Stationary Palm’s theorem (ref Tijms, website Scribd)

A - Definition of Poisson process for constant A:

N G a8 -At | (=22 | (-Ap)?

+) j=20,123,..

B - Properties of Poisson process (see numerical example on table below):

For At (or AAt) small, that is At & 0 and the probability of j = 0 (zero) arrival in time At is

(—Aat)? n (—24t)3
2! 3!

p(4,4t,0) = e Mt =1 — AAt +

+ - = p(4,4t,0) = 1 — AAt + 0(4, At, 0)

—AAt)?  (—=AAt)3 0(1,4t,0
( ) +( ) +--  and lim(—)zo

04t,0) = —; 31 Ao0 At

For At (or AAt) small, that is At = 0 and the probability of j = 1 (one) arrival in time At is

p(4,4t,1) = AAte ™ = AAt(1 — AAt + ) = p(4,4t,1) = AAt + 0(4,4t, 1)
For At (or AAt) small, that is At = 0 and the probability of j = 2 (two) arrivals in time At is

(1At)? T (AAt)?
21

p(1,4t,2) = S (A=At + ) > p(A,A4At2) = 0(A,At,2)

2!

For At (or AAt) small, that is At — 0 and the probabilities of j = 3, 4, ... arrivals in time At as similar to p, (4t) are

where

p(4,4At,j) = O(A,At,j) forj =3,4,5, ...
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i A At AAt poisson(j, AAt) Approximation poisson(j,AAt)
(small) At
0 | 20 | 0,001 0,002 9,98002E-01 1-24t=1-0,002 9,98002E+02
1 | 20 | 0,001 0,002 1,99600E-03 1At = 0,002 1,99600E+00
2 | 20 | 0,001 0,002 1,99600E-06 Very small 1,99600E-03
3 | 2,0 | 0001 0,002 1,33067E-09 Very small 1,33067E-06
4 | 20 | 0001 0,002 6,65335E-13 Very small 6,65335E-10
5 | 2,0 | 0,001 0,002 2,66134E-16 Very small 2,66134E-13
6 | 20 | 0,001 0,002 8,87113E-20 Very small 8,87113E-17
7 | 2,0 | 0,001 0,002 2,53461E-23 Very small 2,53461E-20
8 | 2,0 | 0,001 0,002 6,33652E-27 Very small 6,33652E-24
9 | 20 | 0,001 0,002 1,40812E-30 Very small 1,40812E-27
10 | 2,0 | 0,001 0,002 2,81623E-34 Very small 2,81623E-31
C—Time dependent probability equation
t=0 t Ot t+Ot service time
|
l l r v 1 ‘L \4
time t time t interval Ot interval Ot interval &t | time (t + At) | time (t + At)
0 0 arrival p(3,4t,0) p;(t + Ar)
p;(t) G(t) 1 arrival p(1,4t, 1) 1 service p;(t + At) G(t + At)
pj—1(t) G(t) 1 arrival p(4,4t, 1) 0 service p;(t + At) G(t + At)
2arrivals | p(4,4t,2) =0(,4¢t,2) | ...
3arrivals | p(4,4t,3) = 0(4,4,3) | e,
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p;j(t), pj—1(t),p;(t + At) are probabilities (service time process) of j, j-1, j servers busy respectively at times t, t, t+ Ot

G(t), G(t + At) are any service time probability distribution respectively at times t, t+ Ot

[1—G(t)],[1 - G(t+ At)] are survival time probability distribution respectively at times t, t+Ot

p(4,4t,0), p(4,4t,1),p(A,4¢t,2), p(4,4t,3) are probabilities of 0, 1, 2, 3 arrivals (Poisson process) in interval Ot
0(4,4¢t,2),0(4, At, 3) are very small and negligible (Poisson process) values

Taking into account the above mutually exclusive cases and summarizing results from (B) above
0 (zero) customer arrival in interval Ot

p(4,4t,0) = 1 — AAt + 0(4, 4t,0)
P(p(4,4¢t,0),p;(t) ) = [1— AAtlp; () + 0(A, 4t, 0)p;(t)

1 customer arrival in interval &t and 1 service concluded in Dt

p(4,4t,1) = AAt + 0(4,4¢, 1)
P(p(/l, At,1),p;(t), 1 service concluded ) = AAtp;(t)G(t + At) + 0(4, At, Dp;(¢t)

1 customer arrival in interval &Nt and 0(zero) service concluded in Dt

p(4,4t,1) = AAt + 0(4,4¢, 1)

