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Introduction
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Mathematical Definition of
a Random Process (1/2)
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Mathematical Definition of
a Random Process (2/2)
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Stationary Processes (1/2)
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D FX(t1+r),~-~,X(tk+r)(X1"“’ Xk) = FX(tl),-~~,X(tk)(Xl’“" Xk)
OAp g i R BAPHPEFR A 15 > f 2L {p i >
AR EAT Bt P G AR P S 7
[ Jointly strictly stationary: X(t), Y (t) s— &= 5§ 4% 5% e
;55 ISR R S I R Y 2= 2 T
[ Stationary X(t) # * F# &
0 Fro®)=Fun(X) =F () : Stationary“g %8 £2.2_ % — ¥ &
S0 fic A AP R pE R
[ FX(t)X(t)(X X,) = Fxo.xa, t)(x X,): Statlonary'&iﬁﬁﬁﬁ\ gl i
LS B R AP RS LR L
1-6/34




Stationary Processes (2/2)
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Mean, Correlation, and
Covariance Functions (1/5)
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Mean, Correlation, and

Covariance Functions (2/5)

[1Properties of the autocorrelation function
OF] 2 Ap RTEFRF AL > #7170 R(@) =E[X(t+1)X (1)]
O01=07 @ X(t)=35= & : Ry(0)=E[X%(1)]
0 = i st Rx(T) EX(tH+T)XOIFEXO)X(HT)]=Rx(-T)
08+ & A120 : [Ry(T)|SR(0) > T-Ry(0)<R,(T)<R,(0)
E[(X(t+T1)x X (1)°]= E[X (t+7)]£ 2E[X (t +T) X (t)] + E[X *(t)] = 2R, (0) £ 2R, (1) = 0
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Rapidly fluctuating
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Mean, Correlation, and
Covariance Functions (3/5)

[1EXx 1.2 Sinusoidal wave with random phase
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Mean, Correlation, and
Covariance Functions (4/5)
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Mean, Correlation, and
Covariance Functions (5/5)

[1Cross-correlation functions

(] Ry () = EIX ()Y ()], Ry (1) = E[gR(t)(i( S;)] .
[1Correlation matrixR(t,u)=%Yxx(t’1u) RXYY(L’U) e o R0
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O— dezbim Sificr » 222 RBEL B B 3 ¢
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[1EXx 1.4 Quadrature-modulated processes
[ X,(t) = X (t) cos(2rit +©), X, (t) = X (t)sin(2rf .t +©) » @~[0,2717]
OR,(1)=-R,(T)sin(2tf.T)/2 (1.23)
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Ergodic Processes
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Transmission of a Random Process
Through a Linear Time-Invariant Filter
[1Mean
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Power Spectral Density (1/6)
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Power Spectral Density (2/6)

[1Properties of the power spectral density
(] Einstein-Wiener-Khintchinef# % :rx@ - sx(f)
L] Property 1:s, (o) :fm Ry (T)dT

(1 Property 2E[x ] =R, (0)=[ s, (Nai (X % © 5 F)
[0 Property 3: Sy (f)=0 » #12AfS, (f.)=E[Y?2(t)]=0:"

SEE
[ Property 4: Sy (f)=Sy(-f) » §1* Ry(1)=Ry(-1)
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Power Spectral Density (3/6)

[1EX 1.5 Sinusoidal Wave with Random Phase

OX(t)= Acos(ZT[f t+0©) » OL[-TLTY » Rx () =4 cos(ericr)
[l sx(f>——[6(f f)+3(f+f)] » H > 5 #& 5 A?2/2

[1Ex 1.6 Random Binary Wave B2, frieT

Ry (1) =

01/0%* 4=ty 5 +Al-A > 3. é“fﬂ;—F'&Tmnf ﬁ,,ﬁ 0. |TRT
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Power Spectral Density (4/6)

