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Chapter 1

Permutations and Combinations

Section A

1. In how many ways can the 6 letters a, b, c, d, e, f be arranged so that

(a) the letters a and b are adjacent;

(b) the letters a and b are NOT adjacent.

2. Let S be the set of all sequences of 0’s, 1’s and 2’s of length 10.  For example, the sequence ‘0201021212’ is an element in S.

(a) How many elements are in S?

(b) How many elements in S have exactly three 0’s?

(c) How many elements in S have exactly three 0’s, four 1’s and three 2’s?

Chapter 2

Binomial Expansions

Section A

1. Let 
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.  Expand f (t) in ascending powers of t.  Hence, solve 
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Chapter 3

Exponential and Logarithmic Functions

Section A

1. In a certain bacteria culture there are 600 bacteria at the end of three days and 800 present at the end of six days.

(a) Assume that the bacterial population follows the laws of exponential growth, 
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, where N0 is the number of bacteria present initially and t is the number of days which have elapsed since the population of bacteria was first investigated.  Determine N0 and (.

(b) Determine the number of days required for the culture to grow to 4,500 bacteria.

2. The area of the trapezium shown below is 
[image: image4.wmf]2
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 square units.  The upper points A and B lie on the curve 
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Determine x.

3. A car, starting from rest, is accelerated on a straight line.  Its velocity v meters per second, is related to time t seconds by the following table:

t
0
2
4
6
8
10

v
0
2.7
4.1
5.3
6.3
7.3

It is assumed that the relation of t and v is in the form 
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(a) By plotting a suitable straight line, excluding the value at t = 0, find the values of a and b.

(b) Using (a), find the acceleration of the car at the 9 th second and the total distance travelled in the first 9 seconds.

4. A man had been killed and the body temperature T( after t hours is given by 
[image: image7.wmf]85

)

(

+

=

-

kt

ae

t

T

, where a and k are constants.  The police discovers the body at 7:00pm and finds the temperature to be 95.7(.  He waits for 2 hours and measures the temperature of the body again, and finds it to be 94.5(.  Assume the normal body temperature is 98.6(, determine the constant a.  Hence, determine the time when the man was killed.

5. The graph shown below illustrates the points of intersection A and B.

(a) Without solving any equation, calculate 
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(b) Using the fact that 
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, determine the values of the coefficients of the first four terms in the expansion in ascending powers of x of 
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Section B

6. We consider the situation in which population data of a city are available at equal time intervals. Let Pn denote the population after n intervals of time.  We assume that Pn is given by the equation 
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 where K, M, and a are constants.

(a) Show that 
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(b) Show that a plot of 
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 against Pn+1 will give a straight line with Pn+1-intercept equals M and the 
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(c) Suppose Pn of the city has equation 
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.  Use the result in (b) to estimate the parameters M and a.

7. When a person begins to study an amount of material, he learns very quickly a large amount of the material.  As time passes, he learns more slowly the remaining material.  Let A(t) be the amount of the material learnt after t hours, then 
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 where k ( 0 is the rate-of-learning constant.

(a) Describe the significance of AT.

(b) Suppose Tom is preparing for an examination for 4 hours.  If he received a grade of 90%, what was his rate-of-learning constant for this material?  What assumption should you make?

(c) Another student Tim, has learning constant 0.65.

i. If he received a grade of 90%, how much less time could Tim study to stay even with Tom?

ii. If Tim spends 6 hours studying for the examination, how much more time does he have to spend to have a 99% average?

iii. Suppose the passing mark of the examination is 70.  If Tim studies only 2 hours for the examination, will he fail?

(d) Using the same diagram, graph the learning curves A(t) for Tom and Tim.

8. Assume that the populations of a country and a province of that country satisfy equations of the form 
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 are the respective populations at time t after 1954.  Here k1 and k2 are constants.