P('p(/l,At, 1),p;-1(t), 0 service concluded ) = Atp;j_1(O)[1 - G(t + At)] + 0(4, 4L, 1)p;_4(t)
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Summing the cases
p;(t+At) =P (p(/'l,At, 0),pj(t)) + P(p(4, At, 1), p; (1), 1 service concluded ) +
+P(p(A,4t,1),p;—1(t), 0 service concluded ) + 0(4, At)
pj(t+ At) = (1 —2A0)p;(t) + AAtG(t + A)p;(t) + 2At(1 — G(t + At))p;_1(t) + O(4, At)

D — Arrangement of differential equations system

From (C) above

pi(t+4t) = (1 —280)p;(t) + AAtG (¢ + AD)p; (1) + AAt(1 — G(t + At))p;—1(t) + O(A, A¢)
Subtracting p;(t) from p;(t + At), dividing by At and doing At — 0

p;i(t + 4t) —p;(t) = —2AAtp;(t) + AALG(t + At)p;(t) + 2At(1 — G(t + At))p;—1(t) + 0(4, A¢)

p;(t+ Aji —pi®) _ —Ap;(£) + AG(t + A)p; () + A(1 — G(t + 46))p;_1 (D) +

. pi(t+4t) —p;(0)
lim
At—0 At

0(4,4t)
At

0(4,4t)
At

= lim —2Ap;(t) + AG (¢t + AD)p;(©) + A(1 — G (¢t + 4D) )pj—1 (D) +

(t+ At) —p;(t
L pi(etan —pi(©)

a5 o pi(t) = —[2(1 = 6(®)]p;(®) + A[1 = G(O)]p;-1 (©)
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Doing  n(t) = A[1—-G(t)]

Po(t) = —n(®)po(t)

p1(t) = —n(®)p1(t) + n(®)po(t)
p2(t) = —n(®)p2(t) + n(®)p1(t)
p3(t) = —n(®)ps(®) + n(®)p2(t)
pj(t) = —n(O)p;(®) + n(®)pj-1(t)

E — Solution of differential equations system

Doing A(t) = [ n(t)dt =1 [[1 - G(D)]dt & N'(t) = n(®)
f)=eI o f'(x) = g'(x)ed™ = g'(x)f(x)

Forji=0

po () = —n(Ope(t) = =N (Ope(t) = po(t) = e AW
Forj=1

pi(®) = —n(©Op1 (&) + n(Ope(t) = N (Ope(®) — AN (Ops(8) = N (®)e™® — A (D)py (1)

[aB] = a'B + af’ a' = AN(t) 2 a= Alt) and f = e O
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[aB] = [AD)e™2®P] = N'(£)e™® + A()(=N'(£))e™® = py(t) = A(t)e D
Forj=2

p3(t) = —n(®)p2 (1) + n(Op.(t) = N (Op1(t) — N (Opa(t) = N (OAR)e™® — A (D)p,(2)
[aB] = a'B + af’ a' = AN(t) = a= A() and B = A(t)e™®

[ap]’ = [A2(£)e™"®] = 2A(DN (D)e™® + AZ(£)(—A'(1))e~®

@

2
A®) rw
2 2

2 —A(t)
= AN (e ™2® — A'(1) [%l = pa(t) =
Forj=3
I ’ 1 1 Az(t) —A(t) 1
p3(t) = —n(©p3 (@) + n(Op.(t) = A(O)p.(t) — AN (®)ps(t) = A (t)—e — N (Dp, (1)

[aB]’ = a’'B + ap’ a'=N(Et) =2 a=At)and B = A (t) e—A®

! 2 3(4)e—A® A3
%:I _ A ( )A’(t) —-A(t) _ Al(t) lLl 3(t) _ (tg) Y0
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For j, by induction

N@)
py(0) = S —e®

F — Conclusion

Under condition of stationary and steady states (t — o) the service probabilities are

(e )

At > ©) = 2 lﬁlrf.zft[l - G(t)]dtl = Af [1-G(t)]dt
0 0

By definition fooo[l — G(t)]dt = E[G(t)] = u = expeced or mean service time
: o
p(A,wj = (]_—'L'l)e Mo forj=0,1,2,3, ...

G — Completion

The dynamic and not stationary conditions of theorem (without demonstration) are

p(,t) = @ e A

A= A(1)

n(r,t) =A0[1 -6t —1)]
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ACE) = jtn(r, H)dr = jtm)u ~G(t - D)]dr

t j
[y 2@ -6l - D] e ot oge
j!

Doing A(t) = A = constant

p(.b) =
0=t— 1 2df=—-dr, =0 =260=1t 7=t = 6=0 andt — oo (steady state)

. t . 0 ) t o)
ggLLmnu—Ga—rmh]=ggpi[1—Gwn@dm]=Agghﬁ1—awmw]=aﬁ[1—Gwmw

And the result is the same as got in (F) above.
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