[1EX 1.7 Mixing of a Random Process with a
Sinusoidal Process
(R 47 r4p 3k @ Y (H)=X(t)cos(2rdf t+ ©) » Of- 32
LERERALLEFERFEZLES
[ Ry (1) = LRy (1) cos(27f1), Sy (f) =Z[Sx(f o) +Sx (F+ I & &)
[1Relation among the power spectral densities
of the input and output random processes
Sy(f)= [ Ry@exp(-j2rinydr = [ [ [ h(T)h(ro)Ry (T =13 +77) exp(- j2rir)dnydr,de

=H(FH ()Sx (F) = H(F) > Sx (f)
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Power Spectral Density (5/6)

[IRelation among the power spectral density and
the magnitude spectrum of a sample function
O #% BBk &0 Bic 2 Founerﬁ%#ﬁ X(1.T) = [ ) exp(-j2ritct

21TJ' X(t +7)x(t)dt o i|X(f T)| (,;; L?& ) %# %ﬁz)

[J Periodogram E|X(f T)Jr RPEEY UF :‘ﬁ;gﬁp Moo fe 4 BRI
[]Rx (1) = I|m R, (T,T) = I|m 1 x(t+r)x(t)dt- Ilmj’ —|X(f T)| exp(Janr)df

O Permdogram%ﬁm 71 4z{fx ST R L AR - 5

OB-Hp 3 Ep ¥ 113 4

Ry () = E[Ry (1)] :Tlilan’_oow%EﬂX(f T lexp(i2rtrydf = [ @rlijrlw%E[|X(f,T)|2]§exp(j2nfr)df
O % s 1@ Sx(f):TIijnw%E[|X(f,T)|2]
[1Cross-spectral densities
[ Rxy (1) « Sxy (F).Ryx (1) « Syx (f) 5 Sxy ()Svx () A — F_H_F #c

[0 sxv (D=8 (=) =8 (1) (F] Ry (1) =Rex (1)) 1-19/34

Power Spectral Density (6/6)

[1Example 1.8: X(t), Y(t) zero mean, stationary
HZ(t)=X0)+Y () B'] Rz tu) =Ry (t.u) +Ryy (t.u) +Ryx (t,u) +Ry (t,u)
&= X(1),Y ()~ B & stationary r; @) =Ry () +Ryy @) +Rex (1) +Ry (1)
[ Sz (£)=Sx () +Sxy (f)+Syx (f)+Sy (f)
[ & X(1),Y(t)uncorrelated:sz (f) =sx (f)+Sy (f)» F]Sxy () =0,Syx (f) =0

[ = % i zero mean, stationary, uncorrelated s1%g % 1§ #%.
Z_feehizs b e EENER NP AE 2% }i’\’f?

O Example 1.9: V(H)=X(t)*h,(t), Z()=Y (t)*h,(t)
L Rz )=V Oz@I= [ 7 W@ (0o)Rxy (t=11,u=15)dnid1,
DX(t), Y(t)ﬁ?ﬁﬁ é\» Stationary E'J Ryz (T):I_o:oﬁ;hl(rl)hz(rz)ny (T -11+15)d1d7
I B~Fourierf® 3 B s, (H=r(HH3(Hsy () (1 * = 1.57 7
;}j;:rﬁ)
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Gaussian Process (1/3)
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O EeX(t) iz isfic s 3 8T8 % 39:
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Gaussian Process (2/3)

[1Central limit theorem
Eﬁﬁ—%ﬂm&Mij%ﬂY:HXwﬁiiim:ﬁiﬂ
07 £ &z T“—' D NZg ~ pF o V383TN(0,1)
( & VN—;X » P AE T N(Nu, Nax))
[1Properties of a Gaussian process
[IProperty 1: % *—“Tﬂih] - e S éiﬂ % B BT
[1z= I gy ()Y (t)dt = f ay (t)J' h(t-7)X (7)ddt
—J’O X(r)er’O gy ()h(t-1)dt = Lg(r)X(r)dr

0% - 2 &2 L%
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Gaussian Process (3/3)

