 0,

1− t1 + t2 − t3 ≥ 0. (277)

Inequalities (276) and (277) form an octahedron with its vertices located at
(±1, 0, 0), (0,±1, 0) and (0, 0,±1). We find that the tetrahedron of Eqs. (276)
consists of five regions: a central region are separable region. There are other four
smaller equivalent tetrahedral regions, at the corners, corresponding to entangled
states (see Fig. 23).

In the following examples, we would like to show how the entanglement mea-
sure EPT quantifies the entanglement for BD states.

Example A.1: Consider the convex combination of the states

ρ1(p) = p
∣

∣Φ+
〉 〈

Φ+
∣

∣+ (1− p)
∣

∣Φ−
〉 〈

Φ−
∣

∣ , (278)

ρ2(q) = q
∣

∣Ψ+
〉 〈

Ψ+
∣

∣ + (1− q)
∣

∣Ψ−
〉 〈

Ψ−
∣

∣ , (279)

where p, q ∈ [0, 1]. We know that the mixing between two maximally entangled
states will give a separable state. Then, obviously, the states ρ1 and ρ2 are
separable if and only if p and q are 1/2. We also observe that there exists a
unitary transform I2 ⊗ Z such that

(I2 ⊗ Z)ρ1(p) = ρ2(p), (280)
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Figure 24: This figure shows geometrical representation of states ρ1(p) and ρ2(q).

where Z is a gate which is given by

Z =

[

1 0
0 −1

]

.

The geometric representation of above states can be found in Fig 24. Next
we form a convex combination of ρ1 and ρ2 via the variable x as

ρBD(x, p, q) = (1− x)ρ1(p) + xρ2(q) , x ∈ [0, 1]

=
1

2









1− x 0 0 (1− x)(2p− 1)
0 x x(2q − 1) 0
0 x(2q − 1) x 0

(1− x)(2p− 1) 0 0 1− x









(281)

and the eigenvalues of ρBD(x, p, q) are

ν1
BD(x, p, q) = qx,

ν2
BD(x, p, q) = p(1− x),

ν3
BD(x, p, q) = 1− p− x + px,

ν4
BD(x, p, q) = x(1− q). (282)
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Its partially transposed matrix is given by

ρPT
BD(x, p, q) = (1− x)ρPT

1 (p) + xρPT
2 (q)

=
1

2









1− x 0 0 x(2q − 1)
0 x (1− x)(2p− 1) 0
0 (1− x)(2p− 1) x 0

x(2q − 1) 0 0 1− x









,

(283)

having eigenvalues

µ1
BD(x, p, q) = 1/2 (2p− 1 + 2x− 2px) ,

µ2
BD(x, p, q) = 1/2 (1− 2p + 2px) ,

µ3
BD(x, p, q) = 1/2 (1− 2qx) ,

µ4
BD(x, p, q) = 1/2 (1− 2x + 2qx) . (284)

Next, we will calculate the critical value of x of the state ρBD(x, p, q). Later, the
critical value of λ will be evaluated. To obtain the critical value of x, we now
consider in three situations

1. If 0 ≤ p < 1/2 and 0 ≤ q < 1/2, we see that the first and fourth eigen-
values are negative when ever

µ1
BD = 1/2 (2p− 1 + 2x + 2px) ≥ 0→ x ≥ 2p− 1

2p− 2
,

µ4
BD = 1/2 (1− 2x + 2qx) ≥ 0→ x ≤ 1

2− 2q
.

Thus, the state ρBD(x, p, q) is separable if

(2p− 1)

(2q − 2)
≤ x ≤ 1

(2− 2q)
,

otherwise it is entangled.

2. If 0 ≤ p < 1/2 and 1/2 < q ≤ 1, we see that the first and third eigen-
values are negative when ever

µ1
BD = 1/2 (2p− 1 + 2x + 2px) ≥ 0→ x ≥ 2p− 1

2p− 2
,

µ3
BD = 1/2 (1− 2qx) ≥ 0→ x ≤ 1

2q

The state ρBD(x) is separable if
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(2p− 1)

(2q − 2)
≤ x ≤ 1

2q
,

otherwise it is entangled.

