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A new simple analytical approximation for calculations of the short-
range order parameters and their Fourier transform in disordered bi-
nary alloys with a Bravais crystal lattice and with atomic interactions
of arbitrary effective radius of action is proposed. On the basis of the
comparison with the Monte Carlo simulation data, the high numerical
accuracy of approximation is demonstrated and it is shown that this
accuracy turns higher with the increase of the effective radius of atomic
interactions. The developed approach may be also followed in studies
of magnetics within the framework of the Izing model, of fluids and
amorphous materials within the lattice gas model as well as in investi-
gations of the low-dimension lattice systems. © 1998 Elsevier Science
Ltd
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Currently, there exist a number of analytical ap-
proaches for calculations of the short-range order
parameters in disordered (i.e. without a long-range
order) binary alloys (for overview see Refs 1-5). One
of the comparatively simple in a practical imple-
mentation but methodologically consistent approach
is based on the joint application of the thermo-
dynamic perturbation theory and the fluctuation
method [1-4, 6-9]. The important advantage of such
approach is the potentiality of taking into account
the long-range contributions into atomic interactions
without a sizeable complication of a consideration.
By now, the essential disadvantage of the joint ap-
plication of the thermodynamic perturbation theory
and the fluctuation method in alloy studies lies in tak-
ing account of only the finite (as a rule small) number
of terms in a perturbation series under the choice of
the inverse temperature as a small parameter of expan-
sion, whereas the convergence of this series is relatively
weak. At the same time, the considerable progress in
the development of the thermodynamic perturbation
theory within the Izing model was achieved in the
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works of Brout [10-13], where the possibility of ana-
lytical summation of the infinite number of terms that
mainly contributes into the corresponding series was
demonstrated in the realistic case of long-range atomic
interactions. In this case, the value reciprocal to the
effective radius of atomic interactions was chosen as
a small parameter of expansion. However, such ap-
proach has not found the deserved applications in al-
loy studies, and nothing more than two corresponding
works [14,15] are familiar to us.

Besides, thus far, the thermodynamic perturbation
theory was applied in alloy studies within the frame-
work of the canonical ensemble only. At the same
time, it is known [16,17] that, within the approximate
methods (unlike the rigorous ones), the step from the
canonical ensemble to the grand canonical one may
ensure the rise of the numerical accuracy of calcula-
tions of thermodynamic characteristics. Moreover, as
a result of such step, one may expect the rise of the
accuracy of the thermodynamic fluctuation method
itself, because, within the grand canonical ensemble,
the fluctuations of the occupation probabilities for the
different sites of an alloy crystal lattice are not con-
strained by the requirement of the constancy of the
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total number of alloy atoms and, hence, these fluc-
tuations are absolutely independent of one another.
Thus, within the grand canonical ensemble, the neces-
sary condition of the usability of the thermodynamic
fluctuation method [18] is satisfied in contradiction to
the case of the canonical ensemble, when the above-
mentioned requirement takes place.

The aim of the present study is to propose the new
analytical method for calculations of the short-range
order parameters in disordered binary alloys with a
Bravais crystal lattice based on the joint application
of the thermodynamic fluctuation method and pertur-
bation theory within the grand canonical ensemble,
adopting the inverse effective radius of atomic inter-
actions as a small parameter of expansion.

In general case, within the framework of the lattice
gas model, the hamiltonian H of a two-component A—
B alloy with a Bravais crystal lattice and with atomic
interactions of less than or equal to the second order
can be written in the following form [19,20]

H= Nvo+@zCR+ 12 > V-, C,Cr,-
RiLR;

(1

In (2.1): vg is the energy per site of alloy in which all N
sites are occupied by B-sort atoms; & is the potential
of the injection of an A-sort atom into a crystal lattice
site {the unary mixing potential); Vg, -, is the binary
mixing potential;

@

Co = 1,if an A —sort atom is at site R
R = 10, otherwise ’

the summations on the vectors R, R; and R; are car-
ried over all crystal lattice sites. The expression for the
grand thermodynamic potential Q of the system in
question may be presented in the following form [21]

Q=00—-kzTInAT + AQ, €))
where
Qo =N (vo— ), @)
Q= -kgT
X In <exp [— (2/’{,:3T)_1 Z WR,_RZCR,CR2}>,
Ry, R;
&)
Wr,-Rr, = Vr;-r, + UOR, R, )
p=2(®— pa +ps), g

ta and pp are the chemical potentials of A- and B-sort
atoms, respectively, T is the absolute temperature, kz
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is the Boltzmann constant, the sign {...) means the sta-
tistical average over all states with given values of the

long-range order parameters, 0g, g, is the Kronecker’s
delta,

InAl =

— > [PrIn P+ (1 - Pp)In (1 - PR)], (8)
R

Pr={Cr) ®

and is equal to the probability of finding an A4-sort
atom at the site R. Notice that the values of the chem-
ical potentials ua and pp and, therefore [see (6,7)], the
value of yt must satisfy the general thermodynamic re-
lationships [18]

NA = - (aQ/auA)T, NB = — (EQ/auB)T (10)

