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Abstract

An M-natural class is any subclass of o[M] which is closed under
(1) submodules, (2) isomorphic copies, (3) direct sums and (4) M-injective
envelopes. Let C be any set of pairwise disjoint M-natural classes. We de-
fine the C-dimension of an R-module and examine how finite C-dimension
is related to certain injectivity conditions in o[M]. We also define a C-
chain and relate ACC on C-chains again to certain injectivity conditions.

1 Introduction

Let M be any R-module and o[M] be the class of R-modules subgenerated by M
(See [10, page 118] for example). Recall that an M-natural class is any subclass
of o[M] which is closed under (1) submodules, (2) isomorphic copies, (3) direct
sums and (4) M-injective envelopes. If M = R, we will just use the term natural
class. These classes were first used by S. S. Page and Y. Zhou [7, 8, 9, 11]in
classifying when direct sums of M-injective modules contained in a certain class
are again M-injective along with many other results. J. Dauns earlier in [3]
had considered the case when M = R and called these classes saturated classes.
These classes arise naturally in many situations (see for examples section 4 of
[3]). In [11], Zhou defined the type dimension of a module, and has showed
that R has finite type dimension if and only if for every family {M; : i € I}
of pairwise orthogonal nonsingular modules, the direct sum of their injective
envelopes @;crE(M;) is injective. In this paper we use M-natural classes to
generalize the definition of type dimension, to C-dimension, where C is a set of
disjoint M-natural classes.



In section 2, we provide basic properties of C-dimension, and investigate
the connections between finite C-dimension and certain direct sums preserving
certain injectivity conditions. In section 3, we define a C-chain and examine
finiteness conditions on C-chains.

All rings in this paper are associative with identity and all modules are
unitary right R-modules. For a background of properties of M-natural classes
see [1] and [3]. For an M-natural class o we will call any element of a an
a-module, and for a module N, we let N(,) be any maximal a-module in N.
Unless otherwise specified C will always be a pairwise ‘disjoint’ set of M-natural
classes.

2 (C-Dimension

Zhou introduced type dimension and studied the basic properties of modules
with finite type dimension in [11], [12] and [13]. The type dimension of a module
is the maximum number of orthogonal atomic submodules. Two modules H and
K are said to be orthogonal (written H L K) if they have no nonzero isomorphic
submodules and to be parallel if H is not orthogonal to any nonzero submodule
of K and K is not orthogonal to any nonzero submodule of H. Note that if
two modules are parallel and one is in a natural class, then so is the other. An
atomic module is a nonzero module with the property that any two nonzero
submodules are parallel.

In this section we consider any set of disjoint M-natural classes C (we con-
sider classes to be ‘disjoint’ if their intersection contains only the zero module)
and look at the maximum number of submodules having the properties that
every nonzero submodule is in some natural class of C, but no two are from the
same natural class of C.

If we let A be the set of natural classes generated by atomic modules (i.e.,
they consist of all modules which are parallel to an atomic module), then the
notion of A-dimension and type dimension coincide. This set of disjoint natural
classes is maximal in the sense that no member contains a nontrivial union of
disjoint natural classes. We then have that the type dimension of any module
in o[M] is at least as large as the C-dimension for any set of disjoint natural
classes C. This provides the starting point of the results in this section.

Definition 1 Let C be a pairwise disjoint set of M-natural classes and for any
module N € o[M], define the C-support of N to be C-Supp(N) = {a € C|N(,) #
0} and the C-dimension of N to be C-dim(N) = |C-supp(V)].

Lemma 2.1 Let L be a submodule of N € o[M]. Then
(a). C-dim(L) < C-dim(N).
(b). C-supp(®X;) = UC-supp(X;), which implies C-dim(®X;) < > C-dim(X;).
(c). If L <. N, then C-dim(L) = C-dim(N).

(d). If L and N/L have both finite C-dimension, then C-dim(N) < C-dim(L) +
C-dim(N/L).



