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Section 3.1 – Statements and Logical Connectives 

Definitions and Terminology

· connectives (pg. 83) DEFINITION – A connective is a word or word phrase that connects two thoughts.  Examples of connectives are words such as and, but, or, if … then …, and neither … nor … which connect two thoughts or statements.

· exclusive or (pg. 83) DEFINITION – Given two thoughts A and B, if we say “A or B” in an exclusive sense, then either A will happen, or B will happen, but not both A and B at the same time.

· inclusive or (pg. 83) DEFINITION – Given two thoughts A and B, if we say “A or B” in an inclusive sense, then either A will happen, or B will happen, or both A and B will happen at the same time.

· statement (pg. 84) DEFINITION – A statement is a declarative sentence that can be judged as either true or false.

· simple statements (pg. 84) DEFINITION – A simple statement is a declarative sentence which does not contain any connectives that can be judged as either true or false.  Simple statements convey only one and only one idea.

· compound statements (pg. 84,85) DEFINITION – A compound statement is a sentence which does contain one or more connectives that can be judged as either true or false.  Simple statements convey more than one idea.

· negation (pg. 84,86) DEFINITION – The negation of a statement p, denoted ~p, is any statement with opposite truth values.

· quantifier(s) (pg. 84) DEFINITION – A quantifier is any word or word phrase that indicates the quantity associated with a statement.  Examples of quantifiers are: All; For all; For every; none (or no), some, There exists.  

· conjunction (pg. 86) DEFINITION – The conjunction of two statements p and q, denoted as p ( q, is true only when both p and q are true, and otherwise is false.

· disjunction (pg. 87) DEFINITION – The disjunction of two statements p and q, denoted as p ( q, is true when either p is true, q is true, or both p and q are true.  Alternatively, the disjunction is false only when both p and q are false, and otherwise is true.

· neither-nor (pg. 88) DEFINITION – The neither-nor of two statements p and q, usually read as neither p nor q, is denoted as ~p ( ~q.

· conditional statement (pg. 89) DEFINITION – A conditional of two statements p and q, denoted as p ( q, and is read as “if p, then q.”  The p is called the antecedent (the if part), and the q is called the consequent.

· antecedent (pg. 89) DEFINITION – The antecedent is the first part of a conditional statement.  In the conditional “if p, then q,” the antecedent is the statement p.

· consequent (pg. 89) DEFINITION – The consequent is the second part of a conditional statement.  In the conditional “if p, then q,” the antecedent is the statement q.

Concepts

· Statements and Types of Statements: Simple; Compound; and Quantified

· Negating simple and compound statements

· Negating quantified statements

· Writing statements symbolically

· Changing symbolic statements to words

Negating Simple Statements

· For any statement p, ~p represents the negation of p, and contains the opposite Truth Value of the statement p.

· For any statement p, ~(~p) = p.

· NOTE: A method to detect incorrect negations is to check the truth value.  A negation must have the opposite truth value from the original statement.

	Statement
	Truth Value
	Negation of Statement
	Truth Value

	“The sky is purple.”
	False
	“The sky is not purple.”
	True

	“The sky is not purple.”
	True
	“The sky is purple.”
	False

	“Giraffes are not short.”
	True
	“Giraffes are short.”
	False

	“Giraffes are short.”
	False
	“Giraffes are not short.”
	True


· For any statement p, ~p represents the negation of p, and contains the opposite Truth Value of the statement p.
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Negating Statements [10/27/1998] 

What is negation? What is a statement? How do you negate a statement? 

Negating Compound Statements

· Warning!! You do not negate a Compound Statement the same manner as negating a simple statement.

· When translating between symbolic statements and words, look for the following phrases: “It is not the case that …” or “It is not true that …”, where the “…” is the compound statement.

Quantified Statements

Quantifiers are used extensively in mathematics to indicate how many cases of a particular situation exist.

· Universal quantifiers (pg. 84) DEFINITION – Statements that contain the words all, for all, for every, each, every, everybody, no, nobody, and none are called universal quantifiers.

- The words all, for all, for every, each, every, and everybody, indicate that in EVERY case the situation or condition exists.

- The words no, nobody, and none indicate that in NONE of the cases the situation or condition exists.  That is, the situation or condition NEVER exists.

· Existential quantifiers (pg. 84) DEFINITION – Statements that contain the words some, and there exists are called existential quantifiers. 

- Notice that the word “exists” is contained within the word existential.  For a situation or condition to exist, it MUST OCCUR AT LEAST ONCE. 

Negating Quantified Statements

· Warning!! You do not negate a Quantified Statement in the same manner as negating a simple or compound statement.

	Form of Statement
	Form of Negation

	All subject are …
	Some subject are (do) not …

	No (or none) subject are …
	Some subject are …

	Some subject are …
	No (or none) subject are …

	Some subject are (do) not …
	All subject are …


Negation in Logic [8/3/1996] 

What is the negation of “In every village, there is a person who knows everybody else in that village?” 

