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Abstract

We study a path integral approach to a system of particles in a PT-
symmetric harmonic potential: V (x) = mω2(x2±2iεx)/2. The eigenvalues
and eigenstates of the system have been calculated. We find that the total
energy of the system is real. The connection between the non-Hermitian
and Hermitian Hamiltonians has been discussed and we also establish this
connection in the context of path integrals via a considering model.
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1 Introduction

Bender et al, [1, 2] has argued that hermiticity is not a natural physical re-
quirement for Hamiltonians in quantum mechanics, but rather a mathematical
criterion. This has become evident in his and collaborators’ study of Hamiltoni-
ans that posses real eigenvalues. The matrix elements of the Hamiltonian can be
complex in which the space-time reflection symmetry is preserved. They use the
notation1 Ĥ = ĤPT instead of Ĥ = Ĥ†. A remarkable example of the quantum
system is [2]

Ĥ = p̂2 − (ix̂)n, (1.1)

1where P is linear and has the effect of changing the sign of the momentum operator p̂ and
the position operator x̂: Pp̂P = −p̂ and Px̂P = −x̂. The time reversal T is antilinear and
satsifies Tp̂T = −p̂, Tx̂T = x̂ and TiT = −i.
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where n is a continuous real parameter. They found that for n ≥ 2 the eigenvalues
of the Hamiltonian are real, positive and discrete. On the other hand, for n < 2,
the spectrum is partly real and partly complex.

A system of a particle in PT-symmetric cubic oscillator has been studied by
Bender et al., [3]. In this paper, the ground-state energy of the Hamiltonian

H = p2

2
+ x2

4
+ iλx3 was calculated by using high-order Reyleigh-Schrodinger per-

turbation theory and they have found that the energy spectrum of this Hamil-
tonian is real. Later, the time evolution of this system has been studied by
Figueira et al., [4]. They evaluated explicitly various transition amplitudes, for
the situation when the systems are subjected to a monochromatic linearly po-
larized electric field. However, there are a number of examples of PT-symmetric
quantum systems, i.e., [5, 6, 7, 8].

A question arises at this point, whether there is any connection between Her-
mitian Hamiltonian and a non-Hermitian PT-symmetric Hamiltonian. Mostafazadeh
[9, 10, 11] has shown that there exists a Hermitian operator ρ, such that

h = ρ−1Hρ, (1.2)

where h is a Hermitian Hamiltonian and the operator ρ can be written in the
form ρ = eq/2. For a simple example, we consider

H =
p2

2
+

x2

2
+ ix. (1.3)

The q operator corresponds to the Hamiltonian Eq. (1.3) given by q = −2p,
where p is the momentum and we can show that

h = epHe−p =
p2

2
+

x2

2
+

1

2
(1.4)

is a Hermitian Hamiltonian.
Another relation between a non-Hermitian and Hermitian Hamiltonian is that

they have the same eigenvalues. Consider

HΦn = EnΦn, (1.5)

where Φn are the eigenstates corresponding to a non-Hermitian Hamiltonian. We
multiply exp(−q/2) on the left of Eq. (1.5):

e−q/2Heq/2e−q/2Φn = Ene
−q/2Φn

hΨn = EnΨn, (1.6)

where Ψn = e−q/2Φn and h = e−q/2Heq/2.
More recently, Mostafazadeh [11] has studied the path integrals of non-Hermitian

quantum mechanics. He considers the generating functions (partition function)

Z[ ~J ] = Tr



T exp







i

~

t
∫

0

(

H − ~J · ~X
)

dt









 , (1.7)

2



where ~J · ~X represents the source term in quantum mechanics, ~X = (X1, X2, ..., Xm)
are the pseudo-Hermitian dynamical variables and

Xm = e−q/2xmeq/2, (1.8)

where xm are the dynamical configuration variable. By means of Eq. (1.8), he
established the identity

T exp







i

~

t
∫

0

(

h − ~J · ~x
)

dt







= e−q/2T exp







i

~

t
∫

0

(

H − ~J · ~X
)

dt







eq/2. (1.9)

Next, we would like to find an explicit relation of Eq. (1.9). In the discrete-time
version, we can write the relation [12, 13]

Φ( ~Xn+1, tn+1) =

∫

d ~XnK( ~Xn+1, tn+1; ~Xn, tn)Φ( ~Xn, tn), (1.10)

where Φ is the wave function corresponding to a non-Hermitian Hamiltonian and
K is identical to the kernel of the quantum mechanical time-evolution operator
(propagator)

