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Abstract — In this paper we propose a novel algorithm for
non-square meshes. In best of our knowledge all algorithms that
have been proposed till now, are all for square and
non-rectangular meshes. We did several experiments for
different defect rates for different Crossbars sizes. The new
effective technique will provide cost free big square or
rectangular circuits. The use of rectangular meshes allows us to
construct the cost free circuits in the high defect rate conditions.
The savings in yield may reach 1000% or even 3000% in some
cases.

I. Introduction

As lithography-based silicon VLSI technology is expected
to reach its limit, nanotechnology-based fabrication is
emerging as an alternative. It is estimated that molecular
electronics can achieve very high densities (10'* devices per
cm?®) and can operate at very high frequencies (of the order
of THz) [1]. Several successful nano-scale electronic devices
have been demonstrated by researchers, some of the most
promising being carbon nanotubes (CNT) [2], silicon
nano-wires (NW) [3,4], and quantum dot cells [5].

It has been shown that using self-assembly techniques, it is

possible to overcome certain technological limitations posed
by lithography for the smallest feature size [2]. Due to
fabrication regularity imposed by the self assembly process,
only regular structures such as 2-D crossbars can be built.
Several architectures based on crossbars are under
investigation [7]. The crossbar plays the key role in these
architectures, as it can be used as programmable logic array
(PLA) planes and interconnects.
Hewlett-Packard has recently fabricated 8 X 8 crossbar
switches using molecular switches at the crosspoints [6].
They observed that only 85% of the switches were
programmable while the other 15% were defective. Such high
defect rates, fault-tolerance methods have to be employed.
Various research groups are working on problems related to
defect tolerance in nanotechnology [7-14].

A simple calculation shows that even a moderate sized
crossbar with a high defect rates would have at least one
defect on each of its nanowires. Discarding all parts with any
defects is not cost-effective any more as the yield hit will be
substantial, resulting in very high production costs. Therefore,
we need to learn how to bypass these defects to make
computation possible. Given a desired crossbar, our approach
is to get a minimum-cost crossbar size that can be used to
construct a defect-free subset, connecting such subsets
together using the technique described in [22]. Given a
defective crossbar, we need to maximize the defect-free area

and use it to its maximum potential while reducing the yield
loss and increasing the profit.

The rest of the paper is organized as follows. Section II
reviews the previous approaches. A new algorithm is
proposed in Section III, results and cost analyses are depicted
in Section IV. Finally, Section V concludes the paper.

I1. Previous Work

Various nano-wire and switch faults were studied in [7]
and their impact on the routability of a crossbar was
investigated. A crossbar with faults can still be used as a
smaller crossbar with reduced functionality; i.e., a smaller
defect-free crossbar. Simulation results for the impact on the
routability of the crossbar for various nano-wire and switch
faults have been shown.

Another problem related to mapping on crossbars is dealt
with in [8]. Given a defective crossbar with a set of functions
to be implemented on it, a mapping of functions to the output
wires is to be found. This problem is solvable in polynomial
time using bipartite matching algorithms [17]. The running
time of the algorithm is determined by the time required to
construct the bipartite graph model of the crossbar. So, in [8],
a greedy algorithm based on probabilistic methods is given to
avoid the construction of the bipartite graph model of the
crossbar. Hence, the time complexity of the algorithm is
reduced by trading off its accuracy.

2.1 Defects-Unaware Design Flow

In [12], a novel defect-unaware design flow, for mass
production of crossbar-based logic circuits, was proposed.
The aim of the flow model was to design logic circuits on
defective crossbar, say of size N X N. The main idea in this
defect-unaware flow model was to assume that there was a
k x K crossbar (k < n), which is completely defect free and
proceed with the logic and architecture design. Finally, we
map the design onto the defective crossbar. Hence, only the
final step in this flow model is defect-aware. The entire model
depends heavily on the statistical data relating n, k and the
defect rate of the fabrication process. There are requirements,
advantages and disadvantages of this flow model.

2.1.1 Requirements
a) A mapping
largest K x K defect-free crossbar in a Nxn
defective crossbar. This problem reduces to the

algorithm for locating



maximum balanced bipartite sub graph problem in

the representative graph of the N X N crossbar.
b) If the defect-unaware flow requires a
P X P defect-free crossbar and if the defect rate of

the fabrication process is known to be d%, the size
of the defective crossbar, say MXM , to be
manufactured to guarantee that can fulfil the design
requirements. Hence, value of m will depend not
only on the defect rate, but also on the efficiency of
the proposed mapping algorithm.

c) Statistical data for m; i.e., for a M XM crossbar
with d% defect rate, the mapping algorithm should
consistently produce crossbars of size not less
than px p .