3. If 1/2 < p ≤ 1 and 0 ≤ q < 1/2, we see that the first and third eigen-
values are negative when ever

µ1
BD = 1/2 (2p− 1 + 2x + 2px) ≥ 0→ x ≥ 2p− 1

2p− 2
,

µ4
BD = 1/2 (1− 2x + 2qx) ≥ 0→ x ≤ 1

2− 2q
.

The state ρBD(x) is separable if

(2p− 1)

(2q − 2)
≤ x ≤ 1

(2− 2q)
,

otherwise it is entangled.

In order to determine the PT-entanglement measure, we have to form the con-
vex combination of the state ρBD(x, p, q) with its partial transpose ρPT

BD(x, p, q).
We obtain; λ ∈ [0, 1]

ρBD(λ; x, p, q) = (1− λ)ρBD(x, p, q) + λρPT
BD(x, p, q)

=









(1− x)/2 0 0 B(p, q)
0 x/2 A(p, q) 0
0 A(p, q) x/2 0

B(p, q) 0 0 (1− x)/2









, (285)

where
A(p, q) = (p− 1/2)λ + x(q − 1/2 + λ− pλ− qλ),

B(p, q) = (2p− 1)(x− 1)(λ− 1)/2 + (q − 1/2)xλ.

Its eigenvalues can be found as

E1
BD(λ; p, q, x) = 1− λ/2 + x(λ− 1− qλ) + p(x− 1− λ− xλ),

E2
BD(λ; p, q, x) = (p− 1/2 + x− px)λ + qx(1− λ),

E3
BD(λ; p, q, x) = p(x− 1)(λ− 1) + 1/2(1 + 2(q − 1)x)λ,

E4
BD(λ; p, q, x) = x(1 + q(λ− 1) + (p− 1)λ) + λ/2(1− 2p). (286)

According to the three conditions of the critical values of x, we can analyse
the results as follows:
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Figure 25: This figure shows the relation between x and λ for 0 ≤ p < 1/2 and
0 ≤ q < 1/2.

1. If 0 ≤ p < 1/2 and 0 ≤ q < 1/2, we see that the second eigenvalue is
positive as long as

λ(1) ≤ qx

qx− p− x + px− 1/2
; 0 ≤ x ≤ 2p− 1

2p− 2

and
λ(1)

c =
qx

qx− p + 1/2− x + px
.

On the other hand, the third eigenvalue is positive as long as

λ(2) ≤ p(1− x)

p(1− x) + (1 + 2(q − 1)x)/2
;

1

2− 2q
≤ x ≤ 1

and

λ(2)
c =

p(1− x)

p(1− x) + 1/2(1 + 2(q − 1)x)
.

The geometric relation between x and λ can be found in Fig. 25.

2. If 0 ≤ p < 1/2 and 1/2 < q ≤ 1, we see that the second eigenvalue is
positive as long as

λ(1) ≤ qx

qx− p− x + px− 1/2
; 0 ≤ x ≤ 2p− 1

2p− 2
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Figure 26: This figure shows the relation between x and λc for 0 ≤ p < 1/2 and
1/2 < q ≤ 1.

and
λ(1)

c =
qx

qx− p + 1/2− x + px
.

On the other hand, the first eigenvalue is positive as long as

λ(2) ≤ 1− x + px− p

1/2− x + qx + p + px
;

1

2q
≤ x ≤ 1

and

λ(2)
c =

1− x + px− p

1/2− x + qx + p + px
.

The geometric relation between x and λc can be found in Fig. 26.

3. If 1/2 < p ≤ 1 and 0 ≤ q < 1/2, we see that the fourth eigenvalue is
positive as long as

λ(1) ≤ (1− q)x

p− 1/2 + x− xp− xq
; 1 ≤ x ≤ 1

2− 2q

and

λ(1)
c =

(1− q)x

p− 1/2 + x− xp− xq
.

On the other hand, the third eigenvalue is positive as long as

λ(2) ≤ 1− x + px− p

1/2− x + qx + p + px
;

1

2q
≤ x ≤ 1
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Figure 27: This figure shows the relation between x and λ for 1/2 < p ≤ 1 and
0 ≤ q < 1/2.

Figure 28: This figure shows geometrical representation of states ρ1(p) and ρ2(q).
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and

λ(2)
c =

p(1− x)

p(1− x) + 1/2(1 + 2(q − 1)x)
.

The geometric relation between x and λc can be found in Fig. 27.
This example shows that the symmetric distribution of Bell diagonal state.

