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6.2 Truth Tables and Equivalent Statements

Section Objectives:

· You shall be able to state the four cases in the TRUTH TABLE for the Conjunction:   p and q. (Page 249)

· You shall be able to state the four cases in the TRUTH TABLE for the Disjunction:   p or q. (Page 250)

· You shall be able to state the two cases in the TRUTH TABLE for the Negation:     not p. (Page 250)

· You shall be able to determine the truth-value of a Compound Statement without grouping symbols given the truth-values of the logic variables. (EXAMPLE 1, 4(a)) [Problems 7 – 14, 29 – 32, 33 – 36]

· You shall be able to determine the truth-value of a Compound Statement with grouping symbols given the truth-values of the logic variables. (EXAMPLE 3, 4 (b), (c)) [Problems 15 – 18, 21 – 28]

· You shall be able to determine the truth-value of an inequality. (EXAMPLE 2) [Problems 29 – 36]

· You shall be able to determine the number of rows in the Truth Table for a given Compound Statement. (EXAMPLE 9) [Problems 37 – 42]

· You shall be able to construct a Truth Table for a given Compound Statement. (EXAMPLE 6, 7, 8, 10)  [Problems 45 – 60]

· You shall be able to define and give examples for the following mathematical terminology: 

Definitions and Terminology

Conjunction of two statements (pg. 248) DEFINITION – Any two statements which are brought together by the logical connective “and” (() forms a conjunction. For the statement p ( q to be True means that both p and q are True.  The two statements may be written either as an English statement or represented as logic variables.  In everyday language, the connective and implies the idea of “both.”

Examples of a Conjunction

· Ernie Hilaire is younger than 29 years of age, and so is Bart Stewart.

Statement #1: Ernie Hilaire is younger than 29 years of age.

Statement #2: Bart Stewart is younger than 29 years of age.

Logical connective: and
· p ( q
Statement #1: p
Statement #2: q
Logical connective: and, written symbolically as (
Disjunction of two statements (pg. 250) DEFINITION – Any two statements which are brought together by the logical connective “or” (() forms a disjunction.  For the statement p ( q to be True means that either p is True, q is True, or both p and q are True.  The two statements may be written either as an English statement or represented as logic variables. 

Examples of a Conjunction

· You can pay me now or you can pay me later.

Statement #1: You can pay me now.

Statement #2: You can pay me later.

Logical connective: or
· p ( q
Statement #1: p
Statement #2: q
Logical connective: or, written symbolically as (
Negation of a statement (pg. 240) DEFINITION – The negation of a statement p, denoted ~p and read as “not p,” will cause the truth-value to change to its opposite. 
· The negation of a true statement is false, and the negation of a false statement is true. 

· The negation of a statement must have the opposite truth-value of the original statement.

Examples of Negation

	Simple Statement
	Simple Statement’s Negation

	4 ( 1 equals 5
	4 ( 1 does not equal 5

	The flowers are to be watered.
	The flowers are not to be watered.

	No rain fell in Fairfax county today.
	Rain fell in Fairfax county today.

	She won’t try. OR She will not try.
	She will try.

	He will succeed.
	He will not succeed. OR He won’t succeed.

	I said yes.
	I didn’t say yes. OR I did not say yes.

	You can pay me now.
	You can’t pay me now. OR 

You can not pay me now.


truth table (pg. 249) DEFINITION – A truth table is a table consisting of columns and rows.  The columns of the truth table consist of the simple or compound statement on the right of the table, along with each distinct logic variable (like the letters p, q, r, and s) that occurs in the statement.  These distinct logic variables appear in alphabetical order in the first row on the left side of the table.  The rows of the truth table consist of all possible ordered combinations of truth-values (true and false), where each separate row yields a different ordered combination than any other row of the table.