The population (in millions) of the two areas in the years 1964, 1974, 1984, and 1994 are recorded below:

Year
1964
1974
1984
1994

N1(t)

N2(t)
9.87

2.14
11.9

2.84
14.4

3.75
17.5

4.97

(a) By plotting suitable straight lines (on two separate coordinates systems), determine the constants C1, C2, k1 and k2.

(b) From (a), determine in which year will the populations of the two areas to be identical.

(c) Do you think that the result in (b) is reasonable?  Explain.

Chapter 4

Differentiation

Section A

1. Suppose that the unit selling price of a product p is related to the number of products sold x by the equation 
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 and the average cost of a product 
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Furthermore, it is known that there are at most 120 units can be produced per day.  Suppose x products are sold, show that the corresponding profit, P(x), is given by 
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.  Hence, determine the maximum profit.

2. A window consists of a rectangle of width 2r and height h, surmounted by a semicircle of radius r.  If the perimeter of the window is P, show that the area of the window is given by 
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.  Hence, determine the maximum area of the window in terms of P.

3.
Given that 
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(a) Verify that the point P(1, 1) is a point of intersection of the two curves 
[image: image27.wmf])

(

x

f

y

=

 and 
[image: image28.wmf])

(

x

g

y

=

.

(b) Evaluate 
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4.
An underdeveloped country, whose only export is coffee, can sell x tons of coffee per month on the international market at the price of 
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 dollars per ton.  The cost (include shipping) of x tons of coffee produced per month is $(10x + 1,000), determine

(a)
i.
the total income of exporting x tons of coffee;

ii. the profit of exporting x tons of coffee.

(b)
What level of export will maximize the profit of exporting x tons of coffee?

5. A museum is concerned about the revenue generated from sale of tickets.  It estimates that if the ticket is $30 it will have 500 visitors per day.  For each increase of $10 beyond $30 it will lose 100 visitors per day.

(a) Let the ticket be $x beyond $30.  Show that the total income R(x) per day is given by 
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(b) What is the price of the ticket that maximizes the total income per day?  How many visitors will then visit the museum and what is then the maximum daily total income?

6. A river is 300 m wide.  A power line must be installed from a power house P on one side to a dwelling D on the other side which is 400 m downstream from the point O directly opposite the power house.  The cost per meter to lay the cable under water and on land are $6 and $2 respectively.

(a) Let x meters be the distance from O to A.  Evaluate, in terms of x, the cost to lay the cable.

(b) Find the least cost to install the cable.

7. Given that 
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.  Evaluate 
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.  Hence, find the coordinates of the point on the curve at which the tangent makes an angle 45( with the horizontal.

8. It is estimated that t years from now, the population of a certain suburban community will be 
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 thousand.  An environment study indicates that the average daily level of carbon monoxide in the air will be 
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 units when the population is p thousand.  Using the chain rule, determine the rate of change of the carbon monoxide level 1 year from now.

9. It is required to build a fence enclosing a rectangle with dimensions l meters and w meters, with one end facing a highway.


(a) The end facing the highway needs a decorative fence costing $15 per meter, while the other boundaries can cope with a cheaper fence costing $5 per meter.  Show that the C(w) of the fence is given by 
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 where A is the area of the rectangle.

(b) Use differential calculus to find the ratio of l to w which minimizes the cost of the fence.

10. Let 
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11.
The demand equation for a certain type of commodity is given by 
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 where x units are demanded when the unit price is p dollars.  Show that when the unit price p is decreased, the demand increases.  Hence, find the maximum value for the unit price.  Use differentials to estimate the price per unit when the level of demand is 12.1 units.

12. The graph of a function y = f(x) defined on the interval 0 ( x ( 5 passes through the points (1, 10), (2, 15) and (4, 0).  The graphs of 
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Without finding the equation of the graph of y = f(x),

(a) determine the maximum and minimum points of the graph of y = f(x),

(b) sketch the graph of y = f(x).