Example 2.2 While it is true that C-supp(}_ X;) > UC-supp(X;), we do not
in general have equality when the sum is not direct. Suppose R = Z is the ring
of integers. Let M = Z. Let ay be the set of R-modules which are isomorphic
to a submodule of a direct sum of copies of E(Z). For each prime integer p, let
oy, be the set of R-modules which are isomorphic to a submodule of a direct
sum of copies of F(Z/pZ). Then C = {ay|n = 1or nis prime} is a set of
disjoint natural classes. Call the submodules of Z @ Z/2Z generated by (1,0)
and (1,1 + 2Z) C and D respectively. Then C-supp(C') = C-supp(D) = {a1},
but C-supp(C' + D) = {aq, as}.

Definition 2 Let N € o[M] and L be a submodule of N. L is called a
C-submodule of N if L < P < N with C-supp(L) = C-supp(P) implies L = P.

We say that C spans o[M] provided that for every nonzero module N € o[M],
N(a) # 0 for some a € C.

Lemma 2.3 For any N € o[M]:
(a). If L is a C-submodule of N, then L is closed in N.

(b). If L is a C-submodule of N, and P is a complement of L, then C-supp(L)N
C-supp(P) = 0.

(c). For any a € C, N(q) # 0 is a C-submodule of N.

Proof. (a) This follows from Lemma 2.1(c).

(b) Suppose L is a C-submodule of N, P is a complement of L in N and «
is any element of C. If a € C-supp(L), then C-supp(L) = C-supp(L @ P)). It
follows that L = L & P,y and thus o ¢ C-supp(P).

(c) Let L be a submodule of N such that 0 # Ny € L C N with C-
supp(N(a)) = C-supp(L). Since C-supp(N(y)) = «, C-supp(L) = «. Hence
0 # L(q) <¢ L. Therefore L € a. Since N, is a maximal a-submodule of N,
Ny = L.

Lemma 2.4 If N € o[M] has finite C-dimension and L is a C-submodule of N,
then both L and N/L have finite C-dimension and

C-dim(N) = C-dim(L) + C-dim(N/L).

Proof. Let P be a complement of L in N. Then L ® P <., N and hence
P embeds as an essential submodule of N/L. Since L is a C-submodule, C-
supp(L) N C-supp(P) = @ by Lemma 2.3(b). Therefore C-dim(N) = C-dim(L &
P) = C-dim(L) + C-dim(P) = C-dim(L) + C-dim(N/L).

A module N € o[M] is said to be a C-atom if N,y = N for some a € C and
is said to be C-indecomposable if it cannot be written as the direct sum of two
nonzero modules with disjoint C-supports.

Lemma 2.5 If C spans o[M], then for any N € o[M], N is a C-atom if and
only if Epr(N) is C-indecomposable.



Proof. Suppose N is a C-atom such that Ep/(N) is not C-indecomposable.
Then Ej(N) = Ny @ Ny where C-supp(N1) N C-supp(N2) = 0 . Since N € «
for some o € C, Fj;(N) € o and thus both N7 and Ny must be in «, which is
a contradiction.

Conversely, suppose N is not a C-atom. Since C spans o[M], for some « € C,
N(q) is a nonzero (non-essential) submodule of N. Let N’ be a (nonzero) com-
plement of N,y in N. Then a ¢ C-supp(N') and hence Ep(N) = En(No)) ©
En(N') with C-supp(E(N(qy)) N C-supp(Ear(N')) = 0.

Lemma 2.6 Let C span o[M]. For a module N € o[M], the following are
equivalent.

(1). N has finite C-dimension.
(2). N has ACC on C-submodules.
(8). N has DCC on C-submodules.

Proof.

(1) = (2) Let Ny C N2 C --- be a strictly ascending chain of C-submodules
of N. For i > 1, let L; be a complement of N; in N;;1;. Since N; is closed in
N by Lemma 2.3(a), L; # 0 for any 4. Claim: C-supp(L;) N C-supp(L;) = 0
if ¢ # j. If C-supp(L;) N C-supp(L;) is not empty for some i # j, assume that
i < j. Then there exists a € C such that (L;)q) # 0 and (L;)) # 0, and
(Li)(a) C (Nit1)(a) C (Nj)(a)- Hence (Nj)(q) # 0, and this implies that o € C-
supp(N;) NC-supp(L;). This is a contradiction which proves the claim. Since C
spans o[M], L; N L; = 0 for all i # j and therefore N contains @32, L;, which
implies N has infinite C-dimension.