[JProperty 2: X(t) Gaussianf] H B~4k % 5% & B #7
O pdfd py, =EIXE)]E Cy (1) = E[(X(t) leak))(X(t) Hy )]
T N :_:"fxl,»».,fn(xli )_ 21T n/2A1/2 p)%_ (X ) 1(X )E
Ov s i 15 @t g asse X0 **’Y(t) SRR
R FHBREELEL LML
O H pdfay 2 E[(X() - /Jx(t))(Y(uk) /Jy(uk))] Ryy (& Uk) Hiy o,y My )

[1Property 3:% = stationaryp] = SS (¢ + # &)
OProperty 4:3 B~k 57 18 % % %ﬁi 57 AP
(CELOX (4) = )Y W) — iy 1 =0, %K) B & 3 AP &
Dn#g%’ﬁ%udeWmMA=#~aﬁemH (x- ) (x- ﬁ

— - 1 (Xi _.Ui)2 _r — (X %
=exp[[] (-39 K00 =[] £, 00) =[]=
D d I':‘I D 270, 23/34

Noise (1/6)
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Noise (2/6)

N(t)

O[0,f]54 2 e F #eN() e
0 g 1 640, ) 5 - P e | —
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O[tt+t] p enE + kv o
3 — | |

OENV]=Aty » A% 0t iz 2 i 5 o

O v=N(t+t,)-N(t) 5 Poisson 4 f# T T C

T 3o &3, o= o

| | | |

| | | |

O =k = A s [Levtg] i o 21kip enighs f
OX()Himendi 32 5 k> 56 Bh 4o
REE=NN =/\J’_Zh(t)dt
O p 4p % £ #(Campbell’sz_32)c, (1) :/\fwh(t)h(tﬂ)dt
O%h() 5 25k » RIFA > HFEREET > B0 3T
AAPREd (- %"AZ(T-ITI), ITI<T > )25 48 02 B)1.7
0

0 [T|=T
1-25/34

Noise (3/6)

[1Thermal noise
T FETERP T TS
O #dg wAFHzZP > 255 & T IR ohmsz #jesn & R Vo
volts » H 35 (& E[VZ,]=4kTRAf VOIts?
* OT: 8 %8 & > k5 Boltzmann’s # #1.38x102 j/°K
OTheveninZE »c ¢ i & 2 T IERZ TR E 573 B E[VA]
00 Norton % »z ¢ B :E[13,]=E[V/, J/R? = 4kTGAf amps? » 7 #G=1/R
COFTEN 7382 520 > 27 4TI > #5220
e g B4 T
51D 20 OF @ e s & =KTAf
Ofx# 5L P ERZT R B 51§ {7
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Noise (4/6)
[1White noise

O30 % vt 247 % * fL G 0 fest e 22
OO x5 FHAE 3 2 RS, (f)z%é"f A 5T 4p ik
% D"llﬁ‘:?w j\E]WJc ’“‘T}a Q%ﬁﬁjgii
ENGEW/HZ)=KT, © $fidp il 305 Sodefc B endig »
O s} PRI R R G- SRIIEFLL K SR :",é; S
F

