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Abstract

An M -natural class is any subclass of σ[M ] which is closed under
(1) submodules, (2) isomorphic copies, (3) direct sums and (4) M -injective
envelopes. Let C be any set of pairwise disjoint M -natural classes. We de-
fine the C-dimension of an R-module and examine how finite C-dimension
is related to certain injectivity conditions in σ[M ]. We also define a C-
chain and relate ACC on C-chains again to certain injectivity conditions.

1 Introduction

Let M be any R-module and σ[M ] be the class of R-modules subgenerated by M
(See [10, page 118] for example). Recall that an M -natural class is any subclass
of σ[M ] which is closed under (1) submodules, (2) isomorphic copies, (3) direct
sums and (4) M -injective envelopes. If M = R, we will just use the term natural
class. These classes were first used by S. S. Page and Y. Zhou [7, 8, 9, 11]in
classifying when direct sums of M -injective modules contained in a certain class
are again M -injective along with many other results. J. Dauns earlier in [3]
had considered the case when M = R and called these classes saturated classes.
These classes arise naturally in many situations (see for examples section 4 of
[3]). In [11], Zhou defined the type dimension of a module, and has showed
that R has finite type dimension if and only if for every family {Mi : i ∈ I}
of pairwise orthogonal nonsingular modules, the direct sum of their injective
envelopes ⊕i∈IE(Mi) is injective. In this paper we use M -natural classes to
generalize the definition of type dimension, to C-dimension, where C is a set of
disjoint M -natural classes.
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In section 2, we provide basic properties of C-dimension, and investigate
the connections between finite C-dimension and certain direct sums preserving
certain injectivity conditions. In section 3, we define a C-chain and examine
finiteness conditions on C-chains.

All rings in this paper are associative with identity and all modules are
unitary right R-modules. For a background of properties of M-natural classes
see [1] and [3]. For an M-natural class α we will call any element of α an
α-module, and for a module N, we let N(α) be any maximal α-module in N .
Unless otherwise specified C will always be a pairwise ‘disjoint’ set of M -natural
classes.

2 C-Dimension

Zhou introduced type dimension and studied the basic properties of modules
with finite type dimension in [11], [12] and [13]. The type dimension of a module
is the maximum number of orthogonal atomic submodules. Two modules H and
K are said to be orthogonal (written H ⊥ K) if they have no nonzero isomorphic
submodules and to be parallel if H is not orthogonal to any nonzero submodule
of K and K is not orthogonal to any nonzero submodule of H. Note that if
two modules are parallel and one is in a natural class, then so is the other. An
atomic module is a nonzero module with the property that any two nonzero
submodules are parallel.

In this section we consider any set of disjoint M -natural classes C (we con-
sider classes to be ‘disjoint’ if their intersection contains only the zero module)
and look at the maximum number of submodules having the properties that
every nonzero submodule is in some natural class of C, but no two are from the
same natural class of C.

If we let A be the set of natural classes generated by atomic modules (i.e.,
they consist of all modules which are parallel to an atomic module), then the
notion of A-dimension and type dimension coincide. This set of disjoint natural
classes is maximal in the sense that no member contains a nontrivial union of
disjoint natural classes. We then have that the type dimension of any module
in σ[M ] is at least as large as the C-dimension for any set of disjoint natural
classes C. This provides the starting point of the results in this section.

Definition 1 Let C be a pairwise disjoint set of M -natural classes and for any
module N ∈ σ[M ], define the C-support of N to be C-Supp(N) = {α ∈ C|N(α) 6=
0} and the C-dimension of N to be C-dim(N) = |C-supp(N)|.

Lemma 2.1 Let L be a submodule of N ∈ σ[M ]. Then

(a). C-dim(L) ≤ C-dim(N).

(b). C-supp(⊕Xi) = ∪C-supp(Xi), which implies C-dim(⊕Xi) ≤
∑
C-dim(Xi).

(c). If L ≤e N , then C-dim(L) = C-dim(N).

(d). If L and N/L have both finite C-dimension, then C-dim(N) ≤ C-dim(L) +
C-dim(N/L).
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Example 2.2 While it is true that C-supp(
∑
Xi) ≥ ∪C-supp(Xi), we do not

in general have equality when the sum is not direct. Suppose R = Z is the ring
of integers. Let M = Z. Let α1 be the set of R-modules which are isomorphic
to a submodule of a direct sum of copies of E(Z). For each prime integer p, let
αp be the set of R-modules which are isomorphic to a submodule of a direct
sum of copies of E(Z/pZ). Then C = {αn |n = 1 or n is prime } is a set of
disjoint natural classes. Call the submodules of Z ⊕ Z/2Z generated by (1, 0)
and (1, 1 + 2Z) C and D respectively. Then C-supp(C) = C-supp(D) = {α1},
but C-supp(C +D) = {α1, α2}.

Definition 2 Let N ∈ σ[M ] and L be a submodule of N . L is called a
C-submodule of N if L ≤ P ≤ N with C-supp(L) = C-supp(P ) implies L = P .