(2) = (3). Assume (2) and let Ny D Ny D --- be a descending chain of
C-submodules of N. Let Py = 0 and let P; be a complement of N; containing
P;_y in N for ¢ > 0. Suppose L; is a submodule of N such that P, C L; <
N with C-supp(P;) = C-supp(L;). Then L; N N; # 0 by the maximality of
P;. Since by Lemma 2.3(b), C-supp(P;) N C-supp(V;) = 0, it follows that C-
supp(P;) N C-supp(L; N N;) = (), and hence C-supp(L;) N C-supp(L; N N;) = 0,
which cannot happen since C spans o[M]. Hence P; is a C-submodule of N,
and P, C P, C ---. By assumption, there exists an k € Z* such that P, =
Piy1 = Pryo=---. Let n > k. Then Npy1 ® P, = Nyt @ P <¢ N. This
implies that Ny, 11 @ P, <. N,, ® P, and (N1 ® P,) NN, <. (N,, ® P,) N N,,.
By the modular law, N,,11 <. N,, which implies C-supp(N,,+1) = C-supp(N,,).
Therefore N,,41 = N, since N; is a C-submodule of N.

(3) = (1). Suppose that N has infinite C-dimension. Then N contains
@?ilN(ai) with N(ai) # 0 for some «; € C. Let N; = ZV(O”)7 X7 = N, and for
each ¢ > 2, let X; be a complement of N; 1 in X;_; such that @;‘)iiNj C X;.
Then

N=X1D0XoD2X3D---

is a strictly descending chain, since N; C X, while N; € X, for all ¢ > 1.
We claim that X; is a C-submodule of N for each i > 1. Suppose, for any
i > 1, L; is a submodule of N such that X; C L; C N with C-supp(X;) =



C-supp(L;). If L; strictly contains X;, then L; N N;_1 # 0 because X; is a
complement of N;_1 in X;_;. It follows that {a;_1} = C-supp(L; N N;—1) C C-
supp(L;) = C-supp(X;). But X; is a complement of N,_1, so C-supp(X;) does
not contain «;_1. Hence X; = L;. This implies that X; is a C-submodule of N.

A module N € o[M] is said to be weakly injective in o[M] (respectively,
weakly R-injective in o[M]) if for any finitely generated (respectively, cyclic)
submodule F in Ej;(N) there exits a submodule L of Ej;(N) such that F <
L=N.

The following Lemma is used in several places and relates how preservation
of various types of injectivity is related.

Lemma 2.7 Suppose D is a set of classes of modules in o[ M] which are closed
under M -injective envelopes. Then each of the following statements implies the
next.

(1). ®yepEy is M-injective whenever E., € v is M-injective for every v € D.

(2). ®yepE~ is weakly injective in o[M] whenever E., € ~ is M-injective for
every v € D.

(3). ®yepEy is weakly injective in o[ M| whenever E., € v is weakly injective
in o[M] for every v € D.

(4). ®yepEy is weakly R-injective in o[ M] whenever E., € «y is weakly injective
in o[M] for every v € D.

Proof. (1) = (2) is clear since @,cpE, M-injective implies that &,cpE, is
weakly injective is o[M].

(2) = (3). For each v € D suppose E, € v is weakly injective in o[M]. Let
F be a finitely generated submodule of Ey(@®,epEy). Since En(®yepEy) =
En(®yepEm(E,)), and since by (2) yepEum(E,) is weakly injective in o[M],
there exists L < Ey(®yepFEy) with F < L = @&ycpEnm(E,). Now for each
v € D, let K, and L, = Ep(K,) be submodules of L which are isomorphic
to E, and En(E,) respectively under the isomorphism L = & ecpEn(E,).
Since F' is finitely generated, there exists a finite subset A C D such that F' <
Gyealy = ByeaFn(K,). Since @ caK, is weakly injective in o[M], there
exists H < Ep(®ycaK,) such that F < H = ®,c4K,,. Since H < ®ycaL,,
we can extend the isomorphism H = ©,c 4K, to get F' < H @ (S ep\afy) =
®yep Ky = @yep L, which proves that &,cpE, is weakly injective in o[M].

(3) = (4) is clear since ®,ecpE, weakly injective in o[M] implies that
®yepkE, is weakly R-injective is o[M].

