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7.5 Conditional Probability; Independent Events
7-5.1

7.5 Conditional Probability; Independent Events

· You shall be capable of computing the conditional probability of rolling a single fair die, given another event of a die rolled prior to that. (EXAMPLE 2) [Problems 1 – 3]

· You shall be capable of computing the conditional probability of rolling a two fair dice. (EXAMPLE 2) [Problems 4 – 8]

· You shall be capable of computing the conditional probability of various events involving drawing two cards without replacement from an ordinary deck of 52 cards. (EXAMPLE 7) [Problems 7 – 10]

· You shall be capable of computing the probability of various events “E and F” involving drawing two cards without replacement from an ordinary deck of 52 cards. (EXAMPLE 7) [Problems 11 – 14]

· You shall be capable of computing the probabilities of various independent events. [Problems 23 – 24]

· You shall be capable of computing the probabilities of various mutually exclusive events. [Problems 24]

· You shall be able to define and give examples for the following mathematical terminology: 


Definitions and Terminology

· conditional probability (pg. 350) DEFINITION – When computing a probability involving two events where we wish to calculate the probability of the first event E based on the assumption that the second event F has happened (or is happening, or will happen – the timing is not important) is called a conditional probability.  The first event that has happened is called the special condition, or the given event.  Refer to the DEFINITION OF CONDITIONAL PROBABILITY box below for more information.
· product rule (pg. 440) DEFINITION – Refer to the notes below.
· independent events (pg. 356) DEFINITION –  Two events E and F are called independent events if knowledge about the occurrence of one of them has no effect on the probability of the other one.  If event E is the first event and event F is the second event, then event E does not change the probability of event F.  Mathematically, we say that that events E and F are independent events if P(F | E)= P(F) or P(E | F) = P(E).  Refer to Product Rule for Independent Events and Product Rule for Independent Events below for more information.

· dependent events (pg. 356) DEFINITION – Two events E and F are called dependent events if knowledge about the occurrence of one of them has an effect on the probability of the other one.  If event E is the first event and event F is the second event, then event E changes the probability of event F.  Usually this occurs when the size of the sample space S changes as a result of the occurrence of the first event E.
Mathematical Notation or Symbols

	Symbol
	Section
	Meaning

	P(E | F)
	7.5
	The probability that event E occurs, given that event F has occurred or will occur.


Notes for This Section’s Objectives

	Definition of Conditional Probability
The conditional probability of event E given event F, written as P(E | F), is
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where P(F) ( 0 and n(F) ( 0.



	Product Rule of Probability
If E and F are events, then written as P(E ( F) may be found by either of these formulas.


P(E ( F) = P(F) ( P(E | F)
or
P(E ( F) = P(E) ( P(F | E)




	Independent Events 
Events E and F are independent events if 


P(F | E)= P(F)

or
P(E | F) = P(E)




	Product Rule for Independent Events 
E and F are independent events if an only if


P(E ( F) = P(E) ( P(F)







EXAMPLE A – If one number is selected randomly from the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}; find the probability that it will be an even number and a multiple of 4.
Solution: Let our sample space be set S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Then let event 

E = that an odd number is selected from the set S, and 

F = that a multiple of 3 is selected from the set S.
Then our sets are given by E = {1, 3, 5, 7, 9}, and F = {3, 6, 9}

Then the composite event E and F = E ( F = {3, 9}.  So by the theoretical probability formula, we have 
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Now the P(E) = 5/10 and the P(F) = 3/10.  Most people believe that to compute the probability of the composite event E and F that you only need to multiply these two probabilities.  That is, we only need to use the formula: P(E ( F) = P(E) ( P(F). But
P(E ( F) = P(E) ( P(F) = (5/10) (3/10) = 15/100 = 3/20, which is wrong!

What went wrong?  Notice that events E and F are connected in the sense that while both are subsets of the sample space S, the event F is performed on a subset of S and this subset has elements in common with set E. 
In order to compute the probability P(E ( F) correctly, we need to use the Product Rule of Probability.  In this case we need to use the formula


P(E ( F) = P(E) ( P(F | E)
We compute P(E) in the normal fashion.  Thus, P(E) = 5/10  But how do we compute P(F | E)?  We can compute P(F | E) by understanding that it means to compute the probability that event F occurs given that event E has already occurred.  But if event E has already occurred, then our sample space has changed to E = {1, 3, 5, 7, 9} instead of our original sample space S, when computing P(F | E).  Thus,
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and


P(E ( F) = P(E) ( P(F | E) = 
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EXAMPLE B – Each year, Roxanna Parker adds to her book collection a number of new publications that she believes will be of lasting value and interest.  She has categorized each of her twenty 1997 acquisitions as hardcover or paperback and as fiction or nonfiction.  The numbers of books in the various categories are shown in Table 4.  If she randomly chooses one of these 20 books for this evening’s reading, find the probability it will be each of the following types.
(a) hardcover

(b) fiction, given that it is hardcover

(c) hardcover and fiction

Table 4
1997 Books

	
	Fiction (F)
	Nonfiction (N)
	Totals

	Hardcover (H)
	3
	5
	8

	Paperback (P)
	8
	4
	12

	Totals
	11
	9
	20


Solution: Let our sample space be set S = {All of the books purchased by Roxanna Parker in 1997}. Then let event 

H = that we select a hardcover book from set S, and 

F = that we select a fiction book from set S.

(a) Find P(hardcover) = P(H).  Then 8 of the 20 books are hardcover,
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(b) Find P(fiction, given that it is hardcover) = P(F | H).  

The given condition that the book is hardcover reduces the sample space to eight books.  Of those 8 books, just 3 are fiction.  So,
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(c) Find P(hardcover and fiction) = P(H and F) = P(H ( F).


P(H ( F) = P(H) ( P(F | H) = 
[image: image7.wmf]20

3

8

3

5

2

=

×


· You shall be capable of computing the conditional probability of various events involving drawing two cards without replacement from an ordinary deck of 52 cards. (EXAMPLE 7) [Problems 7 – 10]
	Process to Compute the Conditional Probability by Drawing 2 Cards from a Deck of 52 Cards
1. Carefully read the given statement in the problem, looking for the keyword the first event E given that the event F.  Write down what events E and F represent.
2. Compute the number of elements for the events F, and E and F, or E ( F.  Then use the formula below to compute the Conditional Probability of event E, given F.
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· You shall be capable of computing the probability of various events “E and F” involving drawing two cards without replacement from an ordinary deck of 52 cards. (EXAMPLE 7) [Problems 11 – 14]

	Process to Compute the Probability of “E and F” by Drawing 2 Cards from a Deck of 52 Cards
1. Carefully read the given statement in the problem, looking for the keyword “and” which separates the first event E and the second event F.  Write down what events E and F represent.

2. Compute the probability of event F occurring in the original sample space S.  In other words, compute P(F).
3. Compute the number of elements for the events F, and E and F, or E ( F.  Then use the formula below to compute the Conditional Probability of event E, given F.
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4. Compute the probability of the event E ( F occurring by using the following formula. In other words, compute P(E ( F).
P(E ( F) = P(F) ( P(E | F)
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