According to the general approach of the thermo-
dynamic perturbation theory [3,10-13,22,23], the ex-
pression {5) for AQ may be expanded in a cumulant
series in powers of the inverse temperature. Following
to the Brout’s [10-13] approach, let us select the con-
tributions Q© and Q' to the cumulant expansion
from the summands proportional, respectively, to ze-
roth and first powers of the quantity z~!, where z is
the number of sites within the imaginary shell whose
radius is equal to the effective radius of interatomic
interactions

QO = Q0 +1/2 Z W, -r, P, Pr, — kT In AT, (11)
R,R;

QU =172 [(~ksT)* (n+ 1]

n=0
X Z WR;—-R: WRz;Rs"' WRn-H -R
Ri,Ry,...,Rpu
n+l o o .
X []Pr (1-Pr). (12

i=1
In the case of the disordered state of alloy, when Pg =
¢ = Na/N for any R, we have
Q(O) =09+ NCZWR=0/2
+ NkgT lelne+{(1-c)In{1 -¢)], (13)

Q® = kT2 {1+ Fhe (1= 0/ ksT)], (14)
k

where
Wi =W +u (15)
Ve = Vrexp (—ikR) (16)
R

is the Fourier transform of the mixing potential V'r
and the summation on k is carried over all the points
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Fig. 1. The dependencies of the short-range order parameters for the first four coordination shells of the f. c. c.
crystal lattice on the reduced temperature obtained within the framework of the Monte Carlo method MO),
Krivoglaz-Clapp-Moss formula (KCM) as well as approximations (17) and (18) at ¢ =0.25, ¥; > 0, V; = 0
(s >2) and (a) V2 = 0, (b) ¥2 = —0.5V) (¥ is the mixing potential for the s-th coordination shell).

specified by the cyclic boundary conditions in a corre-
sponding first Brillouin zone. Note that the analogous
to (14) expression was firstly obtained by Brout[11-13]
(see also [15,24-27)).

Applying the thermodynamic fluctuation method
[1-4, 18] to the expressions for Q@ and Q©@ + QO
and using (10), we obtain, respectively, two following
approximate expressions

-1

ol® = [1 +Whell=c)/ (kBT)] ) 7

(18)

for the Fourier transform o of the short-range order
Warren—Cowley parameters og [28]

o = Z o exp (—ikR),
R

—~ -1
o) = [1+F et -1 tsD)]

(19)

ok, = ((Cr,Cr,) = ) [e(1 =017 (20)

and

I=N'S[1+Whet-0/D], @D
q
ress g (1=20)°
ko TR T kT
ey c(l—c)~]“
XN %quk_q[n o
c(l-¢)ny ]‘1
x[1+——kBT Wi-q| - 22)

In both expressions (17) and (18), u is the quantity
to be found from the equation

N1 P =1, (23)
q
at i=1 and 2, respectively. Notice that the expression
(17) is identical to the well-known expression obtained
within the spherical model [11-13,26,27,29-31].
To study the numerical accuracy of the derived ap-
proximations, in Fig. 1(a,b) the dependencies of the
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SRO parameters for the first four coordination shells
of the f. c. c. crystal lattice on the reduced tempera-
ture that were calculated by use of the equations (17)
and (18) as well as through the Monte Carlo simula-
tions {21, 32] and within the widely used Krivoglaz-
Clapp-Moss [1,2, 6, 33, 34] approximation are plotted
at ¢=0.25. The temperature interval [ Tp, 273] was con-
sidered (7p is the temperature of the order—disorder
phase transition) and pair atomic interactions for one
[Fig. 1{a)] or two [Fig. 1(b)] nearest coordination shells
were taken into account.

From Fig. 1, accepting the results of the Monte
Carlo simulations as a standard, one may conclude
that the approximation (18) demonstrates the highest
numerical accuracy of results, which considerably rises
when the pair atomic interactions on the second co-
ordination shell are taken into account (i.e. with an
increase of the characteristic radius of atomic interac-
tions). Note that in Ref. {21] the more complete study
of the numerical accuracy of derived approximations
is performed and the same conclusions are reached.

The above study of the numerical accuracy of the ap-
proximations elaborated in present paper testifies that
comparatively simple analytical approximation (18)
may be recommended for description in a wide tem-
perature interval of SRO parameters in actual alloys
for which the long-range contributions into atomic in-
teractions are typical (for review see [21]). It is no-
table that within the framework of this approximation,
the effective radius of atomic interactions is not lim-
ited a priori (as, for instance, within the Monte Carlo
and cluster-variation methods), since for correspond-
ing calculations it is necessary to know the Fourier
transform of interatomic potentials.

Owing to the equivalence of the two-component
lattice gas and Izing models [13], the obtained results
may be also used in a research of magnetics. The ab-
sence of a priori assumptions about the space dimen-
sionality of a crystal lattice in the developed formalism
permits readily to apply it in investigations of low-
dimension lattice systems, as well. The approximation
elaborated in the present work may be also useful in
the investigations of fluids and amorphous materials
within the framework of the lattice gas model {13].
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