Recall that a module N € o[M] is M -singular if there exist modules K <
L € o[M] such that K <, L and N = L/K. If N has no nonzero M-singular
submodules, we say that N is M-nonsingular. (See [6] for more information
about M-singular and M-nonsingular modules.) We now characterize for an
M-nonsingular module, when a direct sum of M-injective modules from the set
of disjoint natural classes is again M-injective.



Theorem 2.8 The following statements are equivalent for M M -nonsingular.

(1). Each M-nonsingular M -injective module E € o[M] can be written as
E = Ey® (DaccE(a))-

(2). ®accEq is M-injective whenever E,, € a is M -injective and M -nonsingular
for every a € C.

(8). ®accEq is weakly injective in o[ M| whenever E, € « is M -injective and
M -nonsingular for every a € C.

(4). BaccFEa is weakly injective in o[M] whenever E, € « is weakly injective
in o[M] and M-nonsingular for every o € C.

(5). BaccEo is weakly R-injective in o[ M| whenever E, € « is weakly injective
in o[M] and M-nonsingular for every o € C.

(6). C-dim(L) < oo for every finitely generated M -nonsingular module L €
o[M].

(7). C-dim(L) < oo for any cyclic submodule L < M.

Proof.

(1) = (2) Let E, € « be M-injective and M-nonsingular for all o € C.
Let E = En(@accFq). Then E is M-nonsingular. Take E(,) to contain E,
for « € C. By (1), E can be written £ = Ey © (®accF(a)). First note that
Ey = 0 since @aecFE(a) 2 PaccEy is essential in E. If E(g) properly contains
Egs for some 3 € C, then, since Ej is M-injective we can write F(z) = F'© Ep
for some nonzero F'. Since @yecFy is essential in E, F N ®accEo # 0. Write
f=> x4 #0 where f € F and z, € E,. Then we have f — x5 = Zaiﬁza €
E(g) N> 0zp E(a) which is a contradiction. This shows that E, = E(,) for all
a € C and hence E = @,eccE, which is M-injective.

(2) = (3) = (4) = (5) is Lemma 2.7.

(5) = (7) Let L be a cyclic submodule of M. Let Ly be a complement of
@accLay in L. Further, let Eq = Ey(Lo) and Ey = Ep(Lqy) for all a € C.
Then Ep (L) = Ey ® Ep(®accEqs). Suppose L <Y @ Z where Y and Z are
cyclicwithY < Ey and Z < Ep(®accFa). Since @qecF,, is weakly R-injective
in o[M], there exists a W < Ej(®E,) such that Z < W = ®,ccFE,. Since Z
is cyclic, Z embeds in @,c4F, for some finite subset A C C. It follows that
C-supp(L) C C-supp(Z) < A is finite.

(7) = (2). Let E, € o be M-injective and M-nonsingular for each a € C
and suppose that C-dim(L) < oo for every cyclic submodule L of M. To show
BaccFEy is M-injective, it suffices to show we can extend any map f: K —
BPaccFo where K is a submodule of a cyclic submodule L of M to a map
f i L — @aecEq. For each a € C, let K, = (mof) ' (E,) where Ty
@accFo — Ej is a projection onto Eg. Let f, : K, — E, be the restriction
of o f to K. If ker(fo) <e Kq, then im(f,) is M-singular. This implies that
fo = 0. If ker(f,) is not an essential submodules of L, then there exist a
nonzero K’ < K, such that K’ Nker(f,) = 0. Therefore K’ = f,(K') € a.
Since C-dim(K) < oo, it follows that f, = 0 for all but a finite number of a.



Hence f(K) lies in a finite direct sum @7, E,,. Since this sum is M-injective,
we can extend f to amap f: L — @ Ey, < ®aecEq as desired.

(2) = (1) Given any M-nonsingular M-injective module E, E(,) is also M-
nonsingular and M-injective. By (2), ®accFE(q) is M-injective. E can then be
written Eo @ (DaccE(a))-

(1) = (6) Let L € o[M] be finitely generated. Write E = Ej/(L). By
(1), E can be written £ = Ey © (SaccF(a)). Since L is finitely generated,
L < Ey @ (©}_,F(,,)) for some a1, as,...,a, € C. Since L is essential in E,
E, =0 for a ¢ {aj,as,...,a,}. Thus E, = 0 for all but finitely many o € C
and C-dim(L) < C-dim(F) < 0.