K =
〈

~Xn+1 |exp (−i∆tH/~)| ~Xn

〉

, (1.11)

with ∆t = tn+1 − tn. Using Eq. (1.8), we obtain

e−q/2Φ( ~Xn+1, tn+1) =

∫

e−q/2d ~Xne
q/2e−q/2K( ~Xn+1, tn+1; ~Xn, tn)eq/2e−q/2Φ( ~Xn, tn)

Ψ(~xn+1, tn+1) =

∫

d~xnK̃(~xn+1, tn+1; ~xn, tn)Ψ(~xn, tn), (1.12)

where

Ψ(~xn+1, tn+1) = e−q/2Φ( ~Xn+1, tn+1), (1.13)

and

K̃(~xn+1, tn+1; ~xn, tn) = e−q/2K( ~Xn+1, tn+1; ~Xn, tn)eq/2 (1.14)

is the propagator corresponding to a Hermitian Hamiltonian

K̃ = 〈~xn+1 |exp (−i∆th/~)| ~xn〉 . (1.15)

In this paper, the propagator of an N-particle in the complex potential will
be calculated. The Hamiltonian under consideration is

H =
N
∑

l=1

(

~p2
l

2m
+

mω2

2

(

~x2
l ± 2iε~xl

)

)

+
κ

4

N
∑

lj

(~xl − ~xj)
2(1 − δlj), (1.16)
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where (~pl, ~xl) are canonically conjugate variables of the ith particle in three di-
mensional spaces with unit vectors (ê1, ê2, ê3), ε is a real constant and κ is a
coupling constant. It is obvious to see that H 6= H† but H = HPT. We choose a
toy model Eq. (1.16) to study because the Lagrangian

L =
N
∑

l=1

(

m

2
~̇x2

l −
mω2

2
(~xl ± 2iε~xl)

)

− κ

4

N
∑

lj

(~xl − ~xj)
2(1 − δlj) (1.17)

is a function in the quadratic form of (~̇xl, ~xl) and we know that the path integral
Eq. (1.17) can be exactly computed.

In the next section, the path integral of the Hamiltonian Eq. (1.16) will be
considered and the propagator will be exactly obtained. The eigenvalues and
eigenstates of the system is also derived in section 3. The connection between
the non-Hermitian and Hermitian Hamiltonians via the path integral will be
discussed in section 4. We also provide a conclusion in the last section.

2 The propagator

The propagator of the system Eq. (1.16) can be expressed in the form

I =
N
∏

l=1

Kl (~xl(t), t; ~xl(0), 0), (2.1)

where Kl is given by

Kl (~xl(t), t; ~xl(0), 0) =

~xl(t)
∫

~xl(0)

D (~xl(τ)) exp





i

~

t
∫

0

dτLl



 , (2.2)

with

Ll =
ṁ~x2

l

2
− mω2

2

(

~x2
l ± 2iε~xl

)

− κ

4

N
∑

j

(~xl − ~xj)
2(1 − δlj). (2.3)

We now introduce the center of mass and relative coordinates

~X =
1

N

N
∑

l=1

~xl , ~Xlj = ~xl − ~xj (2.4)

Then the propagator Eq. (2.1) becomes

I = KX

(

~X(t), t; ~X(0), 0
)

3N−6
∏

γ=1

Kγ
Xlj

(

~Xlj(t), t; ~Xlj(0), 0
)

, (2.5)
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where N > 2 and

KX

(

~X(t), t; ~X(0), 0
)

=

~X(t)
∫

~X(0)

D
(

~X(τ)
)

exp





i

~

t
∫

0

dτLX



 , (2.6)

Kγ
Xlj

(

~Xlj(t), t; ~Xlj(0), 0
)

=

~Xlj(t)
∫

~Xlj(0)

D
(

~Xlj(τ)
)

exp





i

~

t
∫

0

dτLXlj



 , (2.7)

LX =
mN

2
~̇X2 − mω2N

2
~X2 ∓ imω2εN ~X, (2.8)

LXlj
=

m

2N
~̇X2
lj −

mω2

2N
~X2

lj +
κ

4
~X2

lj . (2.9)

2.1 The propagator for the center of mass

In this section, we would like to compute the propagator Eq. (2.6). We start to
consider the equation of motion Eq. (2.8)

~̈X + ω2 ~X = ∓iεω2 = ~F , (2.10)

which describes the harmonic motion of the center of mass with a constant (imag-

inary) driving force ~F = diag(∓iεω2,∓iεω2,∓iεω2). The exact form of the prop-
agator Eq. (2.6) can be found [12] as