We say that C spans σ[M ] provided that for every nonzero moduleN ∈ σ[M ],
N(α) 6= 0 for some α ∈ C.

Lemma 2.3 For any N ∈ σ[M ]:

(a). If L is a C-submodule of N , then L is closed in N .

(b). If L is a C-submodule of N , and P is a complement of L, then C-supp(L)∩
C-supp(P ) = ∅.

(c). For any α ∈ C, N(α) 6= 0 is a C-submodule of N .

Proof. (a) This follows from Lemma 2.1(c).
(b) Suppose L is a C-submodule of N , P is a complement of L in N and α

is any element of C. If α ∈ C-supp(L), then C-supp(L) = C-supp(L ⊕ P(α)). It
follows that L = L⊕ P(α) and thus α /∈ C-supp(P ).

(c) Let L be a submodule of N such that 0 6= N(α) ⊆ L ⊆ N with C-
supp(N(α)) = C-supp(L). Since C-supp(N(α)) = α, C-supp(L) = α. Hence
0 6= L(α) ≤e L. Therefore L ∈ α. Since N(α) is a maximal α-submodule of N ,
N(α) = L.

Lemma 2.4 If N ∈ σ[M ] has finite C-dimension and L is a C-submodule of N ,
then both L and N/L have finite C-dimension and

C-dim(N) = C-dim(L) + C-dim(N/L).

Proof. Let P be a complement of L in N . Then L ⊕ P ≤e N and hence
P embeds as an essential submodule of N/L. Since L is a C-submodule, C-
supp(L) ∩ C-supp(P ) = ∅ by Lemma 2.3(b). Therefore C-dim(N) = C-dim(L⊕
P ) = C-dim(L) + C-dim(P ) = C-dim(L) + C-dim(N/L).

A module N ∈ σ[M ] is said to be a C-atom if N(α) = N for some α ∈ C and
is said to be C-indecomposable if it cannot be written as the direct sum of two
nonzero modules with disjoint C-supports.

Lemma 2.5 If C spans σ[M ], then for any N ∈ σ[M ], N is a C-atom if and
only if EM (N) is C-indecomposable.
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Proof. Suppose N is a C-atom such that EM (N) is not C-indecomposable.
Then EM (N) = N1 ⊕ N2 where C-supp(N1) ∩ C-supp(N2) = ∅ . Since N ∈ α
for some α ∈ C, EM (N) ∈ α and thus both N1 and N2 must be in α, which is
a contradiction.

Conversely, suppose N is not a C-atom. Since C spans σ[M ], for some α ∈ C,
N(α) is a nonzero (non-essential) submodule of N . Let N ′ be a (nonzero) com-
plement of N(α) in N . Then α /∈ C-supp(N ′) and hence EM (N) = EM (N(α))⊕
EM (N ′) with C-supp(E(N(α))) ∩ C-supp(EM (N ′)) = ∅.

Lemma 2.6 Let C span σ[M ]. For a module N ∈ σ[M ], the following are
equivalent.

(1). N has finite C-dimension.

(2). N has ACC on C-submodules.

(3). N has DCC on C-submodules.

Proof.
(1)⇒ (2) Let N1 ⊂ N2 ⊂ · · · be a strictly ascending chain of C-submodules

of N . For i ≥ 1, let Li be a complement of Ni in Ni+1. Since Ni is closed in
N by Lemma 2.3(a), Li 6= 0 for any i. Claim: C-supp(Li) ∩ C-supp(Lj) = ∅
if i 6= j. If C-supp(Li) ∩ C-supp(Lj) is not empty for some i 6= j, assume that
i < j. Then there exists α ∈ C such that (Li)(α) 6= 0 and (Lj)(α) 6= 0, and
(Li)(α) ⊂ (Ni+1)(α) ⊂ (Nj)(α). Hence (Nj)(α) 6= 0, and this implies that α ∈ C-
supp(Nj)∩C-supp(Lj). This is a contradiction which proves the claim. Since C
spans σ[M ], Li ∩ Lj = 0 for all i 6= j and therefore N contains ⊕∞j=1Lj , which
implies N has infinite C-dimension.

(2) ⇒ (3). Assume (2) and let N1 ⊇ N2 ⊇ · · · be a descending chain of
C-submodules of N . Let P0 = 0 and let Pi be a complement of Ni containing
Pi−1 in N for i > 0. Suppose Li is a submodule of N such that Pi ⊂ Li ≤
N with C-supp(Pi) = C-supp(Li). Then Li ∩ Ni 6= 0 by the maximality of
Pi. Since by Lemma 2.3(b), C-supp(Pi) ∩ C-supp(Ni) = ∅, it follows that C-
supp(Pi) ∩ C-supp(Li ∩Ni) = ∅, and hence C-supp(Li) ∩ C-supp(Li ∩Ni) = ∅,
which cannot happen since C spans σ[M ]. Hence Pi is a C-submodule of N ,
and P1 ⊆ P2 ⊆ · · ·. By assumption, there exists an k ∈ Z+ such that Pk =
Pk+1 = Pk+2 = · · ·. Let n ≥ k. Then Nn+1 ⊕ Pn = Nn+1 ⊕ Pn+1 ≤e N . This
implies that Nn+1⊕Pn ≤e Nn⊕Pn and (Nn+1⊕Pn)∩Nn ≤e (Nn⊕Pn)∩Nn.
By the modular law, Nn+1 ≤e Nn, which implies C-supp(Nn+1) = C-supp(Nn).
Therefore Nn+1 = Nn since Ni is a C-submodule of N .