We find that there are two curves which are represented by λ
(1)
c and λ

(2)
c , respec-

tively. We will discuss in more details in the next section.

Example A.2: In this example, we will consider another convex combination of
Bell diagonal states. Let us introduce

σ1(p) = p
∣

∣Φ+
〉 〈

Φ+
∣

∣+ (1− p)
∣

∣Φ−
〉 〈

Φ−
∣

∣ , (287)

σ2(q) = q
∣

∣Φ+
〉 〈

Φ+
∣

∣+ (1− q)
∣

∣Ψ+
〉 〈

Ψ+
∣

∣ , (288)

where p, q ∈ [0, 1]. The states σ1 and σ2 are separable if p and q are 1/2, see Fig.
28. In this case, we cannot find a local unitary transforms between these states.
We now form the convex combination

σBD(x, p, q) = (1− x)σ1(p) + xσ2(q)

=
1

2









1 + x(q − 1) 0 0 a(p, q)
0 x(q − 1) x(q − 1) 0
0 x(q − 1) x(q − 1) 0

a(p, q) 0 0 1 + x(q − 1)









,(289)

where a(p, q) = x(q + 1)− 2p(x− 1)− 1 and x ∈ [0, 1]. Its eigenvalues are

ν1
BD(x, p, q) = 0,

ν2
BD(x, p, q) = p− px,

ν3
BD(x, p, q) = x− xq,

ν4
BD(x, p, q) = 1− p− x + px + qx. (290)

Its partial transpose can be found as

σPT
BD(x, p, q) = (1− x)σPT

1 (p) + xσPT
2 (q)

=
1

2









1 + x(q − 1) 0 0 x(q − 1)
0 x(q − 1) a(p, q) 0
0 a(p, q) x(q − 1) 0

x(q − 1) 0 0 1 + x(q − 1)









.(291)

The eigenvalues of the partial transpose matrix are

µ1
BD(x, p, q) = 1/2,

µ2
BD(x, p, q) = (2p− 1 + 2x(1− p))/2,

µ3
BD(x, p, q) = (1− 2p + 2x(p− q))/2,

µ4
BD(x, p, q) = (1− 2x(1− q))/2. (292)
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To obtain the condition for separability, we need to consider four cases separately:

1. If 0 ≤ p < 1/2 and 0 ≤ q < 1/2, the second and fourth eigenvalues are
positive as long as

µ2
BD(x, p, q) = 1/2(2p− 1 + 2x(1− p)) ≥ 0→ x ≥ 1− p

1− 2p
,

µ4
BD(x, p, q) = 1/2(1− 2x(1− q)) ≥ 0→ x ≤ 1

2(1− q)
.

The state σBD is separable if

(1− p)

(1− 2p)
≤ x ≤ 1

(2(1− q))
,

otherwise it is entangled.

2. If 1/2 < p ≤ 1 and 1/2 < q ≤ 1, the third eigenvalue always has a nega-
tive sign,

µ3
BD(x, p, q) = (1− 2p + 2x(p− q))/2 ≤ 0.

3. If 0 ≤ p < 1/2 and 1/2 < q ≤ 1, the second and third eigenvalues are
positive as long as

µ2
BD(x, p, q) = 1/2(2p− 1 + 2x(1− p)) ≥ 0→ x ≥ 1− p

1− 2p
,

µ3
BD(x, p, q) = 1/2(1− 2p + 2x(p− q)) ≥ 0→ x ≤ 1− 2p

2(p− q)
.

The state σBD is separable if

(1− p)

(1− 2p)
≤ x ≤ (1− 2p)

(2(p− q))
,

otherwise it is entangled.

4. If 1/2 < p ≤ 1 and 1/2 < q ≤ 1, the third and fourth eigenvalues are
positive as long as

µ3
BD(x, p, q) = 1/2(1− 2p + 2x(p− q)) ≥ 0→ x ≥ 1− 2p

2(q − p)
.

µ4
BD(x, p, q) = 1/2(1− 2x(1− q)) ≥ 0→ x ≤ 1

2(1− q)
.
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The state σBD is separable if

(1− 2p)

(q − p)
≤ x ≤ 1

(2(1− q))
,

otherwise it is entangled.