Examples:

· The truth table for negation, or not
· The truth table for conjunction, or and
· The truth table for disjunction, or or
equivalent statements (pg. 249) DEFINITION – Two statements are equivalent if and only if they have the same truth value in every possible situation.  That is, the resultant truth value for each of the statements must be the same for all rows in the Truth table.
Examples:

· The truth table for negation, or not
· The truth table for conjunction, or and
· The truth table for disjunction, or or
Mathematical Notation or Symbols

	Symbol
	Section
	Meaning

	(
	6.2
	A mathematical symbol meaning two simple statements or compound statements are equivalent.

	(
	6.2
	Logical Connective: conjunction (AND), which connects 2 statements. Given two statements p and q, we represent p AND q, by the mathematical notation: p ( q.

	(
	6.2
	Logical Connective: disjunction (OR), which connects 2 statements. Given two statements p and q, we represent p OR q, by the mathematical notation: p ( q.

	~
	6.2
	Logical Connective: not (NOT), which negates a simple statement. Given a simple statement p, we represent NOT p by the mathematical notation: ~p.


Notes for This Section’s Objectives

Table 6.2A - All possible cases for one statement

	
	p

	Case 1
	True (T)

	Case 2
	False (F)


TRUTH TABLE for the Negation: not p. 

	
	p
	~p

	Case 1
	True (T)
	False (F)

	Case 2
	False (F)
	True (T)


Negation: (In words) The negation of p (called ~ p), must have the opposite truth-value from the original statement p.

Table 6.2B - All possible cases for two statements

	
	p
	q

	Case 1
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)

	Case 3
	False (F)
	True (T)

	Case 4
	False (F)
	False (F)


TRUTH TABLE for the Conjunction: p and q.

	
	p
	q
	p ( q

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)
	False (F)

	Case 3
	False (F)
	True (T)
	False (F)

	Case 4
	False (F)
	False (F)
	False (F)


Conjunction: (In words) Alternatively, the conjunction is True only when both p and q are True and otherwise is False.

TRUTH TABLE for the Disjunction: p or q. 

	
	p
	q
	p ( q

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)
	True (T)

	Case 3
	False (F)
	True (T)
	True (T)

	Case 4
	False (F)
	False (F)
	False (F)


Disjunction: (In words) Alternatively, the disjunction is False only when both p and q are False and otherwise is True.

Table 6.2C - All possible cases for three statements

	
	p
	q
	r

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	True (T)
	False (F)

	Case 3
	True (T)
	False (F)
	True (T)

	Case 4
	True (T)
	False (F)
	False (F)

	Case 5
	False (F)
	True (T)
	True (T)

	Case 6
	False (F)
	True (T)
	False (F)

	Case 7
	False (F)
	False (F)
	True (T)

	Case 8
	False (F)
	False (F)
	False (F)


· You shall be able to determine the truth-value of a Compound Statement without grouping symbols given the truth-values of the logic variables. (EXAMPLE 1, 4(a)) [Problems 7 – 14, 29 – 32]

	Process to Determine to the Truth-Value of a Compound Statement Without Grouping Symbols

1. For the given problem, determine the list of logic variables associated with the given compound statement.

2. For each logic variable in the list from Step 1, determine whether it is True or False.

3. For each logic variable in the given compound statement, replace it with its truth-value determined from Step 2.

4. If any of the truth-values have a negation symbol (~) in front of them, negate that truth-value using the truth table for negation.

5. If necessary, determine whether the truth-values are combined using conjunction (() or disjunction (().  Use the appropriate Truth Table to determine the final truth-value of the given compound statement.


· 
 You shall be able to determine the truth-value of a Compound Statement with grouping symbols given the truth-values of the logic variables. (EXAMPLE 3, 4 (b), (c)) [Problems 15 – 18, 21 – 28]

	Process to Determine to the Truth-Value of a Compound Statement With Grouping Symbols

1. For the given problem, determine the list of logic variables associated with the given compound statement.

2. For each logic variable in the list from Step 1, determine whether it is True or False.

3. For each logic variable in the given compound statement, replace it with its truth-value determined from Step 2.

4. If any of the truth-values have a negation symbol (~) in front of them, negate that truth-value using the truth table for negation.