(6) = (7) Obvious.

The following corollary is an immediate consequence of the previous theorem.

Corollary 2.9 The following statements are equivalent for M M -nonsingular
and finitely generated.

(1). C-dim(M) < .

(2). Each M-nonsingular M -injective module E € o[M] can be written as
E=FEy® (EBOLGCE(Q))'

(8). ®accEaq is M-injective whenever E,, € a is M-injective and M -nonsingular
for every a € C.

(4). GaccEq is weakly injective in o[M] whenever E, € a is M-injective and
M -nonsingular for every a € C.

(5). ®accEq is weakly injective in o[M]| whenever E, € « is weakly injective
in o[M] and M-nonsingular for every o € C.

(6). BaccFEaq is weakly R-injective in o[ M| whenever E, € « is weakly injective
in o[M] and M-nonsingular for every a € C.

We now want to consider the following subset of C, B={f € C|3[ # a €
¢, K <N € a with N/K € 8}.

Lemma 2.10 B = {8 € C| there exist M-injective modules E, € a € C and
Eg € 38, B # o with Hom(E,, Eg) # 0}.

Proof. Call the right hand side of the desired equality B’. Suppose 8 € B
with K < N € a with N/K € . Then we can extend the projection map
N — N/K to obtain a nonzero homomorphism Ey;(N) — Ej;(N/K) where
Ey(N) € o and Ep(N/K) € 3. Thus € B'.

Now suppose that 8 € B’ and 0 # ¢ € Hom(E,, Eg) where E, € « and
Eg € 8. 1t follows that E, /ker¢ € 5 and (8 € B.

Lemma 2.11 Suppose that B (as defined above) is a finite set. Given any finite
set A C C and direct sum E = ®pccEo of M-injective modules with E, € a,
then @acaupFao is the unique mazimal V(AU B)-submodule of ®aecFo .



Proof. First we show that @ncaupFq is a maximal V(A U B)-submodule
of E. Since M-natural classes are closed under direct sums, GpcaupFa is a
V(AUB)-module. Let F be a V(AU B)-submodule of E containing ®aec auBFaq-
Since ®acaupFa is a M-injective, then F = F' & (BocausEa). We see that

F
PacauBla ~ @acaunla

1%

F = @e\(auB) Ea

Now by the projection argument [2, 1.2, for example] F’ contains a nonzero
cyclic submodule, say D, isomorphic to a submodule of E, for some v € C\
(AU B). This implies that D € v. It follows that F ¢ V(A U B), since if it
were, F' would contain an essential direct sum ©,cauF, where F,, € a. But
D N (®acausFa) by the projection argument has a nonzero cyclic submodule
isomorphic to a submodule of F, for some a € AU B. This, however, would
contradict the disjointness of the members of C.

To show that this is the unique maximal V(A U B)-submodule of E, we
use Daun’s criterion [4, 1.6]: That there is a unique V(A U B)-submodule of
DaccFq if there does not exist a nonzero map ¢ : K — W, where K €
V(AUB) and W € ¢(V(AU B)) are submodules of ®yeccEy. (Note that ¢(a) =
{W € o[M]|IV0 #V < W,V ¢ «}.) Suppose that such a map exists. Since
W < @accEqy and W € ¢(V(AUB)), we may assume that W € v € C\ (AUB).
Now let us extend ¢ to ¢ : Ey(K) — Ey(W). Now since AU B is finite and
PacauBK () <c K, we must have Ep(K) = GacausEnm (K (a)). However if o
restricted to Eys(K(q)) were not zero, we would have either a = v or v € B.
Since these cannot happen, (E = 0 and thus ¢ = 0.

Theorem 2.12 Given the following conditions, the implications

5
<=2 =03=“) = ( )E (7) hold, and if the set B is finite,

(1)~(7) are equivalent.
(1). For each M-injective module E € o[M], E = Ey © (DaccE(a))-
(2). GaccEa is M-injective whenever E, € a is M-injective for every o € C.

(3). DaccEo is weakly injective in o[M] whenever E, € « is M-injective for
every a € C.