A False statement Implies Any statement [09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier? 

Dominance of Connectives

Table 3.1
Dominance of Connectives

	Least dominant
	1. Negation. ~
	Evaluate first

	
	2. Conjunction, (; Disjunction, (
	Evaluate second

	
	3. Conditional, (
	Evaluate third

	Most dominant
	4. Biconditional, (
	Evaluate last


EXAMPLES of Dominance of Connectives

	Statement
	Most dominant connective used
	Statement Means
	Type of Statement

	~p
	~
	(~p)
	Negation

	~p ( q
	(
	(~p) ( q
	Disjunction

	~p ( ~q
	(
	(~p) ( (~q)
	Conjunction

	p ( q ( r
	(
	p ( (q ( r)
	Conditional

	p ( q ( r
	(
	(p ( q) ( r
	Conditional


Mathematical Notation or Symbols

	Symbol
	Page
	Read
	Meaning

	p, q, r
	86
	
	Statements

	~p
	86
	“Not”
	Negation (not p)

	p ( q
	86
	“And”
	Conjunction (p and q)

	p ( q
	87
	“Or”
	Disjunction (p or q)

	p ( q
	89
	“If-then”
	Conditional (If p, then q)

	p ( q
	90
	“If and only if”
	Biconditional (p if and only if q), means If p, then q and If q, then p.


Further Reading

The Language of Mathematics, Making the invisible visible. Devlin, K. 1998. New York: W. H. Freemand and Company. CHAPTER 2 – Patterns of the Mind. ISBN: 0-7167-3379-X

Mathematics, The Science of Patterns. Devlin, K. 1994. New York: Scientific American Library. CHAPTER 2 – Reasoning and Communicating. ISBN: 0-7167-6022-3
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Negating Statements [10/27/1998] 

What is negation? What is a statement? How do you negate a statement? 

Negation in Logic [8/3/1996] 

What is the negation of “In every village, there is a person who knows everybody else in that village?” 

A False statement Implies Any statement [09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier? 

Which Twin is Telling the Truth? [3/2/1996] 

At a fork in a road are identical twins. One always lies and one always tells the truth, but you don't know which is which. If you could only ask one question to find out which way to go, what would it be? 

Mathematicians that developed Mathematical Logic 

Aristotle (384 – 322 BC)

Leonhard Euler (1707 – 1783)
George Boole (1815 – 1864)

Augustus De Morgan (1806 – 1871)




Section 3.2 Truth Tables for Negation, Conjunction, and Disjunction

Definitions and Terminology

· negation (pg. 84,86) DEFINITION – The negation of a statement p, denoted ~p, is any statement with opposite truth values.  In other words, if p is a true statement, then ~p is a false statement, and if p is a false statement, then ~p is a true statement.  This is summarized in Table 3.2.

· conjunction (pg. 86, 96) DEFINITION – The conjunction p ( q is true only when both p and q are true, and otherwise is false. This is summarized in Table 3.4.

· disjunction (pg. 87, 99) DEFINITION – The disjunction, p ( q, is true when either p is true, q is true, or both p and q are true.  Alternatively, the disjunction is false only when both p and q are false and otherwise is true. This is summarized in Table 3.7.

Mathematical Notation or Symbols

	Symbol
	Page
	Meaning

	p, q, r
	2.1A
	Statements

	~p
	86
	Negation (not p)

	p ( q
	86
	Conjunction (p and q)

	p ( q
	87
	Disjunction (p or q)

	p ( q
	89
	Conditional (If p, then q)

	p ( q
	90
	Biconditional (p if and only if q), means If p, then q and If q, then p.


Concepts

Table 3.2 - Negation

Truth Table for the Negation of p  

   not p
	
	p
	~p

	Case 1
	True (T)
	False (F)

	Case 2
	False (F)
	True (T)


 

 Example: See EXAMPLE 3, Section 3.2, page 108.
Table 3.3A - All possible cases for one statement

	
	p

	Case 1
	True (T)

	Case 2
	False (F)


Table 3.3 - All possible cases for two statements

	
	p
	q

	Case 1
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)

	Case 3
	False (F)
	True (T)

	Case 4
	False (F)
	False (F)


Table 3.3B - All possible cases for three statements

	
	p
	q
	r

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	True (T)
	False (F)

	Case 3
	True (T)
	False (F)
	True (T)

	Case 4
	True (T)
	False (F)
	False (F)

	Case 5
	False (F)
	True (T)
	True (T)

	Case 6
	False (F)
	True (T)
	False (F)

	Case 7
	False (F)
	False (F)
	True (T)

	Case 8
	False (F)
	False (F)
	False (F)


Table 3.4 - Conjunction

Truth Table for the Conjunction of p and q

p and q
	
	p
	q
	p ( q

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)
	False (F)

	Case 3
	False (F)
	True (T)
	False (F)

	Case 4
	False (F)
	False (F)
	False (F)


