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Abstract—Within the framework of the recently developed (Chepulskii, R. V. and Bugaev, V. N.,Solid State
Commun., 1998,105, 615) high-accuracy analytical approximation, the possibility of a displacement of the
position of the Fourier transform’s, maximum of the short-range order parameters from one high-symmetry point
of the reciprocal space to another under the temperature variation, is demonstrated for two model alloys. The
obtained data are in excellent agreement with the results of both cluster variation and Monte Carlo simulation
methods.q 1998 Elsevier Science Ltd. All rights reserved
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1. INTRODUCTION

Over 30 years, the most intensively used analytical
approximation for description of short-range order in
binary disordered alloys with a Bravais crystal lattice
has been the Krivoglaz–Clapp–Moss (KCM) formula
[1–5]:

aKCM
k ¼ C 1þ c(1¹ c)Ṽk =(kBT)

� �¹ 1

C¹ 1 ¼ N¹ 1
∑
q

1þ c(1¹ c)Ṽq=(kBT)
� �¹ 1, (1)

where ak and Ṽk are the Fourier transforms of the
short-range order parameters and pair mixing potential
respectively,T is the absolute temperature,kB is the
Boltzmann constant,c is the concentration,N is the
number of sites in the alloy crystal lattice, and the
summation onq is over all points in the first Brillouin
zone specified by the cyclic boundary conditions. It is
evident that, within the framework of this approximation,
the position of the maximum of the functionak in
reciprocal space coincides with the position of the
minimum of the functionṼk at arbitrary values of
concentration and temperature (for which the KCM
formula is applicable). However, the results obtained
within the framework of the cluster variation [6, 7],
Monte Carlo simulation [7, 8],g expansion [9] and
modified Tahir–Kheli [7] methods demonstrate the pos-
sibility of the violation of such a rule, due to the more
complete (in comparison with the mean-field-like type
KCM formula) account of interatomic correlations within
the framework of these methods.

In recent papers [10, 11], within the zeroth and first
order approximations of a modified thermodynamic per-
turbation theory adopting the inverse effective radius of
atomic interactions as a small parameter of expansion,
both the well-known spherical model approximation
(SM) [12–17]:†

aSM
k ¼ I þ W̃kc(1¹ c)=(kBT)

� �¹ 1, (2)

and the new analytical approximation (hereafter referred
to as the ring approximation [11]:‡

a
ring
k ¼ I þ W̃eff

k c(1¹ c)=(kBT)
h i¹ 1

I ¼ N¹ 1
∑
q

1þ W̃qc(1¹ c)=(kBT)
� �¹ 1

W̃eff
k ¼ W̃k ¹

(1¹ 2c)2

2kBT
3 N¹ 1

∑
q

W̃qW̃k ¹ q

1þ
c(1¹ c)

kBT
W̃q

� �¹ 1

1þ
c(1¹ c)

kBT
W̃k ¹ q

� �¹ 1

ð3Þ

were obtained, respectively. In eqns (2) and (3),

W̃k ¼ Ṽk þ m, (4)
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†It is notable that the mean field with Onsager corrections
approximation derived in Ref. [18] coincides (see Ref. [14])
with the spherical model one.

‡This name of the approximation is in accordance with the
topology of the diagrams corresponding to the additional (with
respect to the SM approximation) sums taken into account in the
cumulative expansion within the diagrammatic technique
developed in Ref. [11].



where the quantitym should be determined from the
equation

N¹ 1
∑
q

aq ¼ 1, (5)

under the substitution of the corresponding functionaSM
k

or a
ring
k . In the same papers [10, 11], through the compar-

ison with the results of the Monte Carlo simulation, the
high numerical accuracy (the more effective radius of

interatomic interactions the higher accuracy) of the ring
approximation (3) is demonstrated over wide temperature
and concentration intervals, excluding the immediate
vicinity of the phase transition temperature.

From the expression (2), it follows that, within the
framework of the spherical model approximation [as well
as in the case of the KCM formula (1)] the wave vector
ensuring the maximum of the functionak coincides with
that wave vector for which the functioñVk has a mini-
mum. At the same time, the expressions (3) show that,
within the corresponding ring approximation, the two
wave vectors may be different in the general case. The
aim of the present paper is the numerical study of the
possibility of such effect being realized within the frame-
work of the ring approximation for model alloys.