(4). ®accEq is weakly injective in o[ M| whenever E, € « is weakly injective
in o[M] for every o € C.

(5). BaccFEaq is weakly R-injective in o[ M| whenever E, € « is weakly injective
in o[M] for every a € C.

(6). C-dim(L) < oo for every finitely generated module L € o[M].
(7). C-dim(L) < oo for every cyclic submodule of M.



Proof. (1) = (2) Let E, be M-injective for all @ € C. Let E = Ep(®aecFEa)-
Take E(,) to contain E, for « € C. By (1), E can be written E = Ey @
(BaccE(ay)- First note that Ey = 0 since SaccF(a) 2 BaccFo is essential in
E. If E() properly contains Eg for some 8 € C, then, since Eg is injective
we can write Egy = F & Eg for some nonzero F. Since ®,ccE, is essential
in B, FN @aecFa # 0. Write f = >z, # 0 where f € F and z, € E,.
Then we have f —z5 =3, 5%a € Eg)N_, .5 E(a) which is a contradiction.
This shows that E, = E(,) for all a € C and hence F = ©qecF, which is
M-injective.

(2) = (1) Let E be an M-injective module in o[M]. For each a € C, choose
E) < E. Since E(,) is M-injective, by (2), @aeccF(q) is M-injective and thus
there exists an Ey with E' = Ey @ (DaccE(a)) as desired.

(2) = (3) = (4) = (5) is Lemma 2.7.

(4) = (6) Let L be a finitely generated submodule of M. Let Ly be a
complement of SnecL(q) in L. Further, let By = Ey(Lo) and Eq = Ep(Lq))
for all @ € C. Then Ey (L) = Eg ® Epn(@accEs). Suppose L <Y @ Z where
Y and Z are finitely generated with Y < Ey and Z < Ej(@qecEq). Since
@accFEq is weakly injective in o[M], there exists a W < Ej(®FE,) such that
Z < W = ®yecFy. Since Z is finitely generated, Z embeds in @yecqF, for
some finite subset A C C. It follows that C-supp(L) C C-supp(Z) < A is finite.

(5) = (7) is the same as (5) = (7) in Theorem 2.8.

(6) = (7) is clear.

Now if B is finite, we show (7) = (2). Suppose {E,|a € C} is a set of
M-injective modules as in (2). Then @yccEs is M-injective provided every
homomorphism f : K — @,ecFqo can be extended to L where K is a submod-
ule of L and L is a cyclic submodule of M. Since by (7) the C-dim(L) < oo,
C-dim(K) < oo. If a € C-supp(f(K)), either o € C-supp(K) or a € B. This
means that f(K) is a V(C-supp(K)UB)-module in @,ccE,. By Lemmma 2.11,
f(K) lies in a finite direct sum ©FEqcc-supp(x)us- Since this is an M-injective
submodule of ®,ccFE,, f may be extended to L as desired.

Example 2.13 There exist a ring R and a set C of pairwise disjoint natural
classes for which C-dim(R) < oo (i.e., statement (7) of Theorem 2.12 is true), B
is infinite and where there exists a direct sum of injective modules which is not
injective (i.e., statement (2) of Theorem 2.12 with M = R is false). This shows
that the condition that B be finite in Theorem 2.12 is necessary.

Let R = F[x1,22,...] where F is any field. Let I, = (x1,22,...,%;), and
let a; = D(R/I;), where D(N) = {L|for every 0 # L' < L, there exists
0 # L” < L' such that L"” can be embedded in N}. Then E(R/I;) € «; and
IL c I C I3 C---. Weclaim that @52, E(R/I;) is not injective. Suppose it
is. Let I = U2, 1; and define f : I — @®°, E(R/I;) by m;f(a) = a + I; where
T 2, EB(R/I;) — E(R/I;). Then there exists f: R — @, E(R/I;). Let
f(1) = x. Then for any a € I, f(a) = f(a) = f(1)a = za € &, E(R/I;) for
some k. If a € I; where j > k, then 741 f(a) = a + Ir41 = 0 which implies
a € Ijyq1. This contradiction proves the claim. We next claim that R/I; L R/I;
when ¢ # j. Let j > 4. If L/I, = K/I; # 0 for some L,K < R, then
z;(L/1I;) = x;(K/I;) = 0, which can not happen. This shows that R/I; L R/I;



and consequently that C = {«;} forms a pairwise disjoint set of natural classes.
Tt is easy to see that C-dim(R) = 0 (and therefore C-dim(L) = 0 for every cyclic
right ideal of R) and B is infinite, where B = {8 € C| there exists § # o € C
with K < L € o such that L/K € (}.

