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6.3 The Conditional and Circuits

Section Objectives:

· You shall be able to decide whether a given sentence about conditional statements is True or False. 

· You shall be able to determine whether a Conditional Statement is True or False (EXAMPLE 1 and 2) [Problems 11 – 16]

· You shall be capable of translating Conditional Symbolic Statements into English [Problems 17 – 22]

· You shall be capable of translating English into Conditional Symbolic Statements [Problems 23 – 30]

· You shall be able to determine the truth-value of a Conditional Statement without grouping symbols. [Problems 31 – 36]

· You shall be able to determine the truth-value of a Conditional Statement with grouping symbols. (EXAMPLE 1) [Problems 37 – 42]

· You shall be able to construct and evaluate a truth table for a Conditional Statement. You shall be able to identify whether a statement is a tautology.  (EXAMPLE 3) [Problems 45 – 55]

· How to Negate a Conditional Statement written in English (EXAMPLE 4) [Problems 57 – 62]

· How to rewrite a “Conditional Statement” as an equivalent “Or Statement” (Disjunction Statement) (EXAMPLE 5) [Problems 63 – 68] 

· You shall be capable of Negating a Conditional Statement written in English (EXAMPLE 4) [Problems 57 – 62]

· You shall be able to rewrite a “Conditional Statement” as an equivalent “Or Statement” (Disjunction Statement) [Problems 63 – 68] 

· You shall be able to determine if a pair of statements are equivalent. [Problems 69 – 76] 

· You shall be able to define and give examples for the following mathematical terminology: 

Definitions and Terminology

· conditional (pg. 262) DEFINITION – A conditional of two statements p and q, denoted as p ( q, and is any statement of the form “if p, then q.”  The p is called the antecedent (the “if” part), and the q is called the consequent (the “then” part). If p, then q is true except when p is a True statement and q is a False statement.  This is summarized in Table 6.1-1.

· antecedent (pg. 262) DEFINITION – The antecedent is the first part of a conditional statement.  In the conditional “if p, then q,” the antecedent is the statement p.

· consequent (pg. 262) DEFINITION – The consequent is the second part of a conditional statement.  In the conditional “if p, then q,” the antecedent is the statement q.

· tautology (pg. 266) DEFINITION – When the resultant truth-values in a Truth table are true for every row in the Truth table (i.e., the truth-values are always true, regardless of the truth-values of the logic variables), the compound statement is called a tautology.
· equivalent statement (pg. 266) DEFINITION – Two statements are equivalent if and only if they have the same truth value in every possible situation.  That is, the resultant truth value for each of the statements must be the same for all rows in the Truth table.
Mathematical Notation or Symbols

Symbol
Section
Meaning

(
6.3
Logical Connective: Conditional (If …, then …), which connects 2 statements. Given two statements p and q, we represent p IMPLIES q, or IF p THEN q, by the mathematical notation:

 p ( q.

p, q, r, s
6.1
Logic variables. These variables represent Simple Statement, which may be either a declarative sentence conveying one thought or idea OR a Mathematical Statement. 

(
6.1
Logical Connective: conjunction (AND), which connects 2 statements. Given two statements p and q, we represent p AND q, by the mathematical notation: p ( q.

(
6.1
Logical Connective: disjunction (OR), which connects 2 statements. Given two statements p and q, we represent p OR q, by the mathematical notation: p ( q.

~
6.1
Negation (NOT), which negates a statement. Given the statement p, we represent NOT p, by the mathematical notation: ~p.  Given the conjunction p ( q, we represent the negation of the conjunction by the mathematical notation: ~(p ( q). Given the disjunction p ( q, we represent the negation of the disjunction by the mathematical notation: ~(p ( q).

(  )
6.1
Parenthesis are used as grouping symbols, indicating what order the logical connectives should be performed

(
6.2
A mathematical symbol meaning two simple statements or compound statements are equivalent.




