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Within the framework of the static concentration wave method by means of the geometrically complete
procedure a number of new types of ordered substitutional structures with the stoichiometric structural
formulac AB, AB,, and A,Bs, as well as of corresponding isomorphic interstitial structures, A, X, ALX,
and A X, (A.B, and X arc the types of atoms situated at sites and interstices, respectively) are
established that complete the list of all thermodynamically stable with respeet to the violations of
macroscopic homogeneity (Lilshitz) ordered structures arising from the disordered state of f.e.c. and
b.c.c. binary solid solutions.

B pamkax MCTOJA CTATHHCCKHX KOHICHTPAIHOHHBIX BOJIH € MOMOULIO FCOMCTPHUCCKH TLOJIHOH
HPONCAYPbE YCTAHOBICH PSJE HOBBIX THIOB YHOPANOUCHHLEX CTPYKTYP 3UMCIICHAS CO CTEXHOMETPHYE-
ckumu CrpykTyprevu dopmyiamu AB, ABy u ABs. o marke H3oMOpQIBIX UM CBCPXCTPYKTYD
prejpenus, Ay X, Ay X AgX; (A, B u X~ THIBL ATOMOB HA YBJIAX H B MEXIOY3IIHSIX, COOTBCTCTBCHHO),
KOTOPBIC AOTOJHIIOT W, B PE3YJBLTATE, ALATOT MCUCPIUBIBAIONM CIHCOK BOCX TEPMO/IHHAMHUCCKH
YCTORUYMBBIX O OTHOMIEHHIO K HAPYIICHHIO MAKPOCKOIHYECKOR OMHOPONHOCTH (JTudmnesekux)
CBCPXCTPYKTYD, 00PASYIOIHXCH U3 HCYHOPHAOUCHIOTO COCTORHMA B OHHAPULIX TBCP/LIX PACTBOPAX
¢ MUK 1 OUK KpHCTAIUIMUCCKUMU PEHIETKAMHU.

1. Introduction

The statistical description of structures with long-range order in solid solutions can be
reduced to setting up Fourier series of one-particle distribution functions [1 to 6]. Therewith,
the problem arises to determine the wave vectors over which the summation in these series
is to be carried out.

Lifshitz [7], considering (within the Landau [8] approach) the symmetry aspect of the
problem of structural phase transformations of second order, demonstrated the peculiar
feature of the structures characterized by basis functions of irreducible representations (of
the space symmetry group of the system at the point of the phase transformation) which
correspond to the stars of wave vectors whose symmetry groups contain symmetry clements
(from the crystal class of that space group) intersecting at one point. 2} Only such structures can
be thermodynamically stable with respect to violations of the macroscopic homogeneity ( Lifshitz
criterion). This determines the importance of {inding the Lifshitz structures. By means of

') Akad. Vernadsky Blvd. 36, 252 180 Kicv, Ukrainc.

%) The first Brillouin zone points corresponding to such wave vectors arc usually termed the
high-symmetry or Lifshitz points as far as thesc wave vectors themselves and the superstructures
corresponding to them (see Section 2) arce usually termed Lifshitz vectors and Lifshitz superstructures,
respectively.
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the group representation method seven types of such ordered structurcs which can arise
from the disordered state of the binary solid solution were found in the case of f.c.c, three
in the case of b.c.c., and three in the case of h.c.p. crystal lattices. Therewith, the Landau
condition [8] for phase transformations of second order consisting in the absence of the
cubic summands in the expansion of the free energy (in terms of the long-range order
parameters) was imposed.

Khachaturyan [2 to 4] proved the applicability of the Lifshitz criterion to the case of struc-
tural phase transformations of first order and proposed the static concentration wave method
for the description and finding of superstructures. Therewith, in the framework of this method
three types of Lifshitz superstructures were found in the case of b.c.c. solid solutions and one
in the case of f.c.c. solid solutions in addition to the ones obtained by Lifshitz.

In [9, 10] the group-theory approach to the analysis of the possible types of ordering in
solid solutions was developed. Within this approach two more types of superstructures in
the case of b.c.c. solutions were found in [11].

In the present paper within the framework of the static concentration wave method by
means of the geometrically complete procedure new types of Lifshitz superstructures arising
from the disordered state of binary solid solutions with f.c.c. and b.c.c. crystal lattices are
found, settling the problem of such structures.

2. The Procedure of Superstructure Finding

It is suitable to present the function which characterizes the space symmetry of the system
under consideration as a series over the functions realizing the irreducible representations
of the space group G, of the system at the point of phase transformation [7, 8, 12]. Therewith,
to every irreducible representation (excluding the unity one) its own long-range order
parameter is matched up. Non-zero values of these parameters make the corresponding
lowering of the space symmetry of the system available.