5. Look for the innermost grouping symbols, which for these problems are the parentheses.  Use the logic tables for conjunction (() or disjunction (() to determine the truth-value of what is inside the parentheses.  If there is a negation symbol in front of the parentheses, then negate your truth-value.

6. If the statement contains brackets [ ], then determine the truth-value of the statement appearing inside the brackets first, combining truth-values using conjunction (() or disjunction (().  If there is a negation symbol in front of the brackets, then negate your truth-value.


· You shall be able to determine the number of rows in the Truth Table for a given Compound Statement. (EXAMPLE 9) [Problems 37 – 42]

	Process to Determine the Number of Rows in a Truth Table

1. Determine how many different logic variables appear in the problem.  Let the number of different logic variables be the number n.

2. Then this logic statement having n distinct logic variables will have 2n rows in its truth table.



Order of Operations for Compound Statements

	The Order of Operations Agreement

Step 1
Perform all negations that correspond to a single logic variable.

Step 2
Perform operations inside grouping symbols, like parentheses (  ) and  brackets.  If a grouping symbol has a negation (~) on the outside, apply this negation to the truth-value of the final resultant truth value of the statement inside the grouping symbol.

Step 3
Do all connectives as they occur from left to right, using the concept of Dominance of Connectives (see below). The order should follow from least to most dominant.

Step 4
Your final answer occurs under the column associated with the most dominant logical connective.




· The concept of Order of Operations for Compound Statements works in a way similar to PEMDAS to determine the truth value of a Compound Statement

· Parentheses – Do these first working from the inner most set of parentheses to the outer most, using the order given in the Dominance of Connectives. 

· When no more Parentheses remain, use the Dominance of Connectives to evaluate the final result, which will occur by the most dominant connective.  Work the connectives ( and ( in the order that they appear, from LEFT to RIGHT, like you read a book.

Dominance of Connectives

	Least dominant
	1. Negation. ~
	Evaluate first

	
	2. Conjunction, (; Disjunction, (
	Evaluate second

	
	3. Conditional, (
	Evaluate third

	Most dominant
	4. Biconditional, (
	Evaluate last


EXAMPLES of Dominance of Connectives

	Statement
	Most dominant connective used
	Statement Means
	Type of Statement

	~p
	~
	(~p)
	Negation

	~p ( q
	(
	(~p) ( q
	Disjunction

	~p ( ~q
	(
	(~p) ( (~q)
	Conjunction

	p ( q ( r
	(
	p ( (q ( r)
	Conditional

	p ( q ( r
	(
	(p ( q) ( r
	Conditional


How to determine the number of rows in the Truth Table for a given Compound Statement

	Procedure to Determine the Number of Rows in the Truth Table

1. Count the number of distinct statements or logic variables, excluding negation in the given Compound Statement.  Let this number be the number n.

2. Then the number of rows in the Truth Table for this compound statement will be 2n.




EXAMPLE – Refer to EXAMPLE 9 in Section 6.2

· You shall be able to construct a Truth Table for a given Compound Statement. (EXAMPLE 6, 7, 8, 10)  [Problems 45 – 60]

How to construct a Truth Table for a given Compound Statement

This process involves two major steps:

Step 1 – Setting up the Truth Table for the given compound statement, and

Step 2 – Filling in the Truth Table for the given compound statement.

Setting up a Truth Table for a given Compound Statement

	Procedure to Set Up the Truth Table for a Compound Statement

1. Determine how many different logic variables (like p, q, r, s) that are contained in the given compound statement.

2. In the first row, form a column for each of the logic variables (like p, q, r, s).  Place these logic variables in alphabetical order, from left to right.  Next to this ordered list of logic variables, place the given compound statement.  Finally, underline the first row that you have written.

3. Determine the number of rows for the Ts and Fs, using the procedure called Procedure to Determine the Number of Rows in the Truth Table.