(3) ⇒ (1). Suppose that N has infinite C-dimension. Then N contains
⊕∞i=1N(αi) with N(αi) 6= 0 for some αi ∈ C. Let Ni = N(αi), X1 = N , and for
each i ≥ 2, let Xi be a complement of Ni−1 in Xi−1 such that ⊕∞j=iNj ⊆ Xi.
Then

N = X1 ⊃ X2 ⊃ X3 ⊃ · · ·

is a strictly descending chain, since Ni ⊆ Xi, while Ni 6⊆ Xi+1 for all i ≥ 1.
We claim that Xi is a C-submodule of N for each i ≥ 1. Suppose, for any

i ≥ 1, Li is a submodule of N such that Xi ⊆ Li ⊆ N with C-supp(Xi) =
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C-supp(Li). If Li strictly contains Xi, then Li ∩ Ni−1 6= 0 because Xi is a
complement of Ni−1 in Xi−1. It follows that {αi−1} = C-supp(Li ∩Ni−1) ⊆ C-
supp(Li) = C-supp(Xi). But Xi is a complement of Ni−1, so C-supp(Xi) does
not contain αi−1. Hence Xi = Li. This implies that Xi is a C-submodule of N .

A module N ∈ σ[M ] is said to be weakly injective in σ[M ] (respectively,
weakly R-injective in σ[M ]) if for any finitely generated (respectively, cyclic)
submodule F in EM (N) there exits a submodule L of EM (N) such that F ≤
L ∼= N .

The following Lemma is used in several places and relates how preservation
of various types of injectivity is related.

Lemma 2.7 Suppose D is a set of classes of modules in σ[M ] which are closed
under M -injective envelopes. Then each of the following statements implies the
next.

(1). ⊕γ∈DEγ is M -injective whenever Eγ ∈ γ is M -injective for every γ ∈ D.

(2). ⊕γ∈DEγ is weakly injective in σ[M ] whenever Eγ ∈ γ is M -injective for
every γ ∈ D.

(3). ⊕γ∈DEγ is weakly injective in σ[M ] whenever Eγ ∈ γ is weakly injective
in σ[M ] for every γ ∈ D.

(4). ⊕γ∈DEγ is weakly R-injective in σ[M ] whenever Eγ ∈ γ is weakly injective
in σ[M ] for every γ ∈ D.

Proof. (1) ⇒ (2) is clear since ⊕γ∈DEγ M -injective implies that ⊕γ∈DEγ is
weakly injective is σ[M ].

(2)⇒ (3). For each γ ∈ D suppose Eγ ∈ γ is weakly injective in σ[M ]. Let
F be a finitely generated submodule of EM (⊕γ∈DEγ). Since EM (⊕γ∈DEγ) =
EM (⊕γ∈DEM (Eγ)), and since by (2) ⊕γ∈DEM (Eγ) is weakly injective in σ[M ],
there exists L ≤ EM (⊕γ∈DEγ) with F ≤ L ∼= ⊕γ∈DEM (Eγ). Now for each
γ ∈ D, let Kγ and Lγ = EM (Kγ) be submodules of L which are isomorphic
to Eγ and EM (Eγ) respectively under the isomorphism L ∼= ⊕γ∈DEM (Eγ).
Since F is finitely generated, there exists a finite subset A ⊆ D such that F ≤
⊕γ∈ALγ ∼= ⊕γ∈AEM (Kγ). Since ⊕γ∈AKγ is weakly injective in σ[M ], there
exists H ≤ EM (⊕γ∈AKγ) such that F ≤ H ∼= ⊕γ∈AKγ . Since H ≤ ⊕γ∈ALγ ,
we can extend the isomorphism H ∼= ⊕γ∈AKγ to get F ≤ H ⊕ (⊕γ∈D\AKγ) ∼=
⊕γ∈DKγ

∼= ⊕γ∈DEγ which proves that ⊕γ∈DEγ is weakly injective in σ[M ].
(3) ⇒ (4) is clear since ⊕γ∈DEγ weakly injective in σ[M ] implies that

⊕γ∈DEγ is weakly R-injective is σ[M ].
Recall that a module N ∈ σ[M ] is M -singular if there exist modules K ≤

L ∈ σ[M ] such that K ≤e L and N ∼= L/K. If N has no nonzero M -singular
submodules, we say that N is M -nonsingular. (See [6] for more information
about M -singular and M -nonsingular modules.) We now characterize for an
M -nonsingular module, when a direct sum of M -injective modules from the set
of disjoint natural classes is again M -injective.
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Theorem 2.8 The following statements are equivalent for M M -nonsingular.