In the framework of the lattice gas model let us describe the space symmetry of the
atomic distribution in a binary solid solution by the function P(R), which means the
probability of finding the impurity atom*) at the corresponding crystal lattice position with
radius vector R. Let the set of all positions R form some Bravais lattice and the group G,
be the space group of this lattice.*) In this case the irreducible representations of the group
G, are numerated only by the stars &, (s = 1, 2, ...) of the wave vectors, which belong to
the first Brillouin zone of the corresponding reciprocal crystal lattice®), and the basis
functions of the irreducible representation corresponding to some star k, = {k, , k,, ...,k }
(k;, are the wave vectors belonging to the same star s) are the functions [7, 12]

1R GikoR ok R

e e €
Thus, one can write the above-mentioned series in terms of the basis functions of the
irreducible representations of the group G, in the general form

P(R) = ¢ + 3 0, 2. 05) €™is®, (1)
s+0 Fs

%) For clarity let the sort of atoms with the smallest concentration in a binary solid solution be
termed the impurity one. Therewith, the space distribution of the atoms of the host sort, obviously,
is described by the function 1| — P(R).

4 As a result, the space symmetry group of any superstructurc is a subgroup of the group G, (in
the lattice gas model).

%) Classification by the number of the small representation is absent.
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where the summation is carried over all stars of the wave vectors from the first Brillouin
zone (excluding its center: s # 0) and over all vectors of these stars; ¢ = n/N is the
concentration of the impurity atoms (n and N are the total numbers of impurity atoms
and of crystal lattice sites, respectively); 5, is the long-range order parameter which
corresponds to the star s; 7,7,(j)) is the cocfficient which corresponds to the wave vector
k;, in the series (1). The coefficient corresponding to the “zero”-star is assumed to be equal
to ¢, that makes the equality P(R) = ¢ (for any R) be satisfied in the disordered state of
the solid solution, when all parameters of the long-range order are equal to zero. The
symmetry of the function P(R)is determined by the set of those stars for which the long-range
order parameters 5, are not equal to zero, and by the values of the coefficients v(Jo)
corresponding to these stars.

In (1) the designations adopted in the static concentration wave method [2 to 4] are
used. The two following conditions are utilized for finding of superstructures within this
method.

Firstly, for the unambiguous definition of the long-range order parameters one has
to impose the normalization condition [8, 12]. It is conveniently chosen in the following
form9);

Condition 1. In a completely ordered state of the solid solution (when the function P(R)
at any R takes only two values: zero or unity and ¢ = ¢, where ¢, is the stoichiometric
concentration of this superstructure) all non-zero long-range order parameters should be
equal to unity.

Secondly, for the expansion (1) to describe the structures with long-range order, the
condition which reflects the conservation of the number of the structural degrees of freedom
should be satisfied:

Condition 2. The number of non-zero long-range order parameters in (1) should be smaller
by one than the total number of different values the function P(R) takes at all positions R
(under arbitrary allowed values of these long-range order parameters).

In this work the following procedure is used for finding (within the static concentration
wave method) of the complete set of Lifshitz superstructures arising from the disordered state
of cubic solid solutions.”)

On condition that the solution is in a completely ordered state, (1) can be written for
some (defined below) sites R, for every possible combination of [ (I = 1, 2, ...) Lifshitz stars
(with n, wave vectors in every star s (s = 1,2, ..., 1)) in the following general form:

!
Pm = Cy + Z Z ’\/’s(l\) elkj"'Rm;

s=1 jo=1
!
m=1,2...,> n +1. (2)
s=1

In (2) all long-range order parameters are put equal to unity, ¢ = ¢, and the values P, of
the function P(R) at corresponding positions R,, must be cqual to zero or unity, in ac-
cordance with Condition 1. We choose the set of positions {R,} in such a way that the

®) Such a normalization condition provides the coincidence of the definition of the long-range order
parameters in the framework of the static concentration wave method with their classic definition in
terms of the occupation probabilities (see, ¢.g. [13]).

7) Note that this procedure without any change can be used for finding of both the Lifshitz and the
non-Lifshitz superstructures in binary solid solutions based on any Bravais lattice,
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main determinant of the set of equalities (2), considered as a set of linear inhomogeneous
equations in unknowns ¢y and {p,(j,)}, is not equal to zero. Solving this set of equations
for all possible distributions of zeros and unities over the values of P, we can find the
complete assemblage {c,,, {y,( Js)}} of those packages ¢ and {y,(j,)}, which satisfy Condition
1 within the chosen set {R,.}. It is obvious that the assemblage of solutions found in the
above-mentioned way must contain (as a subset in general) all those packages ¢, and
{rs(j)}, which make Condition | be satisfied within all positions {R}.

At the final stage of the procedure we exclude those packages from {ca {7,(jy)}} which
do not meet Conditions 1 and 2 within all positions {R}. Due to the periodicity of the
functions e*is® (and, consequently (see (1) and (2)), of the corresponding function P(R))
it is necessary to check for this purpose (by direct substitution of corresponding coordinates)
only a finite (not large usually) number of the positions R, limited by the periods of the
function P(R).