2.1.2 Advantages
a) In conventional design model, the logic and design
steps are customised on per chip basis based on the
defect map. But, in this flow model, it’s universal for
all the chips manufactured, as all the chips are

assumed to be built on a KxK defect-free
crossbar (k < n).

b) The conventional defect map is to enumerate all the
defective crosspoints. Hence, the size of the
conventional defect map is O(n?). While, the new
defect map stores only the information as to which k
of the n rows form the rows of the defect-free

k x K crossbar and which k of the n columns form

the columns of the defect-free K xK crossbar.
Hence the size of the new defect map is 2k which
can be utmost 2n. Hence, the size of the new defect
map is O(n).

2.1.3 Disadvantages
a) Outofthe (n - k)x (n - k) cross points which are

being neglected, many of them may be working.
These working crosspoints are not being used.

The exact algorithm for solving the maximum balanced
bipartite subgraph problem as given in [12] takes exponential
time. It becomes completely intractable for crossbars of size
64 and larger. So, in [12], comparison of exact algorithm and
proposed Algorithm could be done only for 16x16 and 32x32
crossbars with defect densities up to 30%.

The algorithm given in [12] constructs the bipartite
complement of the representative graph, and then tries to
achieve the approximate maximum independent set of the
bipartite complement.

For this, the heuristic given is to remove nodes with the
highest degree. To keep the resulting bipartite graph almost
balanced, the algorithm alternates between U and V while
removing the nodes. Hence, the biclique returned from the
algorithm has a maximum difference of 1 between the sizes of
the two partitions. Notice that working with the complement
graph means that the edges represent defective switches. So,
the target is to achieve the largest edge-free subgraph
possible.

I11. Rect Algorithm

We propose a greedy algorithm for the maximum balanced
bipartite sub graph problem for minimum cost. Our aim is to
make the bipartite complement of the representative graph
(the equivalent of the graph representing the faults) edge-free,
by removing the same number of nodes from each of the
partitions of the graph. The number of nodes removed should
be as low as possible, for the algorithm to be close to optimal.
Initially, we tried to approximate this problem by solving the
unbalanced version, which is solvable in polynomial time.
We solved the unbalanced version using the Hungarian
algorithm [21] which as a by-product produces the maximum
independent set of a bipartite graph. Now if the biclique

found out by the Hungarian algorithm was of sizeU xV , we
gave the solution to the Balanced Complete Biparite Sub
graph problem as min(‘U ,[\/|)>< minQU ,[\/|) biclique.

But, this approch did not give any improvement over the
previous results known [12].
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Figure 1: 2x4 Crossbar with defects
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Figure 2: Representative graph of crossbar in Figure 1



Rect Algorithm, Function Biclique (G(U,V,E))

1. Obtain G(U,V,E}E =K, —E

ULV

2. {Find the maximum independent set in 6 }
3. U« @,V° « ¢, flag < TRUE
4. repeat
5. UP«U"Y{ulueU,d(u)=0},U «U-U"
6. VPV Y{v|iveU,d(v)=0LV «V V"
7. if flag then
8. venode in V with minimum degree
9. foreach UeU do
. . . . 10. w(u)<0
Figure 3: The bipartite complement of Figure 2 11. end for
Conceptually, Algorithm in [12] tries to reduce the number 12. for each V'€V such that d( ) . d( ) it
of edges in the graph, while our Algorithm tries to reduce the 13. foreach U €U such that ( )
degree of the least-degree nodes in a partition.
Given the complement graph which represents the o W(U) «d (U)H
defective switches, our heuristic is to remove the node 15. end for
adjacent to maximum number of minimum-degree nodes in 16. e[‘d for . . '
the other partition. As an example, consider the bipartite 17. w’«—node in U with maximum w
graph in Figure 4 to be the complement graph (the graph 18. U «U - {U'}
representing the defects). " AN A
Now, if we had to remove a node from the left partition, 19. foreach V" €V such that (U Vv )e E do
Algorithm in [12] would remove E since they have the 20. d(v"): d(v")—l
highest degree of 3 in the left partition. But, our Algorithm 21. end for
would remove F, since it is the node with the highest degree 27, else
and connected to a node with the minimum degree node on 23. u<node in U with minimum degree
the I‘lgh'F pal’tlthl’l. (in th1§ case A). As soon as F is removed, A 24. foreach veV do
can be included in the independent set, while removal of E
. . . L . 25. w(v)<0
does not immediately result in a node being included into the 26. end for

independent set.
P 27. foreach U’ €U such that d(u) = d(u’) do

28. foreach V€V such that (U',V) e E do
29. W(V) < w(v)+1

30. end for

31. end for

32. v’«<—node in V with maximum w
\ 33. V <V -{v'}

34. foreach U”" €U such that (U",V')E E do
35. d(u”)=d(u")-1

36. end for

37. end if

38. flag « —flag
39. until U= or V=0
40. return U® xV° as the maximum biclique
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As in Algorithm in [12], the bipartite complement is
Figure 4: Bipartite graph constructed and then we alternate between U and V to remove



A node in each iteration and add the nodes with zero degree
into our biclique. But, we choose the node to be deleted
according to the weight, w. As an example, if we want to
remove a node from partition U, we initialize w of all the
nodes in U to be zero. Then we get the least degree in the
other partition V, say p. Now, for each vertex V€V with
degree p; i.e., d(v)=p, we increase the weight of all the
neighbours of v by 1. Now we delete the node with the highest
weight in U. Similarly, in the next iteration we delete a node
from V and so on until at least one of U or V is empty.