Section B

13.
Suppose the growth of the population N(t) of a city satisfies the following equation 
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((*) where a is the growth constant, b ( 0 is the retardation constant, and t is the time.

(a) If the population of the city at t = 0 is N0, show by direct substitution that 
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 satisfies the equation (*).

(b) Consider the following population chart of the city:

Year
Population (in million)

1994

1995
10

20

i. Suppose 
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, show that the graph of N(t) is increasing, and explain why if the population of the city starting with fewer than 
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 individuals cannot exceed this number.

ii. If a = 2, by letting t = 0 in year 1994, estimate b.  What is the upper bound for the population?  Sketch the graph of N(t).

14.
A truck is to be driven a distance of 130 km at a constant speed x km/hr.  Speed laws require that 50 ( x ( 100.  Assume that gasoline costs $0.9 per gallon and is consumed at the rate of 
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(a) If the driver is paid $15 per hour, show that the total cost $C(x) of the trip is related to x by the equation 
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(b) Find the most economical speed and total cost for the trip.

(c) Sketch the graph of C(x) for x ( 0.  Hence, determine the most economical speed and the total cost for the trip if the laws imposed for the speed have been amended from 50 ( x ( 100 to 10 ( x ( 60.

15. The population p(t) of a city can be modelled by the following equation 
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(a) What is the initial population?  Find 
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 and give an interpretation of the result.

(b) Show that the function p(t) satisfies the equation 
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(c) Given that B ( 1.  Differentiate the result of (c) to show that the concavity of the curve y = p(t) changes sign when 
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16. A manufacturer has determined that, for a given product, the average cost 
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 (in dollars per unit) is given by 
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(a) Write down an expression for the total cost function C(x) when x items were sold.

(b) Determine the ranges of x in the intervals [2, 10] where the graph of C(x) increases, decreases, concave upwards, and concave downwards.

(c) At what level within the interval [2, 10] should production be fixed in order to minimize the total cost?  What is the corresponding minimum total cost?

(d) Sketch the graph of C(x) for 
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.  Hence, what value of x would minimize the total cost if the production were required to lie within the interval [5, 10]?

17. Let 
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(a) Specify the range of x such that f(x) is real.

(b) Find 
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 and hence determine the intervals on which the function f(x) is increasing, decreasing, concave upward, and concave downward.

(c) Find the turning point(s) and inflection point(s) of the graph of y = f(x).

(d) Find 
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18. Two species of animals, A and B, which are enemies of each other, coexist in the same environment.  Let x and y be the population of species A and B respectively at time t.  Then 
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(a) Determine the initial population of the two species.

(b) Prove the following statement.

The rate of population increase of species A is equal to its birth rate minus its death rate where the birth rate is 1% of its own population while the death rate is 2% of the population of its opponent species.

It is also known that, the rate of population increases of species B is equal to its birth rate minus its death rate where the birth rate is r% of its own population while the death rate is s% of the population of its opponent species.  Determine the possible values of r and s.

(c)
Will species B die off at some time T?  If yes, determine T.  What is the population size of species A at such instant, correct to the nearest integer.

19. A monopolist determines that if C(x) is the total cost of producing x units per week of a certain commodity, then 
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(a) Show that the profit in producing x units per week is given by 
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.  Hence, determine the number of units should be produced each week in order to maximize the profit.

(b) If the government imposes a tax of $10 per unit produced, how many units should be produced each week in order to maximize the profit?

(c) What tax should be imposed on each unit produced in order that the weekly tax received by the government be maximized?

20. In an experiment, it is discovered that the pressure p developed in the body tissue by ultrasonic beams is given by 
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(a) Evaluate 
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 if ( is a constant.

(b) If ( remains constant, show that 
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.  Is p increased or decreased, when ( is decreased by 0.3%, and by what percentage?

(c) Evaluate 
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 if ( is constant.

(d) If ( remains constant and ( is increased by 0.6%, is p increased or decreased, and by what percentage?