Example: See Section 3.2, EXAMPLE 1 page 96, and EXAMPLE 2 page 97



Table 3.6 - Disjunction

Truth Table for the Disjunction of p or q

p or q
	
	p
	q
	p ( q

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)
	True (T)

	Case 3
	False (F)
	True (T)
	True (T)

	Case 4
	False (F)
	False (F)
	False (F)


Example: See Section 3.2, EXAMPLE 3 page 99, and EXAMPLE 2 page 97
	A General Procedure for Constructing Truth Tables

1. Study the compound statement and determine whether it is a negation, conjunction, disjunction, conditional, or biconditional statement, as was done in Section 3.1.  The answer will appear under the ~ if the statement is a negation, under ( if the statement is a conjunction, under ( if the statement is a disjunction, under ( if the statement is a conditional, and under ( if the statement is a biconditional.

2. Determine how many different statements that you are given.  You need 1 column for each different statement (p, q, etc.).  Fill in the appropriate True (T) – False (F) values, depending upon whether you are given one statement (Table 3.3A), two statements (Table 3.3), or three statements (Table 3.3B).

3. For each different statement that is negated (for example, ~p), add an additional column and negate the truth values from the its corresponding column which is not negated (for example, p).  Then copy these truth values as directed in step 4 below.

4. Complete the columns under the simple statements, p, q, r, and their negations, p, q, r, within the parentheses.  If there are nested parentheses (one pair of parentheses with another pair), work with the innermost pair first.

5. Complete the column under the connective within the parentheses.  You will use the truth values of the connective in determining the final answer in step 5.

6. Complete the column under any remaining statements and their negations. Complete the column under any remaining connectives.  Recall that the answer will appear under the column determined in step 1.  If the statement is a conjunction, disjunction, conditional, or biconditional, you will obtain the truth values for the connective by using the last column completed on the left side on and the right side of the connective.  If the statement is a negation, you will obtain the truth values by negating the truth values in the last column completed within the grouping symbols on the right side of the negation.  Be sure to circle or highlight you answer column or number the columns in the order they were completed.


Further Reading

The Language of Mathematics, Making the invisible visible. Devlin, K. 1998. New York: W. H. Freemand and Company. CHAPTER 2 – Patterns of the Mind. ISBN: 0-7167-3379-X

Mathematics, The Science of Patterns. Devlin, K. 1994. New York: Scientific American Library. CHAPTER 2 – Reasoning and Communicating. ISBN: 0-7167-6022-3
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Introduction to Logic and Truth Tables [09/27/2000] 

I can't figure out the p and q thing. Can you explain what they are and how operations like "AND" work? 

Constructing Truth Tables [11/03/2000] 

How can you make a truth table for the expression p v (p ^ ~q)? 

8th Grade Logic [12/15/1994] 

Why in a conditional statement if the "p" in the hypothesis is false, is the entire statement then true? Why isn't it undecided? Why do you use the symbols p and q for logic statements? 

A False statement Implies Any statement [09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier?




Section 3.3 Truth Tables for the Conditional and Biconditional

Definitions and Terminology

· conditional statement (pg. 84,86) DEFINITION – The conditional statement If p, then q, denoted p ( q, is true except when p is a true statement and q is a false statement.  This is summarized in Table 3.12.

 Example: See Section 3.3, EXAMPLE 1, page 106, and EXAMPLE 2 & 3  page 107.
Mathematical Notation or Symbols

	Symbol
	Page
	Read
	Meaning

	p ( q
	89
	“If-then”
	Conditional (If p, then q)


Concepts

Table 3.12 - Conditional

Truth Table for the Disjunction of p or q

If p, then q
	
	p
	q
	p ( q

	Case 1
	True (T)
	True (T)
	True (T)

	Case 2
	True (T)
	False (F)
	False (F)

	Case 3
	False (F)
	True (T)
	True (T)

	Case 4
	False (F)
	False (F)
	True (T)


Further Reading

The Language of Mathematics, Making the invisible visible. Devlin, K. 1998. New York: W. H. Freemand and Company. CHAPTER 2 – Patterns of the Mind. ISBN: 0-7167-3379-X

Mathematics, The Science of Patterns. Devlin, K. 1994. New York: Scientific American Library. CHAPTER 2 – Reasoning and Communicating. ISBN: 0-7167-6022-3
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A False statement Implies Any statement [09/25/1997] 

Do you know any ways to make learning and remembering quantifiers and laws of inference easier? 

Ask Dr. Math: FAQ – Liars and Truthtellers 

What statement should the princes ask? 

A princess visits an island inhabited by two tribes. Members of one tribe always tell the truth, and members of the other tribe always lie. 

The princess comes to a fork in the road. She needs to know which road leads to the castle so as to avoid the fire-breathing dragon and rescue the prince from the wizard holding him captive in the castle. (Although the princess doesn't know it, the south road leads to the castle and the north road leads to the dragon.) 

Standing at this fork in the road is a member of each tribe, but the princess can't tell which tribe each belongs to. What question should she ask to find the road to the castle? 