In our, Rect Algorithm the bipartite complement of the
representative graph is constructed (line 1). A flag is
maintained to alternate between U and V. If we suppose that
the flag is true, a node is then to be deleted from U based on
the weight w. First, a node with the least degree in V is
chosen, say V (line 8). Now, the weight w for all the nodes in

U is made 0 (lines 9-10). Now, for all the vertices v eV
with degree equal to that of v, the weight of all the neighbours

of V'is increased by 1 (lines 12-14).

Now, the vertex with maximum w in U, say U' is selected
to be deleted (lines 17-18). The degrees of the neighbours of

U are adjusted accordingly (lines 19-20). The flag is negated
(line 38). When flag is false, a node is to be deleted from V in
the same way as was done for U. Finally, when at least one of
U or V is empty, the biclique is returned.

IV. Cost Analysis

The way that nanocircuits are fabricated is described in
[22]. Smaller crossbars are assembled together to create a
bigger circuit. For a given number of inputs and outputs we
analyze different configurations to achieve the minimum cost
given a defect rate. For example a 20x20 circuit may be
implemented using 16 of 5x5, 4 of 10x10 etc. Using our
approach this can be done using 4 of 5x20 or 8 of 5x10 etc.
Firstly we analysed the yield loss using square meshes and
then we compared the results with our approach with different
configurations. In Table 1 one can see the results of the
analysis using algorithm [12] for producing big circuits using
square meshes for defect rate 5%. The yield loss is calculated
using formula (1)

Table 1: Yield Loss using different Nano-block sizes using
square crossbars (5% defect rate)

Nano-block
Size(k-k) 5 10 |15 [ 20 |25 |30 |40

Min.
Required 8 |18 |28 |40 |54 |70 | 110
size(N-N)
Yield lost
(%)

0 |25 |36 |56 |8l |226| 285

Yield loss % :nz+2—100 (1)
k 2

-2
ki
Where k1 is the desired nano-block, N, is the minimum
sized nano block required to produce K, , K, is the next

desired nano-block and N, the minium sized nanoblock

required to produce k2 . (Note that in formula one we
calculate the defect rate of different square meshes.)

In figure 5 one can see the yield loss while creating a 20X40
chip using a 5x5(less expensive using algorithm in [12]),
10x10 and 20x20 crossbar meshes and our technique using
various non-square meshes in 5% defect rate.

(k, *k,)*n**100

Yield loss % = 5
(n, *n,)*k

~100 @)

Where N, * N, is the minimum sized nano block required
to produce |(a * kb mesh size and N is the minimum

desired nano-block mesh required to produce K size meshes.
It is important to note that this formula is desired circuit size
free. The reason that we are using 20x40 circuit in the
requirements is to restrict the number of available mesh sizes
produce by our algorithm.

140

I 510
1700 I 1020

Yield Lost

5x8 10x10 20x20
Different mesh sizes

Figure 5: Yield loss using Non-Square meshes in 5%
defect rate

It is known that with the advent of new technology the
defect rate is high, In table 2 we are presenting an analysis for
the yield loss in different defect rates using only square
meshes. Formula (1) was used to calculate the yield loss.



Table 2: Yield Loss using different Nano-block sizes and
different defect rates

Defect Rate
K 15% 20% 25%

n % n % n %
5 10 |0 12 |0 14 |0
10 28 | 196 | 37 | 238 |57 | 314
15 57 361 |98 | 741 178 | 1796
20 119 | 885 | 199 | 1718 | 528 | 8889

In figure 6 and figure 7 we are creating a 20x40 circuit
using different squarer meshes from table 2 and compared to
5x10 and 10x20 respectively.
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Figure 6: Yield Lost using different square meshes over
5x10 mesh
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Figure 7: Yield Lost using different square meshes over
10x20 mesh

V. Conclusions

An effective technique to reduce chip size and improve the
yield in nanotechnology circuits is proposed. Using the

proposed technique yield loss will be decreased significantly.
A reduction of 120% was shown in 5% defects per chip. In
higher defect rates our approach may achieve a reduction in
lost yield more than 3000% (figure 6) using 5x10 mesh and
more than 1000% using 10x20 mesh.
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Figure 8: nanoFabric Layout [23]
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