(e) Three weeks later, the same person has been investigated by the same experiment.  It is found that ( is decreased by 0.3% and ( is increased by 0.6%.  Is p increased or decreased and by what percentage?

21. Biologists hope to control the number of bacteria by introducing or removing some of the toxins (a chemical) from the medium.  At time t let y(t) ( 0 be the number of bacteria and T(t) the concentration of toxins.  Let y(0) = y0 and T(0) = T0.  Suppose the rate of change of concentration of toxins is equal to a positive constant c, that is 
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(a) Determine T(t).  Hence, by direct substitution, verify that 
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 is the solution of the above equation where 
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(b) Suppose c ( 0,

i. What happens to the solution when t ( (?

ii. State the criterion that the population of bacteria passes a maximum or a minimum.  Find the time when this extremum happens if the criterion is satisfied.

iii. Sketch a graph indicating the behaviour of y(t).

22. The item is ordered in batches of Q units which are received and put into storage, demand is met by withdrawals from storage.  Four types of costs are incurred in the operation of this system.

(I) Cost of an item: $50.00;

(II) Transportation cost: $500.00;

(III) Storage cost: $2.00 per unit per month, charged on the maximum inventory during an order-reorder period;

(IV) Taxes and insurance: $0.50 per unit per month.

Let T be the number of months between receiving one order and receiving the next order.  Suppose the demand is met by withdrawals at a uniform rate.

(a) What is the average inventory over the period?  Hence, determine the taxes and insurance costs for such period.

(b) Show that the total cost of operating the above system for T months is 
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(c) Suppose the demand for the items is 800 units per month.

i. Write an expression, in terms of Q, for the average cost per month of operating the above system.

ii. What is the number of items should be ordered in order to minimize the average cost per month?  What is the corresponding minimum average cost?  Correct your answer to the nearest dollar.

23. If 
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(a) Determine the points at which f(x) meets the axes.

(b) Write down the range of values of x for which f(x) is real.

(c) Find 
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 and hence determine the intervals on which the function f(x) is increasing, decreasing, concave upward, and concave downward.  Hence, determine the turning points and inflection points.

(d) Using the fact that 
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 for any positive integer n.  Sketch the graph of f(x).

(e) Using the result of (d), sketch the graph of 
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Chapter 5.
Integration

Section A

1.
Let 
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(a) Show that 
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(b) A machine earns return at the rate of 
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 million dollars per month, where t is the number of months elapsed since the start of 1994.

Using (a), determine the return the machine earns from t = 1 to t = 3.

2.
Given that 
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(a) Use the substitution t = ln x to evaluate the integral 
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(b) Use the trapezoidal rule with two subintervals to evaluate the above definite integral I.

(c) Give a suggestion to improve the accuracy of the result obtained in (b) by the trapezoidal rule.

3. Let 
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, where n ( 1.

(a) By applying the trapezoidal rule with 2 subintervals to the integral 
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(b) Use the approximation in (a) to estimate 
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(c) The exact values of 
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 are 0.5108 and 0.1431 respectively.  By observing the graph of 
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, explain why the approximation value obtained by trapezoidal rule is more accurate when n is large.  Also, explain why the approximation values over-estimate the exact values.

4. A company’s sale rate is 
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 million dollars per week after t weeks.  Using the fact that the total sales at time t = 0 must be zero, show that the total sales (in million) after T weeks is given by 
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.  Hence, determine the number of weeks needed for the total sales reaches 36 millions.

5. It is estimated that t weeks from now, contributions to a charity will be coming at the rate of 
[image: image104.wmf]t
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 dollars per week, while expenses are expected to accumulate at the constant rate of $350 per week.

(a) For how many weeks will the rate of contributions to a charity be higher than the rate of expenses?

(b) What net earning will be generated during the period of time as determined in (a).