Notes for This Section’s Objectives

Table 6.2B - All possible cases for two statements


p
q

Case 1
True (T)
True (T)

Case 2
True (T)
False (F)

Case 3
False (F)
True (T)

Case 4
False (F)
False (F)

The four cases for the Conditional

Table 6.3-1 - TRUTH TABLE for the Conditional: p ( q.


antecedent
consequent



p
q
p ( q

Case 1
True (T)
True (T)
True (T)

Case 2
True (T)
False (F)
False (F)

Case 3
False (F)
True (T)
True (T)

Case 4
False (F)
False (F)
True (T)

Conditional: (In words) Alternatively, the conditional is False only when p is True and q is False and otherwise is True.

Special Characteristics of Conditional Statements

1. p ( q is false only when the antecedent is true and the consequent is false.  (Case 2)

2. If the antecedent is false, then p ( q is automatically true. (Case 3 and Case 4)

3. If the consequent is true, then p ( q is automatically true. (Case 1 and Case 3)

· How to determine whether a Conditional Statement is True or False (EXAMPLE 1) [Problems 11 – 16]

· You shall be able to determine the truth-value of a Conditional Statement without grouping symbols. [Problems 31 – 36]

· You shall be able to determine the truth-value of a Conditional Statement with grouping symbols. (EXAMPLE 1) [Problems 37 – 42]




Procedure to Determine whether a Conditional Statement is True or False

Method 1 - Using the Conditional Truth Table

1. Identify the antecedent as that which appears before the ( symbol.

2. Identify the consequent as that which appears after the ( symbol.

3. Use the methods learned in Section 6.2 to determine whether the antecedent is True or False.  Refer to the Process to Determine to the Truth-Value of a Compound Statement With and Without Grouping Symbols from Section 6.2.

4. Use the methods learned in Section 6.2 to determine whether the consequent is True or False. Refer to the Process to Determine to the Truth-Value of a Compound Statement With and Without Grouping Symbols from Section 6.2.

5. Using the Conditional Truth Table, determine which Case we are in.

6. Read out the resultant truth-value under the p ( q column. 

Procedure to Determine whether a Conditional Statement is True or False

Method 2 - Using the Special Characteristics of Conditional Statements

1. Identify the antecedent as that which appears before the ( symbol.

2. Identify the consequent as that which appears after the ( symbol.

3. Determine whether the antecedent is true or false. Refer to the Process to Determine to the Truth-Value of a Compound Statement With and Without Grouping Symbols from Section 6.2.  If the antecedent is false, then p ( q is automatically true. If the antecedent is true, then go to Step 4.

4. Determine whether the consequent q is true or false. Refer to the Process to Determine to the Truth-Value of a Compound Statement With and Without Grouping Symbols from Section 6.2.  If the consequent is true, then p ( q is automatically true.  If the consequent is false, then p ( q is false.

· You shall be capable of translating Conditional Symbolic Statements into English [Problems 17 – 22]

Procedure to Translate Conditional Symbolic Statements into English

1. Identify the antecedent as that which appears before the ( symbol, and the consequent as that which appears after the ( symbol.

2. Substitute the sentence or word phrase for each logic symbol, negating only if you see the negation (~) symbol before the logic variable.  Replace all occurrences of the symbol ( with “and”; and all occurrences of the symbol ( with “or”.

3. Using the results from Steps 1 and 2 above, write your answer as: “If antecedent, then consequent.”

Alternate forms of "if p, then q" 

Common Translations  of p ( q
The conditional p ( q can be translated in any of the following ways.



If p, then q.
q if p.



If p, q.



The translation of p ( q into these various word forms does not in any way depend upon the truth or falsity of p ( q.

· You shall be capable of translating English into Conditional Symbolic Statements [Problems 23 – 30]

Procedure to Translate Conditional Symbolic Statements into English
1. Using the Common Translations of p ( q, identify the antecedent and the consequent of the statement.

2. Write down the antecedent and substitute the logic symbols for the sentence or word phrase.  If the sentence or word phrase is negated, then place the ~ symbol in front of the logic symbol.

