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HOW TO SOLVE IT

Problem Solving Strategies

Most of the material presented in these notes refers back directly (or indirectly) to the work of George Polya (1887-1985).  To learn more about Polya, click here.

	Polya's Four-Step Process for Problem Solving

1. Understand the problem.  You cannot solve a problem if you do not understand what you are asked to find.  The problem must be read and analyzed carefully.  You will probably need to read it several times.  After you have done so, ask yourself, "What must I find?"

2. Devise a plan.  There are many ways to attack a problem and decide what plan is appropriate for the particular problem you are solving.  See the list headed "Suggested Problem-Solving Strategies" for a number of possible approaches.

3. Carry out the plan.  Once you know how to approach the problem, carry out your plan.  You may run into "dead ends" and unforeseen roadblocks, but be persistent.  If you are able to solve a problem without a struggle, it isn't much of a problem, is it?

4. Look back and check.  Check your answer to see that it is reasonable.  Does it satisfy the conditions of the problem?  Have you answered all the questions the problem asks?  Can you solve the problem a different way and come up with the same answer?



	Suggested Devising a Plan Strategies

Make a table or a chart.


If a formula applies, use it.

Look for a pattern.



Work backward.

Solve a similar simpler problem.

Guess, check, and revise.

Draw a sketch, picture, or diagram.

Use trial and error.

Use inductive reasoning.


Use common sense.

Write an equation and solve it.

Look for a "catch" if an answer seems too

Restate the problem.




obvious, or impossible.

Eliminate impossible situations.

Use deductive reasoning.







Polya's Four-Step Process for Problem Solving
1. Understand the problem.  

· What information is being given?

· Is it clear to you what is to be found?

· Do you understand the terminology used in the problem?

· Is there enough information?  

· Is there irrelevant information?

· Are there any restrictions or special conditions to be considered?

· Is there any information that is implied but not specifically stated?

2. Devise a plan.  (See Plan Strategies above, or Problem Solving Strategies.doc)

· How should the problem be approached?

· Does the problem appear similar to any others you have solved?

· What strategy might you use to solve the problem?

3. Carry out the plan.  

· Apply the strategy or course of action chosen in Step 2 until a solution is found or you decide to try another strategy.

· Keep in mind that more than one strategy may be needed to solve a given problem. 

4. Look back and check.
· Is your solution correct?

· Do you see another way to solve the problem?

· Can your results be extended to a more general case?




	First
	UNDERSTANDING THE PROBLEM

	You have to understand the problem.
	What are you given?  What is the unknown?  What are the data?  What are the conditions and/or restrictions?  What are the dimensions and/or units?

Is it possible to satisfy the condition (all of the information given)?  

Is the condition or restriction sufficient to determine the unknown?

Is the condition or restriction insufficient to determine the unknown?

Is the condition or restriction redundant to determine the unknown?

Is the condition or restriction contradictory to determine the unknown?

Draw a figure.  Introduce suitable notation.

Separate various parts of the condition?  Can you write them down?


	Second
	DEVISING A PLAN

	Find the connection between the data and the unknown.

You may need to examine auxiliary problems if an immediate connection can not be found.

You should eventually obtain a plan for the solution to the problem.
	Have you seen it before?  Or have you seen the same problem in a slightly different form?

Do you know a related problem?  Do you know a mathematical fact, statement, formula, or theorem that could be useful?

Look at the unknown!  And try and think of a familiar problem having the same or similar unknown.

Here is a problem related to yours and solved before.  Could you use it?

Could you use its result?  Could you use its method?  Should you introduce some auxiliary element in order to make its use possible?

Could you restate the problem?  Could you restate it still differently?  Go back to definitions.

If you cannot solve the proposed problem try to solve first some related problem. Could you image a more accessible related problem?  A more general problem?  A more special or specific problem?  An analogous problem?  Could you solve part of the problem?  Keep part of the condition, and drop the other part; how far is the unknown then determined, how can it vary?  Could you derive something useful from the data?  Could you think of other data appropriate to determine the unknown?  Could you change the unknown or the data, or both if necessary, so that the new unknown and the new data are nearer to each other?  Did you use all of the data?  Did you use the whole condition?  Have you taken into account all essential notions of the problem?




	Third
	CARRY OUT THE PLAN

	Carry out your plan.
	Carrying out your plan of the solution, check each step.

