Version 1.0
4.4 Arithmetic in Different Bases
4-4.3

4.4 Arithmetic in Different Bases
Section Objectives:

· You shall be capable of computing the sum of numbers in base two, eight and sixteen. (EXAMPLE 1) [Problems 1 – 9]

· You shall be capable of computing the difference of numbers in base two. [Problems 10 – 18]

· You shall be capable of computing the product of numbers in base two. (EXAMPLE 1) [Problems 22 – 24]

· You shall be able to define and give examples for the following mathematical terminology: 

Definitions and Terminology

· octal (pg. 193) DEFINITION – The octal numeration system is a base 8 number system, where the place values are all powers of 8: …, 85, 84, 83, 82, 81, 80, and the digits in the system are 0, 1, 2, 3, 4, 5, 6, and 7.
· binary numeration system (pg. 194) DEFINITION – The binary numeration system is a numeration system where the place values are all powers of 2: …, 25, 24, 23, 22, 21, 20, and the digits in the system are either 0 or 1.

· bits (pg. 194) DEFINITION – The digits (either 0 or 1) in the binary numeration system are called bits, for binary digits.

· hexadecimal system (pg. 194) DEFINITION – The hexadecimal (or hex) numeration system is a base 16 number system, where the place values are all powers of 16: …, 165, 164, 163, 162, 161, 160., and the digits in the system are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, and F. Refer to Table 4.6 on page 195.

Mathematical Notation or Symbols

	Symbol
	Section
	Meaning

	btwo
	4.3
	The digits are in base 2, and should be either 0 or 1.  This is a binary number.

	beight
	4.3
	The digits are in base 8, and should be 0 through 7.  This is an octal number.

	bsixteen
	4.3
	The digits are in base 16, and should be 0 through 9 or A, B, C, D, E, F.  This is an hexadecimal number.


Addition in Different Bases
Binary Addition

BASE 2 - BINARY (Digits are {0, 1})

The base TWO (BINARY) addition table.

	(
	0
	1

	0
	0
	1

	1
	1
	10


Means:
0 ( 0 = 0



0 ( 1 = 1



1 ( 0 = 1



1 ( 1 = 10

EXAMPLE 1 - Add Base Two Numerals

Find the sum of 11110two and 1011two.

Add the Ones Position

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	
	
	
	
	
	1


Add the Twos Position (with carry)

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	1
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	
	
	
	
	0
	1


Add the Fours Position (with carry)

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	1
	1
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	
	
	
	1
	0
	1


Add the Eights Position (with carry)

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	1
	1
	1
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	
	
	1
	1
	0
	1


Add the Sixteens Position (with carry)

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	1
	1
	1
	1
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	
	0
	1
	1
	0
	1


Add the Thirty-Twos Position

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	1
	1
	1
	1
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	1
	0
	1
	1

	
	1
	0
	1
	1
	0
	1


The sum of 11110two and 1011two is 101101two.

EXAMPLE A - Add Base Eight Numerals

Find the sum of 75625eight and 2634eight.

BASE 8 - OCTAL (Digits are {0, 1, 2, 3, 4, 5, 6, 7})

The base EIGHT (OCTAL) addition table.

	(
	0
	1
	2
	3
	4
	5
	6
	7

	0
	0
	1
	2
	3
	4
	5
	6
	7

	1
	1
	2
	3
	4
	5
	6
	7
	10

	2
	2
	3
	4
	5
	6
	7
	10
	11

	3
	3
	4
	5
	6
	7
	10
	11
	12

	4
	4
	5
	6
	7
	10
	11
	12
	13

	5
	5
	6
	7
	10
	11
	12
	13
	14

	6
	6
	7
	10
	11
	12
	13
	14
	15

	7
	7
	10
	11
	12
	13
	14
	15
	16


Add the Ones Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	
	
	
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	
	
	
	
	
	1


Add the 8s Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	
	
	
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	
	
	
	
	6
	1


Add the 64s Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	
	
	1
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	
	
	
	4
	6
	1


Add the 512s Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	
	1
	1
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	
	
	0
	4
	6
	1


Add the 4096s Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	1
	1
	1
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	
	0
	0
	4
	6
	1


Add the 32768s Position

	
	32768s
	4096s
	512s
	64s
	8s
	1s

	Carry
	1
	1
	1
	
	1
	

	
	
	7
	5
	6
	2
	5

	(
	
	
	2
	6
	3
	4

	
	1
	0
	0
	4
	6
	1


The sum of 75625eight and 2634eight is 100461eight.

EXAMPLE B - Add Base Sixteen Numerals

Find the sum of BAB2sixteen and 475sixteen.