KX

(

~X(t), t; ~X(0), 0
)

= GX exp

(

i

~
Scl

X

)

, (2.11)

where GX is the prefactor and the classical action, Scl
X , is given by

Scl
X =

t
∫

0

dτLX =
mN

2

(

~̇X(t) ~X(t) − ~̇X(0) ~X(0)
)

∓ imω2εN

2

t
∫

0

dτ ~X(τ). (2.12)

The classical path of the center of mass is easily obtained from Eq. (2.10)

~X(τ) =
~X(0) sinω(t − τ) + ~X(t) sin ωτ

sin ωt
∓ iε. (2.13)
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Substituting Eq. (2.13) into Eq. (2.12), we have

Scl
X = −mω2ε2Nt

2
+

mωN

2 sin ωt

[(

~X2(t) + ~X2(0)
)

cos ωt − ~X(t) ~X(0)
]

± imω2Nε

2 sin ωt
(cos ωt− 1)

(

~X(t) − ~X(0)
)

. (2.14)

The prefactor can be obtained from

GX = KX (0, t; 0, 0) =

(

mωN

iπ~ sin ωt

)
3
2

e
−imω2ε2Nt

2~ . (2.15)

2.2 The propagator for the relative coordinate

The equation of motion of the relative coordinate can be easily computed yielding

~̈Xlj + Ω2 ~Xlj = 0 (2.16)

where Ω2 = ω2 + Nκ/2. Eq. (2.16) describes a motion of a particle for a simple
harmonic oscillator. The path integral of Eq. (2.7) can also be easily done

Kγ
Xlj

(

~Xlj(t), t; ~Xlj(0), 0
)

= GXlj
exp

(

i

~
Scl

Xlj

)

, (2.17)

where GXlj
is the prefactor and Scl

Xlj
is the classical action for the relative coor-

dinate given by

Scl
Xlj

=

t
∫

0

dτLXlj
=

m

2N

(

~̇Xlj(t) ~Xlj(t) − ~̇Xlj(0) ~Xlj(0)
)

. (2.18)

The classical path of the relative coordinate is given by

~Xlj(τ) =
~Xlj(0) sin Ω(t − τ) + ~Xlj(t) sin Ωτ

sin Ωt
. (2.19)

Inserting Eq. (2.19) into Eq. (2.18), we have

Scl
Xlj

=
mΩN

2 sin Ωt

[(

~X2
lj(t) + ~X2

lj(0)
)

cos Ωt − ~Xlj(t) ~Xlj(0)
]

. (2.20)

The prefactor can be expressed in the form

GXlj
= Kγ

Xlj
(0, t; 0, 0) =

(

mΩ

iπ~N sin Ωt

)
3
2

. (2.21)
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3 The eigenstates and eigenvalues

Next, we would like to calculate the energy spectrum of the Hamiltonian. We
use the fact that

TrK(~x, t; ~x, 0) =

∞
∑

n=0

e−iEnt/~, (3.1)

where En is an energy eigenvalue.
From Eqs. (2.11) and (2.14), we find that

TrKX( ~X, t; ~X, 0) =
∞
∑

n=0

e−i(n+1/2)ωt−imNω2ε2t/~
2

. (3.2)

Then the energy spectrum for the center of mass can be expressed

En =

(

n +
1

2

)

~ω + mNω2ε2. (3.3)

In the same fashion, we obtain the energy spectrum for the relative coordinate
as

Es =

(

s +
1

2

)

~Ω, (3.4)

and the total energy of the system is

Ens =

(

n +
1

2

)

~ω +

(

s +
1

2

)

(3N − 6)~Ω + mNω2ε2, (3.5)

where n, s = 0, 1, 2, .... We see that the energy eigenvalues of the system are real
and have been shifted by a constant +mNω2ε2.

The eigenstates of the system can be evaluated by using the identity

K(~x(t), t; ~x(0), 0) =
∑

n

Ψn(~x(t))Ψn(~x(0))e−iEnt/~, (3.6)

where Ψ(~x) is the wave function of the system and we also use the Mehler-formula
[14]

e−
(x2+y2)

2

∞
∑

n=0

1

n!

(z

2

)2

Hn(x)Hn(y) =
1√

1 − z2
e

4xyz−(x2+y2)(1+z2)

2(1−z2) . (3.7)

The wave function Ψn( ~X) of the center of mass can be computed

Ψn( ~X) =
1√
2nn!