2. RESULTS AND DISCUSSION

To achieve this aim, we considered two types (Sets 1 and
2: see Table 1) of atomic interactions in a face-centred
cubic (f.c.c.) crystal lattice, which were previously used
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Table 1. Reduced values of the mixing potential
for the first five coordination shells of the f.c.c.
crystal lattice in two cases considered in Refs. [6]

(Set 1) and [8] (Set 2)

s Set 1 Set 2

1 1.000 1.000
2 0.020 ¹ 0.255
3 0.000 ¹ 0.188
4 0.000 ¹ 0.106
5 0.000 ¹ 0.004

s is the number of the coordination shell;Vs ¼ 0 for s . 5 in
both cases.

Fig. 1. The dependencies of the functionsa k andṼk =lV1l on the wave vector along a number of high-symmetry directions in the first
Brillouin zone, obtained within the framework of the KCM (1), SM (2) and ring (3) approximations for the denoted temperatures for
two types of mixing potential (see Table 1): (a) Set 1 atc¼ 0.25; (b) Set 2 atc¼ 1/5. The designations of the high-symmetry points and

directions are given in accordance with Ref. [19]; the temperature is given in units oflV1l/kB.



for solving the analogous problem within the cluster
variation [6] and Monte Carlo [8] methods respectively.
In Figs 1 and 2, we plot the dependencies of the functions
ak and Ṽk =lV1l (Vs is the mixing potential for thesth
coordination shell) on the wave vector along a number of
high-symmetry directions and functionak—within the
plane (hk0) in the first Brillouin zone obtained within the

framework of the KCM (1), SM (2) and ring (3) approx-
imations for the two denoted types of potential at several
temperatures and at fixed concentrationsc¼ 0.25 andc¼

1/5 for Sets 1 and 2 respectively. In Fig. 3, the depen-
dencies of the functionak values at two high-symmetry
pointsX(001) andW(1/2,1,0) in the first Brillouin zone on
the reduced temperature obtained within the framework

1471Short-range order Fourier transform’s maximum in alloys

Fig. 2. The same as Fig. 1, but for the functionak within the plane (hk0).

Fig. 3. The dependencies of the valuesaX andaW of the functionak in high-symmetry pointsX(001) andW(1/2,1,0) of the first
Brillouin zone, respectively, on temperature, obtained within the framework of the ring (3) approximation for two types of mixing

potential (see Table 1): (a) Set 1 atc ¼ 0.25; (b) Set 2 atc ¼ 1/5. The temperature is given in units oflV1lkB.



of the ring approximation (3) are shown in the same two
cases as in Figs 1 and 2. It is noticeable that, in spite of the
difference of the two considered types of atomic interac-
tions in real space (see Table 1), the topologies of their
Fourier transforms have a number of identical features.
Namely, in both cases, they are characterized by the deep,
almost equal in value, minima inX and W points (see
Fig. 1).

From the data presented in Figs 1–3, it follows that,
within the framework of the ring approximation (3), the
displacement of the position of the Fourier transform’s
maximum of the short-range order parameters from point
W (corresponding to the minimum of the Fourier trans-
form Ṽk of the mixing potential) to the pointX in
reciprocal space takes place in both considered cases
under the temperature decrease. Such a result is in
excellent agreement with the data obtained within the
framework of the cluster variation [6] and Monte Carlo
simulation [8] methods.

3. CONCLUSION

On the basis of the results obtained in the present work,
one may conclude that, according to the results of Refs.
[10, 11], the description of the short-range order in alloys
within the ring approximation (3) is correct, whereas the
application of both KCM (1) and SM (2) approximations
may lead (as already revealed in Refs. [6–9]) not only to
quantitative but also to qualitative errors. Note that the
knowledge of the correct position of the maximum of the
Fourier transform of the short-range order parameters is
also helpful for determination of the long-range order
superstructure, appearing as a result of order–disorder
phase transition, because the position of this maximum
characterizes one of such superstructure’s wave vectors
[20]).