(1). Each M -nonsingular M -injective module E ∈ σ[M ] can be written as
E = E0 ⊕ (⊕α∈CE(α)).

(2). ⊕α∈CEα is M -injective whenever Eα ∈ α is M -injective and M -nonsingular
for every α ∈ C.

(3). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is M -injective and
M -nonsingular for every α ∈ C.

(4). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] and M -nonsingular for every α ∈ C.

(5). ⊕α∈CEα is weakly R-injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] and M -nonsingular for every α ∈ C.

(6). C-dim(L) < ∞ for every finitely generated M -nonsingular module L ∈
σ[M ].

(7). C-dim(L) <∞ for any cyclic submodule L ≤M .

Proof.
(1) ⇒ (2) Let Eα ∈ α be M -injective and M -nonsingular for all α ∈ C.

Let E = EM (⊕α∈CEα). Then E is M -nonsingular. Take E(α) to contain Eα
for α ∈ C. By (1), E can be written E = E0 ⊕ (⊕α∈CE(α)). First note that
E0 = 0 since ⊕α∈CE(α) ⊇ ⊕α∈CEα is essential in E. If E(β) properly contains
Eβ for some β ∈ C, then, since Eβ is M -injective we can write E(β) = F ⊕ Eβ
for some nonzero F . Since ⊕α∈CEα is essential in E, F ∩ ⊕α∈CEα 6= 0. Write
f =

∑
xα 6= 0 where f ∈ F and xα ∈ Eα. Then we have f − xβ =

∑
α6=β xα ∈

E(β) ∩
∑
α6=β E(α) which is a contradiction. This shows that Eα = E(α) for all

α ∈ C and hence E = ⊕α∈CEα which is M -injective.
(2)⇒ (3)⇒ (4)⇒ (5) is Lemma 2.7.
(5) ⇒ (7) Let L be a cyclic submodule of M . Let L0 be a complement of

⊕α∈CL(α) in L. Further, let E0 = EM (L0) and Eα = EM (L(α)) for all α ∈ C.
Then EM (L) = E0 ⊕ EM (⊕α∈CEα). Suppose L ≤ Y ⊕ Z where Y and Z are
cyclic with Y ≤ E0 and Z ≤ EM (⊕α∈CEα). Since ⊕α∈CEα is weakly R-injective
in σ[M ], there exists a W ≤ EM (⊕Eα) such that Z ≤ W ∼= ⊕α∈CEα. Since Z
is cyclic, Z embeds in ⊕α∈AEα for some finite subset A ⊆ C. It follows that
C-supp(L) ⊆ C-supp(Z) ≤ A is finite.

(7) ⇒ (2). Let Eα ∈ α be M -injective and M -nonsingular for each α ∈ C
and suppose that C-dim(L) < ∞ for every cyclic submodule L of M . To show
⊕α∈CEα is M -injective, it suffices to show we can extend any map f : K −→
⊕α∈CEα where K is a submodule of a cyclic submodule L of M to a map
f̄ : L −→ ⊕α∈CEα. For each α ∈ C, let Kα = (παf)−1(Eα) where πβ :
⊕α∈CEα −→ Eβ is a projection onto Eβ . Let fα : Kα −→ Eα be the restriction
of παf to Kα. If ker(fα) ≤e Kα, then im(fα) is M -singular. This implies that
fα = 0. If ker(fα) is not an essential submodules of Lα, then there exist a
nonzero K ′ ≤ Kα such that K ′ ∩ ker(fα) = 0. Therefore K ′ ∼= fα(K ′) ∈ α.
Since C-dim(K) < ∞, it follows that fα = 0 for all but a finite number of α.
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Hence f(K) lies in a finite direct sum ⊕mi=1Eαi . Since this sum is M -injective,
we can extend f to a map f̄ : L −→ ⊕mi=1Eαi ≤ ⊕α∈CEα as desired.

(2)⇒ (1) Given any M -nonsingular M -injective module E, E(α) is also M -
nonsingular and M -injective. By (2), ⊕α∈CE(α) is M -injective. E can then be
written E0 ⊕ (⊕α∈CE(α)).

(1) ⇒ (6) Let L ∈ σ[M ] be finitely generated. Write E = EM (L). By
(1), E can be written E = E0 ⊕ (⊕α∈CE(α)). Since L is finitely generated,
L ≤ E0 ⊕ (⊕ni=1E(αi)) for some α1, α2, . . . , αn ∈ C. Since L is essential in E,
Eα = 0 for α /∈ {α1, α2, . . . , αn}. Thus Eα = 0 for all but finitely many α ∈ C
and C-dim(L) ≤ C-dim(E) <∞.

(6)⇒ (7) Obvious.
The following corollary is an immediate consequence of the previous theorem.