To quantify the amount of entanglement of σBD, we form the convex combi-
nation with its partial transpose,

σBD(λ; x, p, q) = (1− λ)σBD(x, p, q) + λσPT
BD(x, p, q)

=
1

2









1 + x(q − 1) 0 0 M(p, q)
0 x(1− q) N(p, q) 0
0 N(p, q) x(1− q) 0

M(p, q) 0 0 1 + x(q − 1)









,

(293)

where λ ∈ [0, 1] ,and

M(p, q) = x(1− q) + 2p(x− 1)(λ− 1) + λ− 1,

N(p, q) = (2p− 1)λ− x(2pλ + q − 1).

Its eigenvalues can be found as

E1
BD(λ; x, p, q) = λ(1− 2p + 2px− 2qx)/2,

E2
BD(λ; x, p, q) = (2p− 2x(p− q − pλ + qλ) + 2pλ)/2,

E3
BD(λ; x, p, q) = (2− 2p− 2x(1− p + pλ− qλ) + 2pλ)/2,

E4
BD(λ; x, p, q) = (2x(1− q − pλ + qλ)− λ + 2pλ)/2. (294)

According to four parameter ranges introduced above, we analyze the results as
follows:

1. If 0 ≤ p < 1/2 and 0 ≤ q < 1/2, the third eigenvalue is positive as long
as

λ(1) ≤ 1− p− x + xp

xp− xq − p
; 0 ≤ x ≤ 1− p

1− 2q
,

and thus

λ(1)
c =

1− p− x + xp

xp− xq − p
,

while the fourth eigenvalue is positive as long as

λ(2) ≤ 2x(1− q)

1− 2p− 2xq + 2xp
;

1

2(1− q)
≤ x ≤ 1,
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Figure 29: This figure shows the relation between x and λ for 0 ≤ p < 1/2 and
0 ≤ q < 1/2.

and

λ(2)
c =

2x(1− q)

1− 2p− 2xq + 2xp
.

The geometric relation between x and λc can be found in Fig. 29.

2. If 1/2 < p ≤ 1 and 1/2 < q ≤ 1, the first eigenvalue is always negative,

E1
BD(λ; x, p, q) = λ(1− 2p + 2px− 2qx)/2 ≤ 0.

We observe that the first eigenvalue can be written in terms of E3
BD(x, p, q) as

E1
BD(λ; x, p, q) = λE3

BD(x, p, q).

We know that E3
BD(x, p, q) takes negative values for all values of p and q in the

second condition of separability. In this case, the state σBD(λ; x) is a density
matrix if and only if λ = 0. If we add a infinitesimal amount into λ as λ = 0 + ε,
the first eigenvalue immediately produces a negative sign. That means that the
critical value of λ is zero. We will discuss this result in the next section.

3. If 0 ≤ p < 1/2 and 1/2 < q ≤ 1, the first eigenvalue is always negative:

E1
BD(λ; x, p, q) = λ(1− 2p + 2px− 2qx)/2 ≤ 0 ;

1− 2p

2(p− q)
≤ x ≤ 1,
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Figure 30: This figure shows the relation between x and λ for 0 ≤ p < 1/2 and
1/2 ≤ q < 1.

Figure 31: This figure shows the relarion between x and λ for 1/2 < p ≤ 1 and
0 ≤ q < 1/2.
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and we also write
E1

BD(λ; x, p, q) = λE3
BD(x, p, q),

while the fourth eigenvalue is positive as long as

λ(1) ≤ 2x(1− q)

1− 2p− 2xq + 2xp
; 0 ≤ x ≤ 1− p

1− 2p
,

and

λ(1)
c =

2x(1− q)

1− 2p− 2xq + 2xp
.

The relation between x and λc is illustrated in Fig. 30.

4. If 1/2 < p ≤ 1 and 0 ≤ q < 1/2 , the first eigenvalue is always negative:

E1
BD(λ; x, p, q) = λ(1− 2p + 2px− 2qx)/2 ≤ 0. ; 1 ≤ x <

(1− 2p)

2(p− q)
,

and we also write
E1

BD(λ; x, p, q) = λE3
BD(x, p, q),

while the third eigenvalue is positive as long as

λ(1) ≤ 1− p− x + xp

xp− xq − p
;

1

2(p− q)
≤ x ≤ 1,

and

λ(1)
c =

1− p− x + xp

xp− xq − p
.

The relation between x and λc has been shown in Fig. 31.