In conclusion, we notice that the calculations within
the ring approximation may be performed in the case of
alloys with any large effective radius of atomic interac-
tions, because only the Fourier transform of the mixing
potential appears in the corresponding expressions (3).
Moreover, as already noted, the numerical accuracy of
the ring approximation becomes higher with an
increase of this effective radius. Taking into account
the long-range character of atomic interactions in actual
alloys (for review see, e.g., Ref. [11]), one may consider
both denoted features of the ring approximation as

advantageous with respect to the widely used high-
accuracy cluster variation and Monte Carlo methods,
because within their framework the increase of the
effective radius of atomic interactions results in not
only technical but also fundamental difficulties (as in
the case of the essentially long-range strain-induced
(elastic) interactions [21]).

Acknowledgements—We are grateful to Dr. V. A. Tatarenko and
Dr. V. I. Tokar for helpful discussions, to Dr. I. Tsatskis for
critical reading of the manuscript and useful remarks, to Dr. I.
Tsatskis and Dr. D. Le Bolloc’h for communicating their results
prior to publication. Support from the Foundation of the Funda-
mental Investigations of Ukraine through Grant Nos. 2.4/965 and
2.4/993 and from STCU through Grant No. 120 is also gratefully
acknowledged.

REFERENCES

1. Krivoglaz, M. A.,Zh. Eksp. Teor. Fiz., 1957,32,1368 (Sov.
Phys. JETP, 1957,5, 1115).

2. Krivoglaz, M. A. and Smirnov, A. A.,The Theory of Order–
Disorder in Alloys. Macdonald, London, 1964.

3. Krivoglaz, M. A., The Theory of X-ray and Thermal
Neutron Scattering From Real Crystals. Plenum, New
York, 1969.

4. Clapp, P. C. and Moss, S. C.,Phys. Rev., 1966,142, 418.
5. Clapp, P. C. and Moss, S. C.,Phys. Rev., 1968,171, 754.
6. Solal, F., Caudron, R., Ducastelle, F., Finel, A. and Loiseau,

A., Phys. Rev. Lett., 1987,58, 2245.
7. Le Bolloch, D., Caudron, R. and Finel, A.,Phys. Rev. B,

1998, accepted.
8. Wolverton, C. and Zunger, A.,Phys. Rev., 1995, 51,

6876.
9. Tsatskis, I.,Phys. Lett. A, 1998,241, 110.

10. Chepulskii, R. V. and Bugaev, V. N.,Solid State Commun.,
1998,105, 615.

11. Chepulskii, R. V. and Bugaev, V. N.,J. Phys. Cond. Matt.,
1998,10(33), 7309, 7327.

12. Brout, R.,Phase Transitions. Benjamin, New York, 1965.
13. Philhours, J. and Hall, G. L.,Phys. Rev., 1968,170, 496.
14. Hoffman, D. W.,Metall. Trans., 1972,3, 3231.
15. Tokar, V. I., Masanskii, I. V. and Grishchenko, T. A.,J.

Phys. Condens. Matter, 1990,2, 10199.
16. Yukhnovskii, I. R. and Gurskii, Z. A.,Quantum Statistical

Theory of Disordered Systems. Naukova Dumka, Kiev, 1991
(in Russian).

17. Yukhnovskii, I. R., Gurskii, Z. A. and Chushak, Ya. G.,
Phys. Status Solidi B, 1991,163, 107.

18. Staunton, J. B., Johnson, D. D. and Pinski, F. J.,Phys. Rev.,
1994,B50, 1450.

19. Bradley, C. J. and Cracknell, A. P.,The Mathematical
Theory of Symmetry in Solids. Oxford University Press,
Oxford, 1972.

20. Khachaturyan, A. G.,Theory of Structural Transformations
in Solids. John Wiley, New York, 1983.

21. de Fontaine, D., inSolid State Physics, Vol. 34, ed. H.
Ehrenreich, F. Seitz and D. Turnbull. Academic Press, New
York, 1979, p. 73.

1472 R. V. CHEPULSKII and V. N. BUGAEV