6. The accumulated consumption of oil after t months are expected to grow at a rate given by the function 
[image: image105.wmf]4
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(a) Find the accumulated consumption after the first 5 months.

(b) Calculate the total oil consumption after n months.  Hence, determine how long will it take for the accumulated consumption to exceed 5,120 units.

7.
(a)
Show that 
[image: image106.wmf]a
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(b)
The shaded region R shown below is bounded by the line x = 1, and the curves and y = ex.



Using (a), determine the area of R.

8.
A manufacturer estimates that the resale value of a certain knitting machine decreases at a rate that changes with time.  When the machine is t years after being installed, the rate at which its value is changing is 
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e

t

960

-

 dollars per year.

(a) If the machine was bought new for $100,000.  Calculate, to the nearest dollar, the resale value of the knitting machine after 10 years.

(b) If the manufacturer wants to resell the machine for $25,000.  How many years, correct to 1 decimal places, should the manufacturer wait after installation?

Section B

9.
The profit rate of a company t years after the company was first found (t = 0) is given by the formula 
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 per year.

(a) What is the profit rate at the beginning of the second year?  If the profit rate had remained constant at this value from then on, instead of changing as it really did, how much would the company have received during the second year?

(b) Write down and evaluate an integral which gives the amount of profit that the company actually received during the second year 
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.  Is your answer less than that in (a)?  Why?

(c) Assume that the interest rate is 8% per annum compounded continuously.  It can be shown that more money the company could have made in the second year by depositing its profits continuously during the time 
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.  Evaluate the above profit by the trapezoidal rule using 5 subintervals.

10.
In an aerodynamics research, a researcher has to calculate the following integral in evaluating a flow field at the surface of an airfoil 
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(a) By using the trapezoidal rule with 10 sub-intervals, estimate the value of I1.

(b) Later, the researcher wishes to evaluate another definite integral 
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i. By using your estimate for I1 in (a), approximate for I2 to 4 decimal places.

ii. A research assistant to the researcher suspects that he applies the trapezoidal rule with 10 and 20 sub-intervals respectively to the interval [(2, 2] to estimate I2, then both of his estimates will be more accurate than that in (b)(i).  Do you agree with his conjecture?  Comment.

(c) Subsequently, the researcher continues to evaluate another integral 
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.  By using a suitable substitution, evaluate I3 in terms of e.

11. The fatality rate of a certain country is predicted to be 
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 thousand per year, where t is the number of year since 1994.

(a) How many people will die from 1994 to 1996?

(b) Evaluate 
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(c) It is shown in advanced calculus that the absolute value of error resulting from the trapezoidal rule with n subintervals to the definite integral 
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 where K is the absolute maximum value of 
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i. Without performing any differentiation, determine in terms of n the maximum error incurred in evaluating the integral arised in (a).

ii. How large should n be taken to ensure that the maximum error in the approximation of the result of (a) by the trapezoidal rule is at most 1 thousand?  Comment on your result.

12. A car moves along a road with velocity v m/s which depends on time t s.  Some values of the velocities are tabulated against times t0, t1, t2, and t3 as follows:

i
0
1
2
3

ti
vi
0

0
0.2

0.040
0.4

0.131
0.6

0.275


where vi is the velocity at time ti (i = 0, 1, 2, 3).

(a) State the relationship between the distance travelled s m by the car and the corresponding velocity v by an integral.

(b) Using the trapezoidal rule, estimate the distance travelled by the car from t = 0 to t = 0.6.

(c) It is known that 
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 at t = 0.  By applying the trapezoidal rule to the integral 
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 estimate the acceleration 
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 of the car at 0.2 s, 0.4 s and 0.6 s.  Is the car accelerating?

13. John owns an antique watch which has a present worth of $1,000 and expects it to increase in value at the rate of $150 per year.

(a) Suppose the antique watch is sold after t years.  Write down the sale price sp(t) of the watch.