(

mωN

2π~

)
1
4

Hn

(
√

mNω

~
( ~X + iε)

)

e−mωN( ~X+iε)2/~, (3.8)

7



where Hn are the Hermite polynomial.
The wave function Φγ

s (
~Xlj) of the relative coordinate is

Φγ
s ( ~Xlj) =

1√
2ss!

(

mΩ

2Nπ~

)
1
4

Hs

(
√

mΩ

2N~

~Xlj

)

e−mΩ ~X2
lj

/2N~, (3.9)

and then we can write the wave function of the system in the form

Υns

(

~X, ~Xlj, t
)

= Ψn( ~X)
3N−6
∏

γ=1

Φγ
s (

~Xlj)e
−iEnst/~. (3.10)

4 Transformations

Next, we will construct the transformation between a non-Hermitian and Her-
mitian Hamiltonian. Consider the non-Hermitian Hamiltonian of a particle in
PT-symmetric harmonic oscillator

H =
p2

2m
+

mω2

2

(

x2 + 2iεx
)

. (4.1)

The q operator can be found exactly in the form [1]: q = −2εp and we can show
that

eεpHe−εp =
p2

2m
+

mω2

2
x2 +

mω2ε2

2
= h, (4.2)

since eεpxe−εp = x − iε. The Hamiltonian h satisfies the hermiticity property.
According to the change of coordinates Eq. (2.4), the non-Hermitian Hamil-

tonian can be written in the form

H = HX + HXlj
, (4.3)

where

HX =
N ~P 2

2m
+

mω2N

2
~X2 ± mω2iεN ~X, (4.4)

HXlj
=

N
∑

lj

(

~P 2
lj

2mN
+

mω2

2N
~X2

lj −
κ

4
~X2

lj

)

(1 − δlj). (4.5)

We observe that HX is a non-Hermitian Hamiltonian. On the other hand, HXlj

is a Hermitian Hamiltonian. The q operator can be expressed in terms of the
momentum of the center of mass: q = −2εP , and we can show that

eεPHe−εP = eεP HXe−εP + HXlj
= hX + HXlj

, (4.6)

8



where

hX =
N ~P 2

2m
+

mω2N

2
~X2 ± mω2ε2N

2
. (4.7)

Using q = −2εP , we can establish the relation for the propagator of the center
of mass

eεP KX( ~X(t), t; ~X(0), 0)e−εP = K̃X( ~X(t), t; ~X(0), 0), (4.8)

where K̃X is the propagator of the center of mass corresponding to the Hermitian
Hamiltonian Eq. (4.7) given by

K̃X( ~X(t), t; ~X(0), 0) =

(

mωN

πi~ sin ωt

)
3
2

e
−imω2ε2t

~

× exp

{

i

~

mωN

2 sin ωt

((

~X2(t) + ~X2(0)
)

cos ωt− 2 ~X(t) ~X(0)
)

}

(4.9)

We now write the propagator of the system after transforming

Ĩ = K̃X

(

~X(t), t; ~X(0), 0
)

3N−6
∏

γ=1

Kγ
Xlj

(

~Xlj(t), t; ~Xlj(0), 0
)

. (4.10)

This propagator corresponds to the system Eq. (4.6). It is easy to observe that
the energy spectrum of Eq. (4.10) is exactly the same as Eq. (2.5).

5 Conclusions

The explicit form of the propagator of the system Eq. (1.16) has been obtained
by changing the coordinates via Eq. (2.4). The energy spectrum and the wave
function are also calculated. The total energy of the system is still real even
though the Hamiltonian does not satisfy the hermiticity. From Eq. (2.10), we
can describe a motion of the center of mass of the system in a simple harmonic
oscillator with an external constant field F in which the energy of the system
will be shifted by the last term of Eq. (3.4). We observe that the Hermitian
Hamiltonian and non-Hermitian Hamiltonians are related to each other through
the similarity transformation, see Eq. (1.2). This relation also holds in the
context of the path integral, see Eq. (4.8).

However, we would like to point out that the model considered in this paper
is quite simple but it provides us a good background in mathematical details. We
can study furthermore for complicated models but still in the quadratic form; for
instance, N-particle in the electromagnetic field with PT-symmetric harmonic
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oscillators. The system of particles subjected into PT-symmetric potential type:
(ix)n is also of interest,

H =

N
∑

l=1

(

~p2
l

2m
− mω2

2
(~xl ± 2ε(i~xl)

n)

)

− κ

4

N
∑

lj

(~xl − ~xj)
2(1 − δlj). (5.11)

Obviously, the path integral of this system cannot be solved exactly. We must
introduce the method of the perturbation to deal with this problem. This work
is in progress.
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