In this example, there are some cases that the critical value of λ is zero.
This situation arises because the state σBD(x) has zero eigenvalue. Then we will
always find, for some appropriate values of p, q, x, that the eigenvalues of the
state σBD(λ; x) are negative values for any positive λ > 0.

However, if we calculate the Negativity of the state σBD(x), we find that

N(σBD(x)) =

{

|E3
BD(x, p, q)|

0
; 1

2
< p ≤ 1 , 1

2
< q ≤ 1

; otherwise
. (295)

Then we can rewrite the first eigenvalue of the state σBD(λ; x) as

E1
BD(λ; x, p, q) = −λN(σBD(x)).

Here we recover the negativity of entanglement measure.
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10 Appendix B

In this section we would to calculate Eqs. (304) and (305). We now consider the
RHS of Eq. (241)

0 ≤ (1− λ′c)E4

(

N
∑

i=1

MiρABM †
i

)

+ λ′cE1

(

N
∑

i=1

M̃iρ
PT
ABM̃ †

i

)

. (296)

Using Weyl’s theorm, we can show that

E4

(

N
∑

i=1

MiρM †
i

)

≤
N
∑

i=1

E4

(

MiρM †
i

)

, (297)

and

E1

(

N
∑

i=1

M̃iρ
PT M̃ †

i

)

≤ E4

(

M̃1ρ
PT M̃ †

1

)

+

N
∑

i=2

E1

(

M̃iρ
PT M̃ †

i

)

. (298)

Inserting Eqs. (297) and (298) into Eq. (296), we have

0 ≤ (1− λ′c)

[

N
∑

i=1

E4

(

MiρM †
i

)

]

+ λ′c

[

E4

(

M̃1ρ
PT M̃ †

1

)

+
N
∑

i=2

E1

(

M̃iρ
PT M̃ †

i

)

]

,

(299)

and we also use the relations in Eqs. (248) and (251). Then Eq. (299) becomes

0 ≤ (1− λ′c)

[

N
∑

i=1

E4

(

MiM
†
i

)

E4 (ρAB)

]

+ λ′c

[

E4

(

M̃1M̃
†
1

)

E4

(

ρPT
)

+
N
∑

i=2

E1

(

M̃iM̃
†
i

)

E1

(

ρPT
)

]

. (300)

We know that

E1(ρ
PT
AB) ≤ E4(ρ

PT
AB). (301)

Then we can write
N
∑

i=2

E1

(

M̃iM̃
†
i

)

E1

(

ρPT
)

≤
N
∑

i=2

E1

(

M̃iM̃
†
i

)

E4

(

ρPT
)

. (302)

Inserting Eq. (302) into Eq. (300), we obtain

0 ≤ (1− λ′c)

[

N
∑

i=1

E4

(

MiM
†
i

)

E4 (ρAB)

]

+ λ′c

[

E4

(

M̃1M̃
†
1

)

E4

(

ρPT
)

+
N
∑

i=2

E1

(

M̃iM̃
†
i

)

E4

(

ρPT
)

]

, (303)
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and the upper bound of λ′c is

λ′c ≤
E4 (ρAB)

E4 (ρAB)− κ′E4 (ρPT
AB)

= λ′(max)
c , (304)

where

κ′ =

E4

(

M †
1M1

)

+
N
∑

i=2

E1

(

M̃ †
i M̃i

)

N
∑

i=2

E4

(

M †
i Mi

)

. (305)

Using the RHS of Eq. (260) for k = 4 and the LHS of Eq. (259) for k = 1, it
follows that

N
∑

i=1

E4

(

MiM
†
i

)

≥ E4

(

M̃1M̃
†
1

)

+

N
∑

i=2

E1

(

M̃iM̃
†
i

)

, (306)

and we also use the fact that Ek(MiM
†
i ) = Ek(M

†
i Mi). Then we have

κ′ =

E4

(

M †
1M1

)

+
N
∑

i=2

E1

(

M̃ †
i M̃i

)

N
∑

i=2

E4

(

M †
i Mi

)

≤ 1. (307)

Using the fact that of Eq. (307), we may find

E4 (ρAB)

E4 (ρAB)−E4 (ρPT
AB)
≥ E4 (ρAB)

E4 (ρAB)− κ′E4 (ρPT
AB)

. (308)
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