Corollary 2.9 The following statements are equivalent for M M -nonsingular
and finitely generated.

(1). C-dim(M) <∞.

(2). Each M -nonsingular M -injective module E ∈ σ[M ] can be written as
E = E0 ⊕ (⊕α∈CE(α)).

(3). ⊕α∈CEα is M -injective whenever Eα ∈ α is M -injective and M -nonsingular
for every α ∈ C.

(4). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is M -injective and
M -nonsingular for every α ∈ C.

(5). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] and M -nonsingular for every α ∈ C.

(6). ⊕α∈CEα is weakly R-injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] and M -nonsingular for every α ∈ C.

We now want to consider the following subset of C, B = {β ∈ C | ∃β 6= α ∈
C, K ≤ N ∈ α with N/K ∈ β}.

Lemma 2.10 B = {β ∈ C | there exist M -injective modules Eα ∈ α ∈ C and
Eβ ∈ β, β 6= α with Hom(Eα, Eβ) 6= 0}.

Proof. Call the right hand side of the desired equality B′. Suppose β ∈ B
with K ≤ N ∈ α with N/K ∈ β. Then we can extend the projection map
N −→ N/K to obtain a nonzero homomorphism EM (N) −→ EM (N/K) where
EM (N) ∈ α and EM (N/K) ∈ β. Thus β ∈ B′.

Now suppose that β ∈ B′ and 0 6= φ ∈ Hom(Eα, Eβ) where Eα ∈ α and
Eβ ∈ β. It follows that Eα/kerφ ∈ β and β ∈ B.

Lemma 2.11 Suppose that B (as defined above) is a finite set. Given any finite
set A ⊆ C and direct sum E = ⊕α∈CEα of M -injective modules with Eα ∈ α,
then ⊕α∈A∪BEα is the unique maximal ∨(A ∪ B)-submodule of ⊕α∈CEα.
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Proof. First we show that ⊕α∈A∪BEα is a maximal ∨(A ∪ B)-submodule
of E. Since M -natural classes are closed under direct sums, ⊕α∈A∪BEα is a
∨(A∪B)-module. Let F be a ∨(A∪B)-submodule of E containing ⊕α∈A∪BEα.
Since ⊕α∈A∪BEα is a M -injective, then F = F ′ ⊕ (⊕α∈A∪BEα). We see that

F ′ ∼=
F

⊕α∈A∪BEα
⊆ E

⊕α∈A∪BEα
∼= ⊕C\(A∪B)Eα

Now by the projection argument [2, 1.2, for example] F ′ contains a nonzero
cyclic submodule, say D, isomorphic to a submodule of Eγ for some γ ∈ C \
(A ∪ B). This implies that D ∈ γ. It follows that F /∈ ∨(A ∪ B), since if it
were, F would contain an essential direct sum ⊕α∈A∪BFα where Fα ∈ α. But
D ∩ (⊕α∈A∪BFα) by the projection argument has a nonzero cyclic submodule
isomorphic to a submodule of Fα for some α ∈ A ∪ B. This, however, would
contradict the disjointness of the members of C.

To show that this is the unique maximal ∨(A ∪ B)-submodule of E, we
use Daun’s criterion [4, 1.6]: That there is a unique ∨(A ∪ B)-submodule of
⊕α∈CEα if there does not exist a nonzero map φ : K −→ W , where K ∈
∨(A∪B) and W ∈ c(∨(A∪B)) are submodules of ⊕α∈CEα. (Note that c(α) =
{W ∈ σ[M ] | ∀ 0 6= V ≤ W, V /∈ α}.) Suppose that such a map exists. Since
W ≤ ⊕α∈CEα and W ∈ c(∨(A∪B)), we may assume that W ∈ γ ∈ C \ (A∪B).
Now let us extend φ to φ̄ : EM (K) −→ EM (W ). Now since A ∪ B is finite and
⊕α∈A∪BK(α) ≤e K, we must have EM (K) = ⊕α∈A∪BEM (K(α)). However if φ̄
restricted to EM (K(α)) were not zero, we would have either α = γ or γ ∈ B.
Since these cannot happen, φ̄ = 0 and thus φ = 0.

Theorem 2.12 Given the following conditions, the implications
(5)

&.UUU UUU
(1) ks +3 (2) +3 (3) +3 (4)

08iii iii
&.UUU UUU (7)
(6)

08iii iii
hold, and if the set B is finite,

(1)–(7) are equivalent.

(1). For each M -injective module E ∈ σ[M ], E = E0 ⊕ (⊕α∈CE(α)).

(2). ⊕α∈CEα is M -injective whenever Eα ∈ α is M -injective for every α ∈ C.

(3). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is M -injective for
every α ∈ C.

(4). ⊕α∈CEα is weakly injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] for every α ∈ C.

(5). ⊕α∈CEα is weakly R-injective in σ[M ] whenever Eα ∈ α is weakly injective
in σ[M ] for every α ∈ C.

(6). C-dim(L) <∞ for every finitely generated module L ∈ σ[M ].