Fu

\\\

Ry ) - ‘fu”r’ﬁ e RA 2 ARl o F 8k S lidp &
v, B AR wﬂ'x Rw(r)— 2(r) 1 ¥ w1=07% O(t) 0 HAAE E
2 Dwﬁf*%li"wl’ﬁﬁkﬁﬂa%«?"**‘ﬂ’rﬂ L R L SRR
B #rie2n & & randomness
Oﬁﬁl-’—’]a:% p#‘xq ,r‘t-’ramp;l#é_
OBl i 8 8 o 500t ftgs kstena 41 o
O4cke deltad #ic e 5014 % se 47 0 F 555 PO Bk sed i B dioc %k
Ok o 5L JRU e 5 a4 20 f e 1 R %sril,:’sr.%%
—@ﬁi—.‘» |2 #E‘.FTL
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[1EX 1.10 Ideal low-pass filtered white noise
Sy(f) ‘\D 02 v ;&;% H Ié ‘H;F' ”E 53 2R NO/2
2 MMl BAELT 2B ) BRil
I ﬁ%l Ay 32 n(t) et S8 2 B R S (F) = rect(s
O p 4p B S0 B R (1) = N,Bsinc(2BT)
[] rHi%, ,,? ® 87> "L’r"/ﬂis?l“" 7 5 B 27(% #rproperty 1)
o’ R[i-(rJ ! D?”"*f/ZBB"ﬁ’V’B}fFFﬁ@ Bl ¥ FH % 4p B
Vo8 O~ 5 % & #7003 4p ik - RI% & pdf=1& =|pdfak f#
0= i B~k 2 mean=0, variance(=correlation)=N,B (7
¥ 8 4B & pdf)
//\ /\l\
3 1 1 0 1 1 3
28 B 28 E\/ﬁ 28
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Noise (6/6)

[1Ex 1.11 Correlation of white noise with a
sinusoidal wave
CAp B0 B AT W) 2 7 5O 3 & No/2
B3 21T cos(2rt.t) » ﬁ;‘] 4 pw(t)—\/ﬁ [, W) cos(2rf tydt
O FW()#= =0 » #7 1 W’(t)fnfa G

OW ()chp 4p % R Bcd ¢ ek, 5 UT sl
Cy (t,1,) = EW' (W' (¢, )]:AITI R, (t,,1,) COS(27E.t,) cos(27d.t, )dtdt,

=t zJ— J‘ o(t, —t,) cos(27f t,) cos(2rf t,)dt,dt,

= ZJ' cos’ (27t t,)dt, =
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Narrowband Noise
(320 % Secndsfc BF * 34 75 4 AT

Sy(f)

J\

~f.-B ~f. —f.+B 1-30/34




Representation of Narrowband Noise in Terms

of In-phase and Quadrature Components (1/2)
O =2

O % #2an() ™ w400 % ng() # 5 #4255

[J Analyzer £ Synthesizer Lo —( = e

OnM2 N & #ir &3 Fp TR
On(t) 2 ng(t):=1E & 0 Q ? ﬂ?* e
On() 5 & 270 BIn(0) 2 ng(t) 5 5 23 2+

0 #n(t) = stationary » AIn(t) % ny(t) = % & stationary

On®F no)s A% & (4 445 B) % 5 Syf-f)+Sy(F+f), -
B<f<B; 0, otherwise. S\ (f)#z # % f-B<|fi< f+Br f>B

Ony(t) % n(t) % £ B2 n(t)4e FF o2 =Rr(0) = [S(f)df

Ont) 2 no(t) 2 = #E3% % & 5 i BoSun, (1)=-Sngn, (1) = IS (F + o) =S (f - )]
-B<f<B; 0, otherwise

On(t) % & 272 SyOFAE, 0 BIN® 2 ng(®)3 4 i
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Representation of Narrowband Noise in Terms
of In-phase and Quadrature Components (2/2)

[JEx 1.12 ldeal band-pass filtered white noise
Ov 3 #rfem3oi@0 - % FHAE 3 2 A N2
O+ B ale F il F o 8 d 4o B

O p 49 B < e & Ry (1) = NoBsinc(2B1)[exp(- 27 T) +exp(j 27 T)] = 2NoBsinc(2B7) cos( j2ri.T)
] n,(t),nQ(t)ﬁﬂ;’] AP B S0 Bc ¢ Sn(f) - Sy, (). Sy, (f) — Ry, (1) =Ry (7) = 2NgBsinc(2B7)
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Representation of Narrowband Noise Iin
Terms of Envelope and Phase Components
LIn(t)=r(t)cos[2Ttf .t+Y(t)]
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Sine Wave Plus Narrowband Noise

D x(t) = Acos(27ft) +n(t) = nj (t) cos(27ect) — ng (t) sin(27d ct), where nj (t) = A+n, (t)
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