3 (C-chains

Definition 3 Let C be a set of pairwise disjoint M-natural classes. A chain
Ny < Ny < ---is called an ascending C-chain (or just a C-chain) in N with
N; < N if N;o1/N; € o; € C and if m # n implies «,, # «, for all i, m,n > 1.
If there exists no infinite ascending C-chains in IV, then N is said to satisfy the
ascending chain condition (ACC) on C-chains.

The following proposition follows easily from the definition.

Proposition 3.1 For any N € o[M], we have:
(1). If N has ACC on C-chains, then C-dim(N) < co.

(2). If0 — N’ — N — N” — 0 is a short exact sequence, then N has
ACC on C-chains if and only if both N' and N" do.

(8). If N has ACC on C-chains and K 1is finitely subgenerated by N then K
has ACC on C-chains.

Theorem 3.2 Suppose M is finitely generated. The following statements are
equivalent.

(1). M has ACC on C-chains.

(2). @occ Eo is M-injective whenever each E, € « is M-injective for each
a€eC.

(3). Each M-injective module, E, in o[M] can be written E = Eo®(®accE(a))-

Proof.

(1) = (2). Let E = ®aecFs where each E, is M-injective. Let f :
N — FE for some N < M. We wish to show that f can be extended
to f: M — E. If f(N) is contained in a finite direct sum of E,, say
f(N) < @ ,E,,, then & ,E,, is M-injective and f can be extended as
desired. So let us assume that f(NN) is contained in no finite direct sum of
E,. Let ny € N be such that f(ni) # 0. Let Py = {a € C|ma(n1) # 0}.
Note that P; is a nonempty finite set. Let P; = {a11,212,...,Q1k, }. Since
f(N) € ®acp, Eq, there exists ng € N with f(n2) ¢ ®aecp, Fo- Let Py =
{a € C\ P1|ma(nz) #0}. Note that Po NPy = 0 and P is a nonempty fi-
nite set. Let Po = {a21,a29,...,02k,}. For each positive integer ¢, we can
inductively define P;: Since f(N) € @aeuffllpiEa, there exists ny € N with

F(ne) € @ peii-1p, Ba- Let Pr={a€C\ UZIP, | ma(ne) # 0}. Note that P, N
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(mf;llPi) = () and P, is a nonempty finite set. Let Py = {ag1,ap2,..., K, }-
Now for each a;; € U2, P, define

Nij=f"1 (@{Eahk |h <iorboth h =i and k Sj}).
We then have an ascending chain
Nip < Nig <+ Nigy < Nap < Nog <= Naop, <Ngp <+

where each subfactor is isomorphic to a submodule of a unique F,. This is
then a C-chain of N. Since ng € Nyy,, but ny ¢ Ny_1,_,, it is an infinitely
ascending C-chain of N. Since M has ACC on C-chains and N C M, this is a
contradiction and f(NN) must lie in a finite direct sum.

(2) = (1). Suppose there exists an ascending C-chain N7 < Ny < ---.
Let N = UNg, and E = @&, En(Niy1/Ni). Then E is M-injective by
(2). Since Ep(Ng41/Nk) is M-injective, the inclusion map from Nyy1/Nj to
En(Ngy1/Nyg) can be extended to a map fx : N/Ny — En;(Ngy1/Ni). We
define a map f : N — E via m;(f(a)) = fx(a + Ni), where 7, is the pro-
jection of E on Ep(Ng41/Ni). Using the M-injectivity of E we can extend f
to f: M — E. Since M is finitely generated there exists an integer j > 1
such that all of the generators of M are mapped to @®]_;En(Ngt1/Ni). It
follows f(M) < ®)_, Ear(N+1/Ny). Then if k > j and n € N1, n+ Ny, =
fe(n + Ny) = me(f(n)) = 7m(f(n)) = 0, which implies that n € Nj. Hence
Nj+1 = Nj and the chain stops.