(7). C-dim(L) <∞ for every cyclic submodule of M .

8



Proof. (1)⇒ (2) Let Eα be M -injective for all α ∈ C. Let E = EM (⊕α∈CEα).
Take E(α) to contain Eα for α ∈ C. By (1), E can be written E = E0 ⊕
(⊕α∈CE(α)). First note that E0 = 0 since ⊕α∈CE(α) ⊇ ⊕α∈CEα is essential in
E. If E(β) properly contains Eβ for some β ∈ C, then, since Eβ is injective
we can write E(β) = F ⊕ Eβ for some nonzero F . Since ⊕α∈CEα is essential
in E, F ∩ ⊕α∈CEα 6= 0. Write f =

∑
xα 6= 0 where f ∈ F and xα ∈ Eα.

Then we have f − xβ =
∑
α6=β xα ∈ E(β) ∩

∑
α6=β E(α) which is a contradiction.

This shows that Eα = E(α) for all α ∈ C and hence E = ⊕α∈CEα which is
M -injective.

(2)⇒ (1) Let E be an M -injective module in σ[M ]. For each α ∈ C, choose
E(α) ≤ E. Since E(α) is M -injective, by (2), ⊕α∈CE(α) is M -injective and thus
there exists an E0 with E = E0 ⊕ (⊕α∈CE(α)) as desired.

(2)⇒ (3)⇒ (4)⇒ (5) is Lemma 2.7.
(4) ⇒ (6) Let L be a finitely generated submodule of M . Let L0 be a

complement of ⊕α∈CL(α) in L. Further, let E0 = EM (L0) and Eα = EM (L(α))
for all α ∈ C. Then EM (L) = E0 ⊕ EM (⊕α∈CEα). Suppose L ≤ Y ⊕ Z where
Y and Z are finitely generated with Y ≤ E0 and Z ≤ EM (⊕α∈CEα). Since
⊕α∈CEα is weakly injective in σ[M ], there exists a W ≤ EM (⊕Eα) such that
Z ≤ W ∼= ⊕α∈CEα. Since Z is finitely generated, Z embeds in ⊕α∈AEα for
some finite subset A ⊆ C. It follows that C-supp(L) ⊆ C-supp(Z) ≤ A is finite.

(5)⇒ (7) is the same as (5)⇒ (7) in Theorem 2.8.
(6)⇒ (7) is clear.

Now if B is finite, we show (7) ⇒ (2). Suppose {Eα |α ∈ C} is a set of
M -injective modules as in (2). Then ⊕α∈CEα is M -injective provided every
homomorphism f : K −→ ⊕α∈CEα can be extended to L where K is a submod-
ule of L and L is a cyclic submodule of M . Since by (7) the C-dim(L) < ∞,
C-dim(K) < ∞. If α ∈ C-supp(f(K)), either α ∈ C-supp(K) or α ∈ B. This
means that f(K) is a ∨(C-supp(K)∪B)-module in ⊕α∈CEα. By Lemmma 2.11,
f(K) lies in a finite direct sum ⊕Eα∈C-supp(K)∪B. Since this is an M -injective
submodule of ⊕α∈CEα, f may be extended to L as desired.

Example 2.13 There exist a ring R and a set C of pairwise disjoint natural
classes for which C-dim(R) <∞ (i.e., statement (7) of Theorem 2.12 is true), B
is infinite and where there exists a direct sum of injective modules which is not
injective (i.e., statement (2) of Theorem 2.12 with M = R is false). This shows
that the condition that B be finite in Theorem 2.12 is necessary.

Let R = F [x1, x2, . . .] where F is any field. Let Ii = (x1, x2, . . . , xi), and
let αi = D(R/Ii), where D(N) = {L | for every 0 6= L′ ≤ L, there exists
0 6= L′′ ≤ L′ such that L′′ can be embedded in N}. Then E(R/Ii) ∈ αi and
I1 ⊂ I2 ⊂ I3 ⊂ · · ·. We claim that ⊕∞i=1E(R/Ii) is not injective. Suppose it
is. Let I = ∪∞i=1Ii and define f : I −→ ⊕∞i=1E(R/Ii) by πif(a) = a+ Ii where
πi : ⊕∞i=1E(R/Ij) −→ E(R/Ii). Then there exists f̄ : R −→ ⊕∞i=1E(R/Ii). Let
f̄(1) = x. Then for any a ∈ I, f(a) = f̄(a) = f̄(1)a = xa ∈ ⊕ki=1E(R/Ii) for
some k. If a ∈ Ij+1 where j > k, then πk+1f(a) = a + Ik+1 = 0 which implies
a ∈ Ik+1. This contradiction proves the claim. We next claim that R/Ii ⊥ R/Ij
when i 6= j. Let j > i. If L/Ii ∼= K/Ij 6= 0 for some L,K ≤ R, then
xj(L/Ii) = xj(K/Ij) = 0, which can not happen. This shows that R/Ii ⊥ R/Ij
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and consequently that C = {αi} forms a pairwise disjoint set of natural classes.
It is easy to see that C-dim(R) = 0 (and therefore C-dim(L) = 0 for every cyclic
right ideal of R) and B is infinite, where B = {β ∈ C | there exists β 6= α ∈ C
with K ≤ L ∈ α such that L/K ∈ β}.