(b) Peter wishes to buy this antique watch some time in the future.  Let B(t) be his saving after t years which satisfies 
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i. Show that 
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ii. Let d(t) be the difference of the price of the antique watch and Peter saving after t years.  Find d(t).  Hence, by trial, estimate (to the nearest year) the minimum number of years required for Peter to meet the purchase price of the watch, assuming the antique watch is still available?

14.
(a)
Evaluate 
[image: image126.wmf])
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 and hence show that 
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(b)
Suppose that when it is t years old, t ( 1, an industrial machine generates income at the rate of 
[image: image128.wmf]1
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 dollars per year and results in costs that accumulate at the rate of C(t) = tlnt + 1 dollars per year.

i. Show that the points (1, 1) and (e, e + 1) are the points of intersection of the graphs y = R(t) and y = C(t).

ii. Explain, in word, what does the function R(t) ( C(t) represent?  Hence, using (i), determine the period in which the machine is no longer profitable.

iii. What are the earnings generated by the machine during its period of profitability?

15.
(a)
Consider a very thin layer of air with width (h with height h meters above the 

surface of a planet.


By assuming that the planet is a perfect sphere and (h is so small that the powers of (h containing ((h)2 or higher can be neglected.  Show that the volume (V of air within the thin layer is approximately given by 
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, where R is the radius of the planet.

(b)
The mass of the air (in kg) from h = ( km to h = ( km of the planet is given by 
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.  Assume the radius of the planet is 5 km.

i. Determine the mass of the air from h = 0 to h = 1 km by assuming (V = dV and (h = dh.

[Hint: You may find the following integral formula useful 
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for any values of ( and (.]

ii. What is the mass of the whole atmosphere of the planet?

[Hint: You may find the following result useful.  For any polynomial p(x), we have 
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iii.
Use the exponential series of degree 2 to approximate eh.  Determine the height such that 99% of the atmosphere’s mass is contained above that height?

16.
The shaded region shown below is bounded by the curves 
[image: image134.wmf]x
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, 
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 and the straight line x = k.


(a) Determine the area of the shaded region.

(b) Suppose the area of the shaded region is 
[image: image136.wmf]2
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i. Determine the values of k.

ii. If the area of the shaded region at time t is decreased with rate 
[image: image137.wmf]2
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 square units per second.  Calculate the time taken for the area to decrease to its half and the time taken for the area to decrease from its half to zero.  Explain, in words, why the two times obtained are different.

17.
(a)
Evaluate 
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(b)
Contamination is leaking from an underground waste-disposal tank at the rate of 
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 gallons per day, where t is the number of days since the leak began.

i. Express in terms of an integral, the total leakage 
[image: image141.wmf]b
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 between days ( and (.

ii. Use the trapezoidal rule to find the total leakage between days t = 2 and t = 4 using 4 trapezoidals.

iii. Using the substitution x = ln(t +1), evaluate the total leakage between days t = 2 and t = 4 exactly. [Hint: Use the integral formula in (a).]

iv. By comparing the results of (ii) and (iii), discuss the concavity of the graph of the total leakage from t = 2 and t = 4.

18. At a bank, interest is compound continuously.  The interest rate r(t) rises, however, is given at time t (years) by the formula 
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.  If a person deposits $1,000 in an account and leaves it alone, then the amount of money $y in the account at time t satisfies the equation 
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(a) Verify by direct substitution that 
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 is the correct formula for the money y in the account at any time t.

(b) Find, to the nearest dollar, the amount of money in the account after two years (that is, at time t = 2).

(c) The average interest rate over T years is defined as 
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.  Find the average interest rate R in the two year period 
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 gives the same answer as (b) if R is the average interest rate over the time period T = 2 and P = 1,000 is the principal.

(d) Suppose that as well as the fixed deposit of $1,000 at time t = 0, the person also deposits money in a constant rate of $750 per year (so that at the end of a year one, $1,750 will have been deposited).  Write down an equation that 
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