BASE 16 - HEXADECIMAL 

(Digits are {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F})


The base SIXTEEN (HEXADECIMAL) addition table.

	(
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F

	0
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	A
	B
	E
	D
	E
	F

	1
	1
	2
	3
	4
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10

	2
	2
	3
	4
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11

	3
	3
	4
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12

	4
	4
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13

	5
	5
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14

	6
	6
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15

	7
	7
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16

	8
	8
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17

	9
	9
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18

	A
	A
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19

	B
	B
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	1A

	C
	C
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	1A
	1B

	D
	D
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	1A
	1B
	1C

	E
	E
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	1A
	1B
	1C
	1D

	F
	F
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	1A
	1B
	1C
	1D
	1E


Subtraction in Different Bases

· We will only discuss subtraction in base 2 (binary).

· Refer to the Excursion on Page 212 and 213.

· The only subtraction method to be learned is the one presented in the Excursion on Page 212 and 213.

Excursion – Subtraction in Base Two via the Ones Complement

· Refer to the Excursion on Page 212 and 213.

	Digit
	Nines complement

	0
	1 ( 0 = 1

	1
	1 ( 1 = 0


	Subtraction by Using the Ones Complement and the End-Around Carry
To subtract a base two number from a larger base two number:

1. Add the ones complement of the subtrahend (bottom number) to the minuend (top number).

2. Take away 1 from the leftmost digit and add 1 to the units digit.  This is referred to as the end-around carry procedure.


EXAMPLE C - Subtract Base Two Numerals

Find the difference of 1101two and 1001two. See Page 212.

The following example shows how to use the ones complement procedure to perform a subtraction in base two.

Original
   1101two
Minuend

Problem
( 1001two 
Subtrahend


   1101two




( 0110two 
Take the ones complement of the subtrahend
Add

 10011 two


   10011 two


( 10000two 
Take away 1 from the leftmost bit



      0011 two


      0011 two


(     1two 
Add 1 to the ones bit



       100 two
EXAMPLE D - Subtract Base Two Numerals

Find the difference of 1010110two and 11001two. See Page 212-13.

Multiplication in Different Bases (Base Two)

BASE 2 - BINARY (Digits are {0, 1})

The base TWO (BINARY) multiplication table.

	(
	0
	1

	0
	0
	0

	1
	0
	1


Means:
0 ( 0 = 0



0 ( 1 = 0



1 ( 0 = 0



1 ( 1 = 1

EXAMPLE E - Multiply Base Two Numerals

Find the product of 1110two and 10two.

Multiply by the Ones Position

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	
	
	1
	0

	
	
	0
	0
	0
	0
	0

	
	
	
	
	
	
	


Multiply by the Twos Position

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	
	
	1
	0

	
	
	0
	0
	0
	0
	0

	
	1
	1
	1
	1
	0
	


Add everything above the Underline

	
	Thirty-Twos
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	

	
	
	1
	1
	1
	1
	0

	(
	
	
	
	
	1
	0

	
	
	0
	0
	0
	0
	0

	(
	1
	1
	1
	1
	0
	

	
	1
	1
	1
	1
	0
	0


The product of 1110two and 10two. is 111100two.

EXAMPLE F - Multiply Base Two Numerals

Find the product of 1010two and 101two.

Multiply by the Ones Position

	
	64s
	32s
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	
	

	
	
	
	
	1
	0
	1
	0

	(
	
	
	
	
	1
	0
	1

	
	
	
	
	1
	0
	1
	0

	
	
	
	
	
	
	
	


Multiply by the Twos Position

	
	64s
	32s
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	
	

	
	
	
	
	1
	0
	1
	0

	(
	
	
	
	
	1
	0
	1

	
	
	
	
	1
	0
	1
	0

	
	
	
	1
	0
	1
	0
	


Multiply by the Fours Position

	
	64s
	32s
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	
	

	
	
	
	
	1
	0
	1
	0

	(
	
	
	
	
	1
	0
	1

	
	
	
	
	1
	0
	1
	0

	
	
	
	1
	0
	1
	0
	

	
	
	1
	0
	1
	0
	
	

	
	
	
	
	
	
	
	


Add everything above the Underline

	
	64s
	32s
	Sixteens
	Eights
	Fours
	Twos
	Ones

	Carry
	
	
	
	
	
	
	

	
	
	
	
	1
	0
	1
	0

	(
	
	
	
	
	1
	0
	1

	
	
	
	
	1
	0
	1
	0

	
	
	
	1
	0
	1
	0
	

	(
	
	1
	0
	1
	0
	
	

	
	1
	0
	0
	0
	1
	1
	0
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