3 C-chains

Definition 3 Let C be a set of pairwise disjoint M -natural classes. A chain
N1 ≤ N2 ≤ · · · is called an ascending C-chain (or just a C-chain) in N with
Ni ≤ N if Ni+1/Ni ∈ αi ∈ C and if m 6= n implies αm 6= αn for all i,m, n ≥ 1.
If there exists no infinite ascending C-chains in N , then N is said to satisfy the
ascending chain condition (ACC) on C-chains.

The following proposition follows easily from the definition.

Proposition 3.1 For any N ∈ σ[M ], we have:

(1). If N has ACC on C-chains, then C-dim(N) <∞.

(2). If 0 −→ N ′ −→ N −→ N ′′ −→ 0 is a short exact sequence, then N has
ACC on C-chains if and only if both N ′ and N ′′ do.

(3). If N has ACC on C-chains and K is finitely subgenerated by N then K
has ACC on C-chains.

Theorem 3.2 Suppose M is finitely generated. The following statements are
equivalent.

(1). M has ACC on C-chains.

(2).
⊕

α∈C Eα is M -injective whenever each Eα ∈ α is M -injective for each
α ∈ C.

(3). Each M -injective module, E, in σ[M ] can be written E = E0⊕(⊕α∈CE(α)).

Proof.
(1) ⇒ (2). Let E = ⊕α∈CEα where each Eα is M -injective. Let f :

N −→ E for some N ≤ M . We wish to show that f can be extended
to f̄ : M −→ E. If f(N) is contained in a finite direct sum of Eα, say
f(N) ≤ ⊕ni=1Eαi , then ⊕ni=1Eαi is M -injective and f can be extended as
desired. So let us assume that f(N) is contained in no finite direct sum of
Eα. Let n1 ∈ N be such that f(n1) 6= 0. Let P1 = {α ∈ C |πα(n1) 6= 0}.
Note that P1 is a nonempty finite set. Let P1 = {α1 1, α1 2, . . . , α1 k1}. Since
f(N) 6⊆ ⊕α∈P1Eα, there exists n2 ∈ N with f(n2) /∈ ⊕α∈P1Eα. Let P2 =
{α ∈ C \ P1 |πα(n2) 6= 0}. Note that P2 ∩ P1 = ∅ and P2 is a nonempty fi-
nite set. Let P2 = {α2 1, α2 2, . . . , α2 k2}. For each positive integer `, we can
inductively define P`: Since f(N) 6⊆ ⊕α∈∪`−1

i=1Pi
Eα, there exists n` ∈ N with

f(n`) /∈ ⊕α∈∪`−1
i=1Pi

Eα. Let P` =
{
α ∈ C \ ∪`−1

i=1Pi |πα(n`) 6= 0
}

. Note that P`∩
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(
∩`−1
i=1Pi

)
= ∅ and P` is a nonempty finite set. Let P` = {α` 1, α` 2, . . . , α` k`}.

Now for each αi j ∈ ∪∞`=1P`, define

Ni j = f−1
(⊕

{Eαh k |h < i or both h = i and k ≤ j}
)
.

We then have an ascending chain

N1 1 ≤ N1 2 ≤ · · ·N1 k1 ≤ N2 1 ≤ N2 2 ≤ · · ·N2 k2 ≤ N3 1 ≤ · · ·

where each subfactor is isomorphic to a submodule of a unique Eα. This is
then a C-chain of N . Since n` ∈ N` k` , but n` /∈ N`−1 k`−1 , it is an infinitely
ascending C-chain of N . Since M has ACC on C-chains and N ⊆ M , this is a
contradiction and f(N) must lie in a finite direct sum.

(2) ⇒ (1). Suppose there exists an ascending C-chain N1 ≤ N2 ≤ · · ·.
Let N = ∪Nk, and E = ⊕∞i=1EM (Nk+1/Nk). Then E is M -injective by
(2). Since EM (Nk+1/Nk) is M -injective, the inclusion map from Nk+1/Nk to
EM (Nk+1/Nk) can be extended to a map fk : N/Nk −→ EM (Nk+1/Nk). We
define a map f : N −→ E via πk(f(a)) = fk(a + Nk), where πk is the pro-
jection of E on EM (Nk+1/Nk). Using the M -injectivity of E we can extend f
to f̄ : M −→ E. Since M is finitely generated there exists an integer j ≥ 1
such that all of the generators of M are mapped to ⊕ji=1EM (Nk+1/Nk). It
follows f̄(M) ≤ ⊕ji=1EM (Nk+1/Nk). Then if k > j and n ∈ Nk+1, n + Nk =
fk(n + Nk) = πk(f(n)) = πk(f̄(n)) = 0, which implies that n ∈ Nk. Hence
Nk+1 = Nk and the chain stops.