Can you see that each step is correct?  Can you prove that it is correct?


	Fourth
	LOOK BACK

	Examine the solution obtained.
	Can you check the result?  Can you check the argument?

Can you derive the result differently? Can you see it at a glance?

Can you see the result, or method, for some other problem?

Does your result seem reasonable?





	Problem solving strategy
	This strategy may be appropriate when

	Make a table or a chart
	· Information can be easily be organized and presented.

· Data will be generated.

· You want to list the results obtained by using Guess and Test.

· You are asked "in how many ways" something can be done.

· You are trying to learn about a collection of numbers or figures generated by a rule or formula.

	Look for a pattern
	· A list of data is given.

· A sequence of numbers or figures is involved.

· Listing special cases helps you to deal with a complex problem.

· You are asked to make a prediction or a generalization.

· Information can be expressed and viewed in an organized manner, such as in a table.

	Solve a similar simpler problem
	· The problem involves complicated computations.

· The problem involves very large or very small numbers.

· A direct solution is too complex.

· You want to gain a better understanding of the problem.

· The problem involves a large array or diagram.

	Draw a sketch, picture, or diagram
	· A physical situation is involved.

· Geometric figures or measurements are involved.

· You want to gain a better understanding of the problem.

· A visual representation of the problem is possible.

	Use inductive reasoning
	· When you are going from the specific to the general.

	Write an equation and solve it
	· Used quite often when solving word problems, problems involving formulas, and problems where you wish to solve for an unknown variable.

	Restate the problem
	· Use definitions

· Restate what is given and what you wish to find in your own words

· Restate the problem using variables for the unknown

· Restate the conditions or constraints

· Restate the problem in mathematical language

	If a formula applies, use it
	· Used quite often when solving application or word problems.

	Work backwards
	· Used when the final answer is given and what you wish to find can be derived from the final answer by working the problem backwards.


	Problem solving strategy
	This strategy may be appropriate when

	Guess, check, and revise.
	· There is a limited number of possible solutions to test.

· You want to gain a better understanding of the problem.

· You have a good idea what the solution is.

· You can systematically try possible solutions.

· You choices have been narrowed down by first using other strategies.

· There is no obvious strategy to try.

	Use trial and error
	· When there are a small number of cases to be considered.

	Use common sense
	· When reviewing all of the information given in the problem

· When verifying that your answer seems reasonable

	Look for a "catch" if an answer seems too obvious, or impossible
	· When looking back and checking your work
· When none of the other strategies are working and the problem seems “hard”

	Use a variable
	· A phrase similar to "for any symbol" is present or implied.

· A problem suggests an equation.

· A proof or a general solution is desired.

· There are a large number of cases.

· A proof is required in a problem involving numbers.

· An unknown quantity is related to known quantities.

· There are infinitely many numbers involved.

· You are trying to develop a general formula.

	Eliminate impossible situations
	· You organize the given data and eliminate impossible situations by looking at what is given and any constraints

· Sherlock Holmes said, “When you have eliminated all which is impossible, then whatever remains, however improbable, must be the truth.” -- "The Blanched Soldier"

	Use deductive reasoning
	· When you are going from the general to the specific.




Examples of Problem Solving Strategies

From “Mathematical Ideas with Appendices,” 8th Ed., by Charles D. Miller, Vern E. Heeren, & E. John Hornsby, Jr., Addison-Wessely, Copyright 1999. ISBN: 0-201-63640-9

· Make a table or a chart.  See Example 1 in Section 1.3, page 22.

· Look for a pattern. See Example 5 in Section 1.3, page 25.

· Solve a similar simpler problem. See Example 5 in Section 1.3, page 25.

· Draw a sketch. See Example 6 in Section 1.3, page 26.

· Use inductive reasoning.  xxxx

· Write an equation and solve it.  xxxx

· If a formula applies, use it.  xxx

· Work backward.   See Example 2 in Section 1.3, page 23.

· Guess and check. See Example 4 in Section 1.3, page 24-5.

· Use trial and error. See Example 3 in Section 1.3, page 24.

· Use common sense. See Example 7 in Section 1.3, page 27.

· Look for a "catch" if an answer seems too obvious, or impossible.  xxxx

Click on any of the links below for more examples to solve problems:

· Problem Solving Strategies, from MATHCOUNTS, at http://www.mathcounts.org/
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