3. Replace all occurrences of the word “and” with the symbol (; and all occurrences of the word “or” with the symbol (.

4. Using the Results from Steps 1, 2, and 3 above, write your answer as: (Antecedent in Symbols) ( (Consequent in Symbols)

· You shall be able to construct and evaluate a truth table for a Conditional Statement. You shall be able to identify whether a statement is a tautology.  (EXAMPLE 3) [Problems 45 – 55]

Refer to the following two procedures in Section 6.2:

· Procedure to Set Up the Truth Table for a Compound Statement
· Procedure to Fill in the Truth Table for a Compound Statement
· A General Procedure for Constructing Truth Tables
· 
How to Negate a Conditional Statement written in English (EXAMPLE 4) [Problems 57 – 62]

Procedure to Negate a Conditional Statement written in English

1. If the sentence is not in “If …., then …” form, rewrite it in that form.  Note that you may have to change a comma to “, then”, or possibly reverse the order of the statements if you see the word if in the middle of the sentence.

2. Identify the antecedent in the sentence.  This is the statement that occurs between the If …. and the “, then”.  

3. Identify the consequent in the sentence.  This is the statement that occurs after the “, then”.  Using English, negate the consequent.

4. Write down your answer as: “Antecedent and Negation of the Consequent.”



· How to rewrite a Conditional Statement as an equivalent statement that does not use the if … then connective. (EXAMPLE 5) [Problems 63 – 68]

Procedure to Rewrite a Conditional Statement as an equivalent “Or Statement”

1. If the sentence is not in “If …., then …” form, rewrite it in that form.  Note that you may have to change a comma to “, then”, or possibly reverse the order of the statements if you see the word if in the middle of the sentence.

2. Identify the antecedent in the sentence.  This is the statement that occurs between the If …. and the “, then”. Using English, negate the antecedent.

3. Identify the consequent in the sentence.  This is the statement that occurs after the “, then”.  

4. Write down your answer as: “Negation of the Antecedent or Consequent.”

· You shall be able to determine if a pair of statements is equivalent. [Problems 69 – 76] 

Procedure to Determine if a Pair of Statements are or are not Equivalent

1. Construct a Truth Table for the first statement in the pair of statements, using the standard Truth Table setup, as discussed in Section 6.2.

2. Construct a Truth Table for the second statement in the pair of statements, using the standard Truth Table setup, as discussed in Section 6.2.

3. Compare the Answer column from Steps 1 and 2 above.  If they do match each other in every single case, then the statements are equivalent.  Otherwise, they are not equivalent.

Further Reading

· The Language of Mathematics, Making the invisible visible. Devlin, K. 1998. New York: W. H. Freemand and Company. CHAPTER 2 – Patterns of the Mind. ISBN: 0-7167-3379-X

· Mathematics, The Science of Patterns. Devlin, K. 1994. New York: Scientific American Library. CHAPTER 2 – Reasoning and Communicating. ISBN: 0-7167-6022-3

· The Lady or the Tiger? And Other Logic Puzzles Including a Mathematical Novel That Features Godel's Great Discovery, Raymond Smullyan, Paperback - 226 pages Reprint edition (November 1992) [This book is out of print] Times Books; ISBN: 0812921178 
· What is the name of this book?: The riddle of Dracula and other logical puzzles, Raymond Smullyan, ISBN: 0-6880-0748-1

· Alice in Puzzleland, Raymond Smullyan, ISBN: 0-6880-0748-1
· The Riddle of Scheherazade : And Other Amazing Puzzles, Ancient & Modern (Harvest Book) by Raymond Smullyan

Ask Dr. Math - Archives

A False statement Implies Any statement [Kemp, 09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier?

If P then Q [Jarchafjian, 08/29/1997] 
I don't understand how if p is false then regardless of q the statement is true.

8th Grade Logic (Miryam) 12/15/1994 
Why in a conditional statement if the 'p' in the hypothesis is false, is the entire statement then true? Why isn't it undecided? Why do you use the symbols p and q for logic statements? 

Logic: Definitions [Jenn, 04/04/2000] 

What does deductive reasoning mean? What does inductive reasoning mean?

Basic Truth Tables and Equivalents in Logic [Carissa, 05/23/2000] 
What are the truth tables for basic propositional logic operations? What are some useful equivalencies? 

Links Related to Logic:

Introduction to Logic for Liberal Arts and Business Majors 

URL: http://147.4.150.5/~matscw/RealWorld/logic/logicintro.html