The equivalence of (2) and (3) is by Theorem 2.12.

Recall that a module M is locally noetherian if every finitely generated sub-
module of M has the ascending chain condition on submodules.

For a natural class @ and a module N € o[M], Zhou [11] has used finiteness
conditions on H,(N) = {P < N|N/P € a} to study M-injectivity in natural
classes. Using Theorem 2.4 of [11], we have the following result.

Corollary 3.3 Suppose M is finitely generated and C is a disjoint set of natural
classes on o[M] such that:

(a). C spans o[M],
(b). M has ACC on C-chains, and
(¢). Hy(L) has ACC for each cyclic submodule L of M and for each o € C.

Then M is locally noetherian.

Proof. To show that M is locally noetherian it is sufficient to show that
every direct sum of M-injective modules in o[M] is M-injective. (This would
imply (j) in 27.3 of [10, p. 223], for example.) Assume that for every i € Z,
E; € o[M] is M-injective. Let E = @®;c7F;. We must show E is M-injective.
By Theorem 3.2, each FE; can be written F;q ® (@aec(Ei)(a))~ Since C spans
o[M], Eig = 0. Then E = ®icz (Bacc(Ei)(a)) = Baec (Biez(Ei)(a)). Now
by Theorem 2.4 of [11], for each a € C, ®icz(E;) (o) is M-injective and then by
Theorem 3.2 above Gqec (@ieI(Ei)(a)) is M-injective as desired.
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Lemma 3.4 Let N € o[M] and assume that M is M-nonsingular. If C-
dim(N) < oo and there exists an ascending C-chain Ny < Ny < --- in N,
then there exist a positive integer m such that Enf(Ny11/Ny) is M-singular for
every k > m.

Proof. Suppose N is not essential in Njiy; for some k. Then there exist
Nllc < Ng41 such that N,/CﬂNk = 0. Then N] = (N];@Nk)/Nk < Nk+1/Nk € ag.
Since C-dim(N) < oo, there exist a positive integer m where Nj <., Nj41 for
each k > m. Since M is M-nonsingular, Ep;(Ny+1/Ny) is singular for every
k > m (see [6] page 30).

Corollary 3.5 Suppose M is M -nonsingular, is finitely generated and has finite
C-dimension. The following statements are equivalent.

(1). M has ACC on C-chains.
(2). ®accEq is M-injective whenever each E,, € « is M-injective.

(8). BaccFEa is M-injective whenever each E, € « is M-singular and M-
mjective.

(4). Any chain I; < Iy < --- in M such that Iy41/Ik € ar € C, where
E(Ix41/1k) is M-singular for every k, stops.

Proof. (1) = (2). By Theorem 3.2.

(2) = (3). Obvious.
(3) = (4). Follows easily as in (2) = (1) of Theorem 3.2.
(4) = (1). This follows from Lemma 3.4.

Example 3.6 Let T be a nonsingular ring and let S = II$2, T; where T; =T
Let R be the subring of S generated by @;~,T; and 1 € S. For each i let
e; denote the idempotent with 1 € T' in the ¢-position and 0’s elsewhere. Let
M < R be the ideal M = @;°, T; and consider the natural classes C = {a; }
where N € «; if and only if N(1 —e;) = 0. It is straightforward to show that
o is an M-natural class and that o; Na; = {0} for i # j.

Now let B be the set {a;j € C|Ja; #a; €C, K < N € a; with N/K € «;}.
Suppose that a; € B. Then there is an ¢ with K < N € a; and N/K € a;.
But if ¢ # j, then e,(1 — e;) = ;. Thus e;(1 —e;)n = e;n = n for each n € N.
However (1—¢;)N < K and we must have N = K. Contradiction. Thus B = {).

Now it is clear that the equivalent conditions of Theorem 2.12 hold; So
any direct sum @, Fo is M-injective, where E, € a is M-injective. Thus
(2) of Theorem 3.2 and Corollary 3.5 hold. However, since T3 < T} & Ty <
T1®To®T3 < ---is an ascending C-chain which doesn’t stop, (1) in Theorem 3.2
and Corollary 3.5 fail. Here M is nonsingular, since T is, but M is neither finitely
generated nor does it have finite C-dimension.
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