3. The Superstructures in Cubic Lattices

As a result of the use of the procedure described in Section 2 we found one type of
superstructures in the case of f.c.c. and four types of superstructures in the case of b.c.c.
crystal lattices in addition to the Lifshitz superstructures which are listed in [2 to 4]. The
series (1) for the new fc.c. superstructure can be written in the following form:

Proc(R) = ¢ + ny{yx(1) e’ 4 7x(2) €2 4 9 (3) el
+ gl ety P(2) eim(mxtya)
+ y(3) e yta y.(4) ei"(x'*'l'-z>} i )

and for all new b.c.c. superstructures the series (1) can be represented in the following
general form:

Pooo(R) = c + nypy e 4 Ap{yp(1) e yea o Pp(2) e Tty
NN €TET) g Q) eirtta g (3) gintrrn
N T g (5) e 4 (6) et )

In expressions (3) and (4) the summations are carried out over the stars X, L of the
reciprocal lattice of the disordered fe.c. solution and over H, P, N stars of the b.c.c. solution,
respectively (for the designations of the stars see, e.g, [14]). In every case x, v, and z are
the orthogonal coordinates of the vector R in terms of the parameter of the corresponding
crystal lattice.

The stoichiometric compositions of the superstructures which were found, the values of
the coefficients in the corresponding series (3) and (4), and the references to Fig. 1 and 2 for
every superstructure are given in Tables 1 and 2, respectively.®),?)

®) The characteristics are quoted only for superstructures with the stoichiometric compositions
¢q < 0.5 The anti-isostructure corresponding 1o every superstructurc (with the stoichiometric
composition ¢,) from Tables 1 and 2 can be obtained by the change of the signs of all coeflicients
75(fo) of the superstructure and will have the stoichiometric compositions 1 ~ Copr

%) The structures | and 2 from Table 2 are equivalent to the new types of the structures found by
the methed of group representations in [11].
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Table 1

Characteristics of the superstructure based on the f.c.c. lattice

lattice sites which are symmetry

b: Stoichiometric structural formula. c¢: Designations {in the corresponding figure) of

non-equivalent in the ordered state
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Table 2

Characteristics of the superstructures based on the b.c.c. lattice

a: Number of the superstructure. b, ¢: The same as in Table |

Fig.

¥,

Iy

Iy

WA ) n6) Ty

yn(3)

N 2)

).
V

Wi () 72} yN(D)

Cat

2a

1/4
3/

it

et

it

it

AB,

O

2b

—

¢+ 1/2n
¢ — 129y

i<t

<

i<t

it

it

AB

o

O

I

"yl

2¢

3/8
1/8

¢ + 3/8ny + 1/4nn

c+ 3

It
NG

b

o

0

oo

—loo

—iog

ey

njoo

12

/

8 — 3/4nn

¢ — 3:/811H

1/4
1/4

/
1/

®0O®em®

2d

¢+ /87y + 121
¢+ 1/87y — 1727

[l

—to

—~loe

¢ — 1/8ny + 3/4nn
¢ — 1/8ny — 1/4ny

3/8

13



14 V. N. BuGagy and R. V. CHEPULSKN

Fig. 1. Superstructure determined in Table |

The values I, 19)

o= Y bGP (5)

(for every star s); the expressions P; for the one-particle distribution function for every i-th
sublattice (i = 1,2, ...) which contains N sites symmetry equivalent in the ordered state
and the values v,

N.
Vi = "”la (6)

where N is the total number of sites in the crystal lattice of a solution are also quoted
in the tables. This additional information is sufficient for the determination of the free

Fig. 2. Superstructures deter-
mined in Table 2

b d

%) Note that it is casy to find from (1) and (5) that the sum of the values of I over all stars (with
corresponding non-zero long-range order parameters) is determined by the stoichiometric composition
¢y of the superstructure only, >, I', = Cu(l = ¢ ).

5
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energy I’ for the corresponding superstructures under the statistical-thermodynamic
description. For example, within the mean-field approach [3 to 6, 15},

—_1\( oy 2 V(LT 12

s#+0

+ Nk TY v{PiIn Py + (L= P)In (1 — P}, (7)

where V(k,) is the value of the Fourier transform of the binary mixing potential cor-
responding to some star k, of the wave vectors, T is the absolute temperature, kg the
Boltzmann constant.

Notice in conclusion that every substitutional superstructure in a binary solid solution
based on the Bravais lattice can be put in correspondence with the isomorphic interstitial
superstructure (sce, e.g. [2 to 4]). Therewith, the host lattice atoms are not taken into account
and an impurity atom and (interstitial) vacancy are considered as two solution components
distributed within the interstitial sublattice which is isomorphic to the above-mentioned
Bravais lattice.!*) The stoichiometric composition ¢ii* of the interstitial superstructure can
be obtained from the stoichiometric composition ¢, of the isomorphic substitutional
superstructure by the use of the following relation:

oS ®

i.c., one can putin correspondence a definite interstitial superstructure with the stoichiometric
formula A,,,X,, to any given substitutional superstructure — A,B,, (A, B, and X are the
designations for the types of atoms situated at sites and interstices, respectively). Thus, for
all substitutional superstructures quoted in Tables 1 and 2 (with the structural stoichiometric
formulae AB, AB;, and A;Bs) one can match up the interstitial superstructures (with the
formulae A,X, A,X, and AgXs, respectively).
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