The equivalence of (2) and (3) is by Theorem 2.12.
Recall that a module M is locally noetherian if every finitely generated sub-

module of M has the ascending chain condition on submodules.
For a natural class α and a module N ∈ σ[M ], Zhou [11] has used finiteness

conditions on Hα(N) = {P ≤ N |N/P ∈ α} to study M -injectivity in natural
classes. Using Theorem 2.4 of [11], we have the following result.

Corollary 3.3 Suppose M is finitely generated and C is a disjoint set of natural
classes on σ[M ] such that:

(a). C spans σ[M ],

(b). M has ACC on C-chains, and

(c). Hα(L) has ACC for each cyclic submodule L of M and for each α ∈ C.

Then M is locally noetherian.

Proof. To show that M is locally noetherian it is sufficient to show that
every direct sum of M -injective modules in σ[M ] is M -injective. (This would
imply (j) in 27.3 of [10, p. 223], for example.) Assume that for every i ∈ I,
Ei ∈ σ[M ] is M -injective. Let E = ⊕i∈IEi. We must show E is M -injective.
By Theorem 3.2, each Ei can be written Ei 0 ⊕

(
⊕α∈C(Ei)(α)

)
. Since C spans

σ[M ], Ei 0 = 0. Then E = ⊕i∈I
(
⊕α∈C(Ei)(α)

)
= ⊕α∈C

(
⊕i∈I(Ei)(α)

)
. Now

by Theorem 2.4 of [11], for each α ∈ C, ⊕i∈I(Ei)(α) is M -injective and then by
Theorem 3.2 above ⊕α∈C

(
⊕i∈I(Ei)(α)

)
is M -injective as desired.
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Lemma 3.4 Let N ∈ σ[M ] and assume that M is M -nonsingular. If C-
dim(N) < ∞ and there exists an ascending C-chain N1 ≤ N2 ≤ · · · in N ,
then there exist a positive integer m such that EM (Nk+1/Nk) is M -singular for
every k ≥ m.

Proof. Suppose Nk is not essential in Nk+1 for some k. Then there exist
N ′k ≤ Nk+1 such that N ′k∩Nk = 0. Then N ′k ∼= (N ′k⊕Nk)/Nk ≤ Nk+1/Nk ∈ αk.
Since C-dim(N) < ∞, there exist a positive integer m where Nk ≤e Nk+1 for
each k ≥ m. Since M is M -nonsingular, EM (Nk+1/Nk) is singular for every
k ≥ m (see [6] page 30).

Corollary 3.5 Suppose M is M -nonsingular, is finitely generated and has finite
C-dimension. The following statements are equivalent.

(1). M has ACC on C-chains.

(2). ⊕α∈CEα is M -injective whenever each Eα ∈ α is M -injective.

(3). ⊕α∈CEα is M -injective whenever each Eα ∈ α is M -singular and M -
injective.

(4). Any chain I1 ≤ I2 ≤ · · · in M such that Ik+1/Ik ∈ αk ∈ C, where
E(Ik+1/Ik) is M -singular for every k, stops.

Proof. (1)⇒ (2). By Theorem 3.2.
(2)⇒ (3). Obvious.
(3)⇒ (4). Follows easily as in (2)⇒ (1) of Theorem 3.2.
(4)⇒ (1). This follows from Lemma 3.4.

Example 3.6 Let T be a nonsingular ring and let S = Π∞i=1Ti where Ti = T .
Let R be the subring of S generated by

⊕∞
i=1 Ti and 1 ∈ S. For each i let

ei denote the idempotent with 1 ∈ T in the i-position and 0’s elsewhere. Let
M < R be the ideal M =

⊕∞
i=1 Ti and consider the natural classes C = {αi }

where N ∈ αi if and only if N(1 − ei) = 0. It is straightforward to show that
αi is an M -natural class and that αi ∩ αj = {0} for i 6= j.

Now let B be the set {αj ∈ C | ∃αj 6= αi ∈ C, K < N ∈ αi with N/K ∈ αj}.
Suppose that αj ∈ B. Then there is an i with K < N ∈ αi and N/K ∈ αj .
But if i 6= j, then ei(1− ej) = ei. Thus ei(1− ej)n = ein = n for each n ∈ N .
However (1−ej)N ≤ K and we must have N = K. Contradiction. Thus B = ∅.

Now it is clear that the equivalent conditions of Theorem 2.12 hold; So
any direct sum

⊕
α∈C Eα is M -injective, where Eα ∈ α is M -injective. Thus

(2) of Theorem 3.2 and Corollary 3.5 hold. However, since T1 ≤ T1 ⊕ T2 ≤
T1⊕T2⊕T3 ≤ · · · is an ascending C-chain which doesn’t stop, (1) in Theorem 3.2
and Corollary 3.5 fail. HereM is nonsingular, since T is, butM is neither finitely
generated nor does it have finite C-dimension.
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