4. Take the answer from step 3 above for the number of rows, divide by two, and write that many Ts under the first variable.  The other half of the rows should be F.

5. For the next logic variable column, there should be an alternating pattern of Ts and Fs, but only half as many.  Keep repeating this process under successive columns until the pattern is T F T F T F, and so on.




Filling in a Truth Table for a given Compound Statement

	Procedure to Fill in the Truth Table for a Compound Statement

1. Use the procedure above to set up the Truth Table for the compound statement.

2. Substitute (plug in) the truth-value for each of the logic variables (like p, q, r, s) that are contained in the given compound statement, on a row by row basis.

3. Substitute (plug in) the truth value for each of the logic variables (like p, q, r, s) that have been negated, carefully changing the T values to F, and F values to T.   Do this under each column of the given compound statement, on a row by row basis.

4. Simplify what appears inside the parentheses, using the rules for Dominance of Connectives.  Note that negations that appear outside the parentheses are performed after the truth value of what appears inside the parentheses has been computed.
5. After you have computed the truth value of what appears inside all of the parentheses, then use the rules for Dominance of Connectives to complete the process of filling in the Truth Table.
6. The final answer appears in the column associated with the most dominant connective.






	A General Procedure for Constructing Truth Tables

1. Study the compound statement and determine whether it is a negation, conjunction, disjunction, conditional, or biconditional statement, as was done in Section 3.1.  The answer will appear under the ~ if the statement is a negation, under ( if the statement is a conjunction, under ( if the statement is a disjunction, under ( if the statement is a conditional, and under ( if the statement is a biconditional.

2. Determine how many different statements that you are given.  You need 1 column for each different statement (p, q, etc.).  Fill in the appropriate True (T) – False (F) values, depending upon whether you are given one statement (Table 6.2A), two statements (Table 6.2B), or three statements (Table 6.2C).

3. For each different statement that is negated (for example, ~p), add an additional column and negate the truth values from the its corresponding column which is not negated (for example, p).  Then copy these truth values as directed in step 4 below.

4. Complete the columns under the simple statements, p, q, r, and their negations, p, q, r, within the parentheses.  If there are nested parentheses (one pair of parentheses with another pair), work with the innermost pair first.

5. Complete the column under the connective within the parentheses.  You will use the truth-values of the connective in determining the final answer in step 5.

6. Complete the column under any remaining statements and their negations. Complete the column under any remaining connectives.  Recall that the answer will appear under the column determined in step 1.  If the statement is a conjunction, disjunction, conditional, or biconditional, you will obtain the truth-values for the connective by using the last column completed on the left side on and the right side of the connective.  If the statement is a negation, you will obtain the truth-values by negating the truth-values in the last column completed within the grouping symbols on the right side of the negation.  Be sure to circle or highlight you answer column or number the columns in the order they were completed.


Further Reading

The Language of Mathematics, Making the invisible visible. Devlin, K. 1998. New York: W. H. Freemand and Company. CHAPTER 2 – Patterns of the Mind. ISBN: 0-7167-3379-X

Mathematics, The Science of Patterns. Devlin, K. 1994. New York: Scientific American Library. CHAPTER 2 – Reasoning and Communicating. ISBN: 0-7167-6022-3

Ask Dr. Math - Archives

Negating Statements [10/27/1998] 

What is negation? What is a statement? How do you negate a statement? 

Negation in Logic [8/3/1996] 

What is the negation of “In every village, there is a person who knows everybody else in that village?” 

A False statement Implies Any statement [09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier? 

Which Twin is Telling the Truth? [3/2/1996] 

At a fork in a road are identical twins. One always lies and one always tells the truth, but you don't know which is which. If you could only ask one question to find out which way to go, what would it be? 

Mathematicians that developed Mathematical Logic 

Aristotle (384 – 322 BC)

Leonhard Euler (1707 – 1783)
George Boole (1815 – 1864)

Augustus De Morgan (1806 – 1871)

